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Abstract

Quasisymmetric maps are well-studied homeomorphisms between metric spaces preserving
annuli, and the Ahlfors regular conformal dimension dimarc (X, d) of a metric space (X, d)
is the infimum over the Hausdorftf dimensions of the Ahlfors regular images of the space
by quasisymmetric transformations. For a given regular Dirichlet form with the heat kernel,
the spectral dimension d; is an exponent that indicates the short-time asymptotic behavior
of the on-diagonal part of the heat kernel. In this paper, we consider the Dirichlet form
induced by a resistance form on a set X and the associated resistance metric R. We prove
dimarc(X, R) < d; < 2fordy, avariation of d; defined through the on-diagonal asymptotics
of the heat kernel. We also give an example of a resistance form whose spectral dimension
dy satisfies the opposite inequality d; < dimarc(X, R) < 2.

Keywords Ahlfors regular conformal dimension - Spectral dimension - Resistance form -
Quasisymmetry - Heat kernel
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1 Introduction and main results

The subject of this paper is an evaluation of a dimension of metric spaces, defined through
the quasisymmetric transformations. We first recall the definition of quasisymmetry.

Definition 1.1 (Quasisymmetry) Let X be a set and d, p be metrics on X. We say d is
quasisymmetric to p, and write d ~qs p, if there exists a homeomorphism 6 : [0, c0) —
[0, 0o) such that for any x, y, z € X with x # z,

p(x, y)/p(x,2) <0(d(x, y)/d(x,2)).

Roughly speaking, this definition means that an annulus in (X, d) is comparable to one
in (X, p). A typical example of a metric quasisymmetric to a given metric d is d* for each
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a € (0, 1). It is known that ~qg is an equivalence relation among metrics on X, and that if
d ~qs p then p induces the same topology as d.

Quasisymmetry between general metric spaces was defined by Tukia and Viiséla [31]
as the analogy with the case of R. Note that quasisymmetry on R was discovered as a
characterization of the boundary values of quasiconformal mappings from the upper half-
plane to itself, by Beurling and Ahlfors [5], and named by Kelingos [17]. Properties of
quasisymmetry were well-studied in analysis on metric spaces (see [12, 29], for example).
Quasisymmetry has been also used in various fields, such as heat kernel estimates (see [2, 4,
15, 20, 24], for example) and hyperbolic group theory (see [6, 7, 23, 25], for example).

The Ahlfors regular conformal dimension of a metric space (X, d) is defined as follows.
We set By(x,r) :=={y € X | d(x,y) <r}forx € X and r > 0, and diam(X, d) :=
Sup, yex d(x, ¥).

Definition 1.2 (Ahlfors regular conformal dimension) For ¢ € (0, 00), the metric d is
called a-Ahlfors regular if the a-dimensional Hausdorff measure H,, satisfies C~ <
Ho(Bi(x,r)) < Cr*forany 0 < r < diam(X, d) and x € X, for some C > 1. (Note that if
(X, d) is a-Ahlfors regular then dimg (X, d) = o, where dimy is the Hausdorff dimension.)
The Ahlfors regular conformal dimension dimarc (X, d) of (X, d) is defined by

dimarc (X, d) = inf{oz € (0, 00)

there exists an «-Ahlfors regular metric p on X
with d ~qs o ’

This exponent implicitly appeared in Bourdon and Pajot [7] and was named by Bonk and
Kleiner [6]. In the latter paper, the exponent was related to Cannon’s conjecture, which claims
that every Gromov hyperbolic group whose boundary is homeomorphic to the 2-sphere has
a discrete, cocompact , and isometric action on the hyperbolic 3-space H>. dimarc (X, d)
was also characterized as a critical value related to the combinatorial p-modulus of a family
of curves I in a graph (V, G) (approximating (X, d)), defined by

Mod, (T") :inf[Z f)?P ’ f:V =0, oo),Zf(v) > 1forany y € F]

veV vey

(see [8, 21]). This characterization of dimarc (X, d) has been also used in recent studies on
the construction of p-energies on fractals ([22, 30]).

In [21], Kigami introduced the notion of a partition satisfying the basic framework and used
it to evaluate the Ahlfors regular conformal dimension of compact metric spaces. Roughly
speaking, a partition satisfying the basic framework is a successive division of a given compact
metric space with some good conditions. We explain this idea in the case of the Sierpinski
carpet. Let O = {z | max{|Re(z)[, [Im(z)|} < 1/2} C Cand p; be the points on the boundary
of Q with arg(z) = jm/4for 1 < j < 8 (see Fig. 1). We also let ¢;(z) = p; + (z — p;)/3.
The standard Sierpiriski carpet SC is the unique nonempty compact subset of C satisfying
SC = Uf.:] ¢;(SC) (see Fig. 2). An example of a partition K of (SC, | - |) satisfying the basic
framework is a map from {¢} U |,~ {1, ..., 8}" to the power set B(SC), defined by

K(¢) = SCand K ({w;}!_}) = gu, 0+~ 0 pu, (SO).

In [21], Kigami considered the graph structure on {1, ..., 8}" for each n such that there is
an edge between w, v € {1, ..., 8}" if K(w) N K(v) # ¥ and w # v, and defined some
potential theoretic exponents Esp (K), ny (K) of this family of graphs, which he called the
upper and lower p-spectral dimensions, for p > 0. See Definitions 3.4 and 3.7 for the precise
definitions of a partition satisfying the basic framework and the p-spectral dimensions. For
these exponents, Kigami showed the following result.
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Theorem 1.3 ([21, Theorem 4.7.9] and [26, Theorem 3.9]) Let (X, d) be a metric space with
a partition K satisfying the basic framework. Then for p > 0,

1. if p > dimarc (X, d) then p > d,,(K) > d%,(K) > dimarc (X, d).
2. If p < dimare (X, d) then p < d3,(K) < d,(K) < dimarc(X, d).

Note that the assumption in Theorem 1.3 is slightly different from that in [21, Theorem
4.7.9], but it is justified by [21, Theorem 4.7.6]. We also note that the contribution of [26]
was an extension of the framework and the result to non-compact spaces. We emphasize that
the p-spectral dimensions depend only on the given metric space and the partition, and do
not have any stochastic characterization. However, it was pointed out in [21] that if (X, d) is
the Sierpinski gasket or a generalized Sierpinski carpet with the Euclidean metric and K is
the canonical partition as described above, then 3;(1( ) and d5 (K) coincide with the spectral
dimension, defined as follows, of the standard Dirichlet form.

Definition 1.4 (Spectral dimension) Let (X, d) be a locally compact separable metric space,
1 be a Radon measure on X with full support, and (£, F) be a regular Dirichlet form on

Fig.2 (Standard) Sierpiniski
carpet

@ Springer



350 Kohei Sasaya

L2(X, ). We assume that (£, F) has the associated heat kernel (or transition density),
namely, a (jointly) continuous function p(t, x, y) : (0, 00) x X x X — [0, co) such that

Tiu(x) = / p(t,x, yyu(y)du(y) forpu-ae.x € X
X

for any ¢ € (0, 00) and any u € L3(X, ), where {T;};¢(0,00) denotes the Markovian semi-
group on L2(X, p) associated with (£, F). The limit

lo t,x,
dy (0. €. F) = dy(X, 1, €, F) 1= —2lim D2 LEEX)
110 log ¢
is called the spectral dimension of the regular Dirichlet space (X, u, £, F), if it exists and
the value is independent of a choice of x € X.

In this paper, we prove an inequality similar to the case of p = 2 of Theorem 1.3 (1),
between the Ahlfors regular conformal dimension and a variation of the spectral dimen-
sion defined through the on-diagonal asymptotics of the heat kernel, for the case where the
Dirichlet form is induced by a resistance form, defined as follows.

Definition 1.5 (Resistance form) Let X be a set, F be a linear subspace of the space £(X) of
R-valued functions on X, and £ be a nonnegative quadratic form on F. The pair (£, F) is
called a resistance form on X if it satisfies the following conditions.

e ly € F, and £(u, u) = 0 if and only if u is constant. (1.1)
e Define an equivalence relation ~ as u ~ v if and only if u — v is

constant, then (F/~, &) is a Hilbert space. (1.2)
o If x # y then there exists u € F with u(x) # u(y). (1.3)
e R(x,y):= (inf{é’(u, wlueF, ux)=1, u(y) = 0})_l < ooifx # y. (1.4)
o If u € F then & := max{0, min{l, u}} € F and £(u, ) < E(u, u). (1.5)

We define R(x, x) =0 forx € X.

One of the most basic properties of a resistance form is that the infimum in Inequality
1.4 is attained and defines a metric R on X, called the resistance metric associated with the
resistance form. The notion of resistance form was introduced in [18]. Typical examples of
the Dirichlet forms induced by resistance forms are the standard Dirichlet forms on “low-
dimensional” fractals, such as p.c.f. self-similar fractals. This framework includes Dirichlet
forms whose associated Hunt processes have jumps (see [20, Chapter 16], for example).
Moreover, there are also examples of resistance forms on some spatially inhomogeneous
fractals (see Fig. 3 and [11], for example) and more general sets (see [9], for example).

In the remainder of this section except for Subsection 1.1, we make the following assump-
tion, which is needed for our main theorem.

Assumption 1.6 (£, F) is aresistance form on a set X, and the resistance metric R associated
with (€, F) is complete and satisfies dimarc(X, R) < oo.

We note that the condition dimarc(Y, p) < oo for a metric space (Y, p) has simple
geometric characterizations which may be easily checked (see Theorem 3.5). In particular,
under Assumption 1.6, there exists a partition K of (X, R) satisfying the basic framework.
Let us recall the definition of the volume doubling property.
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Fig.3 Inhomogeneous fractal,
having a canonical resistance
form

Definition 1.7 (Volume doubling property) A Borel measure p on a metric space (Y, p) has
the volume doubling property with respect to p if

0 < u(By(x,2r)) <Cu(By(x,r)) < o0

for any x € Y and r > 0, for some C > 1. Then we say u is (VD), for short. We write
My, p) for the set of all Borel measures on (Y, p) that are (VD),,.

For any . € M(x gy, we can check that the assumptions of [20, Theorems 9.4 and 10.4]
are satisfied (see Proposition 2.6) and obtain the following lemma.

Lemma 1.8 Let u € M(x g). Foru,v € F N L*(X, ), we define &1 (u, v) by
€y, v) = £, )+ [ wod
X

then (F N L*(X, W), Eu1) is a Hilbert space. Let D, be the closure of F N Co(X) with
respectto £,.1, and £, = E|lp,xD,» where Co(X) is the set of all continuous functions on
(X, R) whose supports are compact. Then (€,,, D) is a regular Dirichlet form on L%(X, ).
Moreover, the associated heat kernel p,(t, x, y) exists.

The main theorem of this paper is the following.

Theorem 1.9 Let i € Mx gy. Then the limit

& (1. £, Dy) = lim sup P loelpuls/t 6 O puls 2 0) -

=00 yeX,s5€(0,diam(X, R)) log?
exists and satisfies dimarc (X, R) < ds(i, 4, Dy) < 2.

Note that if diam(X, R) < oo then diam(X, R) in the right-hand side of Eq. 1.6 can be
replaced by 1 because of Lemma 2.20 5. and 6.

The following theorem is needed to prove Theorem 1.9, and it characterizes 352 if (€, F)is
local. Recall from [20, Definition 7.5] that (£, F) is said to be local if £(u, v) = 0 whenever
u,v € Fandinfy yex uov(y=0 R(x, y) > 0 (see also Definition 2.15). We also recall that
(X, R) has a partition satisfying the basic framework by Theorem 3.5.

Theorem1 10 Let K be a partition of (X, R) satisfying the basic framework. Then
dz(K) < ds(u, Eu, D) for any p € Mx ry. Moreover, if (£, F) is local then

lnquM(Xym ds (M7 g,u» D,u) - dz(K)
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If (€, F) and p are the standard resistance form and the standard measure on the Sierpinski
gasket or a generalized Sierpifiski carpet with dimarc(X, d) < 2 where d is the Euclidean
metric on X, then dy(u, Eu, D) coincides with dg (i, £, D,). Therefore in these cases
Theorem 1.9 yields dimarc (X, d) < ds(1, £, D) < 2 because d ~gs R, which recovers
the result obtained in [21] as an application of Theorem 1.3 1.

In general, dy (11, &, Dy) does not coincide with dg (i, £, D,,) even if the latter exists.
Moreover, the analog of the inequality in Theorem 1.9 is false in general for the latter, as the
following theorem states.

Theorem 1.11 There exist X, (€, F) (satisfying Assumption 1.6) and ju € M x gy, such that
dy(u, €, D,,) exists and

ds(pb, EM, DM) < dil’nAkc(X, R) < 2.

We briefly describe the set X on which we will construct the example of Theorem 1.11.
Following a particular rule, we use either the cell subdivision rule of SC or that of the Vicsek set
(that is, the unique nonempty compact subset VS of C with VS = U1 3 57¢;(VS) %VS)
for each scale, and obtain X as the resulting set (see Section 5 for details). X has the full
symmetry of the unit square, but is not exactly self-similar (see Fig. 4). In this example,
we also show that the resistance metric R associated with (£, F) is quasisymmetric to the
Euclidean metric on X (see Theorem 5.1).

The structure of this paper is as follows. Section 2 is devoted to proving inequalities of
resistances used in the later sections. In Section 3 we introduce the precise definition of a
partition satisfying the basic framework and show related inequalities. We prove Theorems
1.9 and 1.10 in Section 4, and Theorem 1.11 in Section 5. Appendix A is devoted to proving
the equivalence between different formulations of the local property of a resistance form.

1.1 Notation

Throughout this paper, we use the following notation.

e The letter # denotes the cardinality of sets, and J3 denotes the power set of sets.
e For a set X, we denote by £(X) the set of all R-valued functions on X.
e a Vb =max{a, b}and a A b = min{a, b} for a, b € R (or R-valued functions).

Fig.4 Example of Theorem 1.11
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e By abuse of notation, we write x instead of {x} if no confusion can arise. For example,
we write f~!(x) instead of £~ ({x}).

e Foraset X and A C X, we write A€ instead of X \ A if the whole set X is obvious.

e Let (X,d) be a metric space. For A C X, we will denote by int(A) the interior of
A and by ‘A the closure of A. Moreover, for any Borel measure p on X, we write
Vau(x,r) = u(Bq(x,r)) (where By(x,r) = {y € X |d(x,y) < r}). We will omit
subscripts of Vy . (x, ) and By (x, r) if the metric and/or measure is obvious.

k

————

e Let Xbeasetand f : X — X be a map, then we set f¥ :== fo---0 f fork > 0 and
9 :=idy. Moreover, f~* denotes (f*)~! for k > 0.

e Let f, g be functions on aset X and A C X. We say f(x) < g(x) (resp. f(x) 2 g(x))
for any x € A if there exists C > 0 such that f(x) < Cg(x) (resp. f(x) > Cg(x)) for
any x € A. We also write f(x) x g(x) (for any x) if f(x) < g(x) and f(x) 2 g(x).
Note that we will not use this notation when we want to stress the constant C.

e Let f be a function or variable defined by some type of maximum or minimum over a
set of functions. Then we say g is the optimal function for f if g attains the maximum
or minimum. For example, let R be the resistance metric associated with (£, F), then
the optimal function u for R(x, y) is such that u € F, u(x) = 1, u(y) = 0 and
Ew,u) = R(x,y)~L.

2 Resistance Forms

In this section, we prove some properties of resistance forms and associated heat kernels,
which we will use in the proof of Theorem 1.9 and related statements. We first note the
difference between two types of resistances between subsets. Throughout the rest of this
paper, (£, F) denotes a resistance form on a set X and R denotes the associated resistance
metric.

Lemma 2.1 Let A, B C X be nonempty. Suppose
Fap:={ueF|lula=1, ulp =0}
Then mingeF, , €(u, u) exists and u € F p attaining the minimum is unique.

Proof Fix any x € B, then we have
lu(y) —v()| = | — v)(x) — (U —V)(P)| < E@ — v, u — v)?R(x, y)!/?

forany y € X and u, v € F with u(x) = v(x) = 0. This shows that F4 p is a closed convex
subset of the Hilbert space ({u € F | u(x) = 0}, £) and the claim follows. O

Definition 2.2 (Resistance between sets)

Let R(A, B) denote the reciprocal of min,er, ,€(u, u) if Fap # ¥ and 0if Fo p = 0.
We also define R(A, B) = oo if A = () or B = {J for ease of notation. We call R(A, B) the
resistance between sets A and B, associated with (&, F).

On the other hand, we use the notation R(A, B) for the resistance metric between sets,
that is, R(A, B) = infyea yep R(x, y). Note that R(x, y) = R({x}, {y}) forany x,y € X
and R(A, B) < R(A, B) forany A, B C X but R(A, B) # R(A, B) in general. Throughout
this paper, the italic R is used for denoting notions related to resistance metrics, whereas the
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354 Kohei Sasaya

cursive R is used for denoting notions related to resistances between sets. For example, we
later use the notation R,, and R,,.

Our next aim is to prove Lemma 1.8. For this purpose, we first introduce some notions of
a metric space and a resistance form.

Definition 2.3 (Doubling, uniformly perfect) Let (Y, p) be a metric space.

1. (Y, p) is called doubling if there exists N € N such that for any x € Y and r > 0, there
exist {x;}, C ¥ with B(x,2r) c U, B(xi, ).

2. (Y, p) is called uniformly perfect if there exists y > 1 such that B(x, yr) \ B(x,r) # 0
whenever B(x,r) #Y.

Remark 1t is easy to see that a doubling metric space is separable.

Definition 2.4 (Regular) (&, F) is called regular if 7 N Co(X, R) is dense in Co(X, R) with
respect to the supremum norm.

Definition 2.5 (Annulus comparable condition) We say that (£, F) satisfies the annulus
comparable condition, (ACC) for short, if there exists « > 1 such that R(x, B(x, r)¢) 2
R(x, B(x,r)*N B(x,ar)) forany x € X and r > 0.

Note that the inverse direction of the above inequality immediately follows from the
inclusion of sets. It is easy to see that if (ACC) holds then (X, R) is uniformly perfect.

Hereafter, we make Assumption 1.6 to the end of Section 4. Note that by Theorem 3.5,
both R and d are doubling and uniformly perfect.

Proposition 2.6 (£, F) is regular and satisfies (ACC).
For the proof of this proposition, we introduce some results.

Proposition 2.7 ([20, Theorem 8.4]) Let Y be a nonempty subset of X. Define F|y = {uly |
u € F}and
Ely (s, uy) = inf{Ew, u) |u € F, ux = uly} 2.1

for any u, € Fly, then the infimum of Eq. 2.1 is attained. Moreover, there exists a unique
extension of Ely to Fly x Fly such that (E|y, Fly) is a resistance form. In particular, if
#(Y) < oo then Fly = £(Y).

Definition 2.8 (£|y, F|y) is called the trace of (£, F)onY.

Remark In [20, Theorem 8.4], R is assumed to be separable and complete, and it is so in
our case. However, by the standard argument in Hilbert space theory, it is easy to show that
Proposition 2.7 is also true for resistance forms whose associated resistance metric is not
necessarily separable and complete (see [14, Theorem 2.29], for example).

Definition 2.9 We define the following terminologies for abbreviation.

1. Wesay {V,},>01s a spread sequence of ametric space (Y, p) if itis an increasing sequence
of nonempty finite subsets satisfying U,>oV,, =Y.

2. Assume that V is a finite set and (&, £(V)) is a resistance form on V. We call
w = {tx ylx,yev C RY*V the resistance weights associated with (£, £(V)) if Hxx =
— Zz:z#x Mx,z and [ty y = [y x forany x, y € V, and

1
Eu,v) = 3 Z (u(x) —u(y)((x) — v(y))ix,y forany u, v € £(V).
x,yeVv
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Moreover, we write Ry (A, B) (resp. Ry(A, B)) instead of Ry(ANY,B NY) (resp.
Ry(ANY,BNY)) for abbreviation, where Ry (resp. Ry) is the resistance between sets
(resp. resistance metric) associated with the trace of (£, F) on Y.

Remark By [19, Proposition 2.1.3], for any (&, £(V)), the unique resistance weights associ-
ated with that exist. Moreover, pty y > 0 forany x, y € V withx # y and u,,, < 0 for any
x € V by the same proposition and Condition 1.1.

Proposition 2.10 ([19, Section 2.3]) Assume that {V,,},>0 is a spread sequence, then
F={ulueCX,R), lim &y, (uly,,uly,) < oo}.
n—oo
Moreover, £(u, v) = lim,« Ely, (uly,, vly,) forany u,v € F.
Remark {E|v, (ulv,, ulv,)}a>0 is an increasing sequence for any u € F by definition.
Lemma 2.11 Let { fuln=0 C F with Y, .0 E(fu, fu) < 0.

1. If sup,~q fu(xx) < 00 for some x, € X, then f = sup,so fn € F and E(f. f) <

anog(fnvfn)-
2. If inf, >0 fu(x4x) > —00 for some x, € X, theni = inf,>0 fn € F and 5(L i) <

anog(fn’ fn)

Remark Lemma 2.11 is essentially a special case of [14, Theorem 2.38 (1)] which is written
in Japanese. We give a proof of Lemma 2.11 for the reader’s convenience.

Proof Replacing f,, by — f,,, we only need to show 1. We first note that
|f @) = FODI < sup | fu) = fu)] < sup(RCe, NE(fus fu)) '/
n n

< RG220 s i)V

forany x,y € X, so f(x) < coand f € C(X, R). Let {Vin}m>1 be a spread sequence of
(X, R) and p,, be associated resistance weights with (£|y,,, £(V,;)). Then

Ef ) Zn}meglwn(flvm, flv,)

A

l _ -
=lim = Y (F@ = F0) ey

X, yeVix#y

1
<tlim 23 S (@ = £3)) (e

“m—o0 2
n>0x,yeVy:x#y

= Jim_ > €y, (falv, falv,) = D €. fo)-

n>0 n>0

(Note that any term of the sums in the above inequalities is nonnegative.) This with Proposition
2.10 proves the lemma. O

Proof of Theorem 2.6 By [20, Lemma 7.10], there exist N > 0 and C > 0 with

C 128 < R(x, B(x, 2 N B(x, 2ktN)) < C2*
for any x € X and k € Z unless B(x, 2%y = X. Fix any x € X and set Ay = B(x, 25 n
B(x, 2k+N)_ Let f; be the optimal functions for R(x, Ay) if B(x, 2Ky # X, and otherwise
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fx = 1. Then for any a € Z, Zkza ESfr, fr) < €27t and so g, 1= infy>, fx € F by
Lemma 2.11 2. Since g,(x) = 1 and g,|p(x,2¢)c = 0, it follows that

R(x, B(x,29)) > C~'247! for any a € Z with B(x,2) # X, (2.2)

which shows (ACC). Moreover, Eq. 2.2 also shows that for any nonempty ¥ C X with
x ¢ Y, there exists f € F satisfying f(x) = 1 and f|y = 0. Applying [20, Theorem 6.3],
we conclude that (€, F) is regular.

Now Lemma 1.8 immediately follows from [20, Theorems 9.4 and 10.4] with Proposition
2.6. (Note that the condition (ACC) is used later.)
We next give some properties of resistance forms, which will be needed in Section 3.

Lemma2.12 Let A1, Ay be nonempty subsets of X and {Vy}n>0 be a spread sequence. Sup-
posethat A; C Up>0(A; NVy) fori =1,2. ThenR(A1, A2) = lim, o Ry (A1, A2), where
Ry is the resistance between sets associated with (€|y, ., Flv,).
Proof By definition of £ly,, it suffices to show that

R(A1, A2) > limp— 00 Rn (A1, A2).

We may assume lim, o R, (A1, A2) > 0and A; N Vy # @ fori = 1,2 without loss of
generality. Let { f,},>0 C F be functions satisfying

Ru(A1, Ay)™!
=min{min{€(f, ) ’ ferF fly, = f*}
=5(fnvfn)»

fulaynv, = 1 and f,|a,nv, = 0. Then by the convexity argument, we obtain 0 < £(f, —
fms fo— fm) = Efn, fn) —E(fm, fm) foranyn, m € Nwithn > m. Fixanyx € A1 N V.
Since lim,,— 0 E(fi, fn) = limp—00 Rin(A1, A2)~! < oo, there exists f € F such that
f)=1landlim,— o0 ECf — fn, f — fu) =0byEq. 1.2. Thenforany y € U,>0(A1 NV,),

If ) =1 =1 = [ = (f = f) )| = R, VES = fur f = Jo)-

Hence f|4, = 1 because the right hand side of the last inequality tendstoOand f € C(X, R).
In the same way, we obtain f|4, = 0 and so

R(A1L A)™' < E(f. f) = lim E(fu. f) = lim Ru(Ar, A2)7",

fe € V), filaiew, = 1. felaxny, =0

which completes the proof. O

Lemma 2.13 Let n € (0, 1), then R(B(x,nr), B(x,r)) < r forany x € X,r > 0 with
B(x,r) # X.

Proof By Proposition 2.6 and [20, Theorem 7.12], there exists C > 0 such that C -1y <
R(x, B(x,r)) < Crforany x € X,r > 0 with B(x, r) # X. Hence we only need to show
R(B(x,nr), B(x,r)¢) = r.

We first prove for the case n < 1/2C. Let f, , be the optimal function of R(x, B(x, r)),
then by [20, Theorems 4.1 and 4.3 and Lemma 4.5],

f ( )>R(xaB(x,r)c)+R(y7B(XJ’)C)—R(X»)’)
wri¥) = 2R(x, B(x, 1))
>(C'r =) 2r = €724
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for any y € B(x,nr). Hence let gy, := ((4C*fc, A 1) v 0), then gy |p(r) =
I, gerlparye = 0and E(gyr, gxr) < 16C*E(fy s, fr.r) < 16C3/r. This proves the
statement for this case.
We now turn to the case 1/2C < n < 1. Since (X, R) is doubling, there exists
N = N, € N such that for any x € X, there exists {xi}lN:1 C X satisfying B(x, nr) C
UN | B(x;, (1 —n)r/2C). Let g = maxi<j<n(gx;,(1—y)r) Where gy, (1—y)- is same as above,
then ¢ € F by Lemma 2.11 1. Moreover, g|gx,n») = 1 and glpx, e = 0 because
R(xi,y) > R(x,y) — R(x,x;) > (1 —n)rforany y € B(x,r)“and 1 <i < N. Therefore

N

R(BGx, nr). B(x. 1)) <£(2.8) <D E(8xi.(1—nyrs &xin(1—npr)
i=1
<16N,C3/(1 —n)r,

which proves the lemma.

Corollary 2.14 Let Ay, Ay C X be nonempty subsets. If Ay is bounded and R(A1, Az) > 0,
then R(A1, Ap) > 0.

Proof Since (X, R) is doubling, there exist N € N and {x,-}fv:l C A with A} C
Uf.vzl B(xi, R(A, A2)/2). Thus the proof is straightforward by Lemmas 2.11 1. and 2.13.0

Definition 2.15 (Local) (&€, F) is called local if it satisfies £(u, v) = O whenever u, v € F
and R({x | u(x) # 0}, {x | v(x) #0}) > 0.

Under Assumption 1.6, for each u € Mx q), (€, F) is alocal resistance form if and only if
(€4, Dyy) is alocal Dirichlet form. See Appendix A for details.

Proposition 2.16 Let A; (i = 1, 2) be nonempty subsets of (X, R) with R(A1, A2) > 0 and
diam(A1) < 0o, {Vy,}u=0 be a spread sequence and [, be the resistance weights associated
with (Elv,, £(V,)). Assume (€, F) to be local, then

Em Y (un)ey =0, where Dy = (A} x AyU Ay x A)) NV, x V.
n—)oo(x DD

Proof Let
AT ={x | R(x, A1) = R(Ay, A2)/3}and AT = {x | R(x, A|) <2R(A1, Ay)/3}.

By Corollary 2.14, we can take the optimal functions f; € F for R(A;, A;‘) andi = 1, 2.
Then,

Elv, (filv,, filv) + Elv, (f2lv,, L2lv,) = Elv, (1 + f2lv,, f1 + f2lv,)

= Z (/’Ln)x,y

(x,y)€Dy

1
+5 0 2 (W= A +(HE = LK)

(x,y)€Vy xVy\Dy
XAy

—((+ X)) -1+ fz)(y))z)(un)x,y-
Since 0 < f1, fo < 1 and supp(f1) Nsupp(f2) = ¥, we have

[(f1+ 2)(x) = (fi + 2D =101V 2)) = (1L v 2)0)]
<Ifix) = iV 1 2(0) = f2(0)]
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for any x, y € X. Therefore

0=E(f1. f1)) +E(f2, ) —Efr + fa, i+ f2)
ani{lologlx/,,(fllvn, filv,) +Elv, (f2lv,, falv,) = Elv, (f1 + falv,, f1 + f2lv,)

> lim Z (N«n)x,y >0

n— 00
(x,y)eDy

because (€, F) is local, which completes the proof. O

Proposition 2.17 There exists o > 1 with Ry B(x,aR(x,y)(*,¥y) =< 2R(x,y) for any

nonempty finite subsetV.C X andx,y € V,where i, , are the resistance weights associated
with (Ely, £(V)) and

- 1
Ry ate,y) ™ i=min{= ) S, b€ A(f(@) = f0)pap | fx)=1, f(y)=0}tfor ACX.
Remark The idea and the proof of Proposition 2.17 essentially come from [3, Lemma 2.5].

Proof We first note that since Lemma 2.13 holds,
Ry (x, B(x,r)") = Ry(B(x,r/2), B(x,r)) = R(B(x,7/2), B(x,r)" 2 r

for any x € X and r > 0, where Ry is the resistance between sets associated with
(€ly, £(V)). Thus we can find « > 1 such that

Ry (x, B(x, (a/2)r)) ARy (B(x, (a/2)r), B(x,ar)) > 4r

for any x and r. To shorten notation, we write Bg instead of B(x,B(x, BR(x, y))). Let fi
(resp. f2, f3) be the optimal function for Ry g, (x, y) (resp. Ry (x, Bg/z), Rv (Baj2, By)).
We define f € £(V) by

1) A fa(x) A f3(x) (x € By)

Feo = { £ A f300) (otherwise)

Then, f(x) =1, f(y) =0, f|B§/a =0and

Y Ifi@ ~ fi®)| (ifa.b € By)
. 0 (ifa,b ¢ By)2)
b
AR M= 1 (ifa € Bypandb ¢ By,
f3(a) = 5Bl = orb € Byppanda ¢ By).
Therefore

(Rx,y)™" < E(f, )
< (Ry. 3, (x, Y) ™" + (Rv (x, B0)) ™' + (Ry (Byja, BS) ™

1
< (Ry g, (x,y) "+ 5 (R, D)

and Ry p,(x,y) < 2R(x,y) as claimed. ]
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The remainder of this section is devoted to the proof of Proposition 2.19 below, which
gives one of the key inequalities to prove Theorem 1.10. For the rest of this section, we
assume d to be a metric on X with d ~qgs R. Then by Assumption 1.6, it is easily shown
that Mx 4) = Mx,r) (see [20, Corollary 12.4], for example).

Definition 2.18 Set

Ra(x,r):= sup R(x,y) and hg ,(x,r) := Vg, (x,r)Ra(x,r).
yeBy(x,r)

We write hg(x, r) instead of hg ; (x, r) when no confusion can arise.
Proposition 2.19 The limit dy (1, &, Dy) exists for any u € M(x q4y. Moreover,

_ log( Vg u(x,r)/ Vg (x,r/s
dg(u, Eu, Dy) = 2lim sup sup g( an D/ Vap &, r/ )).
s—>o0 xeX,re(0diam(X.d)) 108(ha,u(x, r)/ha . (x,r/s))

(2.3)

Remark We only use the case d = R for the proof of Theorem 1.10 (recall that R ~gs R).
However, we prove general case for future works.

We introduce some basic facts for the proof of Proposition 2.19.
Lemma 2.20 Assume . € M x q), then the following statements are true.

1. There exists y; > 1 such that Va(x,r/y1) < Va(x,r)/2 for any x € X and r €
(0, diam(X, d)).

2. ha(x,2r) S hg(x,r) forany x € X andr > 0.

3. There exists y» > 1 such that hg(x,r/y2) < hg(x,r)/2 for any x € X and r €
(0, diam(X, d)).

4. For any C > 0, there exists yc > 1 such that for any t € (0, C) and x € X, there exists
r € (0,diam(X,d)) witht/yc < hqg(x,r) <t

5. Foranyx € X, p,(-,x,x) 1t + p,(t, x, x) is a decreasing function of t.

6. Fixany C' > 0.Then p,(t/2,x,x) S p,(t,x,x) foranyx € X and t € (0, C").

Proof 1.Itis well-known and easily follows from the volume doubling and uniformly perfect
conditions (see [12, Excersise 13.1] for example).

2.,3.Since d ~qs R and both d and R are uniformly perfect, it is easy to check that there
exists ¥’ > 1 such that Ry(x,2r) < Ry(x,r)and Ry(x,r/y’") < Ry(x,r)/2forany x € X
and r € (0, diam(X, d)). This with 1 and the volume doubling condition shows 2 and 3.

4. Since C/ Sup,.¢(0,diam(x,q)) 1a (x, 1) < 2C/diam(X, d)u(X) for any x € X, it follows
from 2 and 3.

5. By the proof of [20, Theorem 10.4 and Lemma 10.7], lim,, . o0 ps(f, x, y) = pu(t, x, y)
where p,(t, x,y) : (0,00) x X x X — R is of the form

Palt, X, ¥) =D exp(—hn k)gn k (X)Pnk (¥)
k>1

for some A, x > 0 and ¢, x : X — R. Hence 5 is clear.

6. Recall that by Proposition 2.6, (X, R) satisfies (ACC). Thus this follows from (3)-(5),
[20, Theorem 15.6] and the fact that p, (¢, x, x) > w(X)~! for any ¢t > 0, which follows
from the Chapman-Kolmogorov equation.

Remark The condition of Lemma 2.20 1. is called reverse volume doubling condition (e.g.
[10, 15]).
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For the existence of dy (u, Eu, D,y), we use the following classical result for subadditive
functions. For a proof, see [13, Proof of Theorem 7.6.1] for instance.

Lemma221 Let f : (0,00) — R be subadditive, that is, f(t +5s) < f(@) + f(s)
for any t,s € (0,00). Assume that sup,.; f(t) < oo for any bounded interval I, then
limy o0 f(1)/1 = infy=o f(1)/t < 00.

Proof of Theorem 2.19 Let

f(r) =log( sup pu(s/et, x,x)/puls, x,x))
xeX,se(0,diam(X,d))

for t > 0, then f is subadditive by definition. By Lemma 2.20 (5) and (6), sup,; f(t) < oo
for any bounded interval I and inf;~o f(r)/t > 0. Hence lim;_,», f(7)/7 and the limit
ds(1t, €y, D) exist because T — 0o ast = e¥ — oo. Our next goal is to prove Eq. 2.3. To
this end, let

u(s) = sup log(pyu(ha(x, r/a), x, %)/ puha(x, 1), x, x))

xeX,aels,00), 1()g(hd(x, r)/ha(x, r/Ol))
re(0,diam(X,d))

and

lo t/o, x, x t,x,x
v(s) = sup g(pu( / )/ pul )) '
xeX,a€ls,00), loga
te(0,diam(X,d))

By [20, Theorem 15.6], Proposition 2.6 and Lemma 2.20(3), the right hand side of Eq.
2.3 equals limg_, », u(s), hence it is sufficient to show limg_, o u(s) = limg_, 5 v(s). We
proceed to show the following claim.

Claim For any € > 0, there exists so(e) such that for any s > so(€), there exists s (s, €)
satisfying (1 4 €)(e 4 u(s)) = v(s4(s, €)).

This claim implies limg_, » #(s) > limg_, » v(s) because both u and v are decreasing.

Proof For any € > 0 and s > 1, we can take Cq, ..., C4 > 1 satisfying the following
conditions by Lemma 2.20 (2), (4)-(6).

e If x € X, r € (0,diam(X, d)) and g > O satisty hg(x,r)/hq(x,r/B) > Ci, then

B >s.

e Forany x € X and ¢ € (0, diam(X, d)), there exists r € (0, diam(X, d)) with t/Cy <
ha(x,r) <t.

e Anyx € Xand#, 1 € (0,diam(X, d)) witht; < Catp satisfy C3 > log(p,(t2, x, x)/pu
(1, x, x)).

e Cy4 > (Cr,C3/logCy < € andlogCs/(logCsq —logCr) < 1+ €.

Let x € X, t € (0,diam(X,d)) and ¢ > Co(C; VvV C4) =: s« We take ri,rn €
(0, diam(X, d)) such that r/Cr, < hg(x,r1) < tandt/Cra < hg(x,r;) < t/o. Then
Coa > hg(x,r1)/ha(x,ry) > C1 VvV Cy4 and so for

i Puha(x, ra), x, x) ) ha(x,ry)
I :=log and [ :=log| —— ),
Puha(x,r1), x, x) ha(x,r2)
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it follows that

log(pu(t/a, X, x)/put,x, x))/logoe
<(ly +log(pu(ha(x, 1), x, %)/ pu(t, x, x))) /(I — log C2)
<((/L) + (C3/L)2 [ (I — log C2)
<((1/12) + (C3/1og C4))log C4 / (log C4 — log C3).
Therefore v(s«) < (1 4+ €)(€ 4+ u(s)) by r;/r> > s, and the claim follows. ]

For lims_, oo u(s) < lims_, v(s), we consider the case diam(X, d) < oo and fix any
€ > 0. Then by Lemma 2.20 5. and 6., there exists s > 1 with

o (pﬂ(diam(X, d), x,x)
pll(hd(xa }"), X, x)

sup
eX

> < elogs
re(o,jiamix,d»

because

sup (ha(x, r)/diam(X, d)) < ju(X) < oo. (2.4)
xeX,re(0,diam(X,d))

By Inequality 2.4 and Lemma 2.20 3., we can take s > 1 such thatif & > 5" then (hq(x, r) A
diam(X, d)) /ha(x,r/a) > s forany x € X and r € (0, diam(X, d)). Thus we obtain

(pﬂ(hd(xvr/a)!x’x))/ ( hd(x,r) )
og log| ————
pﬂ(hd(-x’r)vxvx) hd(x7r/a)
puCha(x,r/a), x,x) hq(x,r) Adiam(X, d)
§<10g<pﬂ(hd(x,r)/\diam(X,d),x,x)) /log( g Gr, 7 ) )) te
and u(s’) < v(s) + €. This shows limg_ oo u(s) < limg_ oo v(s) in the same way as the

inverse direction. The proof for the case diam(X, d) = oo is similar, and the proposition
follows.

3 Partition Satisfying Basic Framework

In the former part of this section, we introduce the notion and related results of the partition
satisfying the basic framework, which is defined in [21] for the bounded case and extended
to unbounded cases in [26]. In the latter part of this section, we show some related resistance
estimates. Note that we continue to make Assumptions 1.6.

Definition 3.1 (Tree with a reference point) Let 7 be a countable set and 7 : T — T be a
map such that the following conditions hold.

oelet Fy ={w | n"(w) = w for somen > 1}, then#F, < 1.

e For any w, v € T, there exist n, m > 0 such that 7" (w) = 7™ (v). (3.1)

Let ¢ € F if F; # (), otherwise we fix any ¢ € T. We call the triplet (T, 7, ¢) a tree
with a reference point.
The above definition is justified as follows.

Lemma3.2 (/28, Lemma 3.2])
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1. Let b(w,v) = min{n > O|7"(w) = 7" (v) for somem > 0} for w,v € T, then
ﬂb(w’v)(l.U) — nb(”'w)(v).
2. Let A= {(w,v) | t(w) =vormx(v) =w}\{(¢,d)}, then (T, A) is a tree.

From now on we assume (7', 7, ¢) to be a tree with a reference point. We define [w] =
b(w,p) —b(p,w), T, ={w € T | [w] = n}forany w € T and n € Z. By abuse of
notation, we write 77 ~% (w) instead of 7 =% (w) N T}, +«. Note that 7k (w) # 7% (w) if and
only if F; # @, w = ¢ and k > 1. We also define T% = Ukzoﬁ_k (w).

Definition 3.3 (Partition) Let (Y, p) be a (o-compact) metric space without isolated points.
Wesay K : T — P(Y) is a partition of (Y, p) parametrized by (T, 7, ¢) if the following
conditions hold.

e Forany w € T, K (w) is a compact set, neither a single point nor empty.
o Uyer, K(w) =Y andforany w € T, yez-1(,) K() = K (w).

o If (wi)k=0 C T satisfies wy € Ty and w(wi+1) = wy for any k£ > 0, then ;>0 K (wy) is
a single point.

Hereafter, we write K, instead of K (w) for simplicity.

Remark The condition that K,, has no isolated points, assumed in [21, Definition 2.2.1],
follows from Definition 3.3 (see [28, Lemma 3.6]).

Definition 3.4 (Basic framework) Let (7', 7, ¢) be a tree with a reference point satisfying
SUPyeT #(7 1 (w)) < oo, and K be a partition of a metric space (Y, p) parametrized by
(T, m, ¢). Let

Ey={w,v) €Ty xT, | Ky NKy, #0, w # v}

and let [, denote the graph distance of (7},, E,) allowing [, (w, v) = co. We say K satisfies
the basic framework if the following conditions hold.

e int(K,) Nint(K,) = ¥ for any w, v € T with [w] = [v] and w # v. (3.2)
o There exists ¢ € (0, 1) such that diam,(K,,) = ¢! forany w € T (3.3)
o There exists £ > 0 such that foreach w € T', B, (xy, Eg“[w]) C Ky

for some x,, € K. 3.4
eLlet Ay(x,y)=sup{n|x € Ky, y € Ky and [,(w, v) < m for some w, v € T,,}

then p(x, y) =< §AM*(X”’) for any x, y € Y, for some M, € N. (3.5)
o L, :=sup,cr#{v | (w,v) € Epy}) < o0. (3.6)

Remark (1) The formulation in Definition 3.4 differs from the original one in [21, Section
4.3], for the reader’s convenience. However it follows from Inequality 3.3 and [21,
Proposition 3.2.1] that the above definition is equivalent to the original one.

(2) By Inequality 3.3,diam(Y, p) < oo if w(¢) = ¢ and otherwise diam(Y, p) = oco.

For the existence of a partition of the given metric space satisfying the basic framework,
there is the following result.
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Theorem 3.5 ([28, Theorem 3.12]) Let (Y, p) be a complete metric space. Then the following
conditions are equivalent.

1. dimagrc(Y, p) < oo.

2. (Y, p) is doubling and uniformly perfect.

3. There exist a tree with a reference point (T, m, ¢) and a partition K of (Y, p) such that
K satisfies the basic framework with respect to p.

Remark 1. In[26-28], the definition of the Ahlfors regular conformal dimension was slightly
different in order to consider that of a discrete metric space. This difference required the
additional assumption that ((Y, p) is) “without isolated points” in the original statement
of [28, Theorem 3.12].

2. The equivalence between 1 and 2 was well-known (see [12, Theorem 13.3 and Corollary
14.15], for example).

We also note that we can choose {xy }we7, as an increasing sequence of sets.

Lemma 3.6 Let K be a partition of (Y, p), parametrized by (T, &, ¢) satisfying the basic
framework. Then there exist {xy}wer satisfying Condition 3.4 and for any n < m,
Uwer, {xw} C UweT, {xw}.

Remark 1t is obvious that {x,, | w e T, N T™ n(q))}nzo is a spread sequence.

Proof Let {x,}wer Condition 3.4. By Inequality 3.3, there exists k > 1 such that
diam,(K,) < &¢"/2 for any w € T,4x. We can define f : U,Ty, — U, T, such
that f(w) € Tjyj+x and xy, € Ky For w € U, Ty, let y,, be the unique point with
Yw € Mu=0K g1 (w). Then Uyery, {yw} C Unery,, {Yw} forn < m and

§
By (yw, 76" € By (xy, €61 € K,y
for w € U, Tyy,. For w € U, Tip—m (kK > m > 0), we define y,, by induction on m. Let
Yw = Y for some v € # (w) such that v = 7™ ! o fo 75" (w) whenever w =

7™ o f o k=™ (w). Then we obtain

UwETkn,(,n,l){)’w} D) UweTk,,_m {yw} D) UweTk(,,,l){)’w}

and
1% §
Bp()’wv 7{“”) C Bp(yva ECM) CKy,CKy
for some v € 7 7" (w). This shows {yy, }wer is the desired set of points. ]

We are now able to introduce the precise definitions of E; and d,. For the rest of this section,
we assume that K denotes a partition of a metric space (Y, p) parametrized by (T, 7, ¢)
satisfying the basic framework, with points {x,,}, e satisfying Condition 3.4 such that for
any n < m, Uyer, {xw} C Uner, {xw}.
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Definition 3.7 (p-spectral dimensions) Let

) - 1/k
N, = lim sup(sup #(r (w))) ,

k—oco “weT
1
EWH=5 2 If@=foI,
(x,y)EE,
Cuk = {v € Trupsx | lwy (w, 78 (v)) > M.} and
Epw = F(EL 1 () | f € 6(Tunei)s Flaty = 1o flen, =0)
for any n, f € €(T,), w € T and p > 0. (In particular for p = 2, &40 =
(Q[w]_s_k(ﬁ_k(w),cwyk))_l where €2, is the standard graph resistance on (7;, E;) i.e.

My = 1 whenever (4, v) € E, and otherwise p, , = 0.) We define the upper p-spectral
dimensions of the partition K for p > 0 by

lim supy_, o %(Supwer log 5p,kqw) )l

3.7
log N, S

-8
d,(K) = p(l —
and the lower p-spectral dimensions 4‘;,(1( ) for p > 0 by Eq. 3.7 but replacing lim sup by
liminf .
Remark In the same way as in the proof of Proposition 2.19, we have
Ny = li #(x* = inf (sup #(z ¥ 3.8
s klnéo(j?; (@~ (w))) i‘;o(j,?; (" (w))) (3.8)
because (sup,,cr #(T /() (supyer #(7 (W) > (sup,er #(7 =V (w))) for any
Jj, k=>0.
The following is the main result of [21], which leads to Theorem 1.3.
Theorem 3.8 ([21, Theorems 4.6.9] and [26, Theorem 3.9])
dimarc (Y, p) = inf{p | liminf(sup &k w) = 0}
k=00 yer

= inf{p | limsup(sup &, x,») = O}.

k—oo weT
In the reminder of this section, we assume (Y, p) = (X, R) and prove some inequalities
of indices of the partition, which are necessary for the proof of Theorem 1.10.

Lemma3.9 R(K,, Ay) =< ¢ forany w € T with A, # 0.

Proof Since Inequality 3.3 and Condition 3.4 hold, R(K, Ay) < ¢ follows from Lemma
2.13. On the other hand, there exists ¢ € (0, 1) satisfying R(K,, Ay) > tZ[" forany w € T
because Inequality 3.5 holds. Since (X, R) is doubling each K, is covered by N balls of
radius tf[w]/2, for some N > 0. Therefore R(Ky,, Ay) = g'[“’] by Lemmas 2.11 1. and 2.13,
similarly to the latter part of the proof of Lemma 2.13. O

Proposition3.10 1. & 4., < X forany w € T and k > 0.
2. If (€, F) is local then &k w 2, {kfor anyw € T and k > 0.

For proving Proposition 3.10 1., we use the argument of flow.
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Definition 3.11 (Unit flow) Let (£, F) be a resistance form on a finite set V. For A, B C V
withANB =0, f:V xV — Riscalled a unit flow from A to B if it satisfies

e f(x,y)=—f(,x)foranyx,y e V.

> v /fx,y)=0foranyx ¢ AUB,

® D iea Zer froy)=Tland ) p Zyev f,y)=~-1L
Let {11x,y}, R be the associated resistance weight and resistance between subsets, then it is
known that

1 v)?
R(A. B) = min{5 )" TEI7 4 i a unit flow from A to B). (3.9)

x,yeV M,y

We say f is the optimal flow for R(A, B), or optimal flow from A to B if f is the optimal
function for the right hand side of Eq. 3.9.

Proof of Theorem 3.10 Let V,, = {x,, | w € T, N T™ @} and A, = U{K, | v € Cy0}.
We will denote by R, (resp. Ry, [ix,y,n) the resistance between sets (resp. metric, weights)
associated with (£]y,, £(Vy,)).

1. Fix any w € T and k > 0. Since #{v | [jy)(w,v) < M + 1} < oo and Condi-
tion 3.1 hold, there exists n > [w] + k such that {v | [jy)(w,v) < M +1} ¢ T @,
Then 82_’,1’10 = Qflek 7 *(w), Cwi N T7"®)), where Q?w]Jrk is the standard graph resis-

tance on (Tjyj4+x N 77" @), En|(T[w]+ka”"<¢>)x(T[w]+knT”"(¢>))~ Let t be the optimal flow
for Q’wak (7 *(w), Cw,k), @ > 1 be the constant appeared in Proposition 2.17 and f, ,
be the optimal flow for Rv, p(x,.«R(x,.xy)) Xus Xu) for u, v € Ty N T @ . We define

f:VyxV,—> Rby
1
fp.q) = B Z (u,0) € Efu) 4k u’veTn"(q»T(ua V) fuw(P: q),
then f is a unit flow from Ky, NV, to A, NV, on (Ely,, £(Vy)). Note that f, ,(p. g) = 0if
R(xu. p) = @R (xy, xy) = ag gk,
Since R is doubling, there exists N > 0 such that

sup {(#(Y)|Y C B(x,ar), R(y,z) >rforany y,z € Y withy #z} <N

xeX, r>0
Therefore
1 f(p.q)?*
R(Ku, Aw) <5 3, ==
pgev, Hra
N fuw(p.@)?
Sg Z (u,v)eE[wHk:T(ua U)2 Z e e
wweT™" @) Mp.q

N 2
§§ (SUP (u,v)eE[wszzR(xua xv)) Z (u,v)eElek:T(uv v)

upeT™ @ u,peT™" @

N _
535;[1”1*"(52,k,zu> L
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Since ¢ < R(Ky, Aw) < Rikj+w(Kuw, Ay) for any w € T, the claim holds.

(2) We first note that there exists 8 > Osuchthat Ay, (x, y) > n whenever R(x, y) < B¢"
by Inequality 3.5. Fix any w € T and k > 0. Since Tjyj+« \ Cw k is a finite set, there exists
n > [w] + k such that

Kxyn < 1R(Ku,, Ay) ™!
> > 3

UET[u/]Jrk\Cuuk xeKy,
ygB(x.pelvIHh)

and R, (Ky, Ay) < 2R(Ky, Aw), by Lemma 2.12 and Proposition 2.16.

Let f be the optimal function for Q2[4+« 7 F(w), Cuw k) and 7, be the optimal functions
for R, (Ky, Ay) and v € Tjy4k. Af Ky NV, =P or A, NV, = @ then 1, be constant.) We
also let

f) =2max{|f () — £ | lwj+x @, v) < 2M.}.

Our next goal is to construct a suitable function t on V,, with 7| g, ny, = landt|4,ny, =0
with the above functions. Set

Px) = {{xi};n:o C Va | me{0}UN, xo € Ay, xpn = x,
R(xi, xi—1) < B¢ for any i}

forx € V,. We definet : V,, > R as

m

r(x):l/\infiz sup ?(U)hv(xi)_fv(xifl”

i=1 VETw]+k

{xifiLy € P(X)}

where Z?:l 00 :=0, inf ¥ := oo. Itclearly holds 0 <t < 1and t|4,nv, = 0.
Claim t|kg, v, = L.

Proof Fixany x € K, NV, and {x;}/_, € P(x). We inductively choose iop = 0, v; € Ty«
suchthatx,-j € va, andij =min{i > i; | x; € Av/.}.Notethatsince AM*(x,-j,x(,-j)_l) >
[w] + &, Ik (v, vj—1) < 2M,. Lett > 0 and vy € # % (w) be such that x ¢ A, and
lw)+k (s, ) < My, then

m

Y sup F)ln (i) — Tl

i=1 VET w)+k

-1 iG+n—l

=Y Fw) D It (i) — T, (x0)

j=0 i=ij
—1 - —1
> T = 1 f @) = FQII+ Y 1f i) = F)] = 1.
i=0 j=0
This shows the claim. m]

Next we evaluate £|y, (7, T) :

SRy, Ap)™" =€y, (5, 0)
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1
= > @@ =t iy

x,yeVy:
R(x,y)<pglwi+k
(X, )EAw XAy

1 1
ST RKw, AT 42 Y @) =T

x,yeVy:
R(x,y)<pelwhk

If R(x, y) < B¢, then |7(x) — t(0)] < supyery,,,, f(0)|70(x) — 7(y)|. Moreover,
since Condition 3.4 holds and R is doubling, there exists J > 0 such that

sup #Hoely | {x,y} £ Ay} = J <o0.
meZ,x,yeX:R(x,y)<pem

Therefore by 7,]4, =0,

1 J _
cRKw, AT =2 3 T Y (0 = )ty

vETwl+k x,y€Vy
J _
=ge " T
UET[wH»k
. = 2M, 2M, e
Since f(v) < Zi:l [f(vi) — f(uvi—1)| for some {v;};Z; satisfying v9p = v and

(Wi, vi—1) € Efwl+k;

Yo TP =AMt Y (fw) — f)? = 8L &k

veTw]+k u,vEEpy)+k

Thus we have

£ _
Eakw = ——5— TR R(K, AW)) T
48J L™
This with Lemma 3.9 shows the proposition. O
Proposition 3.12
Viu(x,
1. sup Yule ) > NF for any n € Mx gy and k > 0.

veX.re0.diam(X.R)) Vu(x, gkr) ™~
2. Forany e > 0, there exists L € Mx gy with
Viu(x,r)

sup R e < (Ny + &) forany k > 0.
xeX,re(,diam(X,R)) Vu(x, C5r)

Proof 1. We have
w(Ky) > Z Vi (xy, Sg‘k) > mlkn V, (xy, g;é-k)#(ﬁfk(w))’
ver —*(w)

ver —k(w)
which leads to v odi K
, 2diam L
sup Il(xv (Ky)) > sup #(t k(w)) > Ns]:
weT, Vi (o, ¢l weT
ver k(w)

for any k > 0. Since p is (VD)g, diam(K,,) < ¢! for any w € T and Eq. 3.8, the claim
follows.
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368 Kohei Sasaya

2. Fix any € > 0. By Eq. 3.8 and [21, Proposition 4.3.5], we can choose k > 1 such
that sup,,cr #(t % (w)) < (Ny + €)F and for anyw e T, #(t % (w)) > 2 and there exists
v(w) € 77K (w) with Ky C int(Ky).

Let T = U,ezTkn, then it is easily seen that K |7 is a partition of (X, R) parametrized by
(T, 7k, ¢), satisfying the basic framework. We define ¢, v : T — Ras

c ko k _ .
(1= HEREEE) it = vt @)

p(w) = i
Woror (otherwise)

and ¥ () = ([T59 o () /([T2%") ¢ (% ($))), where
b(w, u) = b (w, u) :=min{i > 0 | 7'*(w) = 7/ (w) for some j > 0}
forw, u € T. Note that

1 1 ]
(Nx +6)k_(p( )_( m) and ZI; p(w)=1foranyw € T
ver ~K(w)
We next claim that
(Nx + ©F = Dy (w) > max{y (u) | (w, u) € Epy) forany w e T. (3.10)

R¢call that Z;(w, u) = E(u, w) by [w] =[u]. If i < E(w, u) — 1 then we have 7% (w) *
v (DK () because

@ 7é Kr[ik(w) N Kﬂik(u) C Kn(i+l)k(w) n K].[(iJr])k(u) ¢ int(KT[(,ur])k(w))'
This shows
b b —
V(1) B l—[ (w, u)go(n”k(w)) B 7 Ow.u) l)k(w)
Y (w) 1—[{7(“(),"1) (p(”lk(u)) ﬂ(ﬁ(u,rx))fl)k(u)

1=l

< ((Ny+ ek —1).

We now prove the proposition for the case of diam(X, R) < oo.

Let u,, = denk Y (w)dy, , where 8, is the Dirac measure on x,,. Then by Prokhorov’s
theorem, there exists a Borel probability measure j4 such that i, — (., weakly asm — oo,
for some subsequence {ity,, }m>0. We have

s (Ky) = limsup wy,, (Ky) = ¥ (w)

m— 00

for any w € T'. Moreover, since Ky, C Uy, = int(Uy:(w,u)e £y, Ku)
Wi (Ky) < ps(Uy) < liir?l)iglofﬂnm(l]w) < (Ls((N« + E)k - D+ Dy (w).

By Inequalities 3.3 and 3.5, there exist~s m > 0 such that for any x € X, r € (0, diam(X, R))
and n > 0, we can choose some w € T with

Ky CB(x,"™r) and B(x,r) C X\ Agonink (-

Since

MET[w] (m+n)k
Pox (X \ A ik (3)) < Zil[u](u.n('"“)")EM* V)

i (Ky) ~ ¥ (w)
1//(7'[(’"+n)k(w)) (m+n)k
SW < (Nyx+e)
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forany n > 0 and w € T by Eq. 3.10, the claim holds for the bounded case.

We now turn to the case of diam(X, R) = co. We can choose w, for each u € T such
that 0, (X \ K,) = 0 and ¥ (w) < uy(Kw) < Li(Ny + €)¥y (w) for any w € T, by the
former case. Let s = ZueTo Ly, then it is clear that ¥ (w) < w4 (Ky) and

Zu:(u,w)eE[w] >gerint Hq(Ku)  (f [w] < 0)
Zu:(u’w)EEle Moty (K (otherwise )
< ) LN+ @) < LINe + Y (w)

w:(u,w)€Ey)

mx(Ky) < i

forany w € T . Therefore the same proof as the bounded case works for the present case. O

Remark 1. The idea of this proof comes from [21, Theorems 4.2.2 and 4.5.1].
2. We can show that —log N,/ log ¢ coincides with the Assouad dimension dims (X, R),
where

dim4 (X, R) = inf{t > 0| B(x, r) is covered by| C(r/s)" | bolls

of radius s for any 0 < s < r and x € X, for some C > 0}.

Thus we can also deduce Proposition 3.12 2. from [12, Theorem 13.5].

4 Proof Of Main Results

In this section we prove Theorems 1.9 and 1.10.
Proof of Theorem 1.10 By Proposition 2.19,

I(I’Lv g[L? DIL)
2

. log s -1
= lim sup sup 1+
500 xeX,re(0,diam(X,R)) log(V,.(x, r)/Vyu(x, r/s))

. log ¢ —* -
=lim sup sup 1+ F
k=00 xeX,re(0,diam(X,R)) log(Vy(x, r)/Viu(x, £5r))

logz~! -1
—(1+- 1 . @.1)
1im SUpy_, o0 SUPy e X re (0, diam(X, R)) & 108(Vie (¥, 1)/ Vi (x, ¢K1)

because R is uniformly perfect and u is (VD).
Since lim sup;_, . (sup,, £2ykyw)1/k < ¢ < 1 by Proposition 3.10 (1),

dy(K logc~ 1\ ™!
DK _ (et ) 4.2)
2 log N,

so dy(K) < ds (i, &4, Dy) holds by Proposition 3.12 1. Moreover, if (£, F) is local, the
equality in Inequality 4.2 holds by Proposition 3.10. Since Proposition 3.12 2. holds, for any
€ > 0 there exists u € M x,g) such that

(€0, D) _((, oge™t T
2 - log(Ny + €) ’
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which shows inf e g, ds (14, Eu, Dy) < d5(K) for the local case.

Proof of Theorem 1.9 ‘We have a partition of (X, R) satisfying the basic framework by The-
orem 3.5, and obtain d;(K) < ds(, &y, Dy) < 2 by Eq. 4.1 and Theorem 1.10. This and
Theorem 1.3 1. with p = 2 prove the theorem.

5 Example with ds(u, £, Dy) < dimppc(X, R) < 2

In this section, we prove Theorem 1.11. In other words, we give an example with the inequality
dg(t, €y, D) < dimarc(X, R) < 2. The results in this section are the continuous version
of [27, Section 3], and many of the resistance estimates used in this section come from that
preprint. We also note that the techniques used for showing these resistance inequalities
was originated in [1]. The main difficulty in the continuous case is to construct the desired
resistance form. We overcome this difficulty by using the results of [16, 19] in the proof of
Corollary 5.4.
Recall that Q = {z | |Re(z)| V [Im(z)| < 1/2}. Let

0 (i=0) |
pi = %(H?)l (i=135T7, ¢i(2) = 3@ —pi)+z
V=D (i=2,4,68)
1 (ifk2(k — 1) < n < k3 for some k € N)
F(n) = . ,
0 (otherwise)
8 ~ _
®,(S) = Uiz 9i(S) (?f Fm=1) . € PC)
Ui=o,1,3,5,7 @i(S) (Gf F(n)=0)

and X = ﬂnzl DPjodyo---0d,(0Q). Itis easy to see that (X, d) is a complete, doubling,
uniformly perfect metric space, where d is the Euclidean metric on X given by d(z, w) =
|z — w|. We also let

{9} (n=0)
Ty = {(w)i_, | w; €{0,1,3,5,7}if F(i) =0,

wi € (1, 8)if F(i) = 1) (Otherwise)

and T = |_|n20 T,. For any w € T, we define

idc (if w = ¢)
Pw = N Ky =¢u(Q)NX
@, 0+ 0@y, (otherwise)
] (ifweTyuTy)
and 7 (w) = ael
(w)iZ; (fw = (w)"_, forsomen > 1).

Then it is easily seen that K is a partition of (X, d) parametrized by (7T, &, ¢), satisfy-
ing the basic framework. Moreover, in the same way as [27, Proposition 3.11], we have
dimarc (X, d) = dimarc(SC, d), where SC is the standard Sierpinski carpet (recall Fig. 2).
It is also routine work to show that there exists a Borel measure p such that

w(Ky) =37(5/3) Hk=nlFO=1} " for every n € Nand w € T,
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and so u is (VD).

By the fact 2log 5/(log3 +1og5) < 1.5 < 14 (log2/log3) < dimarc(SC, d) < 2 (see
[32, 33] for the proof of the last two inequalities) and the above argument, for the proof of
Theorem 1.11 it suffices to prove the following theorem.

Theorem 5.1 There exists a resistance form (€, F) on X such that the associated resistance
metric R is quasisymmetric to the Euclidean metric d, the limit ds (i, £, D;,) exists and is
independent of x, and ds(, £, Dy) = 2log5/(log3 + log5).

Remark 1. dimarc(X, d) = dimarc(X, R) because R ~qs d.

2. 2log5/(log3 + log 5) equals the spectral dimension of the standard Dirichlet form on
the Vicsek set (recall that it is the unique nonempty compact subset VS of C with VS =
U;j=0,1,3,5,79, (VS)).

Let

Vo = {p1, p3, p5s, P71}, Go={(x,y) € Vo x Vo | |x — y| =1},
i1 o 0@, (Vo) (ifm < n)
Vn,m = .
Vo (ifm =n)
Gpm ={(x,y) € Vym X Vi | Tor some w € Ty, there exists (x', ') € Go
such that ¢y, (x,) = @gn=m(w) x), o (y/) = Prn—m () M}
foranyn > 0 and 0 < m < n. We also define &, : £(Vy,;m) X €£(Vy,m) — R by

1
Enm,v) = Y (@) —u()NEE) = (),

(x»y)EGn,m

then it is clear that (&, ,,, £(V,,,)) are resistance forms. Here R, ,, denotes the associated
resistance metric and R, ,, denotes the resistance between sets. For simplicity of notation,
we write

1 —1
(TB)pm = Rum({z € Vi | Im(z) = E}» {z€ Vim [ Im(z) = 7})
and (Pt),, . = Ry m(p1, p5)-

Moreover, we write n instead of n, 0 if no confusion may occur. For example, we write
Vp, instead of V,, o. In the same way as [1, Section 4] and [27, Theorem 3.2], we have the
following inequalities.

Lemma 5.2 There exists C > 0, satisfying the following conditions for any n > m >
0, x,yeVyandw e T,.

1. Ry(x,y) < CRy(x, y)(P)ym and CR,(x,y) > Rin(x, y)(TB)y -
2. C(TB)nm = POum = (TB)p -
3. Let A={z € C||Re(2)| V |Im(z)| > 3/2}, then
CRu(9u(0) N Vi, 0 (A) N V) = Ry (0 (Q) N Vi, 0y (A) N Vm)(TB)n,m

In particular,
(PO < C(PYw (PO m < C2(POW(TB),m < C3(PL), (5.1)

forany n > m > 0, which follows from 1. and 2.
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Remark C only depends on the structure of the standard 3-adic squares and resistance esti-
mates for the (graphical) standard Sierpifiski carpet, so does not depend on m and n.

For the construction of the desired resistance form, we use the following proposition which
implicitly appeared and is proved in [16, Proof of Theorem 5.1].

Proposition 5.3 Ler V be a finite set and (E,,€(V)) be a resistance form on V with the
associated resistance metric Ry, for everyn > 0. If R(x, y) := lim,— 00 R, (x, ¥) > 0 exists
for any x,y € V with x # vy, then there exists a resistance form (€,£(V)) such that the
associated resistance metric coincides with R.

Corollary 5.4 Let {V,} be a sequence of increasing nonempty finite sets and (E,, £(V,))
be a resistance form on V, with the associated resistance metric R, for every n > 0. If
R(x,y) :=limy— o0 Ry (x,y) > 0 exists for any x,y € Up=0V,, with x # Yy, there exists a
resistance form on V, such that the associated resistance metric coincides with R, where
(Vi, Ry) is the completion of (Up>0Vy, R).

Proof Applying Proposition 5.3 to {(Enlv,, £(Vi))}m>n, We obtain the resistance form
(L, £(Vy,)) such that the associated resistance metric coincides with R|y, xv,. By [19, The-
orem 2.1.12] and [20, Theorem 3.13], the claim follows. ]

Since Inequality 5.1 and Lemma 5.2 1. and 2. hold, we have

2 RnGy) _ Ra(x,y) _ 3 Rm(x,y)
PYm  — PO, T (P
forany 0 <m < mnandx,y € V,, soby Corollary 5.4 with the diagonal sequence argument,

we obtain a resistance form (£, F) on Vi, such that for some {n ; } jcn the associated resistance
metric R, satisfies

(5.2)

Ry (x,y)
Ri(r.y) = lim S
j—o00 (Pt)nj

forany x,y € Uy>oVj,.
In order to show V, = X and R ~qs d, and to calculate d;(u, £, D;,), we need more
detailed evaluation as in [27].

Lemma5.5 1. There exist M > 0 such that (Pt),+p > 2(Pt), 2 (P41 for any n > 0.
2. Foreachx,y € Uy>oV,, let

A(x,y) =min{n | x € ¢, (Q) and y € ¢, (A) for some w € T,},
then Ry(x,y) < ((Pt)A(x,y))’lfor any x,y € Up>oV,.

Proof 1. Let ki(n,m) denote #{j | m < j < n, F(j) = 1} and ka(n, m) denote #{j | m <
j <n,F(j)=1,F(j+ 1) = 0}. Then in the same way as [27, Theorem 3.2 (1)] but
induction of (n — k) for any fixed n, it follows that there exist C,,, Cj, > O and p > 1 such
that

pkl(n.m)3n7m7k1(n,m)clllcz(n,m) g (Pt)n,m 5 pkl(n,m)3n7m7k1(n.m)cgz(n,m) (53)

for any 0 < m < n, because constants do not depend on n and m. Therefore the lemma
follows from Inequalities 5.1 and 5.3.
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2. We first note that

R,(x,y) < 1foranyn € Nand x, y € V,, with (x, y) € G, 5.4
Rn(pw(Q), 9y (A)) < 1 foranyn € Nand w € T,,. (5.5)

By definition of A(x,y), for any n with x,y € V,, we have {xi};’:A(x -2 and
{y,-}l'.'zA(x’y)_2 such that xa(x,y)-2 = YA@x,y»-2,» X» = X, yp = y and for any
Alx,y) =1 < i < n, {xi—1,x} C @ (Vo) and {y;—1,yi} C ¢y (Vo) for some
wi, u; € T;. Then by 1. and Eq. 5.2 and Eq. 5.4,

Ry (x, 1 -
Balr ) > (Ru(xio1. xi) + Ra(vie1. i)

POn = PO,

" 1
s Z (Pt);

i=A(x,y)-1

M
- i 2 im1 (POAG, )~ 14iM+j,AGx,y)—1+iM
~ POAG.y)-1+iM

S (PYagy-1)"" S (PYAEy) !

foranyn e Nand x, y € V,,.
On the other hand, let w € Tx(x,y) be a vertex appeared in the definition of A(x, y), then
by Eq. 5.5 and Lemma 5.2 3.,

Ru(x,y) _ Raulpw(Q), ¢u(A))

Py, ~ (Pt,)
(Pt), A(x,y) —1
> 0 > (Pt ) )
< TP, 2 (PYAG,y)
which completes the proof. O

Proof of Theorem 5.1 We first prove d|u,.,v, ~Qs R«lu,.ov,- By Lemma 5.5 1.and 2., there
exist o, T > 1 such that

I if A(x, y) = A(x,2) = Mafora > 0 then =) < o274

2. If A(x,z) — A(x, y) < afora > 0then I;;Ex )7’)) < at?

Since A(x,z) — A(x,y) < log(6ﬁd(x, v)/d(x, z))/log3 and the above inequalities
hold, there exist t1, t» with O < t; < #, such that

L ifd(x, y)/d(x,z) < 1 then Ry(x, y)/Ry(x, 2) < 01(d(x, y)/d(x,2)),

2. Ry(x,y)/Ry(x,2) < 92((d(x, y)/d(x,z)) Vv t2)
for x, y, z with x # z, where
0,(1) = a2(10g6ﬁt/Mlog3)+1’ 65(1) = o7 1og6v/21/log3)+1
Itis obvious that there exists a homeomorphism 6 : [0, co) — [0, 0o) satisfying 01 (1) < 6(¢)
fort <ty and 62(¢ Vv 1) < O(¢) fort > t;, which proves the desired quasisymmetry. This

also shows a sequence in U, >0V}, is d-Cauchy if and only if R.-Cauchy, therefore V, = X
and d ~@s R. In other words, (£, F) is the desired resistance form.
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It remains to calculate ds(u, £, Dy). By Proposition 2.6 we can apply [20, Theorem
15.6] for d and obtain

. —log pu(1/t, x, x)
lim sup
—00 logt
. log Vy(x,37")
=limsup ———
n—00 log hd(x7 3=

. @10g8+(1—@)10g5
= fimsup b (1og 8 41 1 - kil 1 b
. (log 8 +log p) + ( ) (log5 +log3) + == log C4
_ log5
~log5+1log3
for any x € X. (Note that the first equation follows from Lemma 2.20.) Similarly we have

lim inf —log p,(1/t, x,x) - log5
t—00 logt ~ log5+1log3’

and the proof is complete.

A Equivalence of local properties

Let us recall that X is a set, (£, F) is a resistance form on X and R is the resistance metric
associated with (£, F). In this appendix we discuss the relation between the local property of
(€, F) and that of the Dirichlet form induced by (£, F). We also recall that the local property
of a Dirichlet form is defined as follows.

Definition A.1 (Local) Let (Y, p) be a locally compact separable metric space and v be a
Radon measure on Y with full support. A Dirichlet form (E, D) on L2(Y, v) is called local if
E(u,v) = 0 whenever u, v € D have disjoint compact supports, where the support supp(u)
of u € L2(Y, v) is defined as the support of the measure udv on (Y, p).

By [20, Theorem 9.4], if (£, F) is a regular resistance form satisfying (ACC), then for each
Radon measure p on X with full support, (£, D), defined in the same way as Lemma 1.8,
is a regular Dirichlet form on L?(X, ). Here we remark that supp(u) = {x € X | u(x) # 0}
because 7 C C(X, R). Therefore by the definition of D,,, (£,,, D,,) is a local Dirichlet form
(over (X, R)) if (£, F) is a local resistance form. In this appendix, we prove that, under
Assumption 1.6, the converse direction is also true. Indeed, the following holds.

Proposition A.2 Assume that R is complete and doubling. Then for any u € F, there exists
{untn=0 C FNCo(X, R) such that supp(u,) C supp(u) forany n and lim, 0o E(U—u,, u—
u,) = 0.

Corollary A.3 We make the Assumption 1.6 and let v be a Radon measure on X with full
support. Then the following conditions are equivalent.

1. E(u,v) =0ifu,v € F and supp(u) N supp(v) = @.
2. (€, F) is alocal resistance form.
3. (Eu, Dy) is a local Dirichlet form.

Proof 1 = 2 = 3 is obvious. 3 = 1 follows from Theorem 3.5 and Proposition A.2. O
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In the remainder of this appendix, we assume that R is complete and doubling, and prove
Proposition A.2. In the same way as the proof of Lemma 2.13, the following inequality holds
without the uniform perfectness condition.

LemmaA.4 R(B(x,r), B(x,2r)°) 2 r foranyx € X andr > 0.

The following Proposition A.5, Corollary A.6 and Lemma A.7 were proved in [14] for a
general resistance form whose associated resistance metric is not necessarily doubling. Here
we give proofs for the same reason as we did for Lemma 2.11.

Proposition A.5 (cf. [14, Theorem 2.38 (2)]) Let u € F and {u,},>0 C F. Then
limy, o0 €W — up,u — u,) = 0 if and only if limsup,_, o, Euy, u,) < E(u,u) and
lim,,—, oo (# — u,)(x) exists in R and is constant on X.

Proof The necessity is clear by the triangle inequality of £!/2

let {V,,}m>0 be a spread sequence of (X, R) then

and Eq. 1.4. For the sufficiency,

Ew,w) = Tim_Ely, Wly, . uly,)

= lim lim Elv,, wnlv,,, unly,) < liminf & (up, uy),
m—>00 n—>00 n—00

which proves lim, o0 E(up, uy) = E(u,u). Let u); := (u + u,)/2, then by the trian-
gle inequality of & 172, {u}}y>0 also satisfies the same condition as {u,},>0. Therefore
lim,— o0 EQ, u}) = E(u, u) and

lim E@w —up, u —up) =2, u) + Um Q€ (up, uy) — EQu, 2u))) = 0.

n—o0 n—00
Corollary A.6 (cf. [14, Corollary 2.39 (4)]) lim,— o0 E(u — iy, u — i1,) = 0 foranyu € F,
where i, = (u An) VvV (—n).

Proof It immediately follows from Proposition A.5 and Eq. 1.5. O

LemmaA.7 (cf. [14, Corollary 2.39 (3)]) Let u,v € F be bounded. Then uv € F and
Ev, uv)'? < fulloo€ 0, V)2 + vlloo€ (. )12, where ||ulloc = supyex [u(x)].

Proof This follows from Proposition 2.10 with easy calculation. O

Proof of Propositions A.2 Since Corollary A.6 holds, we only need to show the case that
u € F is bounded and diam(X, R) = oo. Fix some x € X and let f, be the optimal function
for R(B(x,2"), B(x,2"t1¢) for each n > 0. Let u, = fou, then u, € Co(X, R) and
supp(u,) C supp(u). Moreover, u, € F and

. . 2
lim sup & (un, un) < (£, )" + flulloo lim E(fu. f)'?)” = E. )

n—o0

because of Lemmas A.4 and A.7. Therefore lim;,—, oo £(u — u,, u — u,) = 0 by Proposition
A.5, which completes the proof. O

Acknowledgements This work has been done as the author’s Ph.D. thesis at Kyoto University. I would like
to thank Naotaka Kajino for his kind grammatical corrections to the introduction and technical comments.
In particular, Appendix A was motivated by his remark. I also thank my supervisor Takashi Kumagai for his
comments on the introduction.

Funding This work was supported by Japan Society for the Promotion of Science (JSPS) KAKENHI Grant
Number JP20J23120.

@ Springer



376 Kohei Sasaya

Declarations

Financial interests Kohei Sasaya was a paid fellow of Japan Society for the Promotion of Science. He was also
received travel support from Professor Takashi Kumagai from Kyoto University, Assistant Professor Xiaodan
Zhou from Okinawa Institute of Science and Technology Graduate University and Associate Professor Satoshi
Ishiwata from Yamagata University for his talks.

Non-financial interests : Kohei Sasaya was a Ph.D. student at Kyoto University. His supervisor was Professor
Takashi Kumagai until March 2022 and is Associate Professor Naotaka Kajino from April 2022. He usually
has seminars with Professors Naotaka Kajino and Jun Kigami, Doctor Ryosuke Shimizu, and Yuka Ota, a
student Professor of Kigami.

References

1. Barlow, M.T., Bass, R.F.: On the resistance of the Sierpiriski carpet. Proc. Roy. Soc. London Ser. A. 431,
345-360 (1990). https://doi.org/10.2140/gt.2005.9.219
2. Barlow, M.T., Chen, Z.-Q., Murugan, M.: Stability of EHI and regularity of MMD spaces. Preprint (2020).
https://doi.org/10.48550/arXiv.2008.05152. Accessed November 19, 2022
3. Barlow, M.T., Coulhon, T., Kumagai, T.: Characterization of sub-Gaussian heat kernel estimates on
strongly recurrent graphs. Comm. Pure Appl. Math. 58, 1642—1677 (2005). https://doi.org/10.1002/cpa.
20091
4. Barlow, M.T., Murugan, M.: Stability of the elliptic Harnack inequality. Ann. of Math. (2) 187, 777-823
(2018). https://doi.org/10.4007/annals.2018.187.3.4
5. Beurling, A., Ahlfors, L.: The boundary correspondence under quasi-conformal mappings. Acta Math.
96, 125-142 (1956). https://doi.org/10.1007/BF02392360
6. Bonk, M., Kleiner, B.: Conformal dimension and Gromov hyperbolic groups with 2-sphere boundary.
Geom. Topol. 9, 219-246 (2005). https://doi.org/10.2140/gt.2005.9.219
7. Bourdon, M., Pajot, H.: Cohomologie £ p etespaces de Besov. J. Reine Angew. Math. 558, 85-108 (2003).
https://doi.org/10.1515/crl1.2003.043
8. Carrasco Piaggio, M.: On the conformal gauge of a compact metric space. Ann. Sci. Ec. Norm. Supér.
46(4), 495-548 (2013). https://doi.org/10.24033/asens.2195
9. Croydon, D.A.: Scaling limits of stochastic processes associated with resistance forms. Ann. Inst. Henri
Poincaré Probab. Stat. 54, 1939-1968 (2018). https://doi.org/10.1214/17- AIHP861
10. Grigor’yan, A., Hu, J., Lau, K.-S.: Generalized capacity, Harnack in-equality and heat kernels of Dirichlet
forms on metric measure spaces. J. Math. Soc. Japan. 67, 1485-1549 (2015). https://doi.org/10.2969/jmsj/
06741485
11. Hambly, B.M.: Brownian motion on a random recursive Sierpinski gasket. Ann. Probab. 25, 1059-1102
(1997). https://doi.org/10.1214/a0p/ 1024404506
12. Heinonen, J.: Lectures on analysis on metric spaces. Springer-Verlag, New York (2001). https://doi.org/
10.1007/978-1-4613-0131-8
13. Hille, E., Phillips, R.S.: Functional analysis and semi-groups. rev. ed. American Mathematical Society,
Providence, R.I. (1957). https://doi.org/10.1090/coll/031
14. Kajino, N.: Introduction to Laplacians and heat equations on fractals (Japanese). Unpublished lec-
ture notes (2018). https://www.kurims.kyoto-u.ac.jp/~nkajino/lectures/2018/Fractal2018/Fractal2018_
Notes.pdf. Accessed November 19, 2022
15. Kajino, N., Murugan, M.: On the conformal walk dimension: quasisymmetric uniformization for sym-
metric diffusions. Invent. Math. 231, 263-405 (2023). https://doi.org/10.1007/s00222-022-01148-3
16. Kasue, A.: Convergence of metric graphs and energy forms. Rev. Mat. Iberoam. 26, 367—448 (2010).
https://doi.org/10.4171/RMI/605
17. Kelingos, J.A.: Boundary correspondence under quasiconformal mappings. Michigan Math. J. 13, 235—
249 (1966). https://doi.org/10.1307/mmj/ 1028999549
18. Kigami, J.: Harmonic calculus on limits of networks and its application to dendrites. J. Funct. Anal. 128,
48-86 (1995). https://doi.org/10.1006/jfan.1995.1023
19. Kigami, J.: Analysis on fractals. Cambridge Tracts in Mathematics, 143. Cambridge University Press,
Cambridge (2001). https://doi.org/10.1017/CB0O9780511470943
20. Kigami, J.: Resistance forms, quasisymmetric maps and heat kernel estimates. Mem. Amer. Math. Soc.
216, (2012). https://doi.org/10.1090/S0065-9266-2011-00632-5

@ Springer


https://doi.org/10.2140/gt.2005.9.219
https://doi.org/10.48550/arXiv.2008.05152
https://doi.org/10.1002/cpa.20091
https://doi.org/10.1002/cpa.20091
https://doi.org/10.4007/annals.2018.187.3.4
https://doi.org/10.1007/BF02392360
https://doi.org/10.2140/gt.2005.9.219
https://doi.org/10.1515/crll.2003.043
https://doi.org/10.24033/asens.2195
https://doi.org/10.1214/17-AIHP861
https://doi.org/10.2969/jmsj/06741485
https://doi.org/10.2969/jmsj/06741485
https://doi.org/10.1214/aop/1024404506
https://doi.org/10.1007/978-1-4613-0131-8
https://doi.org/10.1007/978-1-4613-0131-8
https://doi.org/10.1090/coll/031
https://www.kurims.kyoto-u.ac.jp/~nkajino/lectures/2018/Fractal2018/Fractal2018_Notes.pdf
https://www.kurims.kyoto-u.ac.jp/~nkajino/lectures/2018/Fractal2018/Fractal2018_Notes.pdf
https://doi.org/10.1007/s00222-022-01148-3
https://doi.org/10.4171/RMI/605
https://doi.org/10.1307/mmj/1028999549
https://doi.org/10.1006/jfan.1995.1023
https://doi.org/10.1017/CBO9780511470943
https://doi.org/10.1090/S0065-9266-2011-00632-5

Some inequalities between Ahlfors... 377

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Kigami, J.: Geometry and analysis of metric spaces via weighted partitions. Springer, Cham, (2020).
https://doi.org/10.1007/978-3-030-54154-5

Kigami, J.: Conductive homogeneity of compact metric spaces and construction of p-energy. Mem. Eur.
Math. Soc. 5 (2023). https://doi.org/10.4171/mems/5. Accessed November 19, 2022

Mackay, J.M., Tyson, J.T.: Conformal dimension. Theory and application. American Mathematical Soci-
ety, Providence, R.I. (2010). https://doi.org/10.1090/ulect/054

Murugan, M.: Quasisymmetric uniformization and heat kernel estimates. Trans. Amer. Math. Soc. 372,
4177-4209 (2019). https://doi.org/10.1090/tran/7713

Paulin, F.: Un groupe hyperbolique est déterminé par son bord. J. London Math. Soc. (2)54, 50-74 (1996).
https://doi.org/10.1112/jlms/54.1.50

Sasaya, K.: Ahlfors regular conformal dimension of metrics on infinite graphs and spectral dimension of
the associated random walks. J. Fractal Geom. 9, 89—128 (2022). https://doi.org/10.4171/JFG/113
Sasaya, K.: Some relation between spectral dimension and Ahlfors regular conformal dimension on infinite
graphs. Preprint (2021). https://doi.org/10.48550/arXiv.2109.00851. Accessed November 19, 2022
Sasaya, K.: Systems of dyadic cubes of complete, doubling, uniformly perfect metric spaces without
detours. Colloq. Math. 172(1), 49-64 (2023). https://doi.org/10.4064/cm8702-7-2022

Semmes, S.: Good metric spaces without good parameterizations. Rev. Mat. Iberoamericana 12, 187-275
(1996). https://doi.org/10.4171/RMI/198

Shimizu, R.: Construction of p-energy and associated energy measures on the Sierpinski carpet. Preprint
(2021). https://doi.org/10.48550/arXiv.2110.13902. Accessed November 19, 2022

Tukia, P., Viisild, J.: Quasisymmetric embeddings of metric spaces. Ann. Acad. Sci. Fenn. Ser. A I Math.
5, 97-114 (1980). https://doi.org/10.5186/aasfm.1980.0531

Tyson, J.T.: Sets of minimal Hausdorff dimension for quasiconformal maps. Proc. Amer. Math. Soc. 128,
3361-3367 (2000). https://doi.org/10.1090/S0002-9939-00-05433-2

Tyson, J.T., Wu, J.-M.: Quasiconformal dimensions of self-similar fractals. Rev. Mat. Iberoam. 22, 205—
258 (2006). https://doi.org/10.4171/RMI/454

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

@ Springer


https://doi.org/10.1007/978-3-030-54154-5
https://doi.org/10.4171/mems/5
https://doi.org/10.1090/ulect/054
https://doi.org/10.1090/tran/7713
https://doi.org/10.1112/jlms/54.1.50
https://doi.org/10.4171/JFG/113
https://doi.org/10.48550/arXiv.2109.00851
https://doi.org/10.4064/cm8702-7-2022
https://doi.org/10.4171/RMI/198
https://doi.org/10.48550/arXiv.2110.13902
https://doi.org/10.5186/aasfm.1980.0531
https://doi.org/10.1090/S0002-9939-00-05433-2
https://doi.org/10.4171/RMI/454

	Some Inequalities Between Ahlfors Regular Conformal Dimension And Spectral Dimensions For Resistance Forms
	Abstract
	1 Introduction and main results
	1.1 Notation

	2 Resistance Forms
	3 Partition Satisfying Basic Framework
	4 Proof Of Main Results
	5 Example with ds((mu),E(mu),D(mu))<dimARC(X,R)<2
	A Equivalence of local properties
	Acknowledgements
	References


