
J Prod Anal (2017) 48:51–61
DOI 10.1007/s11123-017-0501-y

Modelling generalized firms’ restructuring using inverse DEA

Gholam R. Amin1 ● Ali Emrouznejad2 ● Said Gattoufi3

Published online: 5 May 2017
© Springer Science+Business Media New York 2017

Abstract The key consideration for firms’ restructuring is
improving their operational efficiencies. Market conditions
often offer opportunities or generate threats that can be
handled by restructuring scenarios through consolidation, to
create synergy, or through split, to create reverse synergy. A
generalized restructuring refers to a move in a business
market where a homogeneous set of firms, a set of pre-
restructuring decision making units (DMUs), proceed with a
restructuring to produce a new set of post-restructuring
entities in the same market to realize efficiency targets. This
paper aims to develop a novel inverse Data Envelopment
Analysis based methodology, called GInvDEA (General-
ized Inverse DEA), for modeling the generalized restruc-
turing. Moreover, the paper suggests a linear programming
model that allows determining the lowest performance
levels, measured by efficiency that can be achieved through
a given generalized restructuring. An application in banking
operations illustrates the theory developed in the paper.
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1 Introduction

The business environment of firms is often characterized by
exceptional conditions that either offer opportunities for
synergies through mergers/acquisitions or reverse synergies
through split. Both moves are considered as restructuring.
The common form of merger happens when two firms
combine their activities to create a new merged entity
intended to perform better. Reversely, the restructuring for a
better performance can take the form of downsizing by
splitting the firm to create new entities dedicated to the
inherited activities.

Any restructuring decision is usually accompanied with a
predefined performance target to be reached (Wu et al.
2014; Gaughan 2010; Gattoufi et al. 2014). The assessment
of the potential gains, compared with the predefined target,
has been discussed in the Data Envelopment Analysis
(DEA) literature, benefiting from the ability of DEA mod-
eling to assess relative efficiency. The DEA literature was
highly enriched by studies that discussed the importance of
firms’ consolidation, mostly for the cases of Mergers and
Acquisitions (M&A), and the gains generated for the firms
as well as for their stakeholders. These studies cover a wide
range of applications in mergers including healthcare
(Harris et al. 2000; Ferrier and Valdmanis 2004; Kristensen
et al. 2010; Leleu et al. 2012), telecommunications
(Liu et al. 2007), forestry (Bogetoft et al. 2003), agriculture
(Bogetoft and Wang 2005), electricity (Kwoka and Pollitt
2010), airlines (Kong et al. 2012), water sector (De Witte
and Dijkgraaf 2010), and banking (Avkiran 1999; Wu and
Birge 2011; Halkos and Tzeremes 2013).

Some of these studies focused on the assessment of the
potential gains that can be obtained through a merger,
compared to what the firms realize individually, using a
variety of DEA models, like Avkiran (1999), Bogetoft et al.
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(2003), Bogetoft and Wang (2005), Kristensen et al. (2010),
Lozano and Villa (2010), Wu et al. (2011), and Peyrache
(2013). However, for the best knowledge of the authors,
none of the studies considered the case of split or the
general case of mergers when two or more entities are
generated by the restructuring operation.

Despite its usefulness as an analytical tool to evaluate
different alternatives, conventional DEA approach does
not allow determining levels of production factors of
a firm for a given efficiency score. Unlike the conventional
DEA, where the objective is to calculate the efficiency
score of a specific decision making unit (DMU), Inverse
DEA (InvDEA) assumes efficiency as a given parameter,
that can be an efficiency level predefined as a strategic
target, and aims to compute the quantities of inputs and
outputs that are required to achieve a pre-specified effi-
ciency level.

The idea of the inverse DEA first appeared in Zhang and
Cui (1999), though the inverse DEA was formally studied at
first in Wei et al. (2000) and subsequently discussed in Yan
et al. (2002), and Frija et al. (2011). In Zhang and Cui
(1999) the input increases of a DMU are estimated for its
given output increases under the constant returns to scale
efficiency-fixed constraints. Subsequently, the literature on
inverse DEA has been extended and this problem has been
studied in many theoretical and applied publications,
including Hadi-Vencheh et al. (2008), Hadi-Vencheh and
Foroughi (2006), Jahanshahloo et al. (2004a, b, 2005), and
Lin (2010). Further to this, Lertworasirikul et al. (2011) and
Ghiyasi (2015) proposed an inverse variable returns to scale
model for a resource allocation problem. Hadi-Vencheh
et al. (2015) presented an inverse DEA model in the pre-
sence of imprecise data. In addition, Jahanshahloo et al.
(2015) studied an inverse DEA application for the systems
with inter-temporal dependence. A review and extension to
the inverse DEA method and applications introduced in
Ghobadi and Jahangiri (2015). More recently, Zhang and
Cui (2016) presented an extension of the inverse DEA
model and Lim (2016) introduced an inverse DEA model
with the frontier change for setting a new product target.

Gattoufi et al. (2014) proposed a methodology to identify
the required reduction in inputs, or increase in outputs
depending on whether the analysis is input or output
oriented, in order to realize a predefined efficiency target for
a merger between at least two merging DMUs producing a
single merged DMU. However, generality imposes two
forms of restructuring namely consolidation and split. On
the one hand, synergy can be obtained through a con-
solidation that takes place when a given group of DMUs
merge producing at least two merged entities. On the other
hand, reverse synergy is obtained by a set of firms splitting
their activities into a larger number of dedicated new
entities.

One of the important cases that has been neglected in the
merging and acquisition literature, using DEA or any other
methodology for efficiency assessment and analysis, is the
situation where a set of DMUs (three or more) are subject of
restructuring to generate a different set of DMUs (two or
more). An example of this is merging Lloyds Bank, TSB
Bank and Cheltenham & Gloucester to form Lloyds TSB
Bank which in 2013 has been restructured to two banks:
Lloyds bank and TSB Bank.

The current paper extends the state-of-the-art in the
area of firm restructuring and enriches it with new concepts
and analytical tools. It introduces a novel method for
handling generalized restructuring situations using inverse
DEA, called GInvDEA. GInvDEA is capable of suggesting
the simultaneous redistribution of multiple inputs and
multiple outputs inherited from pre-restructuring DMUs
between post-restructuring DMUs. The redistribution is
made in a way that allows the merged entities to achieve
their desired predefined efficiency targets. The paper
also suggests a model for finding the lowest value of
efficiency targets the post-restructuring DMUs can realize.
Such a solution can be informative since it provides
foresight about the post-restructuring market positioning of
the restructured DMUs and the minimum efficiency
scores they can achieve. The decision of restructuring is
hence encouraged as long as the lowest bounds are
judged satisfactory. Illustration of the proposed GInvDEA
methodology is through an application in banking,
covering both consolidation and split generalized restruc-
turing cases.

It would be intuitive noting that the main contribution of
the classical DEA models in mergers and acquisitions is
estimating the potential gains from mergers. This simply
means the potential achievement that each involved DMU
can attain through a merger. For instance, assume DMU-A
could save $100 by reducing its inputs guided by a standard
input-oriented DEA model and similarly DMU-B could
save $200. If these DMUs could save $350 by reducing
their inputs after merging together, then $50 would be
additional saving that is gained by the merger. This is the
main question that is answered by the standard DEA models
used in the literature of mergers and acquisitions, see
Bogetoft and Wang (2005). More precisely, the classical
DEA models provide a way for policy-makers to pre-
evaluate the potential gains from possible mergers and
acquisitions (Halkos et al. 2015). This paper, on the other
hand, proposes a generalized InvDEA methodology that
answers the following main question. If a group of p (p ≥ 3)
pre-merger DMUs decide to go through a merger for gen-
erating a group of q (p> q ≥ 2) post-merger DMUs that are
able to achieve given efficiency targets, then how much
inputs (outputs) they would need to use (to produce) for
securing the specified level of efficiency after merging? To

52 J Prod Anal (2017) 48:51–61



the best of our knowledge, this has not been addressed in
the DEA literature.

The rest of this paper unfolds in five sections. Section 2
presents the InvDEA method suggested to address the
standard merger case producing a single merged DMU.
Section 3 defines a generalized restructuring model, the
GInvDEA, which addresses the situation where multiple
DMUs are subject of restructuring to generate multiple
DMUs with predefined efficiency targets. Section 4 pro-
poses a linear programming model that allows determining
the minimum performance that can be achieved through a
generalized restructuring scenario. An application in bank-
ing is used in Section 5 to illustrate the generalized
restructuring theory developed throughout the paper.
Finally, concluding remarks and directions for future
research are given in Section 6.

2 InvDEA for merger

The mathematical modeling suggested for merger by the
InvDEA approach (Gattoufi et al. 2014) is presented here-
after. It allows determining the levels of inputs and outputs
for a single merged firm, following a merger between at
least two firms. Suppose that we have n DMUs where the
jth unit uses m inputs xij in order to produce s outputs yrj, for
all r= 1,…,s, i= 1,…,m and j= 1,…,n. Assume that two
DMUs, k and l, are consolidating their activities to create a
single merged DMU, namely M. That is, both merging
units are disappearing to generate a new merged unit. Also,
let T indicates the set of indices of all DMUs except k and l.
The corresponding input-oriented InvDEA model is as
follows:

min
Pm
i¼1

αik þ αilð Þ

s:t: P
j2T

xijλj þ αik þ αilð ÞλM � αik þ αilð Þ θ � 0 i ¼ 1; ¼ ;m

P
j2T

yrjλj þ yrk þ yrlð ÞλM � yrk þ yrlð Þ r ¼ 1; ¼ ; s

P
j2T

λj þ λM ¼ 1

0 � αik � xik i ¼ 1; ¼ ;m

0 � αil � xil i ¼ 1; ¼ ;m

λj � 0 8 j 2 T; λM � 0

ð1Þ

where, αik and αil are respectively the quantities of the ith
input (i= 1,…,m) inherited by the merged unit that
should be kept from merging DMUs k and l. Moreover,
θ is the predefined desired efficiency target for the
merged entity M. The objective of the above model is to
determine the minimum quantity of inputs inherited from
the merging DMUs required for M to realize θ. The
above nonlinear programming (NLP) model is then linear-
ized and solved to determine the maximum possible
reduction in the inherited inputs usage. The generalized
methodology suggested here deals with firms’ restructuring
in general, where several pre-restructuring DMUs
can be considered for generating several post-restructuring
units. Two cases are to be distinguished in presenting
and discussing the generalized restructuring InvDEA
methodology, namely the case of consolidation and that
of a split.

3 Modelling generalized restructuring

We define a generalized restructuring as a process that
considers a set of p selected pre-restructuring DMUs,
indexed in P, to produce q post-restructuring DMUs,
indexed in Q, where min p; qf g � 2. Moreover, a restruc-
turing is defined as a consolidation if p � qþ 1, the number
of pre-restructuring DMUs is at least one more DMU than
post-restructuring DMUs. Alternatively, if q � pþ 1 then
the corresponding restructuring is called a split. The special
case of p ¼ q is a pure restructuring where the pre-
restructuring DMUs survive with radical changes in their
activities and/or their ownership structure through swap or
acquisition or any other form. The generalization in this
paper resides in the fact that, unlike a merger where a
number of merging DMUs produces a single merged DMU,
there are no restrictions relating the pre-restructuring num-
ber of DMUs to that of the post-restructuring. The models
suggested hereafter, denoted GInvDEA, address both con-
solidation and split simultaneously.

Let I and R be respectively the sets of indices for
inputs and outputs. Let P be the set of all pre-restructuring
DMUs except those belonging to P, where P is the set of
selected pre-restructuring DMUs in the above definition of a
generalized restructuring and P ¼ 1; ¼ ; nf g � P. Assume
that all the pre-restructuring DMUs belonging to P dis-
appear in the post-restructuring market. The proposed
method in this paper can be easily modified to also cover
other scenarios, say, when some of the pre-restructuring
DMUs in P are still available in the post-restructuring
market.
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The generalized input-oriented InvDEA model is as
follows.

min
P
i2I

P
q2Q

P
p2P

αqip

s:t: P
j2P

λqj xij þ
P
q2Q

P
p2P

αqipλq � θq
P
p2P

αqip � 0; i 2 I; q 2 Q

P
j2P

λqj yrj þ
P
q2Q

P
p2P

βqrpλq �
P
p2P

βqrp � 0; r 2 R; q 2 Q

P
j2P

λqj þ λq ¼ 1; q 2 Q

P
q2Q

αqip � xip i 2 I; p 2 P

P
q2Q

βqrp ¼ yrp r 2 R; p 2 P

λqj � 0; j 2 P; q 2 Q

λq � 0; q 2 Q

αqip � 0; i 2 I; q 2 Q; p 2 P

βqrp � 0; r 2 R; q 2 Q; p 2 P

ð2Þ
where, αqip and βqrp are respectively the levels of the ith input
and the rth output that the post-restructuring DMUq inherited
from the pre-restructuring DMUp, for all i ∈ I, r ∈ R, q ∈Q,
p ∈ P, and θq is the predefined efficiency target for the post-
restructuring DMUq, for all q ∈Q. The objective of the
GInvDEA model (2) is to minimize the sum of inherited
inputs, for each input of all pre-restructuring DMUs belong-
ing to P, of all the post-restructuring DMUs belonging to Q
required to achieve their predefined efficiency targets. That is,
the solution of the model suggests the maximum possible and
required reduction in inputs of DMUs in P.

It is worth noting that an InvDEA model deals with the
determination of a vector of unknown parameters which
would be a multiobjective programming. However, the main
objective in a merger and/or acquisition is to determine the
maximum achievable merger gains. The merger gain is the
amount of inputs that can be saved by the merged entity and
it is simply the sum of the saved inputs. This is the objective
used in the proposed InvDEA model in Gattoufi et al. (2014)
and in the current paper for the generalized restructuring.
Nevertheless, if the decision maker seeks different objectives
from a generalized restructuring there would be no restric-
tion to consider multiobjective programming.

Model (2) also assumes, as per its input-orientation, that
there is no change in the aggregated outputs between the pre
and post restructuring situations. Hence, there will be a
redistribution of the assigned outputs between DMUs

belonging to Q. Moreover, the model implicitly assumes
that all inputs can be measured on the same scale. Never-
theless, alternative case can be seen from the utility theory
angle, or using cost sharing approaches commonly dis-
cussed in economics and game theory.

The following theorem shows that the NLP input-
oriented GInvDEA model (2) can be linearized.

Theorem 1 The NLP model (2) can be simplified to the
following LP model if and only if the corresponding pre and
post restructuring efficiency frontiers are identical.

min
P
i2I

P
q2Q

P
p2P

αqip

s:t:P
j2P

λqj xij � θq
P
p2P

αqip � 0; i 2 I; q 2 Q

P
j2P

λqj yrj �
P
p2P

βqrp � 0; r 2 R; q 2 Q

P
j2P

λqj ¼ 1; q 2 Q

P
q2Q

αqip � xip i 2 I; p 2 P

P
q2Q

βqrp ¼ yrp r 2 R; p 2 P

λqj � 0; j 2 P; q 2 Q

αqip � 0; i 2 I; q 2 Q; p 2 P

βqrp � 0; r 2 R; q 2 Q; p 2 P

ð3Þ

Proof Assume that the pre and post restructuring efficiency
frontiers are identical. This means that the restructuring did
not alter the pre-restructuring efficiency frontier. Mathema-
tically, this means that all produced post-restructuring
DMUs can be presented as a convex combination of some
DMUj for j 2 P. Therefore, in each optimal solution of
model (2) we have λ�q ¼ 0 for all q ∈Q. This completes the
proof of sufficient condition. The necessary condition is
straightforward and therefore this completes the proof.■

According to Theorem 1, the input-oriented GInvDEA
model (3) can be used for determining the levels of inputs
and outputs of q post-restructuring DMUs in Q produced
from p pre-restructuring DMUs in P. The objective of the
GInvDEA model (3) guarantees that the aggregate unified
value of inputs inherited by the post-restructuring DMUs
from their pre-restructuring counterparts is minimized, in
order to realize the desired efficiency targets θq for all q ∈Q.

The adoption of an input-oriented GInvDEA is recom-
mended for a competitive market where the quantity of each
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output is controlled by the environment through the supply
and demand equilibrium mechanism rather than by the firms
themselves. In order to improve their performance, which is
assumed to be the main objective of the restructuring, firms
reduce the inputs’ usage required to produce the inherited
level of outputs to control costs and hence improve their
profitability. Alternatively, in a not-for-profit environment
where a public service is to be provided under tight bud-
getary restrictions, say, health care, performance improve-
ment can be cast as a question of balancing the budget
without reducing the overall service levels.

On the other hand, the adoption of an output-oriented
GInvDEA is advised in a competitive market characterized
by a demand largely exceeding the supply with limited
resources available for the firms. In such situations, firms
are willing to fully and wisely consume all available
resources to maximize the incremental quantity produced of
each output. Once again, an extension of output-orientation
to the not-for-profit sector can be envisioned in the context
of public policies designed to maximize service levels
without concern for cutting back on existing expenditures.

The output-oriented version of the GInvDEA is as fol-
lows.

max
P
q2Q

P
r2R

βqr

s: t:P
j2P

λqj xij þ
P
q2Q

P
p2P

αqipλq �
P
p2P

αqip � 0; i 2 I; q 2 Q

P
j2P

λqj yrj þ
P
q2Q

P
p2P

βqrpλq �
P
p2P

βqrp �
P
q2Q

βqr

 !
hq � 0; r 2 R; q 2 Q

P
j2P

λqj þ λq ¼ 1; q 2 Q

P
q2Q

αqip ¼ xip i 2 I; p 2 P

P
q2Q

βqrp þ βqr

� �
� yrp r 2 R; p 2 P

λqj � 0; j 2 P; q 2 Q

λq � 0; q 2 Q

αqip � 0; i 2 I; q 2 Q; p 2 P

βqrp � 0; r 2 R; q 2 Q; p 2 P

βqr � 0; r 2 R; q 2 Q

ð4Þ

where, βqr is the amount of the rth output that will be
incrementally produced by the post-restructuring DMUq, for
all r ∈ R, q ∈Q, and hq is the efficiency target for the post-
restructuring DMUq for all q ∈Q.

Theorem 2 addresses the linearization of the output-
oriented GInvDEA model (4).

Theorem 2 The NLP model (4) can be simplified to the
following LP model if and only if the corresponding pre and
post restructuring efficiency frontiers are identical.

max
P
q2Q

P
r2R

βqr

s: t:P
j2P

λqj xij �
P
p2P

αqip � 0; i 2 I; q 2 Q

P
j2P

λqj yrj �
P
p2P

βqrp �
P
q2Q

βqr

 !
hq � 0; r 2 R; q 2 Q

P
j2P

λqj ¼ 1; q 2 Q

P
q2Q

αqip ¼ xip i 2 I; p 2 P

P
q2Q

βqrp þ βqr

� �
� yrp r 2 R; p 2 P

λqj � 0; j 2 P; q 2 Q

αqip � 0; i 2 I; q 2 Q; p 2 P

βqrp � 0; r 2 R; q 2 Q; p 2 P

βqr � 0; r 2 R; q 2 Q

ð5Þ

Proof It is straightforward. ■
In the following, we show that the generalized restruc-

turing InvDEA model (2) can be linearized without any
restriction on the post-restructuring frontier. Assume a post-
restructuring generated DMU-q (q ∈Q) falls outside the pre-
restructuring frontier. In this case, there is an optimal
solution such that λq= 1. Therefore, in model (2) we can
assume that λq∈ {0,1} for all q ∈Q. This implies that the
nonlinear terms of model (2) can be linearized using the
following substitutions.

αqipλq ¼ α̂qip i 2 I; p 2 P; q 2 Q

βqrpλq ¼ β̂qip r 2 R; p 2 P; q 2 Q

Where,

α̂qip � xipα
q
ip i 2 I; p 2 P; q 2 Q

αqip � 1� λq
� �

xip � α̂qip � αqip i 2 I; p 2 P; q 2 Q

and

β̂qrp � yrpβ
q
rp r 2 R; p 2 P; q 2 Q

βqrp � 1� λq
� �

yrp � β̂qrp � βqrp r 2 R; p 2 P; q 2 Q
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Therefore, the nonlinear model (2) can be linearized to
the following model

min
P
i2I

P
q2Q

P
p2P

αqip

s: t:P
j2P

λqj xij þ
P
q2Q

P
p2P

α̂qip � θq
P
p2P

αqip � 0; i 2 I; q 2 Q

P
j2P

λqj yrj þ
P
q2Q

P
p2P

β̂qrp �
P
p2P

βqrp � 0; r 2 R; q 2 Q

P
j2P

λqj þ λq ¼ 1; q 2 Q ð2Þ

P
q2Q

αqip � xip i 2 I; p 2 P

P
q2Q

βqrp ¼ yrp r 2 R; p 2 P

α̂qip � xipα
q
ip i 2 I; p 2 P; q 2 Q

αqip � ð1� λqÞxip � α̂qip � αqip i 2 I; p 2 P; q 2 Q

β̂qrp � yrpβ
q
rp r 2 R; p 2 P; q 2 Q

βqrp � ð1� λqÞyrp � β̂qrp � βqrp r 2 R; p 2 P; q 2 Q

λqj � 0; j 2 P; q 2 Q

λq 2 f0; 1g; q 2 Q

αqip � 0; α̂qip � 0; i 2 I; q 2 Q; p 2 P

βqrp � 0; β̂qrp � 0; r 2 R; q 2 Q; p 2 P

As shown above, model ð2Þ does not need any restriction
on post-restructuring frontier and therefore can be used if
model (3) is infeasible. This would be a generalized
restructuring with frontier change if authorities and policy
makers allow such a change in the market.

An important advantage of the proposed GInvDEA
models (3) and (5), compared to the InvDEA models sug-
gested in Gattoufi et al. (2014), resides in the fact that both
models (3) and (5) define all q post-restructuring DMUs
simultaneously by solving only one model, not iteratively
by using InvDEA model. The following figure illustrates the
fact that the InvDEA method is not appropriate for a gen-
eralized restructuring case. Figure 1 shows a numerical
example with five DMUs, A to F, each with one input and
one output. Consider a generalized restructuring where
three pre-restructuring DMUs D, E, and F, decide to con-
solidate their activities by generating two post-restructuring
DMUs, i. e. p ¼ 3; q ¼ 2.

If model (1) is adopted, it leads to the need of splitting
the virtual DMU V. The latter is generated by the sequence
of mergers between D and E first to produce the virtual
DMU U, then between U and F to produce DMU V as
shown in Fig. 1. Ultimately, there will be a need to split the
virtual DMU V into two post-restructuring DMUs, which is
beyond the capability of the InvDEA method.

Alternatively, the GInvDEA method defines the
post-restructuring DMUs by reallocating and reassigning
the inherited inputs and outputs simultaneously.
Assume, for illustration, that two post-restructuring DMUs
are targeting to be fully efficient, or θ1 ¼ θ2 ¼ 1. Solving
the proposed GInvDEA model (3) defines the post-
restructuring set of DMUs. The illustration is shown in
Fig. 2.

Any couple of fully efficient DMUs with aggregate
input and output equal to those of the virtual DMU V
is a solution. The illustration shows that the input of the
virtual DMU V is reduced first, keeping the output at the
same level, to create V1. The solution (C1, C2) is generated
by reallocating the input and output of V1 as shown in
Fig. 2.

It would be institutive to note that model (1) cannot be
used for a generalized restructuring situation. The proposed
GInvDEA model creates q post-restructuring DMUs by
redistributing the inputs and outputs of p pre-restructuring
DMUs. These decision variables, the inputs and outputs of
the post-restructuring DMUs, are related to each other and
cannot be obtained separately. Assume we start distributing
the inherited inputs and outputs of the pre-restructuring
DMUs to create the first post-restructuring DMU in the
input orientation. In this case, the corresponding model
allocates minimum level of inputs, according to the objec-
tive function, and as much outputs as possible to realize the
given efficiency target for the first post-restructuring DMU.
There is no guarantee to be able to create all post-
restructuring DMUs using this reallocation methodology as

Fig. 1 Illustration for InvDEA
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it distributes the minimum inputs and as much outputs as
required to realize the efficiency targets.

4 Minimum achievable efficiency targets

The feasibility of the proposed GInvDEA models (3) and (5)
depends on the efficiency targets of the post-restructuring
DMUs. Knowing the minimum achievable efficiency targets
has a high informative value for the decision-maker delib-
erating about engaging in the restructuring process. This
information sheds light on the lowest efficiency score that
can be realized by the post-restructuring DMUs.

The proof of the following theorem is omitted.

Theorem 3 If model (3) is feasible for the efficiency tar-
gets θq, for all q ∈Q, then it remains feasible for all effi-
ciency targets θ̂q, where θq � θ̂q � 1 for all q ∈Q.

A legitimate inquiry by any decision maker involved in a
restructuring program would be to know the lowest effi-
ciency score that can be realized by each post-restructuring
DMU. The following linear programming model addresses
this concern.

min
P
q2Q

θq

s: t: P
j2P

λqj xij �
P
p2P

αqip � 0; i 2 I; q 2 Q

P
j2P

λqj yrj �
P
p2P

βqrp � 0; r 2 R; q 2 Q

P
j2P

λqj ¼ 1; q 2 Q

P
q2Q

αqip � xip i 2 I; p 2 P

P
q2Q

βqrp ¼ yrp r 2 R; p 2 P

P
p2P

αqip � θq
P
p2P

xip � 0 i 2 I; q 2 Q

λqj � 0; j 2 P; q 2 Q

αqip � 0; i 2 I; q 2 Q; p 2 P

βqrp � 0; r 2 R; q 2 Q; p 2 P

θq � 0; q 2 Q

ð6Þ

The objective in model (6) is to minimize the sum of the
efficiency scores that can be realized by the post-
restructuring DMUs. The first set of constraints, by

ignoring the efficiency targets, is similar to the set of con-
straints in model (3). As per classical DEA model, the last
set of constraints guarantees that the sum of the allocated
inherited inputs by each post-restructuring DMU is at most
equal to the product of the minimum realized efficiency
score by the aggregated inputs of the pre-restructuring
DMUs.

Solving this model has a critical importance for the
restructuring’ decision maker. The solution is very infor-
mative since it provides foresight about the post-
restructuring positioning of the restructured units. It pro-
vides the lowest bound of performance each post-
restructuring unit can realize. Hence, the decision of
restructuring can be made if those lowest bounds are judged
satisfactory.

Theorem 4 The lowest efficiency scores realized through
a generalized restructuring can be determined by solving the
corresponding model (6).

Proof Consider a generalized restructuring with θq, q ∈Q,
as the efficiency targets for all post-restructuring DMUs. It
is sufficient to show that θq � θ�q for all q ∈Q, where θ�q is
taken from an optimal solution of the corresponding model
(6).

Assume on the contrary that θq<θ�q for some q ∈Q.
Clearly, any feasible solution of model (3), corresponding
to θq, q ∈Q, can be converted to a feasible solution in model
(6). This simply implies that the optimal value of model (6)
can be further improved. This is a contradiction and there-
fore it completes the proof. ■

An ideal generalized restructuring would be a scenario
where the corresponding optimal value of model (6) is equal
to
P

q2Q θ�q ¼ q, which imposes that all post-restructuring
DMUs are fully efficient. This situation represents a process
that produces at worst fully efficient post-restructuring
DMUs, hence strongly recommended. It is an exceptional
opportunity.

Fig. 2 Illustration for GInvDEA
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5 An application in banking operations

This section provides an application of the proposed
GInvDEA method in banking. Nevertheless, any other
sector with homogeneous firms having the possibility of
restructuring can be a subject for the GInvDEA method.
The data used in this section, reported in Appendix
(Table 2) and reproduced from Gattoufi et al. (2014), lists
the inputs and outputs values for 42 commercial GCC banks
assumed to be using two inputs to produce two outputs. The
GCC commercial banks financial data is obtained from
BANKSCOPE database for the year 2010.

In line with the intermediation theory for banking, as
discussed in Berger and Humphrey (1997) and Avkiran
(2009), the two inputs considered are interest expenses and
non-interest expenses while the two outputs are interest
income and non-interest income.

For the illustration, we consider the two types of the
generalized restructuring defined earlier in this paper. The
first case is about a set of three pre-restructuring banks that
produce two post-restructuring banks through consolida-
tion. For the split case, two pre-restructuring banks are
assumed to split into a set of three post-restructuring ones.

Assume that banks B01, B02, and B03 are considering
consolidating their activities by generating two new
banks. Therefore, the sets of pre and post restructuring
indices will be P= {1, 2, 3}, Q = {1, 2} respectively and
P¼ 4; ¼ ; 42f g.

The corresponding inputs and outputs for the post-
restructuring banks, denoted C1 and C2, are

C1¼

α111 þ α112 þ α113
α121 þ α122 þ α123
β111 þ β112 þ β113
β111 þ β112 þ β113

0
BBB@

1
CCCA & C2¼

α211 þ α212 þ α213
α221 þ α222 þ α223
β211 þ β212 þ β213
β211 þ β212 þ β213

0
BBB@

1
CCCA

and the corresponding input-oriented GInvDEA (3) is

Min α111 þ α112 þ α113
� �þ α211 þ α212 þ α213

� �

þ α121 þ α122 þ α123
� �þ α221 þ α222 þ α223

� �

s: t:

P
j2P

λ1j xij � α1i1 þ α1i2 þ α1i3
� �� θ1 � 0 i ¼ 1; 2

P
j2P

λ2j xij � α2i1 þ α2i2 þ α2i3
� �� θ2 � 0 i ¼ 1; 2

P
j2P

λ1j ¼ 1

P
j2P

λ2j ¼ 1

P
j2P

λ1j yrj � β1r1 þ β1r2 þ β1r3
� � � 0 r ¼ 1; 2

P
j2P

λ2j yrj � β2r1 þ β2r2 þ β2r3
� � � 0 r ¼ 1; 2

α111 þ α211 � 3956:796; α112 þ α212 � 481:239

α113 þ α213 � 305:2; α121 þ α221 � 1894:426

α122 þ α222 � 319:976; α123 þ α223 � 138:6

β111 þ β211 ¼ 9001:004; β112 þ β212 ¼ 974:854

β113 þ β213 ¼ 479:8; β121 þ β221 ¼ 870:497

β122 þ β222 ¼ 597:726; β123 þ β223 ¼ 252:2

αqip � 0; βqrp � 0; λqj � 0; q 2 Q; p 2 P; j2P

The minimum efficiency scores, determined by solving
model (6), that the two post-restructuring banks C1 and C2 can
realize are respectively θ�1 ¼ 0:5 and θ�2 ¼ 0:4831. Based on
Theorem 4, if the two conditions θ1 � 0:5 and θ2 � 0:4831
are violated, the corresponding GInvDEA model (3) will be
infeasible. If these “pessimistic” levels are judged satisfactory,
the decision maker is encouraged to engage the restructuring.

Assuming that the new banks C1 and C2 target to be fully
efficient, that is θ1 ¼ θ2 ¼ 1, the above GInvDEA model
has the following optimal solution.

λ110 ¼ 0:3795; λ120 ¼ 0:1423; λ124 ¼ 0:2419;

λ136 ¼ 0:2363; and

λ1j ¼ 0 for j =2f10; 20; 24; 36g
λ210 ¼ 0:9973; and λ236 ¼ 0:0027; and λ2j ¼ 0 for j =2f10; 36g

α111 ¼ 3574:51; α112 ¼ 329:7038; α113 ¼ 305:2 and

α211 ¼ 382:285; α212 ¼ 0; α213 ¼ 0

α121 ¼ 1635:21; α122 ¼ 319:976; α123 ¼ 138:6 and

α221 ¼ 259:2192; α222 ¼ 0; α223 ¼ 0

β111 ¼ 9001; β112 ¼ 0; β113 ¼ 479:8; and β211 ¼ 0;

β212 ¼ 974:854; β213 ¼ 0

β121 ¼ 7571:33; β122 ¼ 0; β123 ¼ 0; and

β221 ¼ 1130:16; β222 ¼ 597:726; β223 ¼ 252:2
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Therefore,

C1 ¼

4209:412

2093:780

9480:800

7571:330

0
BBB@

1
CCCA & C2 ¼

382:285

259:219

974:854

1980:090

0
BBB@

1
CCCA

The case of a split constitutes the second illustrative
example. Assume that the two banks B08 and B12 consider
restructuring their activities through a split into three post-
restructuring banks. Therefore, the sets of pre and post
restructuring banks’ indices are P= {8, 12}, Q= {1, 2, 3}
respectively and P ¼ 1; ¼ ; 42f gn 8; 12f g. Let S1, S2 and
S3 be the three banks generated by the split. Therefore,

Sq ¼

αq11 þ αq12
αq21 þ αq22
βq11 þ βq12
βq11 þ βq12

0
BBB@

1
CCCA; q ¼ 1; 2; 3

The corresponding input-oriented GInvDEA model (3)
becomes

Min α111 þ α112
� �þ α211 þ α212

� �þ α311 þ α312
� �

þ α121 þ α122
� �þ α221 þ α222

� �þ α321 þ α322
� �

s: t: P
j2P

λqj xij � ðαqi1 þ αqi2Þ � θq � 0 i ¼ 1; 2; q ¼ 1; 2; 3

P
j2P

λqj ¼ 1 q ¼ 1; 2; 3

P
j2P

λqj yrj � βqr1 þ βqr2
� � � 0 r ¼ 1; 2; q ¼ 1; 2; 3

α111 þ α211 þ α311 � 14:63; α112 þ α212 þ α312 � 14:665

α121 þ α221 þ α321 � 16:863; α122 þ α222 þ α322 � 8:973

β111 þ β211 þ β311 ¼ 44:659; β112 þ β212 þ β312 ¼ 28:124

β121 þ β221 þ β321 ¼ 14:938; β122 þ β222 þ β322 ¼ 10:971

λqj � 0; 8j 2 P; q ¼ 1; 2; 3

αqip � 0; i ¼ 1; 2; p ¼ 1; 2; q ¼ 1; 2; 3

βqrp � 0; r ¼ 1; 2; p ¼ 1; 2; q ¼ 1; 2; 3

The minimum achievable efficiency scores for the three
post-restructuring banks are, respectively, θ�1 ¼ 0:2967,

θ�2 ¼ 0:2027, and θ�3 ¼ 0:2244. Based on Theorem 4, if the
three conditions θ1 � 0:2967, θ2 � 0:2027, and θ3 �
0:2244 are violated, or equivalently

P
q2Q θq<

P
q2Q θ�q, the

corresponding GInvDEA model (3) will be infeasible.
According to Theorem 3, the GInvDEA model (3) is fea-
sible for all efficiency targets θ1, θ2 and θ3 that satisfy
0:2967 � θ1 � 1, 0:2027 � θ2 � 1, and 0:2244 � θ3 � 1.

For the special case where the split banks Sq (q= 1, 2, 3)
are to be fully efficient, θq ¼ 1; q ¼ 1; 2; 3, an optimal
solution of the above model is

λ15 ¼ 0:9668; λ131 ¼ 0:0332; λ25 ¼ 0:9576; λ231

¼ 0:0424; λ35 ¼ 0:9824; λ331 ¼ 0:0176

λqj ¼ 0; 8j 2 P; j≠5; 31; q ¼ 1; 2; 3

α112 ¼ 6:0444; α121 ¼ 7:5555; α211 ¼ 7:4481; α221

¼ 9:3075; α311 ¼ 3:6869; α322 ¼ 4:6131

β111 ¼ 25:6928; β121 ¼ 14:938; β122 ¼ 10:971; β211 ¼ 3:8913;

β212 ¼ 28:124; β311 ¼ 15:0749

Therefore, we have the following table
The solution shown in Table 1 recommends a zero-value

non-interest income for the two split banks S2 and S3.
Hence, the two mentioned banks are advised to revise their
product mix by concentrating their activity solely in pro-
ducts generating interest income, in order to realize full
efficiency.

6 Concluding remarks

This paper introduces the new concept of generalized firms
restructuring. It is defined as a move in a business market

Table 1 Distributed inherited inputs and outputs between three split
banks

Generated
banks

Interest
expenses

Non-interest
expenses

Interest
incomes

Non-
interest
incomes

S1 6.0444 7.5555 25.6928 25.909

S2 7.4481 9.3075 32.0153 0.000

S3 3.6869 4.6131 15.0749 0.000
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when a given group of at least two pre-restructuring deci-
sion making units (DMUs) decide to go through either a
consolidation resulting in at most the same number of post-
restructuring DMUs, or through a split that generates at
least the same number of post-restructuring DMUs. While
the consolidation is intended to realize synergies, the split is
usually a means for reverse synergies.

This paper genuinely extends and links the state of the art
in the areas of firm restructuring and Data Envelopment
Analysis (DEA). It enriches the firm restructuring literature
by introducing new concepts and developing new analytical
tools for decision making. A novel method for modelling a
generalized restructuring using inverse DEA, called GInv-
DEA, is suggested in this paper. The solution of the pro-
posed model advises about optimal sharing by the post-
restructuring DMUs of the inherited inputs and outputs
from the pre-restructuring ones, to realize their desired
efficiency targets. The paper also suggests an insightful
method for finding the lowest efficiency scores post-
restructuring DMUs can achieve. If satisfactory, this mini-
mum can be considered as a threshold for the adoption of
the corresponding generalized restructure.

Further generalization of the current research consists of
considering the case of a generalized restructuring scenario
with an unknown number of pre and post restructuring
DMUs.

Appendix

Table 2 GCC 42 banks data and efficiency scores

Bank Interest
expenses

Non-
interest
expenses

Interest
incomes

Non-
interest
incomes

Technical
efficiency
scores
under VRS

B01 3956.796 1894.426 9001.004 8701.497 1.000

B02 481.239 319.976 974.854 597.726 0.677

B03 305.200 138.600 479.800 252.200 0.640

B04 4710.680 3996.259 12,920.337 6060.768 0.893

B05 1.018 1.282 3.054 0.377 1.000

B06 954.437 1208.703 1991.004 7278.097 1.000

B07 3.965 5.082 13.359 3.003 0.829

B08 14.630 16.863 44.659 14.938 0.738

B09 11.771 6.579 22.952 15.134 0.727

B10 364.920 244.750 923.510 1942.935 1.000

B11 4897.442 2787.181 11,294.607 9363.232 0.939

B12 14.665 8.973 28.124 10.971 0.670

B13 6.077 14.249 26.994 10.207 0.970

B14 397.627 371.535 894.845 1902.878 0.813

Table 2 continued

Bank Interest
expenses

Non-
interest
expenses

Interest
incomes

Non-
interest
incomes

Technical
efficiency
scores
under VRS

B15 661.120 830.166 2325.128 1748.531 0.953

B16 12.125 7.346 33.573 19.530 0.960

B17 1222.026 1049.479 2959.509 2651.546 0.785

B18 931.172 838.346 2460.798 2765.485 0.866

B19 4070.351 2845.498 8377.368 7726.906 0.770

B20 3721.233 858.463 6953.701 2779.716 1.000

B21 16.137 7.080 40.771 22.126 1.000

B22 150.706 132.504 538.754 129.956 1.000

B23 3857.940 2894.374 7439.526 10,239.087 0.910

B24 7994.808 2286.908 14,156.194 11,261.820 1.000

B25 9.689 6.975 22.432 6.032 0.756

B26 3292.736 1953.592 7041.164 3323.973 0.826

B27 402.772 321.189 906.237 775.778 0.678

B28 32.835 21.536 97.679 26.551 0.980

B29 6.737 7.854 18.402 4.504 0.690

B30 531.395 922.040 1672.093 1185.165 0.815

B31 152.510 190.361 685.374 769.898 1.000

B32 1.925 4.581 9.163 5.274 1.000

B33 4.889 6.737 17.402 5.082 0.840

B34 3233.619 2527.414 7959.733 4684.616 0.840

B35 5169.710 5405.975 15,189.609 9830.137 0.871

B36 6802.566 5608.863 19,958.043 15,716.893 1.000

B37 3111.952 2126.013 6895.572 4869.316 0.811

B38 3600.983 1319.711 6547.924 5116.082 0.876

B39 7781.754 8486.425 27,514.033 14,335.679 1.000

B40 4488.666 4531.419 12,157.913 12,380.677 1.000

B41 3188.736 1106.154 5727.009 6194.460 1.000

B42 650.830 307.959 1265.646 441.359 0.780
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