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Abstract

We found the exact asymptotics of the singular numbers for the Cauchy transform and its
product with Bergman’s projection over the space L2(2), where Q is a doubly-connected
domain in the complex plane.
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1 Introduction

Let Q be a doubly-connected domain of the complex plane C. Throughout the paper the
quantity %, 0 < p < 1, will be the fixed modulus of the doubly-connected domain 2. In other
words, the domain €2 can be conformally mapped onto a circularring A’ = {z : p < |z] < 1}.

By dA(z) = dxdy we denote the ordinary Lebesgue measure in C. Denote by L>(2) the
space of all complex-valued functions on €2 for which the norm

1/2
If 12 = ( /Q |f(z>|2dA<z)>

is finite.

Specially, Lg () denotes a closed subspace of analytic functions in L2(£2) known as the
Bergman space and the orthogonal projection Pg : L2(2) — Lg (€2) which appears in this
setting is known as the Bergman projection.

The Cauchy integral operator

C: LY Q) — L*(Q)
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is defined in the following manner

1
Cf(z)=—— &dA(S).

TJoé—z
It is well known that the Cauchy operator is bounded on L?(£2). Moreover, in the case when
Q is the unit disc D = {z : |z|] < 1} it was shown in [1] that
1
ICI 2@y 2@) = 2Jo >
where jj is the smallest positive zero of the Bessel function

o (=D 2%
Jo@ =2 2 ()

k=0

For the general domain 2 C C with smooth boundary it was proved that
ICN 2 @)—120) = i
A
where 1 is the smallest eigenvalue of the boundary value problem
—Au = Au,ulpe =0.

At some places in the paper we will use also the notion of the Cauchy transform which
refers to the integral operator defined on a closed curve. Namely, for a bounded domain €
with C* smooth boundary <2, Cauchy’s transform C : L%(3Q) — L2(3) is defined as

~ 1
CH@) =7—~ /€

i aQr‘;"—Z

dt.

The Cauchy transform maps C*°(9€2) into the space of all holomorphic functions on €2 that
are in C®(Q2). We refer to [4] for a comprehensive study related to the Cauchy transform.
Also, for the various L” —norm estimation of the Cauchy transform in the unit disc we refer
to[11] and [15].

Let us emphasize that the domain 2 we consider is bounded by analytic curves. In this
case the doubly connected domain 2 can be mapped univalently onto the circular annulus
A’ by some function F which is analytic in , and whose inverse function ¢ is analytic in
the closed annulus A’. Moreover, the circular annulus onto which the domain 2 is mapped
is unique up to the linear transform. For more details on this topic we refer to [17] and [13].

1.1 Singular Numbers of Compact Operators

Let us denote by S, the space of all compact operators on a Hilbert space H andlet T € Sx.
The eigenvalues of a nonnegative operator (T*T)'/2 managed in decreasing order are called
singular numbers (values) of the operator T'.

For the compact operator T let us denote by N;(T') the number of singular numbers of T
which exceed the positive number ¢ :

N(T) = Z 1.
sp(T)=t

We refer to [12] for a study on properties of singular numbers and many nontrivial inequal-
ities among them.
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Spectral Asymptotics of the Cauchy Operator...

For instance, throughout the paper we will use the following expected inequality
sp(TT) < T llsp(T), (1.1

where T is bounded operator on H and T € Sw.

The following theorem (see [6], pp.78) plays an important role in proving the main results
of this paper and we state it in a slightly adjusted version. Firstly, for the kernel K (z, &)
defined in a bounded domain 2 we say that it is (real-)analytic uniformly with respect to z,
if for every &y € Q2 there is a neighbourhood where the following expansion holds

oo

K(z,8) = ) calz, £0)(E — £0)" (1.2)

|a|=0
and there are constants M and r which don’t depend from &y € 2, z € €2, such that
|ca (2. £0)| < Mr™19l. (1.3)
The operator T : L2(2) — L*(2) induced by K (z, &) is, as usual, defined by

Tf() = /Q K. £) f(E)dAE).

Theorem 1.1 Let Q2 C C be a bounded subset and let the kernel K (z, w) satisfy the conditions
Eqgs. 1.2 and 1.3. Then

so(T) < CMe P |, € =C(Q,r), B=B(Q,r) >0,

where |2| stands for the measure area of 2.

In [8] the reader may find the following useful result.
Lemma 1.2 Let T be a compact operator such that for any € > 0 there exists a decomposition

T=T +T/,

where T), T!" are compact operators such that

(1) the limit

lim (2NL(T)) = C(T)), (e > 0)

exists, and C(T)) is a bounded function in a neighbourhood of € = 0,

(2)
lim sup n%s, (7)) < e.
n—+00

Then the following limits exist:

lim C(T)) = C(T) and lim t«N;(T) = C(T).
e—0t t—0t

1.2 Spectral Properties of Cauchy Operator

Since the Cauchy operator is a compact operator on L2(S2), where 2 is a bounded domain,
the asymptotic behavior of its singular number was the subject of numerous researches.

We refer to [2] where was determined the asymptotic behaviour of singular numbers for
the Cauchy operator in the case when 2 = D.
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The asymptotic behaviour of singular numbers for the Cauchy operator and its product
with harmonic Bergman’s projection was considered in [10, 21] and [22].

The exact asymptotic behavior of s, (C) for a bounded domain with a piecewise smooth
boundary was established in [§]. Namely,

Sn(c) ~ >

where a, ~ b, means that lim,,_, o % = 1. Also for the best possible estimate of the second
term in the spectral asymptotic of Cauchy’s operator on a bounded domain we refer to the
additional paper [7].

In [9] M. Dostani¢ considered the spectral asymptotic of the Cauchy integral operator and
its product with Bergman’s projection P on a bounded simply connected domain 2 with
analytic boundary. In fact, the author explained the phenomenon of the acceleration” of
the decrease of singular numbers for the Cauchy operator when multiplied by Bergman’s
projection. Moreover, a certain dependence between the spectral asymptotics and the length
of the boundary was established. We want to point out the main result of the mentioned article
(given in a shorter version) which reads as follows

Theorem 1.3 Let Q be a simply connected domain in C with analytic boundary. Then
[0€2]

o (1.4)

lim ns,(PC) =
n—o0

where |0S2| denotes the length of the boundary Q2.

The main purpose of this paper is to extend the above result to the context of a doubly
connected domain 2. Here €2 is domain with analytic boundary 92 = I'y U "1, where
3

= {(p(ew) :0e€[0,2m)}and 1 = {(p(%) : 0 € [0, 2m)}. In this setting we showed

1
P
Theorem 1.4 Let @ C C be a doubly connected domain with the modulus %, 0<p<l1
and analytic boundary. Then

Ty P3|Fl|
lim ns,(PoC) = — + L
n—00 2 2

Remark 1.5 The result of the above theorem is dedicated to the case of domain €2 which is
conformally isomorphic to the annulus {z : 1 < 7] < %} or {z : p < |z] < 1}. We may
notice that the presence of a "hole” in the domain €2 ensures another summand in Eq. 1.5 in
comparison to Eq. 1.4. In the limiting case when €2 is a simply connected domain the formula
Eq. 1.5 reduces to the formula Eq. 1.4 when p — 0.

(1.5)

Together with this introduction, the paper contains two more sections. In Sect. 2 we compute
the exact formula for the kernel PoC. In Sect. 3 we determine the spectral asymptotics for
certain special operators appearing in the formula of PoC.

2 The Kernel of Operator PoC
2.1 The Bergman Kernel of Annulus

As it was stated the Bergman space Lg (A) is a closed Hilbert subspace of L2(A) space and the
orthogonal projection P : L2(A) — Lﬁ (A) which arises in this case is an integral operator
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Spectral Asymptotics of the Cauchy Operator...

whose acting is determined by the reproducing Bergman kernel K 4(z, w) in the following
way

PF() = /A Ka(z, w) f(w)dA(w).

In [5] the Bergman kernel was calculated for a circular annulus A" = {z : p < |z| < 1},

Kueow) = —— (P(ln @iy + 2 - ) :
TZW i 2Inp

where P is the Weierstrass function with the periods w; = mi, w» = Inp, and 7n; is the
half-increment of the Weierstrass ¢-function related to the period w;. We refer interested
reader to [14] for another presentation of Bergman kernel in terms of a Poincaré series for
every circular multiply connected domain in the plane.

At this point, we want to underlie that in the rest of the paper we will consider the annulus
A={z]l <|z] < %} (conformally isomorphic to A”) instead of A’.

For our purpose we will present here a brief outline of calculating the kernel K 4 given in
[16]. Let us recall one of the basic results from [16] which relies on existence of complete
orthonormal base {¢; (z)}?’;foo in L2(A).

Proposition 2.1 Let K be a compact set in A. Then the series
e [
> ()¢ w)
j=—o0

uniformly converges to the Bergman kernel K 4(z, w) on K.

The functions ¢; = 7/, where j=..—2,—-1,0,1,2... form a complete orthogonal system
inA.
Further,
14 1 .
T l== 1), ] # -1,
1671320 = 1 7 (7 )
JRL2A) arin(h), j=-1.
According to Proposition 2.1 we have
oo .
1 o 1
Ka(z,w) = Z JILZJW + 711’1121*1
. ' (== —1) 2w In ()
j=—00,j#—1 7} p2it2 P
(j+Dp2+2 . . 1 -
= Z 71(1_ '02].+2)z’wf+71 —z ! 2.1
= 7 P 27 In (;)
U+ 1)P21+2 jo=j
+Z”(1 pIEEs Il =1 + L + L.
On the other hand,
-2
+1 . _ J+1 sz/
— Jwd +
hew == 3 Il 3 ST
j=—00 j=—00
2.2)

_ Z ]+1 ijj
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and
h(z,w) = Lz_lﬁ)_l
’ 27 ln(%) '
o . 2j+2 ; 2j+2 : 2j+2
_ (j +Dp~ ja (j + Dp~ (J + Dp™ j=
Bew) =) “————dil+ 37 20— 272 - du’ (23
Jj=0 Jj=0
2 P DA
_ P +3 G+ De” oy
7(1 — p2zw)? (1 — p2it?)

j=0

It is worth to mention that the previous calculations imply that the kernel K 4 (z, w) can
be viewed as sum of the Bergman kernel for the discs of radius 1 and the Bergman kernel
for the disc of radius %, and certain series which converge absolutely and uniformly with all
their derivatives in A.

2.2 Computation the Kernel of Operator P C

At the beginning of this subsection let us recall one important transformation formula related
to the reproducing kernels of domains ([19], pp.184).

Theorem 2.2 Suppose f : Q1 — 2 is a biholomorphic map between boundened domains
in C. Then

Ko, (z,w) = f'(@)Ke,(f(2), f(w) f'(w).

Keeping in mind that F is a conformal mapping from  onto the annulus A (¢ = F~!) we
can deduce the formula for the reproducing kernel of the domain €2, denoted by Kq(z, w),
which now is given by

Ka(z,w) = F'(2)Ka(F (2), F(w))F'(w).

More explicitly,
fatem= 24: Giw), (2.4)
i=1
where
Gaz, w) = F@FwW P2 F'(2)F'(w)

T 2= F@QFw)?  x(l — p2F()Fw))?’
i 1)t
Gizow) = F@OF ) Y. ((’ Do

_ 2j+2
0 (1l — p¥T%)

. 2.5)
) (F(2)F(w))’,

-2 .
- 1 .
Gaz.w) = F'@F (w) Y. % (F()F(w))/.

i ‘ 1— p2j+2
J==

On the other hand,
PaCf (o) = /Q Ho(z. 6) fE)IA),
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where Ho(z, §) = -1 [ ¥2&W dA(w).
The exact formula for the kernel Hq(z, £) will be calculated in Lemma 2.3. In order to

write the final formulas in a more concise way, let us denote by

1 Gi(z,w)

Si(z,§) = —; o ﬁdA(w), (2.6)

fori =1,2,3,4, and

pPw

CD/)(Z7 w) = 2

- Z,weEA,
pPw—z  w—p’z
2
w
O (2, w) = —

pPPw—z w-—z

Ep(z,w) = J)z—1+p
v o PP = (pw) )
plz,w) = Z (1 — p2it2) i+l

L, wEA,
j=0

o0

2j(p=2i _ =2jyyJ
o (p |w|™w
Op(z, w) = E 5 D L, weE A.

j=1

Moreover, the Cauchy transform C : L?($2) — L?(£2), which will be used further is defined
by

3 1
e =5 [ Hoae,
1
' ={pE?):0<6 <2n}.
Lemma2.3 Hq(z,€) = Y ;_, Si(z, §). Here,
. 2F In|F
Sl(z,5)=nF8 - ‘l"<(f))' ,
n(L
]
<o F@ s _
S$2(z,8) = ﬂF(Z)C(d)p(F(z), F(-)(&),
- F'(z)
$3(z,6) = TFQ@) (E,(F(2), F(&) + CDZ(F(E), F(2)) + D(z, §),
- B F/(Z) 95
S4(z,8) = - (p (F(.)_sz(Z))(é)'i‘lyp(F(Z), F(S))>,
< _F@ (0 F()
S5(z,8) = <F(z)C(F(z) — sz(.))(S) + 0,(F(2), F(S))) ,

where 1 1
D(z,8) = ———,z,§ €Q.
wrz—§&

Proof Let us note that forlany £ € © and p(rgei®) = & the closed curves {p(re'?) : 0 €
[0,2m)}, r > rg and {‘go(e’e) : 0 € [0, 2m)} enclose the area in 2 which contains £. Let us
denote by I, = {(p(re’0)|0 < 6 < 2m} the closed curve in €2 for the fixed radius r € [1, %].
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After the change of variable w = ¢(w) and by applying the Cauchy’s integral formula for
the function S} (z, &) we get

S1(z, 8)
F'(2) — F'(2) ,
o / W) sy = T / LAC RS
nzln(f) o (w—§&F(w) nzln(f) A (@) — &
) l;/((zz)) / /2n (p(re’0)8’0 _ 1;,((;)) /,, dr/'
712111( ) ¢(V€’9)— ir2In (4 ) ;

_ ';((ZZ)) / /‘ _2F(2) 1_1H|F($)| .
znzln() Fe T Jr, ¢ — -~ mF(2) ln<%>

Note that in this case S 1 = S1. In a similar manner we obtain

e _F@ ¢ (@)dA(w)
’ 72 Ja (@) — &)1 - F(2)@)? 0
RAC ¢ (@)dA(w) '

72 Ja (@) = &)1 = p2F (@)

Let us calculate the first summand in Eq. 2.7.

F'(z) ¢ (w)dA(w)
72 Ja (w(w) £)(1 — F())?

F (z) / /Zﬂ @' (re'?)do
(p(ret?) —&)(1 — F(z)re=i0)?

F'(2) : / ¢'(5)¢
in? i r3 itl=r (9(¢) = E)(5 — F(2)?

=11(z,§) + I2(z, §),

where
F IF@&I 1 1
Lt =1L (i) 7dr/ @ (;“{){ .
i tl=r (@(§) = §)(55 — F(2)
F/ /
L. &) = ~(§) d / <P(§{)§ .
in? Jiror T D= (0(0) — 6)(5 = F(2))

Using the Cauchy formula for multiply connected domains we get the following formulas

F'z) (I7®! / ¢'(©)¢
Ii(z,&) = dr
@8 =5 " e @) = 8)(C = r2F(2))? 4
_F@ AL /F@)' r 4
= 5 ar
in? Jie= @) —§& )i (¢ —r2F(2))?

__F@ F(c)( ! __ 1 )d;
2F@) Jr £ —E\FQ - IF@PF()  FO-F@/)
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and

F'(2) [+ 0 (©)t
R =50 \F(E)\rdr/m:l @@ 5 —PFOR™
FQ) (v F(¢)d¢
in? Jire) v C—E)F(©) —r?F(2)*
_ _F@ F(;)( o? B 1 )dC

202iF() Jr, ¢ —€ \pPF(O) — F(z) F(©) — [FEPF()
F'(2) P> F (&) 1
nF(2) (sz(é) —F2) 1- F(z)F(s))’

where y; is a closed analytic contour positively oriented in I'f = {z € Q : d(z,T1) < r}

which encloses the point &.
In the following computations we use the Cauchy-Green formula for a multiply connected

domain.

/ p*F'(2) F'(w)d A(w)
o 72w —&)(1 — p2F(2)F ()2

B F'(2) i( 1 > dA(w)
C m2F(2) Jo 0w \1 - p2F()F(w)) w—§
F'(2) F'(2) 1 dw

T AFQ@U - pF@F®)  2mHFE) Jry 1= p P Fw) w—§
~ F'(2) 1 dw
202iF(2) Jr, 1 — p2F()Fw) w — &

Note that the fact that the mapping F : @ — A extends analytically to € such that F is a
homeomorphism on the boundaries (F : 2 — 9 A) implies

L 1 dw _L F(w) dw 2.8)
27i Jry, 1= p?F(@Fwyw—§ 27i Jr, Fw)—FRQw—§’ '

Applying Cauchy’s Theorem for a multiply connected domain to the last integral in Eq. 2.8

one obtains
1 F(w) dw

27i Jr, Fw)— Fz)w—§
P (2.9)

3 F(§) Fz) 1 RS F(w) dw

T FE)—-F()  F(z—§& 2niJr, Fw)—F@Qw—§

Collecting the computations from Egs. 2.8 and 2.9 we get

/ P F'(2)F'(w)d A(w)
o 72w —&)(1 — p2F(2)F (w))?

__F@ F(©) ( 1 B 1 )d;
272iF(2) Jr, t —E \F()—F() F()—p*F(2)
F'(2) < FG) 1 ) L1
TF@) \F) —F@ 1-p2F@QFE) nmnz—§
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Further according to Eq. 2.6 we have

$3(z, &)
F’ (Z) (J+ D(F @)/ p**4 (F/(w))(F(w))’
- Z 1 — p2i+2 / daw)

F(Z)Z(JJrl)(F(z))’ ptitd / 241 ( / ¢'(0)dg
1 ¢

1_p2]+2

F/(Z)Z(ijl)(F(Z))J pHt / r2j+1< ¢'(§)d¢
I

im2 2]+2 F&)|

icl=r $ITN@(£) — §)

_ F’(Z)Z(J+l)(F(z))/ pHt / L2541 < / AR
in? 4 p2it? 1 icl=1 I @ (C) — &)

v SN @) — &)

where the curve y, encloses the point F (&) within the region {¢|1 < || < r}. Therefore we

obtain
2 !
S s =
3(2,8) =— 7 ici=1 (& = P2 F(2))(p(5) — &)
L F@ 5 PP E@) A - (I FE D)
= (1= P22 (F(g)itl
and
2F/ !
S4(z,8) = ) s “

272 F(2) Jig1=1 (F(2) = p20)(p() — &)

F'(2) S 02 (02 — |F ()2 (F (&)
o T G D@y

j=1

In terms of the last lemma, we have
5
PoCf(z) =) Mif(2),

where M; : L2(Q) — L3(Q),

Mif(Z):Lgi(z»g)f(éf)dA(f)a i€{l,2,3,4,5}.

3 Proof of the Main Result

Lemma3.1 Let {M;};>1 be the operators defined in Eq. 2.11.
The following relation holds

lim ns,(My + My + Ms + Ms) = 0.
n—+o0o

@ Springer
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Spectral Asymptotics of the Cauchy Operator...

Proof First of all, it is clear that the operator M is one-dimensional finite rank operator.
Thus for n > 1 we have the following inequality (see [12])

Sn1 (Mo + My + Ms) < sp(My + M + My + Ms) < sp—1 (M + My + Ms).
In the sequel we will consider the singular numbers for the operators {s,(M;)},>1, i €
{2,4,5}.
We give the proof concerning the operators Ms5. The proof for the operators M4 and M»

is analogous.
Let us note that

3
Msf(z) =) Mif(@), [ € L*(Q),

i=1

where
Mif(z) = /Q S5(z,€) f(E)AAE),
and
2F'(2) @'(6)¢
Sl , — ’07 de,
3OO =205 @) e F@ - 2000 -0
2o F@ s pYEFEE)
S0 = 2 G o
F! 00 2J(FEN
S8 = (z)Z P (F(©))

— (07 — D(F @)1

Using the linear isometry V' : L3(Q) — L%*(A), given by Vf = (f o ¢)¢’, we have that
VM2 = M)V, where M, : L>(A) — L%(A),

~ J
i) — (p2/ - / EYOSE o

/+1

and therefore s, (M52) =Sy (Mz).
On the other hand, M, = MZ2Q, where 0f () =¢'(2) f(z), and

2 _ o &1 (&)
M f(z)-Zlﬂ(pQ,_l) L dA®).
]:

Taking into account that the family {v;, 1// 1

‘]_700
_ -1 1 A

presents an orthonormal system in L2(A), the operator M2 admits the following Schmidt
expansion

— 0*ej(p) —
Mzzz(pzjf V-1 (),

(S

ooy ((A=pFTH(U—p¥)
i) = (St

@ Springer



D. Vujadinovi¢

Therefore,
p3n71
s,,(MZ) ~ —— n— +o0o.
n

Since, s,,([l7[2) < ||<p’||oos,,(M2), n € N (the inequality Eq. 1.1) we have that

. o A
nBToon sp(M5) =0, > 1.

n—1
In a similar fashion it can be proved that s, (M53) ~ ”T, n — +o00 and consequently
: o 3y
nl}r_{_loon sp(M5) =0, > 1.

In order to examine the behavior of singular numbers s, (Msl) we have to apply a different
type of arguments.
Firstly, after change of variable the kernel S (z, &) can be written by the following formula
P’F'(2) d¢
21%iF(2) Jry, (F(2) = p2F(E)(& — &)

Let us recall that for any z € €,

$1(z,8) =

1
F(z) — p2F (&)
_ d¢
" 270 Joq (F(z) = p2F(0) (¢ — §) CRY
1 de 1 de

T i Jr, (F@ - pPF@)C — &)  2mi Jr, (F@) — p2FE)E — &)

In what follows we consider the integral operator T" : L3(Q) — LX(Q)
)
T'f(z) = / — TS ae
o F(2) — pF(§)
and we prove that
su(T") = o(n™"), n — +oo. (3.2)
First of all, note that the operator B : L2(A) — L2(A) defined by the formula

f&)
Az — P

Bf(z) = dA(§)

admits the sequel Schmidt expansion

B=Y p* Veioyyj 1 (%)

j=l1

Therefore s,,(B) ~ %73, n — 4o0. Since VT’ = Q'BQ”, where Q' : L*(A) —
L*(A), Q" : L*(A) — L*(A), Q'f(2) = ¢'(2) f(2) and Q" f(2) = |¢(2)|> f (2) are the
multiplication operators, we get the relation s, (T") = on™hH, n - +o0.

It is not hard to check that the kernel S;(z, &) is an analytic function with respect to
& in Q which satisfies the conditions from Theorem 1.1. Namely, if we denote by § =
d(I'y, F%), then for any & € 2 such that d(&, ') > % the last summand in Eq. 3.1
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(the kernel of S;(z, £)) can be directly expanded in some neighbourhood of &y satisfying
the conditions from Theorem 1.1. If this is not the case, i.e. d(&y, I'1) < % then the same

procedure can be conducted for the first summand in the Eq. 3.1 (the kernel K (z,&) =

d¢
27“ fr 1 (F(2)—p*F(E)) (&~ E))
Taklng into account the relation Eq. 3.2 and according to Theorem 1.1 we have

hm nsn(MS) =0.

n— -+

According to Theorem 2.3 in [12], we have that

lim ns,(Ms5) =0,
n—+00

and consequently
hm nsp(My + My + Ms) = 0.

n—-400

Before proving Lemma 3.3 we state a slightly modified form of Lemma 3 from [9].

Lemma3.2 Let K = {z|0 < Nz < a,0 < Iz < a}witha > O0andletT : L*(K) »> L*(K)
be an integral operator defined as

i 2
Tf(z) = +§dA(§) f e L(K).

Then
sp(T) = o(n™ Y, n > +o0. (3.3)

Here we should point out the fact that the kernel of the operator T has a singularity only in
the point £ = z = 0. The proof of the lemma follows by applying the results from the paper
[20] or the relation Eq. 3.3 can be also derived from the kernel condition established in the
paper [18].

Lemma3.3 Let K, ={z|0 < Nz < a,0 < Iz < a}, where 1 < a < 2m, then

Sn <f < CO_ + fl )dA(S)) ~ M, as n — 400,
K, \2+& z4+E&E—2a 2n

S_n </ < CO_ + _Cl )dA(E)) NM, as n — +00,
a Z+g Z+g_2a 2n

where co and c are fixed complex numbers.

Proof Let us first consider the annulus A; = {z : 1 < |z| < €27}, and the operator
T : Lz(An) — Lz(An) which is defined by the sequel formula

Tf@) = 0 L )dA :
@ /f($)<z€(zé—1) ZE—n) M

2

where p = e~
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= Cl_
2E(p%zE—1)

Using the Laurent expansion of the function —2— +

T in A, we get the sequel

expansion for the operator T’

1 oo
T/ == 20w I §-0f-1 + 3 "2 = o G )b
N n=l (3.4)
~ YT (1= ™) (e a0
n=1

From the previous representation we may conclude that

7lerl
su(T) ~ . , as n — 400

and
7|col
S_n(T) ~ , as n — +o00.
n

Let S : L>(A;) — L?(K»y) be the linear isometry given by
Sf(z) = e f(e),

where Koy = {20 < Mz < 27,0 < Sz < 2w} and T; : L2(Kay) — L*(K»7) as follows

T1f(z)=/K< LB 1)f(§)dA(§).

etE 1 pZez+§ —

Then ST = T1S. From the last equality we conclude that s, (T7) = s,(T), n € Z.
Further, the function m (1) defined as

€0 C1 C1

m() = " = =L — i) + e e R L0
is analytic in the disc |u| < 6, where
c c c c
o1) = u —02711' + u +O2m' + u —(zlm' + u +(zt7ri’
and ol ol
p2(u) = u — 4w +2mi + u—4mw —2mwi’
Note that

€0 Cl

co c1
_ + _
etté 1 p2€z+-§ -1

— + _
z+§& z+§-4xm
Further, Theorem 1.1 and Lemma 3.3 imply

=mz+&) + + o1z + &)+ oz + ).

lim n%s, (/ m(z +§)dA(g)> =0, > 1,
K271

n—-+o0o

lim nsn< B (¢1(z+§)+¢2(z+§))dA(§)) =0,
2r

n——+00

respectively.

Theorem 2.3 from [12] concludes the proof of this lemma when a = 2.

In case we observe K, where 1 < a < 27, let us note that the mapping V : L>(K,) —
L%(K2y) defined by

V@) = %f(%z)
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is alinear isometry. Then, it is not hard do check that 75, V = 27” VT, where T, : L>(K,) —
L*(Ka),

€0 C1
T (Z)Z/ < =+ —= ) (§)dA(&),
af K, \2+& z+4+&—-2a fé& §
and the result follows by the appropriate substitution. O

Corollary 3.4

o Cl alcy|
S =+ - dAE) | ~ ——, as n —> +0o0,
n(/lq; <z+€ z+§—2a> 2n

Sen f (CO_+ ‘ )dA(g) ~ ol on s oo
kh\z+& z+&—2a 2n

where co and cy are fixed complex numbers, K‘}} ={z+4+ih:z€ Ky}, andh > 0is an
arbitrary positive number.

Proof The proof follows directly from the relation 7,5 = S Tah, where Sf(z) = f(z+ih)
is linear isometry from LZ(KZ;) onto L%(K,) and

Thf(z)=/ ("°_+ o )f(é)dA(E).
¢ kh\z+&§ z+&—2a

m}

Remark 3.5 In the sequence of singular numbers {s,(7;)},cz in Lemma 3.3 and

Corollary 3.4, occur two particular subsequences {s,(7,)}n,>0 and {s—,(T;)}»~0. In fact,
this ambiguity can be explained by the presence of two types of singularities in the kernel of
the operator T, the vertical sides {z : Hz = 0,0 < 3z <a}and {z : Nz =a,0 < Jz < a}.

Lemma 3.6

S / (CO_—I— _Cl )dA(S) NM, as n — +o0,
kh\z+&§ z+&-2H 2n

S_n / < CO_—i— _c1 >dA(“§) NM, as n — +o0o,
k,\z+& z+&-2H 2n

whereO<a<%andl(;:{z:H—a<ERz<H,h<Qsz<a+h},h>O.

The proof of Lemma 3.6 can be easily established by using the main results from [20]
along with Lemma 3.6 (see also Lemma 4 from [9]) and the K.Fan theorem (Theorem 2.3

from [12]).
Let
1 27 2w, 21
K| :{Z:W(z—1)<argz<ﬁz,l<|z|<€N}
and

2 In 1_2z lnl

N <zl <e P},

N |z] }
i=1,2,..,N.By Ky; and K»;, i = 1,2, ..., N we denote the corresponding sets defined
as

2
K?:{z:—ﬂ(i—l)<argz<ﬁﬂi,e

% (2:0 <90 2 271(_ <3 27r_}
i ={z:0<Nfz < —,—(@G—-1) <3Jz< —1i},
1i Z Z N N l ST Nl
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K‘_{'lnl—zl<‘)‘<lnl 2—”('—1)<% 2i~}
2i =12 P N Nz p,Nl mZ<Nl.
Here we suppose that the integer N is large enough so that the inequality ZW” < In % — %’T
holds.
In correspondence to the sets K l.l and K iz, we define the operators Tl.1 and Ti2 in the
following way

T! :/ ( __ < _a ) dAE), f e L2(K]

P (@ i \FEGE— D) +Z$(pzzé‘—1) f&)dAE), f € L7 (K;)
and

T2 =/(_f0 _a ) dA), f € LX(K?),

HO= oG- T ErE ) OO S ED
i=1,2,..,N.

Lemma 3.7 The following asymptotic formulas hold

1 lcolm
su(T;) ~ Nt +o0,

and
sp(T7) ~ |CI| n— +0o
A nN ’ '

Proof Using again the linear isometry Sij f(@) = et f(ed),
iy 20 2
S/ L*(K]) - L*(Kj)

we get that Sij Tij = Tl.j Slj j =1,2. Here,

T,A"f<z)=/K“( — )f(f)dA(f»

eitE — 1 pertt

j=1,2andi = 1,2, ..., N. On the other hand, the function

L R B N ci
7 etE — 1 plertd — 1 z+E& z+§—21n%’

is a real analytic function in K ;; x K ;;. We are now in position to apply Birman-Solomjak
theorem (see [12], pp.78), which we stated in a modified form as Theorem 1.1, and we get

lim ns,(T/ —T;))=0,j=1,2, i=1,.., N,
n—00

where Tj; : LQ(KI-,') — Lz(Kij)»

L. — €0 ‘1
T”f(Z)‘/K,.,. (z+§ Y E ) FEdAE).

?

According to Lemma 3.6 and Theorem 2.3 from [12] we have that

lcolm
su (1) ~ N su(T3) ~

fori=1,...,N. O

ler|m

, — 00,
nN
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The proof of Lemma 3.8 follows the main line of argumentation given in Lemma 7 in [9].

Lemma3.8 Let Y € C(A) be a complex function and the operator T : L%2(A) > L%(A) is
defined by

1 1 1
T = — — = = dA .
£2) n/A<Z§(Z€_1)+Z€(p225_1))w@)f(s> ®)

1 2w . 0 2w Pl
su(T) ~ 27/ |¢(e”)|dt =+ 7/ 4 <*>
mn Jo 2nn Jy P

. . 21 1_2n
Proof Letusintroduce the domain Ky = {z|e v o< lz] < MmN } and the complex numbers
£ =%, where Z(i — 1) < 6; < &l fori =1,2,..,N.
Specially, for the operators

Then

dt,n — +o00.

&

(&) V()
T! =/ _ _ P dA(E),
@=L <zg<zs—1>+zs<p2zs—1) FEAAE)

i Wy
Tﬁf(z)=fK2< L )f@)dA(s),

E(ZE—1)  zE(%E-1D)

where T/ : L2(K/) — LX(K]), j =1,2.
From Lemma 3.7 we have that

s (T ~ WEl ., too (3.5)
nN
and
vl
su(T2) ~ ,n — +00. (3.6)
nN

At this point, we introduce a family of orthoprojectors {Pl:i }11\/]2: 1> on L%(A) defined as

P/ f@) = %1 (D f (@)
and
Po f(z) = xk,(2) f(2),

where x g is a characteristic function of the set K.
Then,

2 N
T=PTP+Y PTP +) PITPh+ > P TP +> > P/TP.
i£0 i#0 Vil j=1i=1
On the other hand Theorem 1.1 implies
lim ns,(PoT Po) =0, lim_ns,(>_ P/ T Py) =0,
n—-+o0o n—+00
i£0
and

- ITPiy — 0. 1i iy
Jim s > P TPl)_O,ngr}rloonsn(ZPoTPi)_O.
JEIViA i#0
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The proof of the last relations reduces to Lemma 3.2 (see also [20]). Appealing to Theorem
2.3 from [12] we obtain

- j j i piy —
Jim ns, (PTPo+ ) PTF/ + ) P/TPo+ Y P/ TP))=0.

i#0 i#0 JAIViF
Further,
2 N ] )
Y D PTP =Ly+Py,
j=1i=1
Ly f(2)
2 N ( )/ v -y V- v © FEAE)
- A z = j
j=1i=1 *xf ZE(ZE - 1) o2k — 1) ) ki
and
Py f(2)

2

N &i

V(& v ()
= = j dA(§).
§: > ()/ (Zg(zg_l) e gl ERIGUOZT

For € > 0 we may take N sufficiently large, such that [/ (§) — ¥(§)| < 5, & € Kl.1 and
W& -y < 5, & e K2

According to Lemma 3.7 we get

VE) —vE) w(&)—w%)
n J —= — j dA
s (xK (z)f( FCE1) T )k @A

_ (s
s / w(_g)jw(g,»)Jrl/f_(S) _w(p) JAE) 3.7
kI \ z6@E—1)  zE(p?zE — 1)
<c € s
— 2nN

where the constant c is independent from €, n, N. In the last relation we used the inequality
Eq. 1.1.
On the other hand, Ly is a direct sum of operators 7}’ : L*(K/) — L*(K})

- j vE) —pE) Ve v
T’ :/ o) - L T ) g,
I K/ ( EGE-D | dEiE 1) ©

j=12andi =1,2,..., N. Thus,

2 N
€
sn(LN) = DD sn (P TP < e (3.8)

j=li=l1

ie, sp(Ly) <cs.
Therefore we have that
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limsupns, | Ly + PoTPo+ Y P/ TP/ | < Ce,
n——+00 il

where C is a new constant independent from €, n, N.
From Egs. 3.5 and 3.6, and the fact that from the orthogonality of operators Tl.1 and Ti2
we have

NI+ T = N1 + N(TD),
fori =1,2,..., N, we get

&
e WO

Ny(T! + 17 J
(I 1) tN tN

Therefore,

N N &
. LY E 12631
z]l)r&tM(PN)_Z N 2 N

i=1 i=1

Now, from Lemma 1.2 we have that

N
] 1 .. 2m P . 2 &
lim tN;(T)=— 1 — i — 1 E — |y (=
zi%L N 2 Ninjw N V@&l + 2 Ninjw P NpW( ) (3.9)
1 2 . 2 i0 .
_ 7/ W (e?)do + L / v ()| a0.
2 Jo 27 Jo P
Finally, taking that ¢ = 5, (T) in Eq. 3.9 we obtain the desired result. O

3.1 Proof of Theorem 1.4

At the beginning let us first notice that for the fixed z € €2 the function

_l 1 F'(2) F(§)
H (&) = nmz—£& wF() FE)— F(z)

is analytic in 2 for & # z, while

1@ 1FE
27 F'(z) 7 F(z)’

Eh—>mz Hz(g,‘_) =

which implies that H,(£) can be analytically continued in z. Again, appealing to
Theorem 1.1 we have that

lim ns,
n—+o0o

(i 1 +F/(z) F(&) ):0
mz—§& 7wF@) FE)-F()

F'2) _ p*F(&)
TF @) p?F(€)—F(2)

/ p*E¢’ (€)

A PPE—2

The operator induced with the kernel
operator

is unitarily equivalent with the

1
T'f(z) = — FEAE), f e LY (A).

Tz

Thus,
lim nsy(T") <2)¢/[lc lim p" = 0.
n—+00 n——+00
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Further, the operator induced with the kernel

F'(2) < 1 " 1 )
nF(@) \F(FE) —1 p*F@FE) —1

is unitarily equivalent with the operator

3 I 7@ 7® ,
T = — = = dA s L°(A).
£ H/A S oy ) T@dAG), £ e i)

Lemma 3.8 implies that

S (F’(z) < 1 N 1 ))
"\tFQ \F@QF® -1 pFQ@FE) -1
1 2w . /)2 2w el
~ o’ (e")|dt + —/ ¢’ <*>‘dt,
27n 0 P
asn — 4oo0.

2n 0
Finally, by applying Theorem 2.3 from [12] we conclude the proof.

(3.10)
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