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Abstract

In this paper, we prove that stochastic porous media equations over o -finite measure spaces
(E, B, u), driven by time-dependent multiplicative noise, with the Laplacian replaced by
a self-adjoint transient Dirichlet operator L and the diffusivity function given by a maxi-
mal monotone multi-valued function ¥ of polynomial growth, have a unique solution. This
generalizes previous results in that we work on general measurable state spaces, allow non-
continuous monotone functions W, for which, no further assumptions (as e.g. coercivity) are
needed, but only that their multi-valued extensions are maximal monotone and of at most
polynomial growth. Furthermore, an L” (1)-1t6 formula in expectation is proved, which is
not only crucial for the proof of our main result, but also of independent interest. The result
in particular applies to fast diffusion stochastic porous media equations (in particular self-
organized criticality models) and cases where E is a manifold or a fractal, and to non-local
operators L, ase.g. L = — f(—A), where f is a Bernstein function.
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1 Introduction

The purpose of this paper is to solve multi-valued stochastic porous media equations (SPMEs)
on (E, B, n) of the following type:

{dX(t) — LW (X(t))dt > B(t, X())dW(t), in[0,T] x E, (D)

X@0)=xonE (x € F)),

where (E, B) is a standard measurable space (see [31]) with a o-finite measure © and 7 €
(0, 00) is fixed. (L, D(L)) is the generator of a symmetric strongly continuous contraction
sub-Markovian semigroup on L2?(yx), which additionally is assumed to be the generator
of transient Dirichlet form, .7 is the dual space of the corresponding extended transient
Dirichlet space .%, (cf. Section 2.1 below). ¥ () : R — 2R denotes a maximal monotone
graph with polynomial growth (cf. (H1) in Section 3 below, W is called diffusivity function,
see [41]). B is a Hilbert-Schmidt operator-valued map fulfilling certain Lipschitz and growth
conditions (cf. (H2) and (H3) in Section 3 below). W is a cylindrical Wiener process in L( n)
(cf. [26, Proposition 2.5.2]) defined on a probability space (€2, .%, P) with normal filtration
(Z1)1=0. Explicit assumptions and more explanations will be given in Section 3.

At least since [12], there has been a lot of papers concerning stochastic porous media
equations, e.g., about strong solutions [4-6, 8, 9, 13, 24], stochastic variational inequalities
[17, 29] or finite time extinction of solutions [6, 8, 9, 16] to

dX(t) — AW (X(t))dt = B(t, X(t))dW(t) on O, (1.2)

with maximal monotone (multi-valued) diffusivity W, where O is an open and bounded
subset of the Euclidean space R4 (see also [7, 26] and references therein). In the classical
deterministic case, i.e., B = 0 and ¥ (r) = |r|’"’1r, re R, m>1(see[l]), forx =
a probability density on O, its solution X (), ¢+ > 0, describes the time evolution for the
density of a substance in a porous medium. Heuristically (because W is in general not even
assumed to be (single-valued) continuous and & +— X (¢)(§) is not C 2 applying the chain
rule we have

AW (X (1)) = W' (X())AX (1) + ¥/ (X(1)|IVX (1) (1.3)

This shows that W/ (X (7)) is the (solution dependent) diffusion coefficient of the equation.
This explains the name “diffusivity (function)" for ¥ and why ¥ must be assumed to be
increasing. If W is strictly increasing, which corresponds to W' > 0 on R in Eq. 1.3, this would
mean that we have local strict ellipticity in Eq. 1.3, hence we would be in the nondegenerate
case. We stress, however, that in this paper we do not assume this, so the degenerate case is
covered. Equation 1.3 also reveals why it is important to include multivalued diffusivities,
because it implies that we can cover non-continuous ¥ (See Example 6.1 below). This
means that its generalized derivative W’ (in the sense of Schwartz distributions) would be a
weighted Dirac measure §,, at a point of discontinuity 7o of W. So, if we consider the time
evolution ¢ — X (¢)(&) of the density of the substance at a point £ € E and if it “hits" such a
discontinuity point ry € R of W, the diffusion coefficient W' (X (r)(¢)) would jump to +o0,
describing a “very large" diffusion of “the system" at that moment, which is an interesting
case of high relevance, e.g. in physics. This is also the reason why the solutions to Eq. 1.2 are
sometimes called singular diffusions. A prominent example is the so-called self-organized
criticality (SOC) model developed by Bak, Tang and Wiesenfeld [2], which can also be used
to model the dynamics of phase-transition (including melting and solidification processes) as
well as for the description of a large class of other diffusion problems. It remains to “justify"
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the type of noise in Eq. 1.2. For a general explanation of this we refer [26, Page:3, Section
1.2], which explains that the noise must have this term under some reasonable assumptions.

One interesting direction of research is to replace —A by a nonlocal pseudodifferential
operator (e.g., (—A)*, a € (0, 1], cf. [39] or more generally f(—A), where f is a Bernstein
function, see [37]) in Eq. 1.2, or even more generally by a self-adjoint operator L satisfying
certain properties, as e.g., being the generator of a transient Dirichlet form. But there exist
many interesting operators on R? which are not self-adjoint on L>(R?, dx) (where dx denotes
the Lebesgue measure), but on Lz(Rd, ) for some other measure p replacing dx, as for
instance the Friedrichs extension of the operator Lo = A + 2% -V on LZ(R4, p2dx) [36],

where p € H'(R?) and H' is the usual Sobolev space. It is also interesting to change R¢
(the “state space") and replace it by a smooth or even not smooth Riemannian manifold as
e.g., a fractal, or allow infinite dimensional state spaces, e.g., the Wiener space. Furthermore,
it is very desirable to do all this for multivalued diffusivity functions W, as explained above.
So, all this motivates the study of Eq. 1.1, in such a general form.

There are few results about Eq. 1.1 on general measure spaces. One paper known to the
authors about Eq. 1.1 with W being a multi-valued graph is [18, Example 7.3], in which
the existence and uniqueness of (limit) solutions and the ergodicity for Eq. 1.1 are proved.
However, in [18], (E, B, i) is assumed to be a finite measure space and L to have compact
resolvent, and W is of linear growth, which simplifies the situation substantially. Furthermore,
in [18] the extended transient Dirichlet space .%, is the same as the Dirichlet space Fj >, which
results in a Gelfand triple L2 (1) C Fi(=Ff,) C (L?(w))*. The proof of the well posedness
theorem in [18] heavily relies on this Gelfand triple. We work on general o-finite measure
spaces with no further conditions on L, so it turns out that we must construct solutions
in the smaller state space .#;. Also the idea of the proof in [18] is based on a viscosity
approximation, while our proof is based on the Yosida approximation. We would also like to
mention another paper, where Eq. 1.2 was studied with multivalued ¥ and with Lévy noise
replacing the Wiener noise in Eq. 1.2, namely in Section 6 of [27]. However, this is done
only on (O, B(0), dx) and O is assumed to have finite Lebesgue measure.

The present work was also motivated by papers [9, 34, 36]. In [9] existence and uniqueness
of solutions for Eq. 1.2 with linear multiplicative noise was proved for multivalued ¥ with
E = 0O =R d > 3, and one of our aims here is to generalize this result to Eq. 1.1 on
general measure spaces and include more examples of L, where e.g. it is the generator of a
transient Dirichlet form not only on R?, but also on e.g. a manifold or a fractal (cf. Examples
6.3-6.5 in Section 6). In [34], by constructing a suitable Gelfand triple with . as the pivot
space and using the variational framework [26, 33], the first named author of the present
paper and his collaborators proved existence and uniqueness for the following stochastic
generalized porous media equation in the state space .%,":

dX(t) = (LY, X(@) + P, X(@))dt + B(t, X(1))dW (1), 1.4)

where L is as above and W is continuous, single-valued and maximal monotone, additionally
satisfying a number of other somewhat restrictive conditions (see [34, Page: 135, condition
(A1)], in particular, (W2) and (W3), where the appearing Young function N is assumed to be
Aj-regular), which, in particular, imply that W (r) — oo asr — oo. In the case where ® = 0
and W is a Lipschitz increasing function which is independent of ¢ and w, the well-posedness
of strong solutions to Eq. 1.4 in F}", was proved in [36]. In contrast to that, in the present
paper, ¥ is not assumed to be either Lipschitz or single-valued. In particular, we can cover the
SOC model which is not included in [34] or [36]. A second aim of our paper is to generalize
the results in [34, 36] to multi-valued diffusivities W, being just maximal monotone and of at
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most polynomial growth, with no further assumptions such as e.g. that lim,_, ., ¥ (r) = o0,
which allows our framework to apply to the SOC model (cf. Example 6.1 in Section 6). Our
method is completely different from [34], but it is a generalization of that in [9]. Because
of our much more general situation, the methods and techniques available for investigating
SPMEs on R are insufficient for covering the case of general measure spaces and cannot
be extended to general measure spaces in a straightforward way. Let us now describe our
method. Though the overall strategy is borrowed from [9], some severe obstacles had to be
overcome in our case, one of which was to find a proper version of Itd6’s formula for the
LP-norm of solutions for processes taking values in L? (E, B, u) with no further assumption
on (E, B, w), so that our results apply to general state spaces E, as those mentioned above.

As a first step, we consider Yosida approximating equations to Eq. 1.1 of the following
form with initial value X, (0) € %)

dX;(t) — LV, (X;.(t)) + A X (1))dt = B(t, X,,(t))dW (), t € (0,T). (1.5)
Here A > 0 and

U (x) = %(x —(1+20) ') e U((1 +20) "' ()

is the Yosida approximation of W, which is Lipschitz continuous. One of the main points in
this paper is first to prove the well posedness of Eq. 1.5 in .#". To this end, we consider the
following approximating equations to Eq. 1.5

dX) (1) + =LY (W (X D) +AX)()dt =B(t, X (1)dW (1), t € (0.T),0 < v < 1,(1.6)

with initial value X; (0) € F;, (which contains .%", see Section 2.1 below). This approach
allows us to estimate ||XK||F1»«2 »0 <wg =1, where || - ||z, is an equivalent norm on
22,00 2= V0

F 1*,2 (cf. Section 2.1 below). The key point here is to relate || - || Fis with || - ||z to prove

the convergence of X} to X; in %} as v — 0 (see Proposition 2.1 and the last part of the
proof of Theorem 3.2).

To prove the convergence of solutions to Eq. 1.6 as v — 0 to those of Eq. 1.5 and in turn
that solutions to Eq. 1.5 as A — 0 converge to those of Eq. 1.1, since ¥ has a growth of
at most order m > 1 (see (H1) in Section 3), one has to control the || - || 2» norm of the
solutions uniformly in the approximation parameters. To obatin such bounds (see Egs. 4.24
and 3.9) we need to apply 1t6’s formula to | X (t)l%%. But this is not possible directly since
X3 is not (right) continuous in L% (). Therefore, we consider the following approximating
equation to Eq. 1.6:

AXV5 (1) + AVE(XVE())dt = B(r, X)F(6))dW (1), in (0, T) x E, (1.7)

where > 0 and
1
APC(x) = g(x — (I +eA) (),

is the Yosida approximation of the operator A} (x) := (v —L)(W; (x) 41 (x)) and I denotes
the identity map on the respective space (see more details in Section 4 below). In [9, Section
4] the authors can directly use the LP-1td formula (p > 2) proved in [25] for the case
E = R?, which is not possible here. Also one cannot expect to prove such a formula on
arbitrary o-finite measure spaces without further assumptions. The reason is that in [25],
approximations by convolution with smooth functions were crucial, which heavily depend
on the linear structure of R?. To overcome this difficulty, we prove an L (u)-It6 formula
(p > 2) in expectation (see Subsection A.2) to get the crucial a priori L™ (y)-estimates first
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for the solution to Eq. 1.7 uniformly in the approximation parameters ¢, v, A, subsequently,
by letting ¢ — 0 and then v — O we get a solution to Eq. 1.5 satisfying Eq. 3.9 (-Eq.
3.12) (see Theorem 3.2 below), which then allows us finally to take . — 0 to obtain well-
posedness of Eq. 1.1 (see Theorem 3.1). So, the L”-It6 formula in expectation (see Theorem
A.1 below), which we think is also of its own interest, is the main new tool that leads to the
desired generalization of [9]. Apart from other smaller obstacles that had to be overcome in
comparison to [9] (see e.g. Proposition A.1 in the Appendix), there is one other novel point
we would like to mention here. Since our aim was to be able to treat non-local operators (such
as pseudo-differential operators) L in Eq. 1.1 in our approach, we had to include non-local
extended Dirichlet forms in our framework. We identified the crucial condition on the square
field operators of the non-local Dirichlet forms needed to implement our approach. This is
condition (H4)(ii) which is fulfilled for an abundance of (local and) non-local Dirichlet forms
(see the examples in Section 6), in particular for such with generator L = — f(—A), where
f : [0, 00) — RisaBernstein function (in the sense of [37]). Such examples for the operator
L together with discontinuous diffusivities in Eq. 1.1 are completely new.

This paper is organized as follows. In Section 2, we introduce some notations and recall
some known results for preparation. In addition, we prove some necessary technical auxiliary
results, which will be used to construct the solutions to Eq. 1.1 in .%. In Section 3, we present
our assumptions and the two main results for Egs. 1.1 and 1.5. A detailed proof of the existence
result for Eq. 1.5 will be given in Section 4, while the existence and uniqueness result for
Eq. 1.1 will be given in Section 5. A number of examples that are covered by our framework
will be presented in Section 6, including local (nonlocal) operators L on manifold or fractals.
In order to make the main structure of the proofs more transparent, we shift the proofs of
some estimates to Appendix A.1. In addition, we present a detailed proof of the mentioned
LP(w)-1td formula (p > 2) in expectation in Appendix A.2.

2 Notations and Preliminaries
2.1 Dirichlet Spaces

Let (E, B, u) be a o-finite measure space, which we fix in the entire paper. We assume
that (E, B) is a standard measurable space (i.e., o-isomorphic to a Polish space, see [31]).
This assumption is used in the proof of the L” (u)-1t6 formula (p > 2) in expectation, but
also in the proof of Lemma 4.1 below, where we apply [35, Lemma 5.1], in which this
assumption on (E, B) was crucially used. Let (P;);>0 be a strongly continuous, symmetric,
sub-Markovian contraction semigroup on L%( w).Let (L, D(L)) be its infinitesimal generator
(see e.g. [15, 28]), which is a negative definite self-adjoint operator on Lz(,u). We use (-, )2
and | - | for the inner product and the norm in L2 () respectively. More generally, we set
(f,g)2 :=nu(fg = f fgdu for any two measurable functions f, g such that fg € L' (u).
For the rest of this paper we fix (P;);>o with generator (L, D(L)) on LQ(,u) with (E, B, u)
as above.
Consider the I'-transform V. (r > 0) of (P;);>0

_rri- R R 2
Vru—F(z) s2 e " Psuds, r >0, u e L°(u).
0
From [14], we can define the Bessel-potential space (Fi 2, || - || 7, ,) by

Fia = Vi(L*(w), withnorm |lullp,, = | flo, for u=Vif, feL*(w.
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Consequently,
Vi=(—L)?, sothat Fip=D((1—L)?) and flullp,, = (1 — L)2ul,.

The dual space of F1 > is denoted by F7', and Fy', = D((1 — L)_%), it is equipped with the
norms

Inllee,, =m0 =L0)"m;, neF 0<v<oo.

Denote the duality between F 1*,2 and F1 2 by Fi, () Fio-
Consider the Dirichlet form (&, D(&)) on Lz(u) associated with (L, D(L)), i.e.,

D(&) := F12, and
&, v) == pu(v—Luv/—Lv), u,ve F.

Let D(&) be equipped with the inner product &1 := & + (-, -)2.

If (&, D(&)) is atransient Dirichlet space, that is, there exists g € L'(wW)NL>®(u), g > 0,
such that %, c L'(g - ) continuously, let (&, .%,) be the corresponding extended Dirichlet
space (see [15]), which is the completion of F] 2, with respect to the norm

1
I-llz, =&C 2.

Then F1 = %, N L2(w). Let #; be its dual space with inner product (-, -) #» and corre-

sponding norm || - || #», which is induced by the Riesz map .7, > u — &(-, u) € F;. Denote

the duality between % and .%, by z:(, ") 7,-Both 7, and 7, o are Hilbert spaces. For more

background knowledge on Dirichlet forms, we refer to [15, 28]. From now on we assume:
(L.1) The symmetric Dirichlet form (&, D(&’)) associated with (L, D(L)) is transient.
Consider the inner product &, := & + v(-, -)2, v € (0, 00), on Fj 2, i.e.,

1015, ,, = £+ [ 1oPd = 10l + [ 1oPd, forve Fia @)

and
1
. -2 .
W Fy,, =Fp, (L. (v=L) D ,= sup (), [ €F,,
veF| 2
Iollp 5, <1
Wz = sup I), [ € 7.
VEF,
vllz, <1

Since Fj » C .%, continuously and densely, we have

F, C FJ, continuously and densely.

Proposition 2.1 Letl € Z}. Then v — ||l||F1*2 J s decreasing,

lim Wry,, = sup Wy, , = Wiz (2.2)
1
”Z”Fl"2 = ||l||Fl’f2_v = %HZHFI*Z, VO<v<l. (2.3)
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Proof Firstly, note that for all [ € Fﬁz and 0 < v/ < v < oo, we have

Wip, = swp = sup 1) =il .

22, 1,2,v

veF] 2 veF] 2 ’
vl 5, <1 IliF, , <

ie,VIeFf,, Il F;, , is decreasing in v. In particular, the first equality in Eq. 2.2 and the
first inequality in Eq. 2.3 hold.
Let/ € #;. Since #; C FY, continuously and densely, we have / € F}', and

W, = sup 1)< sup [(v)=|l]z-
- veF] 2 VEF,
Il ,, <1 vl <1
Hence VI € .7},
lim |[||F=) =sup|llllF, < Illzs- (2.4)
v—0 1,2,v v=0 1,2,v e

To prove the converse inequality of Eq. 2.4, fix | € .%#; and let €, & € (0, 1). Then there
exists ve € Fy o with [Jve|l.#z, = 1 and

1we) = ] 7+ — €.

2
Let vo := —— . From Eq. 2.1, we see that
1+vel?
el p =/ IIvellZ, +volvel; < V1482 <143,
so for v, 1= 1355’ we have i
10l < 1.
Consequently,

vhfh IlEy,, = ilig 12l Ey,

_ 1 1
= Wl 2 100 = 75100 = T 7 =€),

letting § — 0, € — 0, yields the desired converse inequality. Hence Eq. 2.2 is proved.
It remains to prove the second inequality in Eq. 2.3. Note that

Iz, =@, v) +v(v,v)2 and [vllF, = E@,v) + (v, v),
hence for0 < v <1,
g, = sup 1@ =vv sup 1) =vv sup 1) =Vlllg, .

lvllF , =1 Vlvlle ,<1 IvllFy 5, <1

2.2 Gelfand Triples

Let H be a separable Hilbert space with inner product (-, -) and let H* be its dual space.
Let V be areflexive Banach space, such that V' C H continuously and densely. Then for its
dual space V* it follows that H* C V* continuously and densely. Identifying H and H* via
the Riesz isomorphism we have that

VCcCHcCV*
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continuously and densely. Let y«(-, -)y denote the dualization between V* and V (i.e.
y{z,v)y := z(v) for z € V*, v € V). Then it follows that

yvx{z,v)y = (z,v)y, forallze H, ve V. 2.5)

(V, H, V*) is called a Gelfand triple.

A Gelfand triple with V := L*(w), H := F 1*,2 was constructed in [36], the Riesz map
which identifies F7 » and Fl*,z is(1—1L)"1: Ff', — Fi2. We need the following two
lemmas.

Lemma 2.1 ([36, Lemma2.1.]) The map (1—L) : F1» — F}, is an isometric isomorphism.
In particular,

<(1 — Lyu, (1— L)U>F1*2 = (u, vV)p, forall u,v e Fy;. (2.6)

Furthermore, (1 — L)™' : F[', — F1 is the Riesz isomorphism for F},, i.e., for every
uekfFf’,

(o Vg, =Rl = L)y . 2.7)

Lemma 2.2 (/34, Lemma 3.3(i)]) The map L : F, — F} defined by
Lv:=—-&W,"), ve Z

(i.e. the Riesz isomorphism of F, and F} multiplied by (-1)) is the unique continuous linear
extension of the map

D(L) > v p(Lv) € F.

If there is no danger of confusion, we write L instead of L below. For a Hilbert space H,
throughout the paper, let L2([0, T x ; H) denote the space of all H-valued square-integrable
functions on [0, T] x 2, C([0, T]; H) the space of all continuous H-valued functions on
[0, T],and L°°([0, T]; H) the space of all H-valued uniformly bounded measurable functions
on [0, T']. For two Hilbert spaces H; and H», the space of Hilbert-Schmidt operators from
H, to H, is denoted by L, (Hj, H3). For simplicity, the positive constants C, C;,i =1, ..., 5,
used in this paper may change from line to line. We would like to refer to [26, 33] for more
background information and results on SPDEs, [1, 41] on PMEs and [7] on SPME:s.

3 Assumptions and Main Results

Let K := L'(w) N L®(w) N ;. In addition to condition (L.1) above, we study Eq. 1.1
under the following assumptions.

(H1) ¥(-) : R — 2R is a maximal monotone graph such that 0 € W(0) and there exist
constants C € (0, o0) and m € [1, 00) such that

|W(r)| =inf{Inl;n € ¥(r)} = CUrl" + LjuE)<oop), Vr € R. (3.1

(H2) B: [0,T] x K x Q — Lz(Lz(pL), LQ(M)) is progressively measurable (i.e. for any
t € [0, T], this mapping restricted to [0, ] x K x 2 is measurable w.r.t. ([0, t]) x B(K) X %,
where Z(-) is the Borel o-field for a topological space). Furthermore, B(t, u) satisfies the
following conditions:
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(i) There exists a constant C; € [0, 00) such that for all v € (0, 1],
1BC,u) — BC, W w20, Fiy ) = Cillu—vlpy, . Yu,ve Kon[0,T]x Q.
(ii) There exists a constant Cp € (0, o0) such that for all v € (0, 1],
IBC )l yr2 ). Fr S < Collullfy, . Yu € K on [0, 7] x Q.
(H3)(i) There exists a constant C3 € (0, co) satisfying
1B, )l 121200y < Calula, Yu € K on[0,T] x Q.

(ii) Let m be as in Eq. 3.1, there exist an orthonormal basis {ey }x>1 of L2(u) and a constant
Cy4 € (0, 00) satisfying

/ Z|B( wek|?)"dp < Calul3", Yu € K on[0,T] x Q.
E =1

(H4) There exists a symmetric, positive, bilinear mapping I' : F12 X F12 — L'(w)
satisfying:
()]

1
Ew, u) = / EF(M’ w)du, Yu e Fio.
(ii) There exists a constant C5 € (0, co) such that

Do), o)) < CsU'(u, o)), Yu € Fi,

for every non-decreasing Lipschitz function ¢ : R — R with ¢(0) = 0.

Remark 3.1 (i) Eq. 2.2 and (H2)(i) imply that for all u, v € K,

1B, u) — C1||u—v||o;* on[0,T] x Q. (3.2)

2
B('a v)”L2(L2(N) Fr) =

(i) We emphasize that (H4)(ii) is automatically fulfilled, if (£, D(E)) is a local Dirichlet
form.

(iii) By (L.1) there exists g € L' (1) N L™ (), g > 0, p-a.e., such that F, C L' (g - )
continuously and it was proved in [34] (see the last part of the proof of Proposition 3.1 in
[34]) that the linear space

G = {h-glh e L)}

is dense in F;. Furthermore, obviously 4 C L'(u) N L>®(w). Hence it follows that K
(defined in (H2)) is dense in F), and hence in Fl*,Z,vg for every vg € (0, 1]. Here Flflvo
denotes the space Fy , equipped with the norm || - || Fior Therefore, by (H2)(i) the map

K>u— B(t,u) € LZ(Lz(M)’ F1*2 w)

can be extended uniquely to a Lipschitz continuous map on all of Fy, v- Furthermore,
(H2)(ii) trivially also holds for this extension, as well as Eq. 3.2. We shall use this extension
below without further notice.

(iv) From [34, Proposition 3.1], we also know that ¢ is dense in LP () (1 < p < o0),
since9 C LY'(u)NL®(w), 4 C Fr, LY () N L (w) is dense in LP (1), hence K is dense
in LP (1), so (H3)(i) is also true for all u € L2(w) and (H3)(ii) is true for all u € L2 ().
Note that if m = 1, then (H3)(i) and (H3)(ii) are the same.
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Definition 3.1 Let x € #). An F}-valued adapted process X = X(t) is called strong
solution to Eq. 1.1 if there exists q € [2, 00) such that the following conditions hold:

X is Qe* —valued continuous on [0, T], P—a.s.;
Xeli(Qx(0,T)x E);

thereis n € L%(Q x (0, T) x E) such that
nevX), dtP®du—ae. onQx(0,T) x E;

and P-a.s.,

/ ns)ds € C(0, TT: Z2), (3.3)
0

t t
X)) =x+ L/ n(s)ds + / B(s, X(s))dW (s) holds in F, ¥t € [0, T].
0 0

Theorem 3.1 below is the main existence and uniqueness result for Eq. 1.1.

Theorem 3.1 Assume that (L.1), (H1)-(H4) are satisfied and let m be as in Eq. 3.1. Let
xe L*(w) N L>(u) N F[. Then there is a unique strong solution X to Eq. 1.1 such that

X e L*(2,C(0, T1; 7)) N L=([0, T1; (L* N L*™)(2 x E)).

Remark 3.2 Uniqueness means that if X1 and X, are two strong solutions to Eq. 1.1 in the
sense of Definition 3.1 with the same initial value x € L*() N L2 (1) N F}, then X1 = X,
vt € [0, T], P-a.s..

Theorem 3.1 will be proved in Section 5. The proof is based on an approximating equation
of Eq. 1.1. More precisely, in Section 4 we shall establish the existence of solutions for the
following Yosida approximating equation of Eq. 1.1

(3.4

dX; — L(W(Xy) + AX,)dt = B(t, X;,)dW (), t €[0,T],
X;(0)=xonkE.

Here A > 0 and
Wy (x) = %(x — (1 +29) () e U(1+20) 7' (1)

is the Yosida approximation of W. We recall that (see [3, page:38, Proposition 2.2]) W, is
single-valued, monotone and for all r € R

W] = W) (3.5
We have the following result for Eq. 3.4.

Theorem 3.2 Assume that (L.1), (H1)-(H4) are satisfied and let m be as in Eq. 3.1. Let
A€ (0,1), and x € L*(w) N L (n) N F). Then Eq. 3.4 has a strong solution

X5 € L*(@; C([0, TT; #)) N L™([0, T1; (L? N L*™)(2 x E)), (3.6)

satisfying '
/ W5 (X1(8)) + AX;.(s)ds € C([0, T]; Z), P-as., 3.7)

0
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and P-a.s.,

t
X)\(t):x—i—L/ ‘I/)\(X)L(S))-F)LX)L(S)dS-‘r/ B(s, X;.(5))dW(s) holds in 7, ¥t € [0, T].
0

Moreover, there exists C € (0, 00) such that for all A, ' € (0,1], ¢t € [0, T}, 9
EIX5()13m < Clxl3, (3.9)
E f [ 10, (X, (0) Pdpdt < COB+ w(E) - ey =oe)). (3.10)
E[ sup 1X:001%, ]| < CIxI%: + 5B + 5B + 1) - ugr=oa))s  B.1D)

0<t<T

E[ sup 1.0 = Xu 01, | = COA W) + 1313 + R(E) - Lu(ey<oa3.12)
0<t<T

4 Proof of Theorem 3.2

Proof For each fixed constant A€ (0, 1], firstly we consider the following approximating
equation for Eq. 3.4
i dx;) + (v — L)(\IJ,\(XX(t)) +)LXK(I))dt = B(t, X} ())dW(t), in (0,T) x E,

X} (0) =x € L*(u) N L* (),

4.1
where v € (0, 1]. Since W + A is Lipschitz (where here and below I denotes the identity
map on the respective space), by the proof of Lemma 3.1, particularly Claim 3.1 in [36], we
know that Eq. 4.1 has a unique (.%;),>¢-adapted solution in the sense that X} € L%([0, T] x

Q: L2(w) N L*(Q; C([0, T F}')),

T T

XV + (v — L)/ Wy (XD () 4+ AX) (s)ds = x + / B(s, X} (s)dW (s), holds in F}'», P —a.s.,
0 0

and there exists a positive constant C € (0, 00), such that for all A, v € (0, 1],

]E[ sup |Xj{(t)|%] < T2, (4.2)
te[0,T]

To prove that Egs. 3.6-3.11 hold with X} replacing X, with a constant C independent of

v and A, we consider the following approximating equation for Eq. 4.1.

{dXK’E(t) +AVE(XVE ()t = B(t, X)F(6))dW (1), in (0, T) x E, ws)

X)5(0) = x € L2(w) N L*" (),
where AK’a : Fl*,z — Fl*,z, defined by
AYF(x) = 1(x — (I +eA)) '), x € Ff, &> 0,
is the Yosida approximation of the operator A} (x) := (v — L)(W¥;(x) + AI(x)) on 1’7l 2

x € D(A}) := F1p. Clearly, I + A} : Fip — Fl , is a bijection, since so is ¥, + NE
F1» — Fj . Furthermore, since by Eq 4.9 below, A" with domain Fj > is monotone on
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Fl*,z,w it follows that A} is maximal monotone on Fﬁz’v. Fix x € Fﬁz andsety := Jo(x) :=
(I +eA))"x € Fia,ie, (I +eA))(y) = x, equivalently,

y+e@w—L)YWy +AD(y) = x. (4.4)

In particular, (¥, + AI)(y) € D(L),ifx € Lz(,u).
Before giving the well-posedness result for Eq. 4.3, we need some preparations.

Lemma 4.1 Set
Je(x) := (I + eA})"'x, ¥x € Ff,.

For all ¢ € (0, 1], we have

1Je@) = Je@llpr,, < llx = Fllpz, . V2. ¥ € Fly. 4.5)

1 ™ ~
e (x) = L2 < —|r T, Yx.¥ € L*(w). (4.6)

[Je@)p < |x]p, Vx € LP(u) N L*(u), 2 < p < o0. (4.7)
Proof Firstly, let us prove Eq. 4.5. Forx, x € Fl*,z’ sety := Jo(x) and y := J¢(X), we have
y =3 +eAj(y) —eA;(Y) =x —X.

Taking the scalar product of y — y with both sides in (Fl*,2’ [l Fi, U), we get

(v = 3.y =Py, FEALG) = ALy =Py, = —Ey =), (48)
For the second term in the left hand-side of Eq. 4.8, by Eq. 2.7, we know
(AY) — ALG).y = Do,
= {0 = D(W+2D0) = (W +ADED, Y = ),
= F2{(W +ADO) = (W +2DG), Y = )
= ((Wx + 1D () — (W + 2D (F). y — ), = 0, (4.9)

sincey —y € F12 C L(w).
Equations 4.8 and 4.9 imply

~n2 ~ ~
Iy =503, < e =Flep,, - Iy =Sl

from which Eq. 4.5 follows.
Secondly, to prove the Lipschitz continuity of J; in L?(u), we take x, ¥ € L%(u) and

apply
Fio( e (W +AD() — (W5 + M)(?)>Fl.2

to both sides of Eq. 4.8. Then

e,y = 3. (W4 AD() = (Y + AD ),
+rp, AL () = AL (), (Wn +AD M) — (V1 +ADG)) 5,
=l =X (W +ADG) — (W + ADG)) - (4.10)
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For the second term in the left hand-side of Eq. 4.10, by Eqs. 2.5-2.7 (under the Gelfand
triple F1 2 C L*(n) C F,), we obtain

Fi (AL () = €AY (), (Wi + 2D () = (Vi + 2D D))
= r1, (1= D)W, +2DG) = (W + ADE), (5 + 2D ) = Wy + 2D )
+rr,(E0 = D + 2D G) = (W + DG, (W +ADG) = (W + 2D )y,
= &/ (V5. + 2D () — (Vi + ADD 7, + e = DIV + D) = (Wi + 2D )3
> vel (W + 2D () — (W + 2D G5 @.11)

For the first term in the left hand-side of Eq. 4.10, since W, is monotone, by Eq. 2.5 (under
the Gelfand triple Fy 2 C L*(1) C Fy',), we know

F,y = 5, W+ AD ) = (B + 2D G))

=y =3, (W + 1D () — (V1 + 1D (),

> My =I5 (4.12)
Similarly, since x, X € L?(u), by Eq. 2.5, we have

Fr (X =X, (W + 2D () — (W + 2D (D) Fy

= (x =%, (W +2DG) — (W, + 21D (4.13)

Taking Egs. 4.11, 4.12, and 4.13 into Eq. 4.10, by Young’s inequality, we obtain
Ay = T + ve| (W, + AD () — (%, + 2D )|
lx = X2 (W + AD(y) — (W5 + 21D (G|,

IA

IA

1 ~
o = T+ ve| (W, + A1) — (¥ + 2D G,

and therefore
1
S22
ly =yl < vsA'x X3,
which yields Eq. 4.6 as claimed.
Now, let us prove Eq. 4.7. Let x € L%(w) N LP(w), p > 2. Since the function h(r) :=
rlr P2+ kP s Lipschitz, and 7 (0) = 0, we have h(y) € Fj >, because y € Fj >.

Hence applying Fl*,z< LoylyIPT2A 4+ klylf”z)’l)Fm, k > 0, to both sides of Eq. 4.4, we
obtain

ylylP 2 ow N
Fl’fz(}’» Toky—2 k|y|P—2)Flv2 +rp, <8(v — L)W (y) +Ay), To k2 k|y|P—2>F112
_ ylylP~2
= FI*,Z(X’ W Fia (414)
Under the Gelfand triple F; > C L*(n) C ka,z’ by Eqgs. 2.5, 4.14 yields
ylylP—2 ylylP—2
3 +k|y|1’*2>2 oy (o0 = DG+ A0 T kly|p=> I
p—2
_ < yiyl (4.15)

1 k|2
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For the second term in the left hand-side of Eq. 4.15, since x € Lz(pL), ye FiaC LZ(M),
from Eq. 4.4 we deduce that

(v — LYW (y) + Ay) € LA(w).

Then by Eq. 2.5, we know

ylylP=2

ylylr=2
T+ k|72 Trrr2l

Fr e = DYWL () + 4y), Tr Ay

Jry, = (e = L)(W3() + A9),

To estimate the term above, notice that for all Lipschitz and increasing function g : R — R
with g(0) = 0, we have

fE (v — L) (W03 + 1y) - g(»du = O,

because on one hand, W, is Lipschitz and monotone with ¥, (0) = 0, then obviously,

/ V(W) +Ay) - g()du = 0.
E
On the other hand, we can prove the following term, i.e.,

(L)W () + 1), g(»)
= &(W(y) + 1y, 8(»))
= lim EQ (W, (») + 1y, g(»), (4.16)

is non-negative. Indeed, by [35, Lemma 5.1], with « being the kernel corresponding to
P:=( —¢L)~!, we know, setting f := W, + Al,

1
EO(FD8m) = {FO (1= =)™ )s(),
1 3 = ~
=% /E /E ((FOEN = FOED) - (8E) — g(y(E))k (., dE)pu(dE)

1
+g/E(1 — PLE)N f(y(E)g(y(§)u(dE),

since f, g are monotone with f(0) = g(0) = 0 and P1 < 1, we deduce that
EO(f(.8(») =0,

which implies that Eq. 4.16 is non-negative. As a short remark, the assumption that (E, B)
is a standard measurable space is needed in [35, Lemma 5.1] to ensure the existence of the
kernel « above.

Thus,

|yI? / xylylP 2
du < du.
/ElJrklyl”_2 M= e Tkt
Letting k — 0 and by Holder’s inequality, we obtain

_ -1
|y|§§s/xy|y|P 2 < Ixlplyl5 .
E
Hence, since y = J.(x),

Je()lp = [x]p-
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As shown in Lemma 4.1, J; is Lipschitz in both L2(u) and Fy',. Since Ayf = é([ —Je),
A}® is also Lipschitz in L(u) and Ff',. If x € F}',, Eq. 4.3 has a unique adapted solution
XK’E e L2(; C([0, TT; Fﬁz)) and by Itd’s formula (see e.g. [26, Theorem 4.2.5]) we have

t
EIX} (I}, +2E / (A7), X)), s

= ”-x”F* +E/ ”B(S X)» (s))”Lz(LZ(M) F* )dS, re [O, T]v

which, by virtue of (H2)(ii) and the fact that the second term on the left hand-side is non-
negative by Eq. 4.5, yields

EIX; Oy, < el llxllE,, . Ve lve0.1], 1[0, T, x € Ff,.

Similarly, if x € L?(11), we know that X}** € L*(; C([0, T]; L*(w))) and again by Itd’s
formula we obtain

t
EIX)* ()} + 2 / (A5G (), X575 (9)yds

|x|2+IE/ IBG. X3 DI, (120,120 95

which, by virtue of (H3)(i) and the fact that the second summand on the left hand-side is
nonnegative by Eq. 4.7 applied to p = 2, yields

EIX})° ()3 < e |x]3, Ve, A,v € (0,11, 1 €[0,T], x € L*(w). (4.17)

Lemma4.2 Forx € L%(n) N L¥" (1), we have that
X% e L([0, T1; L™ (2 L* (1)), Ve, a,v € (0,11,
Proof For a, R > 0, consider the set
Kgr = {X € L*([0. T1; C([0, T]; L*())). e " E|X (1) |3 < R*™, 1t € [0, T1}.
Since, by Eq. 4.3, X;** is a fixed point of the map

F:X> e—%x+é/.e—?Jg(X(s))ds+/.e—?3(s,X(s))dW(s),
0 0

obtained by iteration in L?($2; C([0, T1; L?(w))), it suffices to show that F leaves the set
KCg invariant for @, R > 0 large enough. By Eq. 4.7 we have that for X € g, >0

1 t s 2m %
[ _zm“tIE‘e ex + — / e_tTJE(X(s))ds‘ ]2
0 2m

t ! 1 t—s 2m ﬁ
< e xlo + e [E( / S IX @ s )
0o €
—(at+yr —at "1 i
< @D, te /8 5 (BIX () 2) 7 ds
0
< e @D x], + (4.18)

1+ae
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Set
¢ =S
Y(@) = / e ¢ B(s, X(5)dW(s), t > 0.
0
Then Y is a solution to the following SDE on L?(11):

dy (1) + éY(t)dz = B(t, X(0))dW(1), 1 > 0,
Y (0) =0,
equivalently,
d(efY (1) = et B(t, X(1))dW (1), t = 0, Y(0) =0,

By Hypothesis (H3)(ii), we may apply It6’s formula in expectation from Theorem A.l in

the Appendix with u(z) replaced by et Y (). Then by Holder’s and Young’s inequality and
(H3)(ii), we obtain for ¢ € [0, T']

erY(t)‘2m
efy(s){2m72 . Z

:m(2m—l)E//

0 JE k=1
' s 2m—2- 11 m;] o 2\"

<m@2m—1E Y@ Tdp) " “B(s. X du) d

= m@m )/0(/;|e ®)l ") (/E(];w (s, X(s)er ) u) s

t ) i s m %
:m(2m—1)E/ |e%Y(s)|§$72v(/ (Z\e‘zB(s,X(s))ekF) du) ds
0 E k=1

m 1

ety @B (S (0 leF Bls, X(sen) "die) "
<mQ@m — I)IE/ — + ds

0 m—1 m

(m—l)(2m—l)IE/ |esY(s)| ds+(2m—1)E// Z|efB(s X(s))ekl)

et B(s, X(s))ek|2duds

S|—

= (m—=Dm - 1>Ef let¥ ()5 ds + Ca(2m I)IE/ le? X (s) 3nds,
0

and therefore, by Gronwall’s lemma, we obtain

Elet ¥ (1)]5 < Ca@m — helm=D@n=bT / Elet X (s)|3ds

IA

Ca2m — l)e(m—l)(Zm—l)T/ Rzme(%"nma)sds
0

eR™Cry  mltew)
< ——T o =
2m(1 + ea)

)

which yields

R2mC
eIy (1) 21 < 8(1+752)m Vi € [0, T]. (4.19)

Then, by formulas Eqs. 4.18, 4.19, we infer that for « large enough and R > 2|x|>,,, the map
F leaves g invariant as claimed.
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Lemma4.3 Forx € L%(p) N L¥" (), there exists C € (0, 00) such that

sup EIX)E(0)13" < Clx|3™, Ve, A, v € (0,1]. (4.20)
t€(0,T]

Proof Applying the 1td6 formula in expectation to IE|XX’6(1‘)I%$ from Theorem A.1 in the
Appendix, we obtain

t
BIX @ = iy — 2 [ A X @I 0P duds
E
t o¢]
+m(2m—1)]E/ f |X;’8(s)|2m_2«2 |B(s, X)° (s))ex|*d uds (4.21)
0JE k=1

Recall that A}* (X} (s)) = %(XK'S(S) — Jo(X)"°(5))), so we have
f AP XX @IX )P dp
E

1 v m 1 v v v m—
== / X" dp = / T (X )X @IX " Pdp. (4.22)
E E

By Holder’s inequality and Eq. 4.7, we conclude
1 v,& 2m 1 v,e v,€ v,€ 2m—2
— | X7 dp — — | Je(X )X ()X (91T dp
& JE & JE
1 1 _
> = [P 2[00 6 1 0]
E

1 1 _
> [P = X 0 X R
E
—0. (4.23)

By Eqgs. 4.21-4.23 and using a similar argument as in Eq. 4.19, we get

t
EIX} (013" < |xI3m + @2m — DE / (m — DXV ()™ 4 Cal X} F ()13 ds
0

'
= WS+ @ = D — 1+ CE [ 1X 0)Rgds.
0
As a result, by Gronwall’s lemma, there exists C € (0, co) such that
esssup,E[O,T]IE|XK’E(t)|%',;l’ < C|x|§%, Ve, A, v e (0,1].

Since > |X;* (1)|om is lower semi-continuous and hence sois t — E|X}*(1)|3", Eq. 4.20
follows.

Lemma4.4 Forx € L*(n) N L¥" (1) and XX’S as above. Then as ¢ —> 0, we have
X¢ — X} strongly in L%(2 C([0, T; Ff'»)),
where X3 is the solution to Eq. 4.1. Furthermore, there exists C € (0, 00) such that

sup E|XY ()3 < Clx|3", Vi, v e (0,1]. (4.24)
t€[0,T]

Proof We prove the lemma in two steps, which are given as two claims.
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Claim4.1 For each x € L*(u), the sequence {X;’s}, e € (0,11, is Cauchy in
L*(Q; C(I0, TT; F{ ).

Proof Let ¢, > 0. Applying the Itd formula ([26, Theorem 4.2.5] with V := Lz(u),
H:=F}, ,a=2Xo=x)to X" - X)'\)’"Ilzl*2 , we have
X750 = X Ol
+2((v = L) (W5, + AD (e (X5 (1)) — (W5 + D (T (X" (1)), X5 (1) — XX’"(I))F]*Z ”dl
=2(X7f (1) — X" (), (B@t, X;¥ (1)) — B(1, XK’”(z)))dW(t))Fl*zv

v

+| B, X () - B, Xx’n(’))Hiz@zm),F;z . (4.25)

The second term in the left hand-side of the above equality, by Egs. 4.4, 2.7, and 2.5, is
equal to

25 + 2D e (X5 (1) — (Wi + 2D Ty (X7 (0), Je (X} (1) — Iy (X, (1)), di
+ 2{0 = D)((¥ + AD U (X5 () = 0 = L) (W + 2D Ty (X; " (5))),
e — L) (¥ + AD(Je(X;°()))) — n(v — L) ((¥;. + )\I)(J,](XK"’(S)))))Fl*gt. (4.26)

Taking Eq. 4.26 into Eq. 4.25, then taking expectation of both sides, we obtain for all
tel0,T]

E sup [[X;°() — X, (r) 15+
ref0,4] L2v

—2IE[ sup
rel0,z]

t
12F /0 (W5 + A1) (Je (X2 (5)))

—(W5 4 AD (T (X550, Je (X305 (8)) — Ty (X577 (), ds

fo (X3 (6) = X370, (BGs. X3 5)) = B, X" 6))aW o) ]

IA

T
2E fo {0 = D) (W + AD (X5 ()) — (v = L)((Wa + 2D (T (X" (5)))).

e = L)((W + 2D e (X3 9))) = n(v = L) (W + AD Uy (X)) |ds

t
2
+E f |BGs, X327 ()) = B, X3 6D 1, 1200, 7, 45
0 L2

IA

T
3(e + ME /0 I = LYW+ AD e (X5
I = D@+ 2D, XTI, ds

t
2
+E/0 HB(S,XK’E(S))—B(s,X;’"(s))”LZ(LZ(W’F ds

%
142,11)

IA

1 t
3E+m( 4+ e x5+ B / CLIX; () = X (0% ds, 4.27)
0 32,V
where we used Proposition A.1 (see Appendix) and (H2)(i) in the last inequality. For the
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second term in the left hand-side of Eq. 4.27, by using the Burkholder-Davis-Gundy (BDG)
inequality for p = 1, we obtain for all 7 € [0, T],

,
E[ sup / (X3(s) = X" (s), (B(s, X;7(5)) — B(s, X} (5))d W (5)) s H
rel0,7] 0 1.2,v

t 1
s s 2 s , 2 2
< E| fo 14 0) = X3, - CUIXE @) = X)), ds]
t 1
< B[ sup 1X°0) = X}l € / 1, (5) = X} )13, ds]’
rel0,z] [Eild 0 &V
1 1
< —E sup [X,°0) — X, (1) ||5 +C1E/ I1X5°5(s) — X, ()% ds. (4.28)
4 ref0.1] 1,2, 0 1,2,

Substituting Eq. 4.28 into Eq. 4.27, we obtain

1
~E sup [|X)°() — X, () |1
2 0. 1.2y

t
+2]E/O (W + A (Je (XS5 (5))) = (Wa A+ XD (Jy (X3 (D). Je (X5 (9)) — T (X" (5))),ds

1 t
< 3e+ (= +r+C)eST x5 + 3C,E/ sup [IX}E(r) — X, () |15 ds.
A 0 ref0.s] 1.2

By Gronwall’s lemma, we obtain

E sup [|X}°(0) — X, "(0)]|3+
1e[0,T] L2

t
+4E /0 (W + A0 (J (X5 (5))) = (W 4 2D (Jy (X (D)), Je (X3 (5)) — Ty (X" (9))),ds

1
< 6+ +2+ 0)e 0TI |13, (4.29)

Since by the monotonicity of W, the second term on the left hand-side of inequality Eq. 4.29
is nonnegative, letting &, n — 0, we see that {XK"S} is Cauchy in LQ(Q; C(0,T]; Fl*,z))~

From Claim 4.1, we know there exists X e LZ(Q; Cc(0,T]; Flfz)) such that

lim X)° = X in L2(2; C([0, T]; Fi)), (4.30)

e—0
Claim4.2 X = X!
Proof We have
lim O.B(s,XX'S(s))dW(s) :/O'B(s,)?(s))dW(s) in L2(Q; C([0, T1; F,))(4.31)

since by the BDG inequality for p = 1 and (H2)(i), we have

2
o

E sup H/ (B(s,xx’s(s))—B(s,)?(s)))dW(s)‘
rel0,7T] 0

IA

T
CE [ 1B, X376 = B XM 2017, 5

IA

CTE sup [IX)°(s) — X ()3 -
s€[0,T] 1,2,v
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Next we show that (¥; + A)(X) € L2((0, T); L3(; F} ) and that Eq. 4.1 is satisfied.
From Eq. 4.17 we know that {XX‘g} is bounded in L2((0, T) x Q x E) and therefore along
a subsequence, again denoted by {¢}, we have

lim X} = X weakly in L*((0.7) x @ x E). (4.32)
e—

From Egs. 4.4 and A.4, we know
r 2
E / 1375 () = Je (X} () s, ds
0 W2,V

T
=¢E /O I = L)W e (X5 (6D)) + Mo (X D 7, ds

< (= + 2+ C5)eST x|, (4.33)

| ®
> =

which yields,
lim Je(X)F) = X in L2((0, T); LX( F} ).
Recall from Eq. 4.7 that
Ve (X ()2 < 1X;° (D)2, Ve €0, T].
Therefore, we infer by Eqs. 4.32 and 4.33 that
Eli_r)r}) Jo (X)) = X, weakly in L2((0, T) x Q x E). (4.34)

By the monotonicity of Wy, it follows from Eq. 4.29 that J.(X,"%), ¢ € (0, 1], is Cauchy

in L2((0, T) x € x E), so the convergence in Eq. 4.34 is strong and thus
811_1)1})(\1/,\ + 2D (Je(X;5)) = (W), +2D(X) in L>((0, T) x Q x E),

since W, + Al is Lipschitz.

From Eq. A.4, we know that (v — L)(W, + AI)(JS(XK’S)), e € (0, 1], is bounded in
L2([0, T1x ; Fyf5), 50 (U, + A1) (Jo(X}®)) is bounded in L*([0, T1; L*(R, Fy »)). Hence
there exists a subséquence, again denoted by {e¢} such that

lin})(\IJ;L + )J)(Jg(XX’S)) = (¥, + )J)(i) weakly in L2([0, T] x €; F12). (4.35)
E—>

It is then easy to see that also
81132)/0'(% +AD(Je(X 5 (9)ds = /0'(% +D)(X(5))ds
weakly in L2([0, T] x ; F} ), and thus
lim (v — L) /0'(% + AN (X (s))ds = (v — L) /04(\1/A + 1) (X (s))ds
weakly in L2([0, T] x €; Ff»).

Consequently, taking into account Eqgs. 4.30, 4.31, as ¢ — 0, we can pass to the weak
limit in L%([0, T x ; F}',) in the equation

t t
X =x+ - L)/ (W) + A (e (X5 (9)))ds + / B(s, X} (s)dW (s),
0 0
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and since each term is a IP-a.s. continuous path in F’ 1* »» we conclude that Xisa strong solution
to Eq. 4.1 in the sense of the definition in Lemma 3.1 of [36]. Furthermore, by the uniqueness
part of [36, Lemma 3.1], it follows that X} = X a.e.in [0, T] x Q x E.

It remains to prove Eq. 4.24. By Eqgs. 4.17 and 4.20, we know that for fixed v and A, there

V,€n

exists a subsequence denoted as {X,"*"}, &, € (0, 1] and an element Y} € L*°([0, T']; (LN
L>")(Q x E)) such that as &, — 0,

X — v weakly in L([0, T]; (L* N L*™)(Q x E)),

hence also in L2([0, T] x ; L*(u)) and in L2([0, T] x ; F},), but {X;"*"} is Cauchy in
L3(Q: C([0, T1; Fl*,z)) by Claim 4.1, therefore we have ¥, = X; a.e.in [0, T] x Q x E.
Note that the above weak convergence also holds in L*°([0, T']; L2 (Q x E)), hence by the
(sequentially) weakly lower-semicontinuity of norms, letting ¢ — 0 in Eq. 4.20, we can get
Eq. 4.24. This completes the proof of Lemma 4.4.

Remark 4.1 By Lemma 4.4 we know that

' '
;) =x+ (- L)/ (U (X5 (s)) + AXX(S))ds +f B(s, X5 (s)dW(s), t € [0, T].
0 0

But, since X} = X, by Eq. 4.35 we may interchange (v — L) with the integral w.r.t. ds.

Let us now continue to prove Theorem 3.2. Choose 0 < v < vy < 1, rewrite Eq. 4.1 as

dX;(t) + (vo — L)(W,. (X5 (1)) + AX (1))dt
= (vo — V(WA (X} (1)) + A X; (1))dt + B(t, X} (£))dW (1).
Now by Remark 4.1 we may apply Itd’s formula ([26, Theorem 4.2.5] with V := L2(w),
H = F}, 1)O) to | X} — X} II%* ,v, vV € (0, ], to obtain forall t € [0, T], » € (0, 1],
i 1,2,v9
X3 () = X} 0117
1,2,v9
t
+2 / f (W3 (XY (5)) + AX}(5) — Wi (XY () — AX} (9)) - (X} (5) — X} (5))d pds
0o JE
t
= 2[ (vo (W (X} ($)) — Wi (X} (5)) + A X[ (s) — X} (5)), X} (s) — X} (s))Fl,f2 ds
0 2.
t
+2vf/ (95X 6) + XY 0), XJ(6) = X} ) e, ds
0 5 ,\JO
1
_21)/ (WA (XJ(5) + AX} (), X} (s) — X} (s))Fl*2 ds
0 2.v

13
[ 1B X060 = B X O 2007,

t
+2/0 (X}(s) = X} (), (B(s, X} (s)) — B(s, X} (s)))dW(s))Fl*Ho. (4.36)

Since ¥;, is %-Lipschitz, wehave Uy, () =W, (r ) (r—r') > AW, (r) =Wy (F) |2, Vr, ' € R,
then

t
2 /0 /E (W3, (X2 () + AX2(s) — Wo. (XY (5)) — AXY () - (X2(s) — XY (s))dls

t t
> 2,\/0 1XV(s) — XV (s)|3ds + 2x/0 W, (XY (5)) — W (XY () [3ds. (4.37)
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Since L*(u1) C F}, continuously, by Eq. 2.3 we have [[ul| 7, .- ﬁwz, Yu e L*(p),
by Minkowski’s inequality and Young’s inequality, we get for all € [0, T']

t
2[0 (vo (W (X} ($)) — Wi (X} (5)) + A X[ (s) — X} (5)), X} (s) — X} (s))Fl,ﬁ2 ds
20
t
<2 / W3, (X3 ) = Ua (XS Ol g, - 1X36) = X3 9, ds
0 2, .
t
+2vp / X3 (s) — X} ()13 ds
0 1.2,vy
! v v Vo ! v v
<21 / W (X} (5)) — Wa (X} (5))[3ds + T / IXY(s) — X} ()l|5e ds
0 A Jo 1,2,v9

t
+2VOA/ IX5() = X )13+, ds. (4.38)
0 240

Using similar arguments as above and the fact that, by (H1) and Eq. 3.5, |V, (r)] <
C(Ir]™ 4+ 1{u(E)<o0}), Yr € R with C independent of A, we have for all ¢t € [0, T']

'
2,,'/ (W (XY () + 2 X} (), XY () = X} () ds
0 1,2,v9
'
_21)/ (\IJ)L(XX(S)) +2X5(s), X} (s) — X5 (s))F]*2 ds
0 N .VO
27‘/ ! v 2 v 2d ! v _ vV 2 d
=< (W (X5 (D13 + 41Xy (lads + | 11X (s) — X5 ()= ds
Vo Jo 0 1,2,v9
2l ' v 2 v 24 ! v _ vV 2 d
+ W5 (X5 (DN + AMX; (D ads + | 1X5(5) — X5 ()l s. ds
Vo Jo 0 1,2,v
! v 2m v 2
< Wl C(IX3 ) g + H(E) - 1u(E)<co)) + AIX (5)|3ds
v tc XY ()3 E)-1 X} (s)13d
+ % Jo (| A(s)|2,n + u(E) - {u(E)<oo}) + Al )L(S)|2 s

t
+2f X7 (s) — XJ ()% ds
0 1,2,v9

- 20+ V)C + )
Vo

1
+2/ 1XY(s) — X} (s)||§rl*2 ds. (4.39)
o 20

t
/ XY () am + XL 5m + X O3+ XY+ 1(E) - 1u(e)<co)ds
0

Taking expectation to both sides of Eq. 4.36, by the BDG inequality for p = 1, taking
(H2)(i), Egs. 4.37-4.39, 4.24 into account, we obtain for all ¢ € [0, T]

1 : ' ,
E]E[ sup [1X} () = X} ()3 0] +2ME/ X} (s) — X} (5)3ds
Y 0

s€[0,1]
(C+M+V)Cr
< " (Ixlop + 1x13 + (E) - Ly <o)
t
Vi ’
+( 55 + 2000 + C)IE/ sup X)) — X' ()2, ds.
21 0 ref0.s] 1.2
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Hence by Gronwall’s lemma, we have for some Cr ) € (0, 00)

T

IE[ sup [IX}() = X} ()% ] n m»z/ 1X2(s) — XY () Rds
s€[0,T] Y0 0

Cr(v+)

< Tax&xﬂx@w(m-1{#(E><oo}), Vo, € (0,w].  (4.40)

Hence there exists an (.%;);>0-adapted process
X5 € L2(Q: C([0, TT; Ff'»)) NL*((0, T) x Q x E), (4.41)

such that

T
lim {E[ sup X2 (s) — X ()% ] +2AIE/ X (s) — Xx(s)I%ds} —0.(4.42)
v=>0 1 Lsefo.7) 1:2v0 0

Consequently, by (H2)(i) we can pass to the limit with v — 0 in Eq. 4.1 to obtain
t
X (1) = x — lim(v — L)/ W, (X} (s)) + AX] (s)ds
v—0 0
t
+/ B(s, X,.(s))dW(s), t €[0,T], (4.43)
0

where the limit exists in LZ(Q; c(0, T]; Fl* »)). Furthermore, it follows by Eq. 4.42, since
W, is Lipschitz, that

lirr%)/' W5 (X5 () + A X5 (s)ds = / W (X5.(5)) + A X, (s)ds, (4.44)
V—> 0 0

in L*(; C([0, T1; L*(1))), hence in L*(2; C([0, T1; F,)). Writing v — L = (I —
L)+ (v — 1)1, Egs. 4.43 and 4.44 imply that the convergence in Eq. 4.44 holds even in
L2(Q; C([0, TT; F1,2)) and that the second term on the right hand-side of Eq. 4.43 is equal
to

t
L / Vi (X)) + 2 X5 (s)ds,
0

which together with Eq. 4.41 show that X, is a solution of Eq. 3.8 in the sense of Definition
3.1 in [36] with state space F} ,.

Now let us prove that, since x € F¥(C Ff,), which so far we have not used, that X is
indeed a solution of Eq. 3.8 on the smaller state space .%,° and that Egs. 3.9-3.12 hold. Note
that Eq. 3.7 trivially holds, since the convergence in Eq. 4.44 is in LZ(Q; C([0,T]; F12))
and since Fj > C %, continuously.

To prove Eq. 3.9, we observe that by Eq. 4.42 it follows that as v — 0, X} — X in
dt®P®d ji-measure. Hence we have by Fatou’s lemma and Eq. 4.24 forallp € L'([0, T]; R)

IA

T T
/ lIEIXa()[3dr < lim inf f I (OIEIX ()15
0 v 0

IA

2
lolL1qo,71:R)C X5

which implies Eq. 3.9. Now Eq. 3.10 follows by (H1).
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To prove Eq. 3.11, applying Ito’s formula ([26, Theorem 4.2.5] with V := L?(u), H :=
Ffy )t ||X”(t)||2* , for all € [0, T], we have

t
X0, +2 [ 06600 +050) - X 0)duds
t
= ||x||§¢1*’21”O +2/0 (o = V) (WA(X}(9)) + 1 X} (5)), XX(S))F* Ods

t
+2/O (X3 (5), B(s, XA(S))dW(S) / 1B, X5 DLy 2. F7, )G

Since ¥, is monotone,
t t
2/ / (\I/)L(XX(S))-F)LXX(S)) - X (s)dpds > ZA/ |XX(s)|%ds. (4.46)
o JE 0

Since [lullry, < ﬁmh, Yu € L%(1), by Minkowski’s inequality, Young’s inequality
and [W, (r)| < C(r|™ + 1yuE)<oo))> Vr € R with C independent of X, we get for all
te[0,T], 1 e (0,1],v e (0, vg] with vy € (0, 1] that

2[0 ((vo — V) (W (X) () + AX[(s)). XK(S»F]*Z'UOdS
"y —

N
t
<2 [ VRGO ER+ A OR) IOl ds

<2 A I‘PA(XA(S))Jr?»XA(S)Iz X5 () Pz

1,2,v9

t t
szfo |%(Xx(s>)|%+|x;(s>|%ds+/o IX @I, ds

t t
<€ [+ 0B + (B lerids + [ 1GOIE,, ds.@4n

Taking expectation to both sides of Eq. 4.45, and taking Egs. 4.46 and 4.47 into Eq. 4.45,
by exactly the same arguments as in the proof of Eq. 4.40, except for using (H2)(ii) instead
of (H2)(i), we obtain

T
]E[ sup 1X} ()13 ]+AE/ X2 (s)2ds
s€[0,T] 2.vp 0

= Cr(ely,  + B+ 3+ w(E) - Loy <xt). VA € Q. 11, v € O, o],

Hence we get by Fatou’s lemma

T
5 sw 160, ]+E [ X0k
t€(0,T]

=< CT(IIxIIFI* 0 + x5 4 X154+ w(E) - Lu(z)<o0)), YA € (0, 1], (4.43)

Letting vo — 0 and taking Eq. 2.2 into account, we get

o s 101, ]+ [ ks
t€[0,T]

< Cr(lxlZs + x5 + x5+ 1(E) - ugy<o0)), V2 € (0, 11,
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hence Eq. 3.11 follows.
Now let us prove that X is a solution to Eq. 3.4 with state space .%#,". By Eq. 3.7 and
Lemma 2.2, we have

L / W, (X, (5) + A X, (s)ds € L2(Q: C([0, T1; Z5)).
0

Furthermore, letting v — 0 in (H2)(ii), we conclude from Eq. 4.48 that the stochastic
integral in Eq. 3.8 is in L3(Q; C([0, T1; F))) as well. Since x € ., Eq. 3.8 (which holds
in Fﬁz) implies that X, € L2(Q; C([0, TT; F7)). So, altogether this implies that X is a
strong solution of Eq. 3.4 with state space .#" in the sense of Egs. 3.6-3.8.

Now finally we prove Eq. 3.12. Firstly, we have

d(X;(1) = X3,(0) + (vo — L) (Wi (X5 (1) — W (X;,(1) + X5 (1) = 'X},(1))d1
+ —v0) (Wi (X} (1) — W (X3, (D) + A X (1) — V' X}, (1)))dt
= (B(t, X} (1)) — B(t, X}, (1)))dW ().

By Remark 4.1 we may apply It6’s formula ([26, Theorem 4.2.5] with V := L2(u),

H:=F}, )to3]X} — x;,||2FI*V2~VO, to obtain for v € (0, vol, ¢ € [0, T,

1 XV XV 2
5” A1) — x'([)”F,’flm

t
+/0 /E (WL (XP(5) + XL () — W (X () — X} (9)) - (X3 (5) — X} (5))d uds

t
+(,,_VO)/O (. (D FAX () =W (X () =2 X3 (), X3 ()= X9 ds
1 [ v v
= E /(; ||B(S, X)L(s)) - B(S’ X /(S))||iQ(L2(M),Fﬁ2,vO)dS

t

+/0 (X5(5) = X}, (5). (B(s. X}(5)) = B(s. X}, ())AW(9)) 5. K (4.49)

Since r = AU, (r) + (I + AW)~1(r), for all » € R, we have for all ' € R

(W (r) = W ("N =) = [Wa(r) = W ()] - [T +29) 1) = T+ 2910
H[Wn(r) = W ("] - [AWa(r) — MW ()] (4.50)

Note that the first summand in the right hand-side is nonnegative since W is maximal
monotone and since W, (r) € W((I + A)~! (r))(see [3, page:61]). Plugging Eq. 4.50 into
Eq. 4.49, and using that || - ||1:1»«2 w0 < \/%70| -]2 and (H2)(i), we obtain for v € (0, vg],¢ € [0, T]

1 XV XV 2
5“ )L(t) - )”/(t)HFl*,Z,vo
t
+/0 / (W1 (X (5)) — Wi (X2, (5))) - (AW (XY (5)) — AWy (XD, (s5)))d s
E
t
+ /0 /E (AXY () = AMX3(8)) - (X5 (s) — X} (5))d pds

(vo —v)

J

t
/0 WA (X5 + AX5(5) = W (X () = NX3 @), - [ X36) = X9y, ds
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c ! )
+5 [Ixe - XL, ds
0 2

t
+A (X} (s) — X3 (s), (B(s, X;(s)) — B(s,X”,(s)))dW(s))Fl*z .
»2,v0

By the BDG inequality for p = 1 we get forall A, '€ (0, 1],¢ € [0, T]

1
fIE[ sup X2 (s) — XV ()12 ]
4 Lo 12w

t
< C+ ) +w)E /0 (1. (X3 ()13 + W (X3, ()13 + XY ()13 + 1X5,(5)13)ds

t
+CE/ sup ||x;(r)—)(;,(r)||'§l*2 ds.
0 rel0,s] =0

Hence by (H1), Eq. 4.24 and Gronwall’s lemma, there exists C7 € (0, co) independent
of vy, such that for all v € (0, vg], A, X/ € (0, 1],

B[ sup IX00 = X0, ]
t€[0,T] 1.2y
< CrO+2 +v0)(1x13 + X3 + 1(E) - Lp(e)y<co))-

Then letting v — 0, we obtain

B[ sup 1.0 = X0, ]
1€[0,T] L2vo

< CrO+ 2 +vo)(1x13 + X3 + 1(E) - Lpu(e)y<co))s (4.51)

so by letting v9 — 0 in Eq. 4.51 and taking into account Eq. 2.2 we obtain Eq. 3.12.
Consequently, Theorem 3.2 is proved.

5 Proof of Theorem 3.1

After all our preparations, to deduce that the solution X, A € (0, 1], of Eq. 3.4 as A — 0
converges to the unique solution of Eq. 1.1 is now in principle quite standard (at least for
experts on stochastic porous media equations), maybe except for proving Eq. 3.3. Since,
however, there is no proof in the literature that covers our general case, we give a complete
presentation of the arguments in this section.

Proof Let X, be as in Theorem 3.2. Then it follows by Theorem 3.2 that there exists a process
X € L*(Q; C([0, T1; #7)) such that, as  — 0,

X, — X strongly in L2(Q; C([0, T1; Z)),
X, — X weak-starin L°([0, T1; (L?> N L>™)(Q x E)) C L*¥([0, T]; L"T(Q x E)),
AX, — 0 strongly in L2([0, T] x Q x E), (5.1
W, (X)) — n weaklyin L%([O, TIxQ2x E)N LZ([O, Tl x Qx E)C L%([O, Tl x 2 x E).
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Note that W, (X;) — n weakly in L2([0, T]1x Q2 x E) since Eq. 3.10, also in L% ([0, T x
Q2 x E) since by Egs. 3.5, 3.1, 4.17 and the weakly lower-semicontinuity of norms one has

T
E / / 0, (X5, (1)) | dadt
0 E

IA

T 2
lE/ / W (X5.(1) | d pdt
o JE

IA

r 2 2
E/ / Cm (| X" + 1ju(E)<oo)) " dudt
0o JE

T
2
<E / / Co - 21X, + () <oo)dpndt
0 E

< Cou1.05 (X3 + 1{uem)<co))s

where Cy, 1.c5 is dependent on m, T and C3 in Eq. 4.17, but independent of A. Therefore,

W, (X;) — n weakly in L%([O, T] x Q x E) by interpolation.
By Eq. 5.1 and (H2)(i) we may take the limit A — 0 in Eq. 3.8 in L%(Q; C([0, TT; F)))
to obtain that

X =x+ %in})L / W (X (s)) + AX(s)ds + / B(s, X(s)dW(s), (5.2)
g 0 0

where we have used that by Eq. 2.2 we may take the limit v — 0 in (H2)(i). By Lemma 2.2
we conclude that

lim / W (X(5)) + A X (5)ds (5.3)
—-vJo
exists in L2(2; C([0, T]; %)), hence by (L.1) in L?(2; C([0, T']; L' (g - 1))) for some g €

LY(w)NL>®(w), g > 0. Hence the limit in Eq. 5.3 coincides with the limitindt ® dP ® du-
measure. Therefore, fo n(s)ds € L3(Q2: C([0, T]; %,)) and Eq. 5.2 implies

t t
X(@)=x+ L/ n(s)ds —i—/ B(s, X(s)dW(s), t [0, T]. 54
0 0

Hence X (t), t € [0, T], is a solution to Eq. 1.1 in the sense of Definition 3.1 if we can
show that

newvlX), ditPQu —a.e..

For this it suffices to show that

T T
lim supIE/ / U, (X)X dude < E/ / nXdudt. (5.5)
=0 0 JE 0 JE

Indeed, since W, = 9j,, i.e. ¥, is the subdifferential of j, (cf. [3, page:7]), where jj is
as in Eq. 5.9, we have for all A € (0, 1]

T T
E/o /E‘PA(XA)(XA — Z)dpdt = E/o /EJA(X)\) — W (Z)dpdt, (5.6)

forall Z € L"T1((0, T)x Q2 x E), since X, € (L2NL¥)((0, T)x Q2 x E) C L"™t1((0, T) x
2 m+1
Qx E), W, (X;) € (Ln NL2(0,T) x @ x E) C L ((0,T) x Q x E).
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Let Y0 : R — R be defined by (see [3, page: 54]),
\IJO(r) ={y e W(r); |y| =inf{|z]; z € ¥(r)}}, Vr e R,

WO is monotonically increasing. Define the integral (see [3, page:54])

,
j(r) :=/ Wo(s)ds, Vr e R,
0

the function j is continuous on (0, r) and convex on R satisfying W = 9 j

0<jr) =r¥’(), VreR, (5.7)
and from [3, page:41, Proposition 2.3]

lim W, () = o), VreR. (5.8)

Recall from [3, page:48, Theorem 2.9] that ¥, = 9 j, with

_ =12
Ja(r) :=inf [ Ir 2;' +j@);T e R], Vr € R. (5.9)
Moreover,
Jr =0,
lim jy(r) = j(r),Vr e R, (5.10)
r—0
@) < j@r),vr eR. (5.1

Consequently, for all Z € L"+1((0, T) x Q x E)

T T
lim sup]E/ / (X5 — ph(Z)dudt > ]E/ / JX) —j(Z)dudt.  (5.12)
A—0 o JE 0o JE
Indeed, by Egs. 5.7, 5.11 and (H1)

1@ < CUzI™™ + 1z] - Lpu(ey<oo))s

hence by Lebesgue’s dominated convergence theorem and Eq. 5.10

T T
lim IE/ / Jn(Z)dudt :]Ef / J(Z)dud:.
=0 Jo JE 0o JE

Furthermore, by Eqgs. 3.5, 5.8, (H1) and because X € L0, T) x  x E) we have as
A= 0, U (X) - WO(X)in L2((0, T) x € x E), hence

T
lim supE/ / (X)) — j(X)dudt
1—0 0 E
T
= lim SUPE/ f (X)) = (X)dpdt
r—0 0 E

T
> lim supE/ / W (X)(X;, — X)dudt
A—0 0 E
=0.
Hence by Eqgs. 5.5, 5.6, and 5.12, we have VZ < LT, T) x Q x E),

T T
]E/ / n(X — Z)dudr > ]E/ / (J(X) — j(2))dpdr.
0o JE 0o JE
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This yields
T T
E/ / n(X — Z)dpdt > IE/ / L(X — Z)dpdt, (5.13)
0o JE o JE

forall Z € L"T1((0,T) x Q x E)and ¢ € LMTH((O, T) x Q2 x E)suchthat ¢ € W(Z) ae.
on (0, 7)) x Q x E.

By virtue of assumption (H1), ¥ is maximal monotone in LT, T) x Q x E) x
m+1

L wn ((0,T) x 2 x E), so by [3, page:34, Theorem 2.2] one knows that the equation
J(Z)+¥(Z)> J(X)+n, (5.14)

where J(Z) = |Z|"™~Z, has a unique solution Z € L"+1((0, T) x Q x E).
Now if in Eq. 5.13, we take Z to be the solution of Eq. 5.14 and ¢ := J(X) — J(Z) + 1,
we obtain

T
E/ /(J(X) —J(D)(X = Z)dpdt <0,
0o JE

T
E/ /(|X|’”_1X—|Z|”‘_IZ)(X—Z)d,udt <0.
0 E

Since J : r — |r|"™~r is strictly increasing, it follows that

T
E/ / X" X = 21" Z)(X — Z)dpdi = 0.
0 E

Hence X = Z a.e.on (0, T) x Q2 x E, and thus by Eq. 5.14, wehave n € ¥ (X),PQdtQu,
a.e..

It remains to prove Eq. 5.5. In order to apply the It6 formula from [26, Theorem 4.2.5] to
the equations Eqs. 3.4 and 5.4, we need to use an appropriate Gelfand triple. Recall a special
case of [34, Proposition 3.1] that

Z, N L+ (w) is dense both in .%, and L™ (). (5.15)
Define
Vi={uce L’”“(M)H C € (0, 00) such that [u(uv)| < Cllv]l.#z,, Yv € F N LmTH(u)}.

By Eq. 5.15, V is a subspace of .%;* and can be symbolically written as V = L™+ (1) N .7}
We note that V is reflexive, since L™+ (1) and F} are reflexive, hence so is LM () x Fr
But

Vours (u,pwu-)) e L™ x ZF

is a homeomorphic isomorphism, mapping V onto a closed subspace of L1 x F5, which
is reflexive.
Recall special cases of [34, Proposition 3.1] and [34, Lemma 3.3(ii)] that

V is dense both in .Z and L™ (), (5.16)

andforthemap L := L : %, — Z} definedin Lemma 2.2 we have forall v € feﬂLmTtl(u),
uev,

(Lv,u) sy = —p(ow).
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Now we set H := %" and consider the Gelfand triple
VCHCV"
Consider the operator
L:.%, OLMTH(/L) - F; C V¥,

as V*-valued, i.e., Lv = —u(v -) € V*. Then by Eq. 5.16, L is continuous w.r.t. the norm

m+1
|+ |mt1 on . F, N L' (u), hence by Eq. 5.15 has a unique continuous linear extension

T L% (w)— V*,
such that
vilLv,u)y = pw(ou), Yo e L' (w),ue V. (5.17)

Now we consider Eq. 5.4 in the large space V*. Then, since 1 € L ([0, T] x Q x E),
t t t
L/ n(s)ds = Z/ n(s)ds :/ Ln(s)ds € V*,
0 0 0
SO
t - t
X(t)=x —I—/ Ln(s)ds —l—/ B(s, X(s)dW(s),t € [0, T],

0 0

hence by the Itd formula from [26, Theorem 4.2.5] with the Gelfand triple V = Lmtl (w) N
FrC F; CV* wehave

1 t
EE”X(I)”LZ,?; +1Ef / n - X(s)duds
0 JE

1 1 !
= Slxli%; + 5E /0 IBGs, XD, (12.7.145- (5.18)

By similar arguments (a special case with m = 1) we get for Eq. 3.4

t t
X (@) =x +/ Z(\I/;\(X;L(s)) + A X, (s))ds +/ B(s, X).(s))dW(s),t € [0, T],
0 0

hence

1 ! ~
SEIX O —E /0 V(L (W5.(X0(9) + AX5(9)). Xa(5)), ds

1 1 !
= Slxl%; + 3B fo 1BG X NIZ 1200, 570,45 (5.19)

By Eq. 5.17, we know that
— v {L(Wa(X3.(9)) + A X3 (5)). X(9))y = /E (WA (X5.(5)) + A X5.(5)) - X5(s)d(5.20)

Letting A — 0 in Eq. 5.19 after plugging in Eq. 5.20, using Eq. 5.2 and comparing with
Eq. 5.18, we obtain Eq. 5.5 (even with “=" replacing “<”). ~
(Uniqueness) Suppose X1, X7 are two strong solutions to Eq. 1.1. We have with L that

d(X1 — X2) — L(p — m)dt = (B(t, X1) — B(t, X2))dW (1), in[0, T] x E,
X1 —X,=00nkE,
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where n; € W(X;),i =1,2,ae.on Q2 x (0,T) x E.
As above we may apply 1t6’s formula from [26, Theorem 4.2.5] with the same Gelfand
triple as used in Eq. 5.18 to get

1 ~
SAIX1 = Xal%: = vo{LOm = m), X1 = Xo)ydt
1 2
= E “B(t’ Xl) - B(tv XZ) ”LQ(LZ(/,L),LQ:)dt
+(X1 — X2, (B(s, X1) — B(s, Xz))sz)g;;. (5.21)

Since W is monotone, by Eq. 5.17 we have
T ~
Ef ve( = Lm —m), X1 — Xa), dt
0

T
= ]E/O /E(m —m) - (X1 — Xo)dudt = 0. (5.22)

Therefore, integrating Eq. 5.21 from 0 to ¢ and taking expectation, by Eq. 5.22 and Remark
3.1 (i), we obtain

13
BIX — Xal%, < €1 [ BIXi - Xalyds. Vi €[0T,
0

and by Gronwall’s inequality we get X1 = X;, P—a.s.. Thus Theorem 3.1 is proved.

6 Applications

Example 6.1 (Example for W) Recall a known fact from [3, page:54]: if ¥ :R— Risan
increasing function and if {r;|i € N} C R is the set of all » € R for which U is discontinuous
in r, then one gets a maximal monotone multivalued function W : R — 2& by filling the
gaps, i.e., define

U (r), for r ¢ {r;|i € N},

Py = { [B(rj —0), U(r; +0), else.

A concrete example of maximal monotone multivalued W satisfying (H1) could be con-
structed as following: for m € [1, 00), define

lr+2"r +2) -2, ifre(—o0, 2],

-2, ifr e (=2,-1),

(-2, —1], ifr=—1,
W(r)={ |rI"r, ifr e (—1,1),

(1,21, ifr=1,

2, ifr e (1,2),

r=2""1r —2)+2, ifrel2, 00).

Hence our result covers non-continuous nonlinearities W, as is indicated in the title of the
paper.
Another typical example for W satisfying (H1) is

W(r) = |r|"sign(r), Vr e R, y €[0,1],
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where sign : R — 2R is defined as

1, ifr >0,
sign(r) = [—1,1], ifr =0,
-1, ifr <0,

if L = A on an open bounded domain of R? (d > 3), then Eq. 1.1 corresponds to the fast
diffusion equation (FDE) perturbed by multiplicative noise and the special case y = 0 is
related to the SOC model (see [2]) mentioned in the introduction. Applications of the FDE
have been proposed in different areas. The equation appears in plasma physics. One behavior
of the solution to FDE is it decays to zero in finite time. The equation in dimensions d > 3
with exponent y = % has an important application in geometry (the Yamabe flow) (see
[40, Section 7.5]), while the Okuda-Dawson law corresponds to y = % (see [30]), for more
mathematical studies of the (stochastic) FDE we refer to [17, 20, 34] and references therein.

Example 6.2 (Example for B) For the convenience of the reader, here we recall that there is a
standard large class of example for B already described in [35, page: 3914, Remark 2.9(iii)],
which satisfy (H2) and (H3). Let N € NU {400} and e; € L>(u) N L®(u), 1 <k < N,
be an orthonormal system in L2() such that for every 1 < k < N there exists & € (0, o0)
such that for all v € (0, c0)

lry, (s exu) pio | < &llxllpy, NullFy . Yu € Fio, x € Ff.
The above assumption means that each e, is a multiplier in (F{",, || - ||, ) with norm
independent of v > 0. Choose i € (0, co) such that
[o¢]
D R @EE + lexl) < oo, 6.1)
k=1
and define for x € F}',, B(x) € Ly(L*(n), F},) by
o0
B)h =) piler, hx - ex, h e L (). (6:2)
k=1

By extending {ex |k € N} to an orthonormal basis of L2(w), we can get (H2)(ii) as in [35,
page:3915], (H2)(i) follows from the linearity of B(x). From Egs. 6.1 and 6.2, (H3)(i) and
(H3)(ii) are obvious.

Example 6.3 (Example for local &) Suppose (&, Fi2) is a local transient Dirichlet form
with generator L such that it admits a carré du champ I" ([11, Definition 4.1.2]), which is a
unique positive symmetric and continuous bilinear map from Fj ; x Fj into L' (1) such
that
Emw, v) + &E(vw, u) — &(w, uv) = / wl'(u, v)du, Yu,v,w € Fj .
From [11, Propostion 6.1.1], we know that then

1
Eu,v) = E/F(u,v)du, u,v € Fp, (6.3)

which implies (H4)(i).
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By [11, Corollary 7.1.2], we know that for every Lipschitz function ¢ : R — R which
satisfies ¢ (0) = 0,

Tpw), v) = ', v), Yu,ve Fy,

where ¢’ is any version of the derivatives (defined Lebesgue-a.e.) of ¢. Furthermore, if ¢ is
nondecreasing, then

D, o)) =¢' )T (u,u) >0, Yu € F o,
and
T(pu), o)) = @' W) (u, p(u)) < esssup,cp ¢' ()T (u, pu)), Yu € Fi 2,

which implies (H4)(ii).

There is an abundance of examples of such Dirichlet forms on very general state spaces E,
as e.g. finite or infinite dimensional manifolds. A typical example is the Ornstein- Uhlenbeck
operator on the Wiener space ([ 11, page:83, Proposition 2.3.2]), for more details and examples
we refer e.g. to [11, 15, 28] and also [21]. In the following, we briefly cite an example of
manifold-valued transient Dirichlet form from [32].

Let M be a C* manifold and let 4 be a measure with positive C* density with respect
to the Lebesgue measure on each local chart. If (E;; 1 < i < gq) are C* vector fields, we
can consider the operator

q
P(u,v) = ) (Eiu)(Eiv)

and the form & associated by Eq. 6.3. We can close this form and obtain a Dirichlet space D.1f
now M is an open subset of M one can let (&, D) be the part of (éa D) on M, thls is the subset
of functions, a quasicontinuous modification of which is zero on M \M. If & is irreducible
and M\M has positive capacity, then & is transient. For more details and explanations, we
refer to [32, page:57, Example 1] (see also [32, page:57, Example 2] for the example on
Riemannian manifold).

Example 6.4 (Example for nonlocal &) As is well-known, under quite general assumptions
according to the Beurling-Deny representation formula a Dirichlet can be written as the sum
of a local Dirichlet form & (i.e. if it has a square field operator, it satisfies Eq. 6.4) and
a non-local part & @ (see [15, Section 3.2] or [22] for details). A typical form of & @ is as
follows
0w = [ [ e ) e - v dyux, e DE?),
EJE
where J is a kernel on (E, B) and u is a o-finite measure on (E, B). Therefore,
1
ED(u,v) = 3 / T, v)du, u,ve DEP),
E

where for x € E

I, v)(x) = Z/E(u(X) —u()) () —v(y)J(x,dy).
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Clearly, I does not satisfy Eq. 6.4, but it satisfies our condition (H4)(ii). Indeed, for every
non-decreasing Lipschitz function ¢ : R — R with ¢(0) =0and u € D(& @) we have

2
Clp(), pw)(x) =2 /E (Pt = p@G) I, dy)
< 2Lipy( /E Ntz (400) = () (9 () = pw(G))J (. dy)

+ /E Lo <u @) = # @) (@) = @) J (x, dy) )
= 2LippT (. p(w)).

There are plenty of examples of such Dirichlet forms, not only when the corresponding
state space E := RY, but also when E is a general state space, as e.g. a fractal. Concrete
Dirichlet forms on RY will be given in Example 6.5, while in this section, we recall an
example from [19] with E being a Sierpiniski graph.

Letc: E x E — [0, co) be conductance satisfying

clx,y) =c(y, x),
7(x) =) clx,y) € (0, +00),

yeE
c(x,y) >0 x~y,

forallx,y € E.Let u : E — (0, 00) be a positive function given by

n(x) = (%)'x', x€E,

where ¢ € (0, A) € (0, 1). Then p can be regarded as a finite measure on E. Set a symmetric
form on L2(E: ) by

Eu,v) = %Zweg clx, Mux) —u()vx) —vy),
D(&) = the (&)1 — closure of Co(E),

where Co(E) is the set of all functions with finite support. Then, (&, D(&)) is a regular
Dirichlet form on L2(E; ) and it is transient. For the detailed proofs and more information
about Sierpinski gasket, we refer to [19] and references therein.

Example 6.5 (Nonlocal & on R9) Based on [15, page: 31, Example 1.4.1], [15, page:48,
Example 1.5.2] and Example 6.4, one can give a large class of examples of transient nonlocal
Dirichlet forms on R? satisfying assumptions (H4). Here we only briefly present the main
framework. Let {v;,# > 0} on R? be a continuous symmetric convolution semigroup of
probability measures, i.e.,

Vr ok Vg = Vg, t£,8 >0,
v (A) = v, (—A4), AeBRY,

li =4 kly,
tlinol vy weakly
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where v; * vg(A) denotes the convolution fRd v (A — y)vg(dy) and § is the Dirac measure
concentrated at the origin. The celebrated Lévy-Khinchin formula [23] reads as follows

D () (= fra €V (dy)) = eV,
(6.4)
Y(x) = %(SX, x) + fRd(l —cos(x, y)J(dy),

where

S is a non-negative definite d x d symmetric matrix, (6.5)

2
J is a symmetric measure on R4 \ {0} such that / x| 5
Rd\{O} 1 + |X|

J(dx) < oco. (6.6)

Thus a continuous symmetric convolution semigroup {v;, ¢ > 0} is characterized by a pair
(S, J) satisfying Egs. 6.5 and 6.6 through the formula Eq. 6.4.
When S vanishes, the Dirichlet form & on L2(R?) determined by {v, t > 0} is

1

Eu,v)= 3 / (u(x + y)—u)(vix + y)—v(x))J (dy)dx (6.7)
R‘IX(R‘I\{ }

D(&)={ueL*(R?): / u(x+y) u()) (v(x+y)—v(x))J (dy)dx < 00}.(6.8)

Note that J can be extended to a symmetric measure on R? by setting J({0}) = 0. From
[15, page:48, Example 1.5.2] we know that, 1f is locally integrable on RY, then & is
transient.
A typical example (see [15, page:49])is ¢ (x) = |x|¥ with0 < « < 2, which corresponds
to
-1 +d
1—‘(067)| |—d—0[

S=0 and J(dy) = dy,

mi/2r ()

then the Dirichlet form & is transient if and only if « < d. This example can be also described

o [134

in the following way. Let “”” resp. “ " denote Fourier transform, i.e.,

$o0) = 2m) f expli (x. y)pa1¢ ()dly,
resp. its inverse. Define for « > 0
(M) 3u = (k") (e L2RY;dx)), u e CP(RY. (6.9)

Then (—A) Tisa symmetric linear operator on L2(R?; dx) with dense domain Co° (RY).
Then (&, D(&)) in Egs. 6.7 and 6.8 is the closure of the form

o 1 A~
D2 (u, v) := 5 / uvlx|“dx, u,ve C(C)’O(]Rd).

For more details we refer to [28, page:43].
Finally, we would like to mention that if i 1n Eq. 6.4 we choose ¥ (x) := f(|x|?), where f
is a Bernstein function (cf. [37]) such that ——- 7 (‘ B is locally integrable, then in Eq. 6.9 we get

f(—A) instead of (—A)%, ie,L =—f(—A)inEq. 1.1.
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Appendix

A.1 Auxiliary Results

In this part we aim to prove Eq. A.4, which has been used in the proof of Claims 4.1 and 4.2.

LemmaA.1 Letv,s, A € (0,1]. Forall x € Fl*,z’ we have

((v = LYWy + A1) (Je (X)), x>F1*2.u
= (U, + A1) (Je (%)), Js(x)>2 +ell(v = L)(Wy + AI)(JS(X)))||12”1*,2,U'
Forall x € L*(w),

(v = L)W + A1) (Je(x)). x),

— (v = LY(W5, + AD (T (), Je (), + ] (v = LYW + 2D () 2.

Proof Recall from Eq. 4.4 that
Je(x) + e — L)((¥, + A (Je(x))) = x, Vx € Fp 2.
For x € F[',, to prove Eq. A.1, we rewrite
(0 = D)W + ADUe), %)
= (v = LYW + 2D U ). Je@)
HO = L)((Wa +AD (), e(v = L) (W5 + )»I)(JS(X))))FHV
= (W + A (e (@)), Je ), +ell v = L)W+ 2D U )T

1

The proof of Eq. A.2 is analogous due to the fact that J; is Toon

A)® e L2(w)if x € L2 (w).

LemmaA.2 Letx € Lz(u). Then for v, e, A € (0, 1], t € [0, T], we have

(A.1)

(A2)

= -Lipschitz in L2(w), so

t
EIX} ()5 + 21&[0 (0 = LYWy + 2D e (X5 (D)), Je (X} ()),ds < T [x[3(A3)

Proof Applying Itd’s formula to |X;"*|3, we obtain
dIX} (013 + 2((v — L) (W5 + AD (T (X} (1)), (X5 (0),dt
= B, X, T, 120 1200y + 2K B, X5 (0)dW (1)),
which by Eq. A.2 yields,
dIX) O3 +2((v — L5 + AD T (XL (). Je (X5 (1)), dt
+26] (v = L)Wy + AD (e (X5 (1)) |2t

= B, X O, 2001201 + 20X BA, X35 0)dW (1)),
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Taking expectation of both sides, by (H3)(i) we get
t
EIX}*(0)]5 + ZE/O (v = L) (W5 + 2D e (X}F (D)), Je (X7 (), ds
t
+2eE /0 |0 = LYW + 2D (e (X () 2ds

1
< x5+ C3IE/(; 1X )" (s)3ds.
Then by Eq. 4.16 and Gronwall’s lemma we get Eq. A.3 as claimed.

Proposition A.1 Let x € Lz(u). Then forv,e, » € (0, 1], t € [0, T], we have

2 11 C3T .2
Ffz,uds < 5(X + A+ Cs5)e™3 x5 (A4d)

t
E /O | = L) (W + 2D (X5 (5))) |

Proof Let x € L?(w). Then
(v = L) (5, + 2D (e (x)))|
= [|(W + AD e, ,

2
Fl*.Z,v

1
= / ST (W + 2D e ). (W + DU (6))d
o[V, + AD (T (), (W, + AD (= (),

1 1
=Gs / EF(JS(x)a (W3 + A1) (e (x)))dp + U(K + WD ((W + A1) (Je (X)), Je(x))2
1
= (X + A+ Cs)(Je(x), (W +AD)(Je (D)) Fy 5,

1
= (X + A+ Cs)((v — LYW + A1) (e (%)), Je(xX))2,

where in the first inequality we used (H4), the fact that r (W, (r) + Ar) > 0 for all » € R and
v, is %-Lipschitz ([3, Page:41, Proposition 2.3 (ii)]), the last equality comes from the fact
that (W, + A1)(J:(x)) € D(L). Now from Eq. A.3, we get the assertion.

A.2 The LP-1té Formula in Expectation

The purpose in this section is to prove Theorem A.1 below, which has been used in Lemmas
4.2 and 4.3.

Let £, be the space of all square-summable sequences in R and p € [2, o0). In addi-
tion, to the real-valued L?-space, LP () := LP(E, u) we consider the £,-valued L?-space
LP(u; €3) := LP(E, u; £3). We set

o )4
g1} = |g|€p<,ﬁ¢2)=/E||g(x)||52u(dx)=fE(Z|gk<x>|2)2u(dx).
k=1

Let & denote the predictable o -algebra on [0, T'] x €2 corresponding to (2, .7, (%);>0, IP).
For p € [2, 00) we set

LP(T) == LP([0, T] x @, 2; LP ()
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and
LP(T; £2) := LP([0, T] x Q, 27; LP(u; £2)),

equipped with their standard L”-norms. Since (E, B) is a standard measurable space, by
definition there exists a complete metric d on E, such that (E, d) is separable, i.e., a Polish
space, whose Borel o-algebra coincides with B. Below we fix this metric d and denote the
corresponding set of all bounded continuous functions by Cp(E).

Let Ebeall g = (gu)ken € L®([0, T] x ; L®(u; £2) N L' (1; €2)) such that there
exists j € N and bounded stopping times 79 < 71 < --- < 7; < T such that

gk = i]=1 glicl(fifl,fi]v if k < j;
0, if k > j,

where gt € C,(E)NL'(w), 1 <i < j.
Claim A.1 € is dense in LP(T'; £3) forall p € [2, 00).

Proof Let f = (fi)ken € L1(T; £3), with g := %, be such that

T o0
e (F @iy =E [ [ 3 fodnds =0 vgee.
0 E k=1

Now let 0 < 7 be two stopping times and k € N. Define g € LP(T'; £3) by g = (gkSik)ieN,
where

8k = glkcl(a,r]
and gf € C»(E) N L'(w). Then g € &, hence

0 = rLar;00)(f> ©Lr(T:00)
T
—E fo / feskd o (dt,
E

which implies that

/ fkg,/fdu =0dt®P—a.s.,
E

since all sets of the type (o, T] generate the o-algebra & and since f; is £?-measurable.
Therefore, since Cp,(E) N L' (1) is dense in L (w),

fi=01in LY(n) dt @ P —a.s., forall k € N.

Now the assertion follows by the Hahn-Banach theorem ([38, page: 61, Corollary 4.23]).

Remark A.1 Let S be the set of all functions f € L>®([0, T] ® 2 L®(u) N L' (w)) such
that there exist | € N and bounded stopping times t), < v{ < --- < v/ < T such that

f= Zé:l fil(.r_’il’r_’], where fi e Cp(E)N L](u), 1 <i <. Similarly to Claim A.1, one
can prove that S is dense in ILP (T) for all p € [2, 0c0).
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Define M : £ — ﬂpzl LP(Q; C([0, T]; LP(w))) as follows:

t x t
M(g)(t) = /0 gdW(s) =) fo gkd Wi (s)
k=1

j
=Y gi(Welt AT)=Wi(t ATio1)), 1€]0, T, ge£.(AS5)
k=1

Let us note that the right hand-side of Eq. A.5 is P-a.s. for every ¢ € [0, T'] a continuous
p-version of M(g)(¢) € LP(E, u), which for every x € E is a continuous real-valued
martingale and is equal to

o t
Z/O gk(s, x)dWi(s), x € E, 1 € [0, T]. (A.6)
k=1

ClaimA.2 Let p € [2,00). Then M extends to a linear continuous map M from P (T; £5)
to LP(2; C([0, T]; LP(w))), such that M(g) is a continuous martingale in L () for all
g e LP(T; £y).

Proof We have

L [ wors
=E[ sup /]Z/ ge (s, dWi(s)| ]

te[0,T]

/ IE sup ‘2/ gk (s, x)de(s)‘ ]

te(0,T]

< C"/E [E(Z_)/O (s, W) |

P

:cp/ Z/ gk(s x)ds 2

P
=cpE[/E</0 |2 (s, x)|[2ds)2d ]

2 9%
< ¢,E [ ([ et 0itan)"as|

J p
=<l E/o |g(s’.)|L”(u;lz)ds’

where we have used the BDG inequality applied to the real-valued martingale in Eq. A.6 in
the third step, the assumption that p > 2 and Minkowski’s inequality in the sixth step and
Holder’s inequality in the last step. Hence the first part of the assertion follows.

To prove the second let g € L”(T'; £3). It suffices to prove that for all f € L?(u) with

— _P
9= 5-1

STISY
]

/Efﬁ(g)(t)du, tel0,T1,
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is a real-valued martingale (see e.g. [26, Remark 2.2.5]). But since for some g, € £,n € N,
we have V ¢t € [0, T] that

M(g:)(1) m— 00 M(g)(r) in LP (2 LP(w)),

it follows that
/E fM(g)()dp m— o0 fE FM(g)()dp in L'(Q).

So, we may assume that g € £. But in this case by Eq. A.5 it follows immediately that
fE f M(g)(®)du,t € [0, T], is a real-valued martingale.

Below we define for g € LP(T; £3), p € [2, 00),
t
/ g&)dW(s) = M(g)(®), t€0,T],
0

where M is as in Claim A.2.

Now we fix p € [2, co) and consider the following process

u:Qx[0,T]— LP(w),

defined by

t t
u(t) :=u0) + f f(s)ds + / g(s)dW(s), (A7)
0 0

where u(0) € LP (2, Fo; LP(w)), f € LP(T) and g € LP(T; £2).

Theorem A.1 “Ité-formula in expectation'' Let p € [2,00), f € LP(T), g € LP(T; £).
Let u be as in Eq. A.7. Then for all t € [0, T],

t
E|u<r,x>|§=E|u<0>|f’+E/ /plu(s,x)I”’zu(s,x)f(s,x)u(dx)ds
0 E

1 t
+5p(p—1)1E/0 fE|u(s,x)|1’*2|g(s,x)|§2p,(dx)ds. (A.8)

Remark A.2 In the case E = R?, u =Lebesgue measure, N. Krylov proved It6’s formula for
the LP-norm of a large class of W-P-valued stochastic processes in his fundamental paper
[25]. In particular, Lemma 5.1 in that paper gives a pathwise It formula for processes u
as in Eq. A.7, which immediately implies Eq. A.8. The proof, however, uses a smoothing
technique by convoluting the process u in x with Dirac-sequence of smooth functions, which
is not available in our more general case, where (E, B) is just a standard measurable space
with a o -finite measure [, without further structural assumptions that we wanted to avoid to
cover applications e.g. to underlying spaces E which are fractals. Fortunately, the above Ito
formula in expectation is enough to prove all main results in this paper without any further
assumptions. After the preparations above, its proof is quite simple.

We recall the following well-known result (see e.g. Theorem 21.7 in [10]):
LemmaA.3 Let p € [1, 0), vy, v € LP () such that v,, — v in u-measure as n — oo and
nlggo |Un|p = |U|p~

Then
lim v, =v in LP(u).
n—o0
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Proof of Theorem A.1 By Claim A.1 and Remark A.1, we can find f, € S,n € N, and
gn € LP(T; £3),n € N, such that asn — oo

Jo = f in LP(T), (A9)
and
gn — g in LI(T; £2). (A.10)
For n € N, define

t t
un(t) := u(0) +/ In(s)ds +/ gn()dW (s).
0 0

By Egs. A.7, A9, A.10 and Claim A.2, it follows that as n — o0,

/- fa(s)ds — f f(s)ds,
0 0

/' gn()dW(s) — /'g(s)dW(s), (A.11)
0 0

u, —u,

in LP(2; C([0, T]; LP (1)).
Applying the Itd formula to the real-valued semi-martingale |u, (¢, x) |£ foreach x € E,
and integrating w.r.t. x € E and w € €2, we obtain

t
E/ lun (2, X)|7 (dx) = Elu(0)” +E/ / Plun(s, )P %1y (5, x) - fuls, x)dsp(dx)
E EJo

1 ! _
+§p(p—1)E//0 lun (s, )77 |gu (s, X)|7,ds p(dxXA.12)
E
Note that by Lemma A.3 and Eq. A.11
()P 2un(s) = |u(s)[P2u(s) in L7T (1),
()72 = Ju(s)[P~2 in L7 (),

as n — oo. Hence by Egs. A.9 and A.10 we may pass to the limit » — oo in Eq. A.12 to
get Eq. A.8. O
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