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Abstract

On the one hand, we investigate the existence and pathwise uniqueness of a nonnegative mar-
tingale solution to the stochastic evolution system of nonlinear advection-diffusion equations
proposed by Klausmeier with Gaussian multiplicative noise. On the other hand, we present
and verify a general stochastic version of the Schauder-Tychonoff fixed point theorem, as
its application is an essential step for showing existence of the solution to the stochastic
Klausmeier system. The analysis of the system is based both on variational and semigroup
techniques. We also discuss additional regularity properties of the solution.
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1 Introduction

Pattern formation at the ecosystem level has recently gained a lot of attention in spatial ecology
and its mathematical modeling. Theoretical models are a widely used tool for studying
e.g. banded vegetation patterns. One important model is the system of advection-diffusion
equations proposed by Klausmeier [41]. This model for vegetation dynamics in semi-deserted
areas is based on the “water redistribution hypothesis”, using the idea that rain water in dry
regions is eventually infiltrated into the ground. Water falling down onto bare ground mostly
runs off downhill toward the next patch of vegetation which provides a better infiltration
capacity. The soil in such regions of the world as Australia, Africa, and Southwestern North
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America is prone to nonlocality of water uptake due to the semi-arid environment. Studies of
the properties of the system and further developments can be found in e.g. [40, 61-64, 71].

The Klausmeier system is a generalization of the so-called Gray-Scott system [31] (see
also [60, 65] for earlier accounts employing similar models) which already exhibits effects
similar to Turing patterns [20, 23, 50, 70], see for instance the discussion in [72]. We refer
to [45, 52, 53] for further reading on pattern formation in biology. A discussion of reaction-
diffusion type equations with motivation from biology can be found in [56].

The underlying mathematics of this model is given by a pair of solutions (u, v) to a
partial differential equation system coupled by a nonlinearity. The function u represents the
surface water content and v represents the biomass density of the plants. In order to model the
spread of water on a terrain without a specific preference for the direction in which the water
flows, the original models were extended by replacing the diffusion operator by a nonlinear
porous media operator, which represents the situation that the ground is partially filled by
interconnected pores conveying fluid under an applied pressure gradient.

To this end, let © c R? be a bounded domain, d = 1,2, 3, having Cz-boundary or
O = [0, 1]¢. Consider the following problem

{ i) = ry A"V @) — xu) V2@ +k — fu@), t>0, u(0)=uo, (L

(1) = ryAv(t) 4 u(t) vi(@r) — gu(), t>0, v(0)=v,

with Neumann (or periodic when O is a rectangular domain) boundary conditions and initial
conditions u(0) = ug and v(0) = vg. Here, zI"1 := |77~ 1z, y > 1, z € R, and further, r,,,
rv, X, k, f and g denote positive constants.

The deterministic or macroscopic model is derived from the limiting behavior of inter-
acting diffusions — the so-called microscopic model, see [43]. When applying the strong
law of large numbers and passing from the microscopic to the macroscopic equation, one is
neglecting the random fluctuations. In order to get a more realistic model, it is necessary to
add noise, which represents the randomness of the natural environment or the fluctuation of
parameters in the model. The introduction to stochasticity to ecological models is supported
by the arguments of [33]. Due to the Wong-Zakai principle, this leads to the representation
of the noise as a Gaussian stochastic perturbation with Stratonovich increment, see [27, Sec-
tion 3.4] and [49, 78]. One important consequence is the preservation of energy in the noisy
system.

In practice, we are investigating the system (1.1) driven by a multiplicative infinite dimen-
sional Wiener process. Under suitable regularity assumptions on the initial data (u¢, vo), on
y and on the perturbation by noise which we shall specify later, we find that there exists a
nonnegative (martingale) solution to the system Eq. 1.2 in dimensions d = 1, 2, 3, see our
main result Theorem 3.6. More precisely, we prove existence of nonnegative solutions to the
noisy systems Eq. 3.6—(3.7) (It6 noise), Eq. 3.1—(3.2) (Stratonovich noise) respectively. For
d = 1, we show that the solution to Eq. 3.6—(3.7) is pathwise unique and that there exists
a strong solution in the stochastic sense. Thus, we are actually considering the following
system for y > 1

{ () = ry Aul1(e) — xu() v2(@) + u@) B1(2), >0, u(0)=uo, (12)

V(1) = ryAv(t) + u(@) v2@) + v(®) Ear), t >0, v(0) = vp.

Here, E1 and E, denote independent random Gaussian noises specified to be certain Banach
space valued linear Stratonovich Wiener noises later on. Similar stochastic equations with
Lévy noise have been studied e.g. in [7, 18]. We note that due to the coupling and the
nonlinearity, the solutions are not expected to be stochastically independent.
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The stochastic Klausmeier system... 187

Nonlinear diffusion systems perturbed by noise exhibit certain improved well-posedness
and regularity properties when compared to their deterministic counterparts, see, among
others, [4, 15, 27]. Another feature of linear multiplicative noise is that it preserves the non-
negativity of the initial condition [1, 68]. Some applications may demand more complicated
noises with nonlinear structure or coupling, however, we choose a linear dependence on the
noise as a first step toward more general models.

The challenging problem in the system given by Eq. 1.1, respective the noisy system
Eq. 1.2, is the nonlinearity appearing once with a negative sign and once with a positive
sign. Choosing different speeds of diffusion seems rather natural, as it well known that
the characteristic pattern formation may not take place if r, = r,, cf. [36]. The stochastic
perturbation, however, does not restrict pattern formation [12, 79], noting that our choice of
noise exhibits rather small intensity and damped high frequency modes. On the other hand,
the nonlinearity is not of variational structure, such that energy methods are not available
for the analysis, and neither the maximum principle nor Gronwall type arguments work.
More direct deterministic (pathwise) methods may also fail in general as the equation for v
is non-monotone.

Another difficulty is posed by the nonlinear porous media diffusion operator in the equation
for u. Typically, it is studied with the help of variational monotonicity methods, see e.g. [2,
48]. To the nonlinear diffusion, neither semigroup methods nor Galerkin approximation can
be applied directly without greater effort. Other approaches are given for instance in [26, 29,
55, 74], to mention a few.

Our motivation to prove a probabilistic Schauder-Tychonoff type fixed point theorem orig-
inates from the aim to show existence of a solution to the stochastic counterpart Eq. 1.2 of
the system Eq. 1.1. Our result is for instance also applied in [34, 35]. As standard methods
for showing existence and uniqueness of solutions to stochastic partial differential equa-
tions cannot be applied directly, we perform a fixed point iteration using a mix of so-called
variational and semigroup methods with nonlinear perturbation. Here, a precise analysis of
regularity properties of nonnegative solutions to regularized and localized subsystems with
truncated nonlinearities needs to be conducted. Together with the continuous dependence of
each subsystem on the other one, we obtain the fixed point, locally in time, by weak com-
pactness and an appropriate choice of energy spaces. The result is completed by a stopping
time gluing argument.

Apart from the probabilistic structure, the main novelty is that we construct the fixed point
in the nonlinearity and not in the noise coefficient. This works well because our system is
coupled precisely in the nonlinearity. The main task consists then in the analysis of regularity
and invariance properties of a regularized system with “frozen” nonlinearity (not being fully
linearized, however, as the porous media operator remains).

It may be possible to apply this method in the future to other nonlinear systems, as
for example, systems with nonlinear convection-terms as systems with transport or Navier-
Stokes type systems. It is certainly possible to apply the method to linear cross diffusion
systems. See [19] for a recent work proving existence of martingale solutions to stochastic
cross diffusion systems, however, their approach relies on other methods that do not cover
the porous media case. See [51] for a previous work using the classical Schauder theorem
for stochastic evolution equations with fractional Gaussian noise.

Given higher regularity of the initial data, we also show the pathwise uniqueness of the
solution to Eq. 1.2 for spatial dimension d = 1. As a consequence of the celebrated result by
Yamada and Watanabe [75, 80], we obtain existence and uniqueness of a strong solution, see
Corollary 3.12. We refer to [10, 13, 14, 59] for previous works that employ a similar strategy
for proving the existence of a unique strong solution.

@ Springer



188 E. Hausenblas et al.

Structure of the Paper

The stochastic Schauder-Tychonoff type Theorem 2.1 is presented in Section 2. In the sub-
sequent section, i.e. Section 3, we apply this fixed point theorem to show the existence of
a martingale solution to the stochastic counterpart Eq. 1.2 of the system Eq. 1.1. Section 3
contains our main result Theorem 3.6. Section 4 is devoted to the proof of Theorem 2.1. In
Section 5, we prove several technical propositions that are need for the main result in Section
3. Section 6 contains the proof of pathwise uniqueness, that is, Theorem 3.10. Some auxiliary
results are collected in Appendices A, B and C.

2 The Stochastic Schauder-Tychonoff Type Theorem

Let us fix some notation. Let U be a Banach space. Let O C R4 be an open domain, d > 1.
Let X C {n:[0,T] — E C D'(®)} be a Banach function space!, let X' c { : [0, T] —
E C D'(O)} be a reflexive Banach function space embedded compactly and densely into
X. In both cases, the trajectories take values in a Banach function space E over the spatial
domain O, where we assume that E has the UMD property, see [73]. Let % = (2, F, F, P)
be a filtered probability space with filtration ' = (F;);¢(0, 7] satisfying the usual conditions.
Let H be a separable Hilbert space and (W (¢));¢[0,7] be a Wiener process2 in H with a linear,
nonnegative definite, symmetric trace class covariance operator Q : H — H such that W
has the representation
W)=Y 0 i, 10Tl
iel
where {y; : i € I} is a complete orthonormal system in H, I a suitably chosen countable
index set, and {; : i € I} afamily of independent real-valued standard Brownian motions on
[0, T] modeled in A = (2, F, F, P). Due to [16, Proposition 4.7, p. 85], this representation
does not pose a restriction.
For m > 1, define the collection of processes

" (X) :={g . Qx[0,T]— E :
2.1
& is F-progressively measurable and E|§ | < oo}

equipped with the semi-norm
& lam x) = EIEDY™, & € MyX).

For fixed A, W,m > 1, we define the operator V = Vy( w : M’Q"((X) xL"™(Q2, Fo,P; E) —
o (X) for & € MY (X) via
V() ==V, wo) == w,

where w is the solution to the following It stochastic partial differential equation (SPDE)
dw(t) =(Aw(@) + F&, 1) dt + Z(w(®)dW(t), w(0)=wye€ E. (2.2)

For convenience, we drop the dependence on the initial datum wq in the notation V(§).
Here, we implicitly assume that Eq. 2.2 is well-posed and a unique strong solution (in the

! Here, D' (©) denotes the space of Schwartz distributions on O, that is, the topological dual space of smooth
functions with compact support D(O) = C 6’0 (0).

2 That is, a Q-Wiener process, see e.g. [16] for this notion.
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stochastic sense) w € Mgy (X) exists for & € M (X). Here, we shall also assume that
A : D(A) C E — E is apossibly nonlinear and measurable (single-valued) operator and
F : X x [0, T] — E a(strongly) measurable map such that

T
P(/O (1Aw()|g +FE, 5)|p) ds < OO> =1,

and assume that ¥ : E — y (H, E) is strongly measurable. Here, y (H, E) denotes the space
of y-radonifying operators from H to E, as defined in the beginning of Section 5, which
coincides with the space of Hilbert-Schmidt operators Lys(H, E) if E is a separable Hilbert
space.

We are ready to formulate our main tool for proving the existence of nonnegative martin-
gale solutions to (1.2), that is, a stochastic variant of the (deterministic) Schauder-Tychonoff
fixed point theorem(s) from [30, § 6-7].

Theorem 2.1 Let H be a Hilbert space, Q : H — H such that Q is linear, symmetric,
nonnegative definite and of trace class, let U be a Banach space, and let us assume that we
have a compact and dense embedding X' — X as above. Let m > 1. Suppose that for any
filtered probability space A = (2, F, F, P) and for any Q-Wiener process W with values in
H that is modeled on 2 the following holds.

Suppose that there exist constants Ry, ..., Rk > 0, K € N, continuous functions \V; :
X — [0,00), 1 <i < K, measurable functions 0; : X — [0, 00], | <i < K with closed
sublevel sets @;1([0, al), « >0, 1 <i < K, and a nonempty, sequentially weak*-closed,
measurable and bounded subset® X, Ri.s Rx (O of MG (X) such that:

.....

(a) E[W;(§)] < R;, for every & € Xp,
(b) P({®;(§) < 00, & € Ay,

..... rx Q) and every 1 <i <K,
rRe @O = 1, forevery1 <i < K.

Ry Q) satisfies

.....

the following properties:

(i) the operator Vg w is well-definedon X, .. r, () forallchoicesof R; > 0,1 <i < K,
(ii) there exist constants R? >0,1<i < K such that

Vat,w (XR,,...Rx () C XRy,..Rx QD)

forall R; > R? and all 1 <i < K,

(iii) for all choices of R; > 0, 1 < i < K, the restriction vaW|XR is uniformly
1

continuous on bounded subsets w.r.t. the strong topology of Mgy (X),
(iv) there exist constants R > 0, my > m such that

E[Va,w®@I5'] <R forevery &€ Xg,,.. re @),

forall R; > 0andalll <i < K.

(v) forall R > 0andall1 <i < K, Vo w(Xg,,..rx QD)) CD(0, T]; U) P-a.s.>

.....

3 Here, the notation X () means that Law (&) = Law () on X for§ € X () and & € Mg’l impliesg € X(ﬁl).

4 Note that we can relax assumption (iv) tomg > 1 if we assume additionally that there exist constants R > 0,
my

my > m such that [|VQLW(§)|X ] < Rforevery & € X, gy (@) forall R; > Oandall 1 <i < K.

5 Here, D([0, T']; U) denotes the Skorokhod space of cadlag paths in U endowed with the Skorokhod J;-
topolgy, see [Appendix A2].
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Then, there exists a filtered probability space A* = (Q*, F*, F* P*) (that satisfies the
usual conditions) together with a Q-Wiener process W* modeled on 2A* and an element
w* € M. (X) such that for all t € [0, T], P*-a.s.

Vo we (W™, wo) (1) = w* (1)

or any initial datum wo € , Fo, P, E), where w} € , FEP*; E) satisfies
initial d L"™(Q, Fo, P, E), wh o € L™(Q*, Fy,P*; E) sati
Law(w() = Law(wo).

The proof of Theorem 2.1 is postponed to Section 4. We note that by construction, we get
that w* solves

dw*(t) = (Aw*(1) + F(w*, 1)) di + S(w* @) dW*(1), w*(0) = wo.

on 2A*.

3 Existence of A Solution To The Stochastic Klausmeier System

In this section, we shall prove the existence of a nonnegative solution to the stochastic
Klausmeier system. First, we will introduce some notation and the definition of a (martingale)
solution. After fixing the function spaces and the main hypotheses on the parameters of those,
we present our main result Theorem 3.6. The following proof consists mainly of a verification
of the conditions for Theorem 2.1 and a stopping time localization procedure. As pointed out
before, we are using compactness arguments to show the existence, which leads to the loss
of the initial stochastic basis.

Let H; and H; be a pair of separable Hilbert spaces, let 2l = (2, F, F, P) be a filtered
probability space and let Wy, W be a pair of independent Wiener process modeled on 2 taking
values in Hy and H», respectively, with covariance operators Q1 and Q», respectively. We are
interested in the solution to the following reduced Klausmeier system for x € O and ¢ > 0,

du(t, x) = (ry Au (1, x) — xu(t, x) v (¢, x)) dt + ou(t, x) o dW(z, x), (3.1)

and,
du(t, x) = (ryAv(t, x) + u(t, x) vz(t, x))dt + opv(t,x) odWs(t, x), 3.2)

with Neumann (or periodic if @ = [0, 1]%) boundary conditions and initial conditions
u(0) = up and v(0) = wvg. Let r,, 1y, x > 0 be positive constants. Here, we use the
abbreviation x[) := |x|¥~!x for y > 1. The hypotheses on the linear noise coefficient maps
o1, op are specified below.

Due to the nonlinear porous media term, we do neither use solutions in the strong stochastic
sense, nor mild solutions, that is, solutions in the sense of stochastic convolutions. Let us
define what we mean with a solution on a fixed stochastic basis. The function spaces H, ! (0)
and Hj (O) used in the following definition are discussed in Appendix B.

Definition 3.1 A couple (u, v) of stochastic processes on 2 is called solution to the system
Eq. 3.1-(3.2) for initial data (u, vo) if there exists p € R such that

ue L2(Q C(0, T Hy '(O)) NLYTHQ x (0, T) x 0)
and |

v e LX(Q; C([0, T1; HY (0)) N LA x (0, T); HY™(0))

such that # and v are F = (F;)¢[0,77-adapted, and satisfy
t

t
u(t) :u0+/ (ruAu[V](s)—Xu(s)vz(s))ds—i—/ oru(s) o dW(s) (3.3)
0 0
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The stochastic Klausmeier system... 191

for every t € [0, T], P-a.s. in Hz_1 (0), and
t

t
v(t) = vo + / (ryAv(s) + u(s)vz(s)) ds + / orv(s) o dWs(s) 3.4
0 0
for every t € [0, T1, P-a.s. in Hj (O).

Here, V := LYT1(0) is dualized in a Gelfand triple over H := 2_1 (O) which, in turn, is
identified with its own dual by the Riesz isometry. Thus V* is not to be mistaken to be equal

to be the usual Banach space dual of V, namely LVTH (0), see the proof of Theorem 5.4
for details. Note that the above ds-integral for u in Eq. 3.3 is initially a V*-valued Bochner
integral, however seen to be in fact H, ! (0)-valued, see the discussion in [48, Section 4.2]
for further details.

As mentioned before, due to the loss of the original probability space, we are considering
solutions in the weak probabilistic sense.

Definition 3.2 A martingale solution to the problem (3.1)—(3.2) for initial data (ug, vo) is a

system
(@, F.F.P, (Wi, W2), (u, v)) (3.5)

such that

1. the quadruple A := (2, F, IF, P) is a complete filtered probability space with a filtration
F = (F1)teq0, 1] satistying the usual conditions,

2. Wi and W, are independent H{-valued, respectively, H»-valued Wiener processes over
the probability space 2 with covariance operators Q1 and Q», respectively,

3. bothu :[0,T] x Q — Hz_l(O) andv :[0,T] x 2 — Hzp (O) are F-adapted processes
such that the couple (u, v) isasolution to the system Eq. 3.1 and Eq. 3.2 over the probability
space 2 in the sense of Definition 3.1 for some p € R.

Remark 3.3 For our purposes, instead of the Stratonovich formulation the system Eq. 3.1-
(3.2), it is convenient to consider the equations in It6 form:

du(t, x) = (ry Au (1, x) — xu(t, x) v (¢, x)) dt + oru(t, x) dW(z, x), (3.6)

and,
dv(t, x) = (ryAv(t, x) + u(t, x) vz(t, x))dt + opv(t, x) dWr(t, x), 3.7

with initial data u(0) = ug and v(0) = vg. One reason for this is that the stochastic inte-
gral then becomes a local martingale. In order to show the existence of a solution to the
Stratonovich system, one would have to incorporate the Itd-Stratonovich conversion term
(cf. [25]), which, due to the linear multiplicative noise, is a linear term being just a scalar
multiple of u, v, respectively. If one is interested in the exact form of the correction term, we
refer to [21]. We also refer to the discussion in [36], where the constant accounting for the
correction term is computed explicitly.

From now on, we shall consider the system Eq. 3.1-(3.2) in It6 form, that is, as in Eq.
3.6—(3.7). Definitions 3.1 and 3.2 are supposed to be adjusted in the obvious way, keeping
the statement on the regularity of the solution unchanged. We note that we can solve Eq.
3.1—(3.2) by a straightforward modification of the proof given here.

Before presenting our main result, we will first introduce the hypotheses on d, y, p and
the initial conditions uo and vp, and on the multiplication operators o1, 2. Most of the
hypotheses are technical in nature, as they lead to several different embeddings for function
spaces and interpolation spaces that we need to use in our proofs.
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192 E. Hausenblas et al.

Hypothesis 3.4 [Existence] Letd € {1,2,3}.Lety > 1, p € R,and m > 2, mg > w
such that
d 2 d d
oS-t
2 m no 2
and p* > 2 and p > 2 such that
1 2 2 1 y
—+—<1 and —+—F < ——.
p* m my  py v+l
Let
[>1+1|1 d -
- _ = _
> p
Let us assume that the initial conditions u¢, vg are Fy measurable and satisfy
1
Eluol'» v Eluol’%, v Eluol}!, < o, and Elvolp v Elvolyls, < oo, 8o <.

and that uq and vg are a.e. nonnegative functions (nonnegative Borel measures that are finite
on compact subsets, respectively).

Hypothesis 3.5 [Noise] Let {1/ : k € Z} be the eigenfunctions of —A and {v : k € Z} the
corresponding eigenvalues. Let W; and W5 be a pair of Wiener processes given by
wit.x) =Y 1w, 1el0.T]. j=12 xeo,
keZ
where {A(j ) k € Z}, j = 1,2, is a pair of nonnegative sequences belonging to £>(Z),
{,3(]) [0,T]x2 — R : (k, j) € Zx{1,2}}isafamily of independent standardreal valued

Brownian motions. We assume that )L,((" < Cjlvl™ i »J =1,2, where §; > 5 Vv (‘21 %),

82>%\/(%—%),andcl >0,Cr > 0.

Compare also with Subsection 5.1 for details.
Under these hypotheses, the existence of a martingale solution can be shown.

Theorem 3.6 Assume that Hypotheses 3.4-3.5 hold. Then there exists a martingale solution
to system Eq. 3.6—(3.7) satisfying the following properties

(i) u(t,x) > 0andv(t, x) > 0 P-a.s., fora.e.t € [0, T] and a.e. x € O,
(ii) Let p > 1 and ]EIM()ILPJrl < 00. Then there exists a constant Co(p, T) > 0 such that

T
E[ sup |u(s>|L,,+1}+yp(p+1>rulEf /|u(s,x)|f’”*2|w<s,x)|2dxds
0 O

0<s<T

T
+(p+ 1)X]E/0 fo (s, )P (s, x)[2 dx ds < Co(p, T) (E|uo|fjjl + 1).

(iii) for any choice of parameters p, mo, | as in Hypothesis 3.4, there exists a constant
Co(T) > 0 such that

T mo/2
E[sup " ]HE(/ |v<s)|2,,+]ds)
0<s<T 0 H

<Co(T) (1 +Eluoly + Eluol} ).
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We shall also collect a standard notion on uniqueness.

Definition 3.7 The system Eq. 3.6—(3.7) is called pathwise unique if, whenever (u;, v;), i =
1,2 are martingale solutions to the system Eq. 3.6—3.7) on a common stochastic basis
(2, F,F, P, (W, W), such that P(u1(0) = uz(0)) = 1 and P(v;(0) = v2(0)) = 1, then

P(ui(t) =u(®)) =1 and Pi(t) = vy(t)) =1, foreveryt € [0, T].

The theorem of Yamada and Watanabe [80] asserts that (weak) existence and pathwise
uniqueness of the solution to a stochastic equation is equivalent to the existence of a unique
strong solution. Therefore, showing pathwise uniqueness is a fundamental step for obtaining
the existence of a unique strong solution. Under certain additional conditions, as collected
below, we are able to prove pathwise uniqueness.

Hypothesis 3.8 [Uniqueness] Let 8y € (0, %), and p > % — %

Remark 3.9 The condition §9 > 0 implies that the Hypothesis 3.8 can only be satisfied if
d=1.

Theorem3.10 Let T > 0 and let A = (2, F, (Fi)ie0.1]. P) a probability space satis-
fying the usual conditions, let (Wi, W) be a Wiener process over 2 on H and H, and
satisfying Hypothesis 3.5. Let initial data uy € Hz_l((’)) and vy € L*(O) together with
the parameters m, mo, p*, pg, 1, 8o and p satisfying Hypothesis 3.4 and Hypothesis 3.8,
where O C R. Assume further that Hypothesis 3.5 holds. Let (uj, v;i), i = 1,2, be two
solutions to the system Eq. 3.6—(3.7) with initial data (ug, vo) and belonging P-a.s. to
c(o,1]; Hz_l (0)) x C([0,TT; H{‘SO (0)). Then, the processes (u1, vi1) and (uz, v2) are
indistinguishable in Hy '(O) x Hy (0.

Remark 3.11 Tt can be shown that for dimension d = 1 such indices m*, mg, p*, pg, [, 80
and p satisfying Hypothesis 3.4 and Hypothesis 3.8 can be found. Because of our condition
o > % — % we cannot handle dimensions d € {2, 3} as Hypothesis 3.4 then implies that
p < 0.

Proof The proof is postponed to Section 6. O

By this Theorem at hand, the following corollary is a consequence of the Theorem of
Yamada-Watanabe.

Corollary 3.12 There exists a unique strong solution (in the stochastic sense) to the system
Egq. 3.6—(3.7).

Proof This follows from Theorem 3.6 in combination with Theorem 3.10 and the Yamada-
Watanabe theorem, see Appendix E weiroeckner and [44, 54, 57]. O

The proof of Theorem 3.6 is an application of the Schauder-Tychonoff-type Theorem 2.1
and consists of the following five steps to verify the conditions of Theorem 2.1.

In the first step, we are specifying the underlying Banach spaces. In the second step, we
shall construct the operator V for a truncated system and show that the operator V satisfies
the assumptions of Theorem 2.1. In the third step, we localize via stopping times and glue the
fixed point solutions together, which exist by Theorem 2.1. In the fourth step, we prove that
the stopping times are uniformly bounded. In the fifth step, we show that we indeed yield a
martingale solution satisfying the above properties. However, to keep the proof itself simple,
we will postpone several technical a priori estimates and further regularity results which are
collected in Section 5.
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Proof of Theorem 3.6 Step (I). The underlying space(s). Here we define the spaces on which
the operator V will act. Let the probability space 2 = (2, F, I, P) be given and let W; and
W5 be two independent H; and H»-valued Wiener processes defined over 2 with covariances
Q1 and Q;. Let W = (W1, W»), H = Hy x H;, with covariance operator

_ (091 0
Q_<0 Qz)'

Y = L0, T; LY TH(0) N L>(0, T; Hy ' (0))

Let us define the Banach space

equipped with the norm
Il = 0l o,y + Wl oo oy 1€ Ys
and the reflexive Banach space
Z .= L"(0,T; L™(0)),

equipped with the norm
€Nz :== Nl Lmo0,7;1m), & € Z.

Finally, let us fix an auxiliary Banach space H, := L*(0, T; Hzp'H (O)NL>®(,T; HZP(O))
equipped with the norm

€0, = 181 20 7.t + N6l Looremgy & € Hyp. (3.8)
Remark 3.13 If

d 2 d

——p=—+—,

2 m  mo

then one can show by Sobolev embedding and interpolation theorems (see Proposition A.6
in the appendix) that there exists a constant C > 0 such that

1§z < Cll§llm,, & € Hp.

Let us fix the compactly embedded reflexive Banach subspace of Z by®
Z = L"0,T; H3(0)) N Wy, 0, T; Hnj‘s(O))

equipped with the norm

1/mo
.— mo mo
1€l = (nsuLmo@,T;Hg) €N o H,;%) ,

compare with Appendix B, where the compact embedding Z' <> 7 is discussed. The param-
eterso > 0, o € (0, 1), § > 0 are specified in Proposition 5.9.
Now, denote the space of progressively measurable (pairs of) processes M%imo (Y, Z) by

Mé’lmo(Y, Z) :={(n, £): n,€E:[0,T] x Q = D'(O) such that
n and £ are progressively measurable on 2 and

Ellnll} < oc and EJig|3° < oo

6 For the definition of we o0r e refer to Appendix B.
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equipped with the norm

1 L
101 Ol 2oy 5, = (EIIT)* + (BIENZ) ™, 01,8) € MZ™ (Y, D). (3.9)

Note that here, progressive measurability is meant relative to the Borel o-fields of the target
spaces H, 1((9) and H; (O) respectively.
Finally, for fixed Rg, Ry, Ry > 0, let us define the subspace Xy = Xy (Ro, R1, R2) by

Xot(Ro, R1, Ro)

:{(n, £) e MF"(Y,Z) :

"
E| sup |77(S)| < Ro, E|§]I° < Ry, Ellfllm" < R, and
0<s<T

n and £ are nonnegative P ® Leb-a.e. in D' (0) }

It is easy to verify that Xy is a sequentially weak*-closed and bounded subset of
M%mo (Y, Z). The continuous functions ¥;, i = 0, 1, 2, satisfying assumption (a) of Theo-
rem 2.1 can be defined in the obvious way. Also, it is easy to find measurable functions ®;,
i =0, 1,2, with closed sublevel sets such that assumption (b) of Theorem 2.1 is satisfied,
and can be used to capture the nonnegativity by setting e.g. ®;((n, £)) := oo if n or £ is
negative, i =0, 1, 2.

Every (n,&) € Xy is a pair of a (equivalence class of a) nonnegative function (or a
nonnegative Borel measure that is finite on compact subsets of O).

Remark 3.14 Note that in order to apply Theorem 2.1 formally, we will assume the obvious
modification (or extension) of its statement and proof, such that we can treat pairs of spaces
with different exponents like /\/léimo (Y, Z).

Step (II). The truncated system.
Let ¢ € D(R) be a smooth cutoff function that satisfies

=0, if |x| > 2,
dpx){el0,1], ifl < x| <2,
=1, if x| < 1,

and let ¢ (x) := ¢ (x/k), x € R, k € N. In addition, for any progressively measurable pair
of processes (1, &) € Mgimo (Y, Z) let us define for ¢ € [0, T']

hOn.§.0) = sup n(s)[7,_ .+f NI ds + 18101,

0<s<t

where v € (0, 1] is chosen such that wt W_"i_‘i <land + e =1

Let us consider the truncated system glven by

{ dug() = [ruld e = X (Mg, v, DNue (D] dt + o1ue (AW (1),

u, (0) = uo,
(3.10)
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and

{dvk(t) = [rl)AUK(t) + i (R (U, v, t))uk(t)v,%(t)] dt + o2, (1)d W2 (2). Gl

v (0) = vg.
We shall show the existence of a martingale solution to system Eq. 3.10—(3.11).

Proposition 3.15 For any k € N, there exists constants Ry > 0, Ry > 0, Ry > 0, depending
on k, such that there exists a martingale solution (u,, vy) to system Eq. 3.10—(3.11) contained
in Xy (Ro, Ri, Ry) € Mg" (Y, Z).

Proof of Proposition 3.15 The proof consists of several steps. First, we shall define an operator
denoted by V, which satisfies the assumptions of Theorem 2.1, yielding the existence of a
martingale solution.

Step (a). Definition of the operator V.
First, define

Vi i= Ve : X»(Ro, R1, R2) C M;{mo(Y, Z) — Méimo(Ys Z)

by
Vk(ns S) = (I/t,(, vl()v for (777 E) € XQ[(ROs Rls RZ)

where u, is a solution to

{duk(t) = [re A G )Y = X (h(n, £, 1)) ue (1) E2(1)] di + o1, (1) AW (1),
(3.12)
u (0) = uo,
and v, is a solution to
{dvx(z) = [roAve(®) + ¢ (h (1.5, 1)) (1) £2(D)] dt + 20 (1) AW (1),
(3.13)
v (0) = vg.

The operator V, is well-defined for (1, £) € Xy (Ro, R1, R2). In fact, by Theorem 5.4 and
Proposition 5.5, given such a pair of processes (7, £), the existence of a nonnegative unique
solution u, to Eq. 3.12 for nonnegative initial data uo with

Ellug 13 <Ci(k, T) (3.14)

follows. By Proposition 5.7 and Proposition 5.8, the existence of a unique solution v, to Eq.
3.13 with
Eflve IIE”HE < JEIUOI";,} + C(x, T)Ro,

follows.
Step (b). The V,-invariant set X.
Let

Co(T) (Eluol}5 +1) = Ro,

where the constant Co(y, T) is as in Eq. 5.6. Then, due to Proposition 5.6, we know that

IE|: sup |u,((s)|i?,*j| vIE|: sup |u,((s)|z:r+ll:| < Ryo.

0<s<T 0<s<T
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Furthermore, by Proposition 5.7, the existence of a unique solution to Eq. 3.13 such that
Ellve g SEIUOIZ;L + RoCa(x, T) (3.15)

follows.
Let Ry := ]E|v0|r13‘}, + RoCa(k, T). Finally, by Proposition 5.9 we can show that for
2
R, = C(T) {Elvol'g{éo +C (/c)} (here the constants are given by Proposition 5.9)
Ellvell7® <Ri. (3.16)

Then, V, maps Xy (Ro, R1, Rz) into itself. Hence, assumption (i) of Theorem 2.1 is
satisfied.

Step (c). Continuity of V, on X.

Next we show that assumption (ii) of Theorem 2.1 is satisfied. We need to show that
the restriction of the operator V, to Xy (Ro, R, R2) is continuous in the strong topology
of Mé{mo (Y, Z). Let {(n"™, ™) : n e N} C Xy(Ro, R1, R>) be a sequence converging
strongly to (1, &) in Méimo (Y, Z).

Firstly, due to Proposition 5.12 and Remark 3.13, we know that the sequence{u,((") :n €N}

where 1 solves

du 1) = [ra AP O = 19 hn™, £, 0)u 1) ¢ 1)? | di
+orul” (1) dW (1), (3.17)
u,((n)(O) = ug.

converges in Mé’tmo (Y, Z) to u, which solves Eq. 3.12.

Secondly, due to Proposition 5.11 and keeping Remark 3.13 in mind, it follows that the
sequence {v\"” : n € N}, where v\ solves

(1) = [re Ao ) + g (™ £, 0) 0™ (1) 6™ (0))?]
+oaul” (1) dWa (1), (3.18)
v (0) = vo.

converges in Méimo (Y, Z) to v,, where v, solves Eq. 3.13.

This gives that the operator

Vel Xau (Ro, Ri.R2) * Xat(Ro, R1, Ra) © MG (Y, Z) — My" (Y, Z)

is continuous.

Step (d). Tightness.

Next we show that assumption (iii) of Theorem 2.1 is satisfied.

First, note that the embedding Z' < Z is compact by the Aubin-Lions-Simon Lemma
B.1.

Second, by Proposition 5.9 it follows that for any « € N there exists a constant C =
C(k, T) > 0 such that for all (n, &) € Xy(Ro, R1, R2)

E |UK|VZ;L/O <C,

where v, solves Eq. 3.13. Observe that we have the compact embedding LY+ (0) —
H, l((9). Hence, by Proposition 5.13 and by standard arguments (cf. [24]), we know that
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the laws of the set {u, : (,&) € Xo(Ro, R1, R2)} are tight on C([0, T; HQ_I(O)). By
Proposition 5.13 and the Aubin-Lions-Simon Lemma B.1, the laws of {u, : (n,&) €
Xo((Ro, R1, Rp)} are tight on LY*1(0, T; LY*+1(0)). Therefore, it follows that the set
Ve, 8) : (n,&) € Xy(Ro, R1, Ry)} is tight on Y x Z, which implies assumption (iii)
of Theorem 2.1 for

X =LV, T; LV O) x Z <> Y x Z =: X

Step (e). Continuity of paths.
To show assumption (iv) of Theorem 2.1, we notice that by choosing

U = H; ' (0) x H{(0),

it follows from Proposition 5.13 and standard arguments on continuity of solutions to non-
linear SPDEs that

Ve, &) € C(I0, T U) CD([0, T]; U) P-as.

for all (n, &) € Xy (Ro, Ry, R2).

Step (f). Existence of a fixed point.

Finally, by Theorem 2.1, for each k € N, there exists a probability space Q~IK =
(Q, Fe, Fe, P,), a Wiener process W = (Wl", Wé‘), modeled on 2, and elements

(ite, V) € X3 (Ro, R1, R) N C([0, T]; U)

such that we have a P-a.s. fixed point
V, g (i (1), 5 (1) = (i (), 5 (1))

for every ¢t € [0, T']. Due to the construction of Vg, the pair (i, U,) solves the system Eq.
3.12—(3.13) over the stochastic basis ﬁlk with the Wiener noise W¥, see Section 4 for details.

Step (IIT). Here, we will construct a family of solutions { (i, ;) : k € N} following
the solution to the original problem until a stopping time 7,.. In particular, we will introduce
for each k € N a new pair of processes (i, V) following the Klausmeier system up to the
stopping time 7. Besides, we will have (it,, v)l[0,z,) = (Wi+1, Vetr1)1[0,7,)-

Let us start with « = 1. From Proposition 3.15, we know there exists a martingale solution
consisting of a probability space 2; = (21, F1, 1, Py), two independent Wiener processes
(Wll, W21) defined over {1, and a couple of processes (u1, vi) solving IP;—a.s. the system

dur(6) = [r A O = 2 g1 (G, v1, 1) w1 (0030 [ de + 0101 (1) dWL ),

dvi(t) = [reAvi(t) + ¢1(h(ur, vi, D) ur () vi®)] dt + o201 (1) dW) (1),
(11(0), v1(0)) = (uo, vo).

Let us define now the stopping time
) :=inf{s > 0 : h(u;, wy,s) > 1}.

Observe, on the time interval [0, 7{), the pair (1, v1) solves the system given in (1.2). Now,
we define a new pair of processes (it1, v1) following (u1, v1) on [0, 7)) and extend this
processes to the whole interval [0, T'] in the following way.
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First, we put A, ;= A, and W} = W}, Jj = 1,2, and let us introduce the processes y;

and y, being a strong solution over 2; to

dyi(t, ur(z7), 0) = r Ay (4, ui (2f), o) di + o131 (1, w1 (77), 0) d (6, W) (1)
V10, uy () = ui (zf), >0, (3.19)

ya(t, v1(z)), o) = "2y (7))

t
+/ T =9 o (5, vy (1), 0) d (B W)(s), 1> 0. (3.20)
0

Here, 6, is the shift operator which maps W;(¢) to W;(t + o) — W; (o). Since the couple
(u1, vy) is continuous in H2_1 (O) x Héo (0), we know that u1 (t{) and vy (t}°) are well-defined
random variables belonging Pi-a.s. to L?(©) and Hzp (0), respectively. By [2, Theorem
2.5.1] the existence of a unique solution y; over 2/, to Eq. 3.19 in H{l(O) is given. Since
(e!rvA=EId) 4 is an analytic semigroup on Hj (O) for @ > 0, the existence of a unique
solution y; over A, to Eq. 3.20 in Hzp (O) can be shown by standard methods, cf. [16].
Furthermore, it is straightforward to verify that the assumptions on the initial conditions are
satisfied. Now, let us define two processes i | and v1 being identical to u| and vy, respectively,
on the time interval [0, ;) and following the porous media, respective, the heat equation
(with lower order terms) with noise and without nonlinearity, i.e., y1(-, u1(t{), 7{) and
20, v1(t]), 1{), afterwards. In particular, let

- ui (1) for0 <t <,
up(t) =
yit,ur(ef), of) forrf <r<T,
and
4 forQ <t *
B1(1) = v (1) or0<t <t
vt vi(t), 1) fortf <t <T.

Let us now construct the probability space and the processes for the next time inter-
val. First, let (u1(z}"), vi(r{)) have probability law | on HZ_I(O) X Hf((’)). Again,
from Proposition 3.15, we know there is a martingale solution consisting of a probability
space 2l = (22, F2, F2, P2), a pair of independent Wiener processes (le, W22) such that
(Wll, Wzl, le, W22) are independent as well, a couple of processes (u3, v2) solving Pr-a.s.
the system

dua (1) = [mAué”(z) — X $a(h(ua, v2, 1)) ua(?) vgm] dt + oaur (1) dW2(1),

dva(t) = [roAva(t) + da(h(uz, v2, 1)) uz () v3(1)] dt + o2v2(t) dW3 (1),
(2(0), v2(0)) ~ pu.

with initial condition (u>(0), v2(0)) having law 1. Let us define now the stopping times on
s,

7y :=inf{s > 0 : h(uz, va, s) > 2}.
Let A := (51,?1,?],@]) = Ay, with Fy := (?t])te[()j]. Let Q5 := Q| X Qo, Fp 1=
Fi1QF,P):=P, @P,andletF, := (?,2),6[011, where

f?::o({Aﬂ{t<r1*}: Aef}}U?éU{Aﬂ{tztl*}: Aeftz_rl*}),
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where
FEoo={AeFL AN{t—1} <s}e F:foralls >0},

t T
and where ]-'go =0 (Uzzo .7-',2) Let A := (Q2, Fa, Fa, Po). Finally, let us set for j = 1,2

W} (1), if <71,

W2(t) := _
i@ W}(r—r{“)—i—W}(rl*), if +>1.

which give independent Wiener processes for j = 1, 2, w.r.t. the filtration F,.

Now, let us define two processes u, and v, being identical to «; and vy, respectively,
on the time interval [0, {), being identical to u; and v; on the time interval [z}, T} + 7))
and following the porous media, respective, the heat equation (with lower order terms) with
multiplicative noise, afterwards. Let us note, for any initial condition having distribution equal
to uz(7;) and vz (z;) that there exists a strong solutions y1 (-, -, 7y + ;") and y2(-, -, Ty + 7{)
of the systems Eq. 3.19 and Eq. 3.20, respectively, on 0. Let for ¢ € [0, T]

uy(t) for0 <1 < tf,
U (t) = qua(t — ty) fortf <t <t +15,
yit — (rf + ), ua(ty), tf + 1)) forrjy+1f <t <T,

v1(1) for0 <t <1,
() = vt —1f) forrf <t <t/ 41},
(= + 1), 0()), 1f +13) forrf+1) <t <T.

In the same way we will construct for any k € N a probability space .., a pair of independent
Wiener processes ( WK1 , W,f), over 2, and a pair of processes (i, U, ) starting at (ug, vg) and
solving system Eq. 3.10-(3.11) up to time

o=t +-+1) (3.21)

and following the porous media, respective, the heat equation afterwards. Besides, we know
that (itx, Ve)1[0,7_1) = (=1, Ve—1)1[0,7c_1)-

Step (IV). Uniform bounds on the stopping time.

Let us consider the family {(i,, v,) : « € N}. The next aim is to show that there exists
Ro, Ry and Ry > 0 independent of ¥ € N such that {(it,, v,) : « € N} C Xy (Ro, R1, R2).

First, that due to Proposition 5.14 there exists a constant Co(1, 7)) > 0 such that

(3.22)

T AT
E[ sup |ak(s)|iz}+2yruEf f|ﬁk<s,x>|y—‘|wk<s,x>|2dxds
0 O

0<s<t AT
T AT
#208 [ [ s 0Pl P dxds < G T) (Eluofs +1).
0 (@]

From above we can conclude that there exists a constant C > 0 such that

Ellit, Lo,z 47115 < C.
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Here, it is important that iz, > 0. This estimate can be extended to the time interval [0, T'] by
standard results (see e.g. [2] and Proposition 5.14). Next, let us assume R; > 0 is that large
that

C(T) <E|U0|";10,,so + Ry R‘;l) <Ry, (3.23)

where the constants C(T'), 89, 81 are given in Proposition 5.15. Observe, by Proposition 5.15,
we have for / as in Hypothesis 3.4
81
) R‘f‘) . (324

l

T AT
El5 150 < C(T) <1E|uo|’1':1030 + <IE (/0 uZ(s)v2(s) ds)

Then, by Proposition 5.14, we know that for p = 1, the term

1

L AT
E (/ u,%(s)v,%(s) ds) < E|H0|le,
0

which can be uniformly bounded by R(Z). Hence, we conclude by Eq. 3.23 that E|| v, ||’£O <R
and the choice of R, that E||v, ||ﬁ2 < R». Finally, by Proposition A.6 we know for % —p <

% + % that Hl, < Z. Due to the choice of m and m(, we know that the inequality is

satisfied. Hence, setting
Ry >R, (3.25)

we know that E| v, ”an0 < Rj.Inparticular, there exists Ry, Ry and Ry such that forallk € N
we have

JE[ sup IﬁK(s)llL’i*} <R, (3.26)

0<s<T

Ellvcll7’ < Ry, and B[t [l < Ra.

Step (V). Passing on to the limit.
In the final step, we will show that [P-a.s. a martingale solution to Eq. 3.6-(3.7) exists.

Claim 3.16 Let

(Q,F,FP) = (l_[ §K7®?K7F007 ®PK> s

keN keN keN

where Foy 1= (?;}o)te[o,r], where, setting 15 := 0,

keN

There exists ameasurable set Qo C Q2 withP(Q0) = 1 such that a martingale solution (u, v)
to the system Eq. 3.6-(3.7) exists on (Qo, F N Qo, F N Qo, Pla,, (WPla,, Wila,)), where
for j =1,2, setting 7y := 0,

W) = Wi, if telr) 1)), el
Proof For any x € N, let us define the set

A = {weQ: T(w) >T).
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It can be clearly observed that there exists a progressively measurable process (u, v) over
2 such that (u, v) solves P—a.s. the integral equation given by (3.6)-(3.7) up to time 7. In
particular, we have for the conditional probability

P ({there exists a solution (u, v) to Eq. 3.6-(3.7)} | Ax) = 1.
Set Qp = Uf:ozl Ay . Then, it is elementary to verify that

P ({there exists a solution (u, v) to Eq. 3.6-(3.7)} N Q9)
= lim P ({there exists a solution (u, v) to Eq. 3.6-(3.7)} N A,)
K—> 00

= lim [IF’ ({there exists a solution (u, v) to Eq. 3.6-(3.7)} | Ax) P (AK)] .
K—> 00

Since P ({a solution (u, v) to Eq. 3.6-(3.7) exists} | A,) = 1, it remains to show that
limy 00 P(Ax) = 1. Then, as A, C A, for k € N, it follows that

P ({there exists a solution (u, v) to Eq. 3.6-(3.7)} N Qo) = 1.
However, due to Step IV, there exists a constant C(7") > 0 such that
E[h(ie, v, )] < C(T), t€[0,T], «k €N,
thus by the Markov inequality,

P(Q\A)<L—>o

as k — oo. Thus the solution process is well-defined on ¢ = Uf(’ozl A withP(Qp) =1. O

The proof of Theorem 3.6 is complete.

4 Proof of The Stochastic Schauder-Tychonoff Theorem

Proof of Theorem 2.1 Fix 2l and W, and Ry, ..., Rk > 0, K € N. In addition, for simplifi-
cation, we shall omit Ry, ..., Rk in the notation for X, g, () and write X'(2) instead
of Xg, ... Ry (). Fix an initial datum wo € L™ (2, Fo, P; E).

.....

Step (I). In the first step we will approximate the operator Vg w. We shall discretize time,
as we would like apply the classical Schauder-Tychonoff theorem in a compact subset which
is given by a tight collection of laws on a finite time grid. Let us fix a sequence {¢, : ¢ € N}
such that &, — 0.

First, let us introduce a dyadic time grid m,, = {fo = 0 <) <th < -+ < t;m =T}
by # = TZL,,, k = 0,1,2,...,2". The stochastic process will be approximated by an
averaging operator over the dyadic time interval. To this end, let us define a step-function
¢n 1[0, T] — [0, T1by ¢y (s) = Tz,,,lszo, 1,2,...,2"—1and T 5; <s < TEH ie.,
On(s) = T27"|2"s], s > 0, where |7] is the largest integer that is less or equal r € R. Let
{w, :n € N} ¢ L"™(Q2, Fo, P; E) be a sequence, such that w,, — wq in L™ (2, Fo, P; E)
and

En
lwy, — wollLm (@, 7P E) < o

For a function § € Mg (X), we define

ifs [0, 727")

Proj, (€)(s) := \ : o (4.1)
"’ (Z((As)) ron §r)dr, ifs > T27"
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Note, that Proj, (&) is a progressively measurable, P-a.s. piecewise constant, U-valued
stochastic process.

Remark 4.1 Observe that the projection operator satisfies

(i) Proj,, is a linear bounded contraction operator from X into X;
(i) If B is a bounded subset of X, then for all & > 0 there exists a ng € N such that

[Proj,(§) — &llx <&, &€ B, n=>no,
cf. [11, Appendix B].

Thus, due to Remark 4.1 and the uniform continuity of Vg w on the bounded set X (2(),
we know that for any ¢ > 0, there exists some ng € N such that for every & uniformly in
Va,w (X)) such that for any r € (1, m],

1
-

(EllProj, () — £l%)" <&, Y& e Vaw (X)), Yn=no.

Let {n, : « € N} be a sequence such that

. L e
(E||Proj,, (6) — £l%)™ < é VE € Vaw (X)) . 4.2)
Finally, let us define the operator

Vo w (€)= (Proj, o Va,w)(§), &€ X().

Step (II). Denote U := ID([0, T']; U), the Skorokhod space of cadlag paths in U endowed
with the Skorokhod J;-topolgy, see [39, Appendix A2]. Given the probability space A =
(2, F,F,P), for any ¢« € N this operator Vél.w induces an operator ¥, on the set of Borel
probability measures on X N U, denoted by . (X N U). The construction of the operator ¥,
is done in the this step. Define the subset of probability measures 2" given by

X = {ue///l(XﬂU):/X‘l/j(é)u(dé)st,
and 1 ({©; < o0}) =1 Vj:l,...,K}.

Now, let © € 2. Then, by the Skorokhod lemma [39, Theorem 4.30], we know that there
exists a probability space 2y = (R, FO, Py) and arandom variable £ : €9 — XNU such that
the law of & coincides with w. In particular, the probability measure vz : B(XNTU) — [0, 1]
induced by £ and given by

ve : BXNU)3 A Py({o: &(w) € A})

coincides with the probability measure u.
Due to the definition of U, we know that £ is a progressively measurable stochastic process,
in particular, & : Q¢ x [0, T] — U such that Pp(§ € XNU) = 1. Let

V=0 ({&(s): 0<s<t}UMNp), t€[0,T],

where N\ denotes the collection of zero sets of 2. Set g := (2, FP, (g?),e[o,ﬂ, Py).
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Next, we have to construct the Wiener process and extend the probability space. Now, let
=(Q, FL (F) te[0,7], P1) be a probability space where a cylindrical Wiener process W
on H is defined, and let 2, the product probability space of 2y and 2. In particular, we set

Q, = Qo x Q1,
Fu=F o F!,
G'=6®G/, 1€l0,Tl,
and P, =Py ®Py.
Here, we know that £(¢), t € [0, T], is independent of the increments W (') — W (¢), 1’ > ¢

and {Q#},e[o,,]—progressively measurable. Since u € 27, we know § € X' ().
Next, we have to verity if the family operators

[V’%’W TLE N]

is well-defined. However, this is follows from assumption (i), and since £ € X'(2(,,). In fact,
the p-dependence of the stochastic basis can be removed by lifting to the space of probability
measures (path laws). We aim to find a fixed point in the space of probability measures.

Now, for A € B(X N U). Then, let us define the mapping ¥, that maps the probability
measure /i, in other words, the probability measure ve : B(X N U) — [0, 1] that is induced
by & to the probability measure Wi w® B(XNU) — [0, 1] given by

Wy ©(A) =P, ({oeu:vh, wewneal), %o := e

Note, since X N U is a complete metric space, the space of probability measures over X N U
equipped with the Prokhorov metric’ is complete.
The following points can be easily verified.
(1) & is invariant under %,. This follows directly from assumption (ii) and the properties of
the projection Proj,, , see also Remark 4.1.
(2) Due to the fact that VQ[ W restricted to X' (2(,) is uniformly continuous, ¥ restricted to
Z is continuous on //l 1 (X N U) in the Prokhorov metric by [22, Theorem 11.7.1].
(3) Note that by assumption (v), Vthﬂ, w(&) € Ufor& € X (). We claim that 7] restricted

to 2" is compact on .21 (X N U). In particular, it maps bounded sets into compact sets.
In fact, we have to show that for all ¢ € N and ¢ > 0 there exists a compact subset
K. € XN U such that

vre) (XNU)\Ke) <&, Vvg € 27 and vy ) 1= %i(ve).
However, by assumption (iv) there exists a constant R > 0 with
El[Vy, w @I <R, &€ X@,).

Let R > R!/mog=1/mo gnd let K :={xeXNU: |x|x < ﬁ}. Due to the construction
of the operator ¥/, we have that the law is preserved. In particular,

P ([rexnUnx@) 1V, wlx 2 R)) = vre (fr e 22 el = R)).

7 Let .1 (X) be the set of Borel probability measures on the metric space (X, d) equipped with the weak
topology. Let v, u € .#1(X). Then the weak topology can be metrized by the Prokhorov metric, cf. [22],

do(p,v) :=inf{a > 0: u(A) < v(Ag) + @ and v(A) < u(Ay) + « forall A € B(X)}.
Here Ay :={x € X :d(x, A) < a}.
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Next, by Chebyshev’s inequality, we get that
vy (XNTU)\ Ke) = vy, e) ([x e xllx > Ié}) <e.

Since X' < X compactly, we have proved the tightness.

(4) Z is a convex subset of .Z;(X N U). Let v, u € 27, we have to show that for any
a € (0,1) we have av + (1 — a)u € 2. First, analyzing the expectation with respect
to Wy, ..., Wk, this follows by the linearity of the expectation value. Secondly, since
v, u € Z weknowthatv ({® < oo}) =1and u ({® < o0}) =1, Leta € (0, 1). Then

(a@v+ (1 —a)u) ({© < oo})
=av({® <o)+ —a)u({® < oo0}) = 1.
~——— ~—
=1 =1

In particular, the mapping ¥ restricted to 2~ satisfies all assumptions of the classical
Schauder-Tychonoff theorem, see [30, § 7, Theorem 1.13,. p. 148]:

Lemma 4.2 [Schauder-Tychonoff] Let C be a nonempty convex subset of a locally convex
linear topological space &, and let F : C — C be a compact map, i.e., F(C) is contained in
a compact subset of C. Then F has a fixed point.

Hence, for any ¢ € N there exists a probability measure v, € 2" such that
K(F) = v}

Step (III). Note, that the tightness argument in the previous step is independent of ¢, thus
the set
{vi:1eN}

is tight, therefore there exists a subsequence {¢; : j € N} and a Borel probability measure v*
such that vl*/_ — v*, as j — oo. In this step, we will construct from the family of probability
measures { vt*/ : j € N} and v* € 2, a filtered probability space 2*, a Wiener process W*,
a progressivély measurable process w*, and a family of progressively measurable processes
{w;; : j € N} that are P*-a.s. contained in X N U over A* such that these objects have
probability measures {v[“j : j € N}and vfj e 2 NU.

By the Skorokhod lemma [39, Theorem 4.30], there exists a probability space 2§ =
(€25, 7, P and a sequence of X-valued random variables {wL*j :j € N}and w[*j where the

random variable wf‘j : Q5 — XN U has the law v;"j in X N U. In addition, by tightness and
the Skorokhod lemma, we have

w:‘j — w* asj— oo Pjas. (4.3)
on X.
Moreover, let us introduce the filtration G = (ft*’o) t€[0,7] given by

70 :=U({ (w; (s), w*(9)) : 0§s§t,j€N}U./\/8‘), r€l0,T],

where N denotes the collection of zero sets of 2.
Next, similarly as above, let us construct the Wiener process. Let

A = (@, 7. G e, PY)
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be a filtered probability space with a cylindrical Wiener process W* on H being adapted to
the filtration (g,‘ '*)te[o,T]. Let A* := A x . In particular, we put
Qf = Q) x Qf,
F*=Fy @ Ff,
G =6"®G"* tel0T]
and P* =P§ ® P}.
In addition, X'(2*) can be defined, and also the operators V. . and Vapx w+

Step (IV). In this step, we mimic an explicit Euler scheme, to construct a P*-a.s. piecewise
constant and {G;"}; [0, 7]-progressively measurable process that is a fixed point for the operator

.
VQ’[*’W*.

Since v:‘j € 4, the process wl*j € X(A*) and, hence, V;{* W (wj‘j) is well-defined. Since
7 (vt*i) = vt*,, s Law(w[*/_) = vfj. However, we do not know if the process w;“/ satisfies

P (Vs (w5) @ =wy ) =1 for 0=s=<T.

In this step, we will construct here a fixed point for the operator Vi, we- Let us define a
new process by induction. To start with, let

w? (s) if0<s <1,
* ._ L 4.4
wtj,l(s) = L % i - < ( . )
Vm*’w*(w[j) (s) ifty<s<T,
and
. wi 1(9) if0<s <,
w)5() =4 . o (4.5)
Vm*,w*(wtj,l) (s) ifn<s<T.
Now, having defined w[*jy o let
. ' wt*j,k(s) if0 <s < try1,
wt_,-,k-s-l(s) = (4.6)

(Viewef 0) ) ity =5 =T,

where #; € 7, are dyadic time points. Let us put w;" ;(s) = wg for 0 < s < T, where wy is
i
a g(’)‘—measurable version of wg, and

W) oo(s) = wf (), if 1) <s<pf, k=1,...,29. @.7)
We claim that the process wt*j’ oo Satisfies
P (Vi we (#500) ) = 0 o)) =1 for 05 =T 4.8)

Note, that by the definition of Proj ,; on [0, tij ) the process on [0, tij ) is defined by the initial

data. In fact, we have for 0 < s < tij
Lj * R
Vm*’w* (wlj,oo) (S) = wo.

By equation Eq. 4.7 and equation Eq. 4.4 we have wl*jqOO = wt*j’l =wjfor0<s < tij.
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In particular, the process on [0, tij ) is defined by the initial data and we have P*-a.s.
;{*,W* (wfj,oo) (s) = w;"j’oo(s), for 0<s < tij.
At time tij , we have by equation Eq. 4.7 and equation Eq. 4.4,

Lj * Ly — Li * Liy % L
VQ[*,W* (wtj,oo> (tl ) - (VQI*,W*wl_/'> (tl ) - wlj,l(tl )

However, we have 0" (zij ) = wl*j, o (z;j ). Let us analyze what is happening at the next time

interval [tij , téj ). Her the process is constant and equals P*-a.s. the value at tij ,l.e.
Li L; U
Ve we (wl*j’oo) (s) = wl*j,l(s), for 1/ <s<t,.

Note, also that P*-a.s. we have w* ](s) = wl oo(s) for t] <s< t2 . and, hence
P* (wl*jgoo(s) =V, (wl*j’oo) (s)) =1, for t;j <s< téf.
Let us analyze what happens in téj . By equation Eq. 4.7, we have

Vi we (5 .00) @) = Vige s (w5.1) G5,

By equation of wt*j 5» 1.6. BEq. 4.5, we have

Vi e (1500 (6 = w265,
Now, we can proceed by induction. Let us assume that in [0, t,ij ) we have shown that
P (Ve e (0500) ©) = 0] oo () =1 for 05 <1 (4.9)

Then, we have by equation Eq. 4.7 and equation Eq. 4.6 we have for t,ij <s< ’12-1

V;{*»w* (w;kjoo> (S) = v;{*w* (wl*j,k—l) (S) = w[*j’k(s)~

Step (V). Next, we verify a couple of statements with the goal to pass on to the limit. Here,
we point out that the same construction as done for w;* ., can be done on the initially given
probability space 2(. The resulting process is denoted by Wy, 00- Due to the construction and
by the properties of the projection, it is easy to see that the laws are preserved. In particular,
Law(w,;,00) = Law(w[*jyoo).

Claim 4.3 We claim that

(1) there exists a constant C > 0 such that sup ;. E* [||wt oo||m°] < Cand
(2) foranyr € (1, mg) we have

lim E* [||w - w*||g§] —0.

]—)OO

Proof of Claim 4.3: Clearly, since {w[ ooljeN C & (%), and X ((*) is bounded in X, we
can conclude from the application of the Skorokhod lemma that

E [|wy; o0y = E*llwy; ool
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for any r € [1, mg], so that we get by assumption (iv) that

*
tj,OO”

sup E*||w % <RC =:C,
J

where C > 0 is a constant such that || - [|x < C|| - ||x» which exists by the compact and dense
embedding X' — X.

Hence, we know that {||w;"j’oo||§§} is uniformly integrable for any r € (1, mg] w.r.t. the
probability measure P*. By Eq. 4.3, there exists w* € X' (A*) with wt*i’oo — w* P*-as., so
we get by the Vitali convergence theorem that
* *

wlj,oo —w

lim E*

j—o00

=0, (4.10)
for any r € (1, mo).

Step (VI). In this step we show that w* over 2* together with the Wiener process W* is
indeed a martingale solution to Eq. 2.2. We shall use an ¢/3-argument and expand

»
w* — Vo w+ (w*) =w* — w:"j,oo + wl*j’Oo — VQ'[*’W,ﬁ(wl*j’oo)

=] =11
+ v;{*,w*(w?(j,oo) - V;{*,W* (w*) + V;{*’W* (w*) - VQI*,W* (w*) .

=111 =1V
Now, we analyze the terms I, I1, [11, and IV separately.
Due to the convergence, we know that for any r € (1, mg), € > 0, there exists jy € N,

E*||lw* — wt’; % < forall j > jo.

W[ ™

Next, to tackle /7, we know due to the well-posedness by the existence of fixed point in the
step before,

Lj * *
Ve we (Wij,00) = Wi 00-

To tackle 771, due to the uniform continuity of the operator V;{* w+> we know that there
exists a§ = §(e) > 0 and jo € N, such that, for any r € (1, mo),

E*

1 1 r Fo
Vi~ et <

whenever j > jo, and

.
E* w0 —w™| <8

Finally, since V;{* wE = Projnr o Vyur w+, for r € (1, m), the difference
’ J

E*

. r
Vige e (0% = Va0

tends to zero by uniform continuity, see Eq. 4.2. However, m < mg by assumption (iv). Thus,
IV tends to zero in L™ (Q*, F*, P*; X) for any r € (1, m).
As a consequence, we have

Voir w+ (w*) = w*, P*-as.
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As seen above, w* € X (U*), so that by (v), Vo w=(w*) € D([0, T']; U), and therefore
w* € D([0, T1; U) P*-a.s. Hence for all ¢ € [0, T'], P*-a.s.
Vw)(@) = w (@)
and the proof is complete. By construction, we see that w* solves
dw*(1) = (Aw*(1) + F(w™, z)) dt + Z(w* () dW* (), w*(0) = wyg, (4.11)

on 2*, where wyj is a G§-measurable version of wo.

5 Results On Regularity And Technical Propositions

This section contains the remaining results which are used in the proof of the main result
Theorem 3.6.

5.1 Assumptions On The Noise And Consequences

Let us recall, we denoted by {y« : k € N} the eigenfunctions of the Laplace operator —A in
L*(0) and by {v; : k € N} the corresponding eigenvalues, where the enumeration is chosen
in increasing order counting the multiplicity.

Let us characterize the asymptotic behavior of {v; : k € N} and {yx : k € N} for an
arbitrary domain © with C2—boundary. Here, we know by Weyl’s law [76, 77] that there
exist constants ¢, C > 0 such that,

#j vy <A} < Caf, (5.1)

compare with [37, 46] and [38, Corollary 17.8.5], and there exists a constant C > 0 such
that,

d—1
sup [Yx(x)| <Cv.* , keN, (5.2)
xeO

compare with [32].

Remark 5.1 If © = [0, 1]? is a rectangular domain, then a complete orthonormal system

(¥ : k € Z)} of the underlying Lebesgue space L2 () is given by the trigonometric functions,

see [5, p. 352] (now, Z obviously denotes the integer numbers). Let us define firstly the
eigenvalues for the Laplace on L2([0, 1])

V2 sin (2mkx) ifk > 1, x € O,
er(x) =11 ifk=0,x€0, (5.3)
V2 cos (2mkx) ifk < —1,x € O.
For instance, the eigenfunctions for L2([0, 17?) for the multi-index k = (k1, k») € Z? are
given by the tensor product
Y (x1, X2) = eg, (x1)eg, (x2),  x € [0, 117,

the corresponding eigenvalues are given by vy = 72|k|, where |k| = k| + k». The case
d = 3 works analogously. In this special case the conditions on §; and §; in Hypothesis 3.5
can be relaxed to

W =ov? AP <ov” k= (k)
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to 81,82 > % See also the discussion in [2, Examples 1.2.1 and 2.1.2].

We begin with a remark on the noise coefficients. We partly work in the Banach spaces
L™ (O) and H,;i (O) for § being arbitrary small but positive.

Given a Wiener process W on H = LZ(O) over A = (2, F,F, P), and a progressively
measurable process & € M3 (L2(0)), p € [0, %1, let us define {Y (¢) : ¢ € [0, T} by

t
Y (1) ;:/ o((s)dW(s), te€[0,T]
0

Let E be a function space, specified later. Here, for each & € E, o(§) is interpreted as
a multiplication operator acting on the elements of H, namely, o : & +— &y € §'(0),
where S’ (0O) denotes the space of rempered distributions on O. Let E be a Banach space8 of
martingale type 2. An inequality needed in several places within the proof is the Burkholder-
Davis-Gundy inequality given for p > 1 as follows

t€(0,T]

T £
E[sup 'Y(”'Z}SC(”)EUO |s<r>|§(H,E)dr} :

where y (H, E) denotes the space of y -radonifying operators and |- |, (y, g) the corresponding
norm, cf. [8, 73]. In case E is a Hilbert space, the y-norm coincides with the Hilbert-Schmidt
norm | - |pus(H,E)- See Appendix C for further details.

Since |EY|rn < [&]om [l and Eq. 5.2,

we know that
2 )12 2 2 =28 2 2 (d—1)-28;
ELR rom < O I PIEVn < ERn Y v [Wklie < CIERm Y 1y 7,
keN keN keN
which is finite if §; > ¢ — 1.
Next, let £ = H;l(O). Since

EV 1 = 18l Wl gy = 18l pp i,

we know that § > %, then
101 11.1g) < C 1&g

Furthermore, let E = Hzp (0), where p is given in Hypothesis 3.4. Since

1§ g < 161 WL 201 < 1E1gg 1|1,

we know that § > %, then
1028112y < C 1€ yo-

Remark 5.2 From Hypotheses 3.5, one can infer that there exists a constant C > 0 such that
oo
D 0 @) fo0)F < CIEM)7,, VE € LX(0), x €O, and j =1,2.
k=1

Here {fi} is an orthonormal basis in H, ! (0), compare with [2, Hypothesis 3, p. 42]. In
addition, note that

8 For Banach spaces of martingale type 2 we refer to [8, 73]
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e Firstly,o; : Hz_l (O) — Lus(Hj, Hz_1 (0)) is of linear growth and Lipschitz continuous.
In particular, there exists constants Cy, L; > 0 such that

1)) sy 1y SC1A+ o). & € HyH(O),
107 6) = 05D g1y 1y <L1IE = mlgore Eom e Hy'(O).

e Secondly, o; : L*(0) > Lys (Hj, L2(0)) is of linear growth and Lipschitz continuous.
In particular, there exists constants C», L, > 0 such that

107 s (r1y.22) <C2(1 4+ Inl2), € L2(O),
107(&) = 07D Lys (.12 <LalE —ml2, &€ L7(O).

d-1
e Similarly, straightforward computations and using the fact that | fy|,~ < v, * , see Eq.

5.2 and [2, p. 46], we get that

|02y (., 2my <C1(1 4 |E]Lm), & € L™(0),
l02(&) — o2 (M ly (ba,1my <L11E —nlpm, &,n e L™(O),

where y (H>, L™) denotes the space of y-radonifying operators, cf. [8, 73].

5.2 Properties Of Equation Eq. 3.12

In this subsection, we are analyzing equation Eq. 3.12, where x € N and the couple (¢, ) €
Xo(Ro, Ry, Ry) C M;imo (Y, Z) are given. The constants Ro, R| and R; are given as in Eq.
3.26, Eq. 3.23, and Eq. 3.25, respectively.

First, we will show that a unique solution u, to the system Eq. 3.12 exists and is nonnega-
tive. Second, we will show by variational methods that this solution satisfies some integrability
properties, given ug € LP+1(0), p > 1. Let us start with proving an inequality that we are
going to use in the sequel.

Lemma 5.3 Assume that the H)g)otheses of Theorem 3.6 hold. For any €1, ey > 0 and any
(&.m) € Xy(Ro, R, Ry) C MG™ (Y, Z), u,w € LYT1(0), k €N, there exists a constant
C =Cl(k, x, &1, &) > 0 such that

X ‘L(—A)*l(mm(n, E,1)E(t, x) uyw dx

1 1
<C (1 + |u|§,2_1> +erlulh L +ealwlV )
Proof By Holder’s inequality, we have for fixed w € © and fixed ¢ € [0, T'],

‘f(ﬁ(—A)“(@(h(n,s,z»sz(z,x) uyw dx

<I(=D) " e (h(n, &, 0)E ()| sy [w]
<l (h(n, & DE Oul = |wlpre
v

Now, pick 0 > 51 > —% with small modulus and s, = % > —s1 and note that s, > 51,
s1 4852 < %, S1 452 — % > —2, and thus we can apply Proposition A.3. Then we know
52 u s1 .
y+l | |H y+l
Y Y

9 (1. £ NEX O]y 2 = Cle(h(n. 6.0 D]
B
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Let/ > 2 such that

d 1 ( dy ) dy 3
—=z|——-5)= - .
17 2\y+1 )T 204D 20+ 1D
Then, we know that (see [S8, p. 364]) there exists ¢ > 0 with
|¢K<h(n,s,r>>52(r)|,,;z+] < c|(¢K(h(n,s,r»)‘/zsa)ﬁ,;z.

. d _d
Next, if § > 5—7t+ts= 2 + 2(y+]) + 2(y+]) we get

G (h(1, & DE O 2, = el thin, €, 0DD2E DIy

Applying the Young inequality we know for any e, > O there exists a constant C(x, €2) > 0
such that

X ’f (—=A) " (@ (h(n, &, 0))EX (1, x) u)w dx

y+1 y+l1

<COt e e, &, 0D E W, lul ) ealull
Y=l
Y
Letus fix r € (2, ¥ + 1), such that
1 0 1—-0 1 1+
PR o L S1=0C-D+(1-00 = - = vy

Thus for any ¢, &5 > 0, there exists a constant C(x, €, &2) > 0

X /O(—Ar‘(m(h(n,s,z))éza,x)u)wdx

2r(y+1)

=C(x- & 22l @ (hn, & ON'2ED1 T + eluly +ealwl T

To apply the the cut-off function ¢;< , we need

ry—(y+1) 6 1-6
8§ = 1-0), — L2 47
P ) 2r(y +1) oo+ 2

In fact, if
1543y — 162 +8d(1 +y)
16(1 + )2
then,
6N 2rgren) <cliéllm,,
LTv=0+D (0,7 HY)
and

IEN 2rg+n = C(x).
Lrv=0+D (0,T; HY)

Summarizing the calculations above we know for any ¢, g, > 0 there exists a constant
C(k, x, &, &) > 0 such that

X V (=) (@ (h(n, &, 0))EX(t, x) u)w dx

Cle, x» & €2) + elulys +82|w|”+1 G4
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In addition, by interpolation, see e.g. [3], we get that for any 1 > 0, there exists ¢ > 0 and
a constant C(gq, ) > 0 such that

+1 2
elulys = erlulp, o + Cler )luly .
Setting C := C(e1,¢) VvV C(k, x, €, £2) completes the proof. ]

Theorem 5.4 Assume that the Hypotheses of Theorem 3.6 hold. For any (£§,n) €
Xo(Rg, Ry, Ry) C Méimo(Y, Z), and for any uq € L3(Q; Fo, P; H;l(O)) the system

du(t) = ry Aul? @) dt — e (h(n, &, ) ue E2(1) dt + o1u, (1) dW1 (1), (5.5

withu, (0) = ug has a unique solution u, on the time interval [0, T which is P-a.s. continuous
in Hy U and satisfies

0<s<T

T
]E|: sup |uk(s)|§12_1} +IE/ e ($)[7F), ds < oo.
0

In particular, there exists a constant C(T, k) > O such that
Ellu |3 < C(T, k).

Proof Before starting with the proof, we introduce the setting used by the book by Barbu,
Da Prato and Rockner [2], and the book by Liu and Rockner [48], respectively. Let H :=
H, ! (0), the dual space of H* = H2l (O) (corresponding to Neumann boundary conditions).
Let V := LY+1(0). By the Sobolev embedding theorem, H* < L¥*+D/¥ (©) densely and
compactly. Thus, upon identifying  with its own dual space via the Riesz-map (—A)~! of
‘H, we have a Gelfand triple
VcH=H" CV*
We set
At u, @) = ry Aul"! — g (h(n(@), §(@), 0)§> (1, w)u.

Note, due to the assumption (&, 1) € Xy (Ro, R1, R2) C Mgimo (Y, Z), & is adapted such
that for any g € [1, mg],

T
( /0 g (h(n, &, )ED]S dt) < @', (5.6)

Now, given Eq. 5.6, we shall verify the conditions of [48, Theorem 5.1.3] for y > 1. First
note that for fixed r € [0, 7] and fixed w € @, A maps from V to V*. In particular, by
arguments as in the proof of Lemma 5.3, we have for y > 1

lv+(A(t, u), why| (5.7)

/O [rad owe) + (=8)7 e thn, & )X, ()W) | dx

=

rulul? il wl gy + x1(=8) " @ (h(p, &, 0)E> Oul o1y [wlpy
+1
< [mm{m + Clk, 1, x) +elull 4y + Cle, 1, x)luli,;l] lwlpy+1,

where only &, and h(n, &, -) depend on ¢ and w.
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Next, we verify Hypothesis (H1), (H2"), (H3), and (H4’) of [48, Theorem 5.1.3].
(H1): For A € R, uy,uz, w € LV‘H(O),Z € [0, T], w € Q2 consider the map
A (A(t,uy + Aup), w)
and show its continuity. Note, that we have

(A(t, u1 + Auz), w)

—ry / (1 (x) + Aua ()M w(x) dx
(@)

—x fo (= A) e (h(n, &, 0)EX (1, %) (1 (x) + Auz (x)]w(x) dx,

where only &, and /(n, &, ) depend on ¢ and w. For the first integral in the above
identity, we prove continuity with the same arguments as in [48, Example 4.1.11, p.
87]. The second integral can be bounded by Lemma 5.3 as follows

X ‘/@(—A)_l[dh(h(m £, 0)E (1, x) (w1 (x) + A (x)]w (x) dx

+1 +1
<C (1 + uy + Au2|§rl) +erlur + hua|)) + ealwlV
2

Hence, the assumption (H1) of [48, Theorem 5.1.3] is satisfied.
(H2): Letu,w € LYT(0),1 € [0, T], w € Q. Take (A.1) into account and apply Lemma
5.3 to get that

(At u) — At w), u — w)y +low — owlf g, )

<—r / @ (x) — w ) (x) — wx)) dx + Clu — w3,
O

+elu—w|l T+ Cle. k. x) (1 + |u—w|i,2,.)

<(e =27l —wllF + CA + - wi3y)

and (H2') of [48, Theorem 5.1.3] is satisfied.
(H3): Letu € LYT1(0),t € [0, T], w € Q. Straightforward calculations, estimate Eq. 5.7,
and taking into account Hypothesis 3.4 give,

ve(A(t, u), u)y + |01u|iHs(H1,H)

<- /O [rae ouo) + % (=)~ @ e, 0, £)E 1, x)u(x))u(x)] dx + Clulj,

| |;/+1
Ly+1-

< —ruull 4+ Clx, ru,x>+—| i+ Cle, Fus Ol +

As a consequence, (H3) of [48, Theorem 5.1.3] holds with 6 :=r,,.
(H4): Letu € LYT1(0), 1 € [0, T], w € Q. Then, (H4') of [48, Theorem 5.1.3] holds by
Eq.5.7witha :=y 4+ 1,and g := 0.

The rest of the proof follows by an application of [48, Theorem 5.1.3].

Proposition 5.5 Under the conditions of Theorem 5.4 and the additional conditions ug(x) >
Oforallx € Oand&(t,x) > 0, for a.e. (t,x) € [0, T] x O, the solution u, to Eq. 3.12 is
a.e. nonnegative.
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Proof For the nonnegativity of the solution to Eq. 3.12, we refer to the proof of positivity of
the stochastic porous medium equation, see Section 2.6 in [2] and see also [1]. Mimicking
the proof of nonnegativity in [2] and applying a comparison principle [42] the nonnegativity
of Eq. 3.12 can be shown. O

In the next proposition we are using variational methods to verify uniform bounds of u,,
k eN.

Proposition 5.6 Fix p > 1. Then, there exists a constant Co(p, T) > 0 such that for every
ug € LPTUQ, Fo, P; LPTY(0)), andforeveryk € Nandforevery (£, 1) € Xy(Ro, R1, R2)
such that u, solves Eq. 3.12, the following estimate

T
E[ sup |uk<s)”+1}+yp<p+1)ru1€/ [ s, 2 0 dx s
0<s<T 0 O

T
4 (p+ DxE / / WP (s, )b (h (. £, )i (5. X)E> (s, x) dx ds

1
=Co(p. ) (Eluolyfl, +1)
is valid.

Proof By It6’s formula for the functional u +— lu|? we get that u, satisfies for ¢ € [0, T],

Lp+1 ’

p+1 p+1
lue (1770 = Tuol?

t
<(p+Dry / / A (s, x))ulPl(s, x) dx ds
0 JO
t
—(19+1)x/ f G (h(n, &, $))uye (s, )EX (s, X)ulPN(s, x) dx ds

+ M (1) + *(p + 1)/ IMK(S)ILPH Ialux(?)ly(ﬂ L1y dSs

where ¢ — M (t) is a local martingale. Integrating by parts, taking expectation (we may as
well apply the Burkholder-Davis-Gundy inequality, see Section ) and rearranging yields,

t
B ]+ Gt D [ [ vl - vl o) dxds
0o JO
t
+(p+ I)XE/O /O b (h(n, &, )uc(s, ))E (s, x)ull (s, x) dx ds
1 P ! 1 ! 1 1
<Eluol} ;4 + 5 (p + DC(P)E /0 e ()] 50, ds +E /0 o1 ()LD ds,
and hence by Remark 5.2 and Gronwall’s lemma,

T
E[ sup |uK<s>|Lp+l}+yp<p+1>ruIEf /|vMK(s,x)|2|u<s,x>|y+P—2dxds
0 Jo

0<s<T
T
+(p+ DxE f / G (h(n, £, )it (5, 1)E2 (s, Ol (s, x) dx ds

=Co(p. T) (Eluol? 1, +1).

[m}
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We may remark that the above result now permits an application of Proposition A.4. Note
that the inequality becomes particularly useful, when u, > 0 and > 0.

5.3 Properties Of Equation Eq. 3.13

Given the couple (1, &) € M%mo (Y, X), we consider the solution v, to the equation Eq.
3.13.

First, we will In the next proposition we investigate existence and uniqueness and the
regularity of the process v,. The constants Ry, R; and R; are given as in Eq. 3.26, Eq. 3.23,
and Eq. 3.25, respectively.

Proposition 5.7 Assume that the Hypotheses of Theorem 3.6 hold. Then, for any pair (n, §) €
Xo(Rg, Ry, Ry) C M%mo (Y, Z) and for any initial datum vy as in Hypothesis 3.4, there
exists a solution vy to Eq. 3.13 on the time interval [0, T | such that v, is continuous in Hzp (0)
and such that

ve € L%(0, T; HY (0)) N L0, T; HY T (0) P-as.

In addition, for all k € N there exists a constant C = C(T, k) > 0 such that
Ellvely) < Elvolyp +C(/< T)Ro. (5.8)
Proof Let us consider the following equation w1th a locally integrable and progressively
measurable t — F(t)
dw(t) =ryAw(t)dt + F (1) dt + orw(t) dWa(t), w(0) =wo € Hy (0), (5.9)

where the Laplace operator A is equipped with periodic boundary conditions on a box or
Neumann boundary conditions and initial condition w(0) = wy. A solution to Eq. 5.9 for
F = 0 is given by standard methods (see e.g. [16, Chapter 6] or [48, Theorem 4.2.4]) such
that for any ¢ > 1,

Efwll? <Ci(T) and E|w|? < Co(T). (5.10)

C(0,T1; HY) L2((0, 7 HYYY

The solution to Eq. 5.9 is given by

t
v,((t)=w(l)+/ A=) pisyds, tel0, T
0

t
<,
HY 0
1
t f 1
s/a—w%wmmyuusan</|nmﬁd0
0 0

F=¢AMmsom8
we obtain by the Holder inequality for §/2 < 1 — and <1

t
/ erUA([—S)F(S) ds
0

AUIF ()| ds (5.11)
Hy
Setting

T
/ |F(s)lY, ds (5.12)
0

T 21
< sup I, fo (G (h(n, & DYHE) [ ds < (26) ™0 sup (I e

0<s<T 0<s<T
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Observe, since p < 2 — % — %, such a § and p exists. Taking expectation, we know due
to the assumptions on 7, that the term can be bounded. It remains to calculate the norm in
L*(0, T; Hzp i (0)). By standard calculations (i.e. applying the smoothing property and the

Young inequality for convolution) we get for % > %L + % and 8k /2 < 1

/ AT F(s) ds
0

<C ”F”LH(O’T;H;#J*B).

L20,7; HY Y
The embedding L'(0) <> HY ™' °(0) for§ — (0 + 1) > ¢ gives
”F”Lu(o’T;Hzﬂ’l) = ”F”LH(O,T;Ll)s

and similarly to before

. mo

E / AT (s)ds
0

Proposition 5.8 Under the conditions of Theorem 5.7 and the additional condition vo(x) > 0

forallx € Oandn(t,x) > 0,&(t,x) > 0 fora.e. (t,x) € [0, T] x O, the solution v, to Eq.
3.13 is nonnegative a.e.

< C(x) Rp.O
L20,7;H. Y

Proof The heat semigroup, which is generated by the Laplace, maps nonnegative functions
to nonnegative functions. In this way we refer to the proof of nonnegativity by Tessitore and
Zabczyk [68]. The perturbation can be incorporated by comparison results, see [42]. O
Proposition 5.9 Assume that the Hypotheses of Theorem 3.6 hold. In addition let us assume

that we have for the couple (n, &) € Xy (Ro, R1, R) C /\/léimo (Y, Z). Let v be a solution
to

dve (1) = [ryAve (1) + e (h(n, &, 1) n(OE* (D] d1 + 020, (1) W2 (1), v (0) = v € H,,* (O).

Then,

(i) there exists a number ro > 0 and a constant éz(T) > 0 such that for any r < ro, we
have for all k € N

E JJve ”i'"o (0,T:H},) SGZ(T){EWMZ%O + 4K}

(ii) there exists a number ag > 0 and a constant C = C(T) > 0 such that for any o < ag
we have for all k € N

E [lve ||§V%O(OVT;H,;U) fC(T){]Ell)()ﬁ]r;go + 4/(}.

Proof We start to show (i). First, we get by the analyticity of the semigroup for &g, §; > 0

T
2 —2mgd
E ”vK“LmO(()!T;H:l) = |:/ {t "o 0E|U0|Z0,50
0

m

mo

+E

t
fo DG (h(n. £, ) n()E(5) ds

mo
dt
Hy,

Hy,

t
+E / VA=) g (5)d Wa(s)

0

= +11+1I1I).
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Since, by the hypotheses,
2m080 < 1,

the first term, i.e. / is bounded. In particular, we have
a4 q_
I <T1m! Zmo‘so)]EwO@,ao. (5.13)

Let us continue with the second term. The smoothing property of the semigroup gives for
any 6; >0

T t mo
nsEU (f (t =) 2 (h(n. £,9) [n6IEXS)] 0 ds) dt].
0 0 m

Using the Sobolev embedding L'(0) — H,,_la' (0), where 81 > d(1 — %), we get

T t mo
11 <E [/ (/ (t =) 200G (h(n, £, 9)) [n()EXs)] ds) dt]
0 0

Supposing / ‘S‘% < 1 the Young inequality for convolutions gives for

1 1 1 1 1
—+1l=-+— and Bp=-—=(r+8) (5.14)
mo [ u I 2
and therefore,
T 2
11 <CoT?m 2(5)|* g
<Co 0 A |¢>K(h(7775,s)) n(s)é (S)|L1 ds | . (5.15)

Which can be bounded by Holder inequality as follows,
! I
fo |6 (h(,§,9) n(©)E> )1 ds
T
< sup [n()l" . / b (h(n, &, 5)) [E(s)|m ds < C()Ro.
0<s<T 0

Next, let us investigate /71. We treat the stochastic term by applying [9, Corollary 3.5
(ii)], from which it follows fora +r < 1l and 8 > 0

[/

Due to the Sobolev embedding and interpolation, we know that whenever

2

g T
dt| <TPE [/ o (O™, dr] .
Hr 0 Hm

m

t
f ) gy (5) dWas)
0

d d

o>————p, (5.16)
2 m

then there exists some 6 € (0, 1) such that

0 1-6 4 1-60
Vel o = N0 @lpmlve@®] ;7 = Cloe®lpnlve O], 5
" 2
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Thus, if p satisfies Eq. 5.16, we get that

T s T 1-6 - .7 0 mo
E[/ va(t)l’"(i(,dt} sCEH/ |vK<t>|"“;dr] [/ |vK<r>|’£,zdt”
0 Hiy 0 H, 0

T (1-6) L 0L
<CE [/0 IUK(I)IZZ,; df]

7”0 T mo
[E f e ()17 dr}
0

q
T g
<C(e)E [ / o)™ dr] + eElve N mo 0,7 1m)-
0

2

Collecting everything together, choosing ¢ > 0 sufficiently small and subtracting
eE|lv, ||'£20 ©.7:1m) On both sides, (i) follows.
The rest of the proof is devoted to item (ii). Note, that for s < ¢

Ve (1) = ve(s) = (™20 — Td)v,(s)

t s
+ / SAD g (h(n. £, $)) nE)EXE) d5 + /0 Dy () AW (§).

Substituting it in the definition of W‘;‘no ([0, T'1; H,,° (0)), see Appendix B, we can write
T ue(®) = ve@) e,
/ / I | e ds dt
o) = v,
<2/ f | dsdt

{1erB0-9 — Il ()1,
52/ f n” ds di
0 0

|Z _S|l+o¢m0

2 / ! / C1JE A TIG (. £, 9)) n()EX(s) ds
+ m

|t _§|1+<xmo

T pt |f PTG S)M(S)dW(s)r"O
+2/0 /(; |t — g|L+amo dsdt =:J+JJ+JJJ.

sdt

First, let us note that by part (i) we know that there exists a number » > 0 and a constant
C(T) > 0 such that

T o
E[/ v (5[0 ds} ’ <C(T){]E|v0| " +4K}. (5.17)
0 m

Let us consider the term J. Since

t—s
|[ervA(t—s) — IdJx| - = C/ §20r+o)—1 d5|X|H,¢, <C(t— S)Z(r+rr)|x|H’,n
" 0

we can infer

Tt (t — )2 Fomopy, (s)[70
J 52/ / " dsdt.
0 0

|t _s|1+am0
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The Young inequality for convolutions (with all exponents equal to 1) gives

T T
J < (/ §M02(r+8)—1—amq dS) . (/ |UK(S)|HI_11(,)~ ds) .
0 0 m

In particular, since 2(r 4+ §) > «, the right hand side is bounded by estimate Eq. 5.17.
Now, we consider the second term J J.
q

Jensen’s inequality gives for any g > 1, ¢’ := =1

l q
ﬁervA(t—s)qbK(h(n,g,S)) ()&% (s) ds B

K H,°

q t
<(t—5)7 ( f B (h 1, £, ) 1(5)E2(5) |0 ds).

Hence,

1A (. £, ) n()EXs) s,
el '"

|t—§|l+°’m0 sdt
T pt (t—s)'”0 Ji ¢ (h(n. £.9)) In(s)E (S)Im0
5/ / " dsdi
|t _s|1+0(m0

0
Tt 20, 1 —amyg T 2 m
| [a-ommasal [ [T ocno e ooy as).

Taking into account that o < mlo,, integration and the Sobolev embedding gives

T 20 gy T
JJS[/O £ dt:|/ o (h(n, &,5)) |77(S)§2(S)|r:1(1;ds

"0 41 am " - —amo
<T" / B (h(1. . 5)) In()EX()[1 ds < 4T ™ C () Ro.

It remains to give an estimate to the second term. We can show the assertion by the same
computations as in the part of the proof for (i), i.e. starting at Eq. 5.15.
Next, let us investigate J J J. Here, again by [9, Corollary 3.5 (ii)], we get for some § > 0

that
2

1
<@t-9"E (/ e @170 d§> :
Hy s i
In this way we get

t |I S|m0 2
IE|JJJ|<2/ /0 |t—v|1+°‘m0 f|vK(s)| sdsdsdt

52/ /|t—s|m°(l_°‘)_3 <IE/ |v,((§)|m‘l&d§>dsdt.
0o Jo s Hy,

Applying the Holder inequality, we show that

t -
E / AT 51, (5) dWa ()

s

T
IE3|JJJ|§C(T)]E</ e ()75 ds>~
O m

Collecting everything together gives (ii). O
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Technical Proposition 5.10 Let us assume that (n, £) € Xy (Ro, R1, R2) C Mé{mo (Y, Z).
Then, for any a € [1,3), ¢* € (1,mpl, and k € N there exists some real numbers
81, 82 € (0, 1] and constants C1(k, Ry), C2(k, Ry) > 0 such that we have

2 214"
E ”r/lgl - 772%-2 ”LO‘(O,T;LI)
5 +1 &
<Ci(k, Ro) x ((Ellfl — &m0) + (Ellm - 772||J£y+1(0qT;Ly+l)) )

1
+ Calk, Ro) x (El§1 = &15° +Ellm = n2l% 7)) -

Proof Firstly,observe that due to the cutoff function, at integrating with respect to the time we
have to take into account in which interval s belongs to. Let tj’.‘ =infsoof{h(n;, &, 5) > K}
and r]’? :=inf,-o{h(n;,&;,s) > 2k}, j = 1, 2. Distinguishing the different cases, and noting
that Lip(¢,) < 2k 1, we obtain

| (R0 £1..)) 01 ()EL(5) — bie (h(n2. &2, 9)) Ma()EF(5)|]

1 ($)EF(s) — ma()EF ()19, if 0<s=<TAz1"
M ()& () — na(s)E3(s) |71 Lip(de)”
< (I = 120 gy + 161 = €200 o .1m))
201 () (5) — ma()EF ()%, if TAT!<s<TAT,
0 if T>s>TAT?,

where " := min(z{, 7;') and 7° := max(z{, 7). Therefore, we may integrate over [0, T'].
Secondly, observe that for any n € N and any a, b > 0, we have

. k=1 1 1. . n—k
Za n (gn —bn)b n

k=1

ja—b| <

n—1 n—1
n

n
<la—bn Y a" T BT < Cla—bli(n—1) (a* +bT),
k=1

where the last inequality follows from an application of Young’s inequality. The difference
can be split in the following way for s € [0, T° A T]

&5 (5. )1 (5, %) — &5 (5. X)ma (s, 1) |
<IE1(s, %) — E2(s, X)[E1 (5, %) + E205, ) [Im1 (5, 0)| + |E] (5, %) + &3 (5, 1) |11 (5, %) — m2 (s, X)].

Let n € N be that large such that

1

1 n—1 1 1
: —, and —— + —
a n(y +1)  p*

1
[ _l’_ J—
n(y +1) n.p

1 1
+—<1, <-.
m o
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Therefore, we can write
=

T'AT
/O M ©ENS) = m&E )% ds

TOAT 1 n—1
<[ (|m<s> RO IS = @l

0

TOAT 4 (Vfl)”
([ e - mep as

0

o=l TONT
sup_[n1(s) +ma(9)l, ,f (/0 |67 (5)

0<s<T

mo
Lm

Taking expectation gives

*

TOAT q
E { /0 [N (EE(s) — ma()EF(S)] ds]

5

0<s<T

AT = e
y+1 Py
=C() E/ [n1(s) = m(s)l; 41 ds E sup |n1(s) + m(s)l, .
0

Similarly we get by the Holder inequality

ds

£2(s)

o
L’") ds
o
)mo

q*ocn 1

&8 ()m2(8) — &3m2()] 1 < E1(8) = E2() g [E1(5) + E2(8) | pn [M2(8)] -

Integration over time gives

=0

TAT
fo |E2()ma(s) — Em(s)[%, ds

0<s<T

Taking expectation we get

*

q

TOAT
{Efo &2 (5)ma(s) — E3ma(s)|7, ds}

q*a

. I TAT
=) {E sup Inz(S)Ii(,’,*} ' {E/O 6165) —

0<s<T

Finally, take into account that

TIAT N
E[ (/0 n1(9)EF () — m()EF ()] ds)

TOAT mio TONT mo
< sup [m2(9)I] (/0 &1(s) — &2()[]m dS> (/O E1(s) + &2()[]n ds) .

o

q*a

mo
&)y ds ] :

*

q
X (I = 2l 0,y + 161 = &3m0 0.7.1m) |
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TOAT
SE[ Z sup |77j(5)|Lp*/0 € ()Im ds

j=1 20§s§T
*

q
X (I = m20ye1 0 ropeny + 161 = &g 7.m)

q

*

G
P
<C@) {E Y sup [},
1 5 0<s<T
j=12
E _ y+1 ;L:l E _ mo %
X ( ”771 7]2||Ly+1(0,T;Ly+1)) +( ”Sl SZ”Lmo(QyT;Lm)) ,
the assertion is shown. O

The next proposition gives the continuity property of the operator V g.

Proposition 5.11 Let (n1,&) € Xy(Ro, Ri,R) C My"(Y,Z) and (. &) €
Xo(Ro, R, Ry) C Méimo (Y, Z). Let v,gl) and v,gz) be the solutions to

dvl) (1) = [rAv (1) + b (h(nj, &), 1) n (DE; (D] di + 020 (1) dWa (1), 1 € (0, T,
()

with v (0) = vo, j = 1,2. Then, under the assumptions of Theorem 3.6 there exists a
constant C = C(Rg, k) > 0 and real numbers 81, §p > 0 such that
mo
E [, — @
K K L™0(0,T;L™)

81 1 )
SC(R()’K) :I:]E ”Sl _52”2"'9!0(0’T;Lm)j| + I:]E ”771 - 772”{:_“(0];”“)] ’ .
Proof First, we get by the analyticity of the semigroup,

T m
E (/ \vym) _ v,((z)(t)‘ ! dt) (5.18)
O Lﬂl

t mo
/ AU (@ (1, E1, )0 ()EL(5) — b (h(n2, &2, )02 (5)E(5)) ds dz)
Lln

T
=(]
0 0
mo
dt>
Lm

T\ pt

+E ( / ‘ / (020" (5) — 320 (5)) dWa(s)

o 1Jo
=:1+11I.

Let us consider /. Here, we use the Sobolev embedding L' (©®) — H, 3(0), where § >

d(l— %). Next, the Young inequality for convolution gives for/, u > 1, with m%) +1= % + i

38 1
and§<7

T
1 <THE ( /0 |6 (h (11, &1.9)) 0 (EF(S) — e (2, E2.9)) 12()EF (5)]}4 ds) .

Note, the assumptions on m( and m in the Hypothesis 3.4 gives the existence of / and pt.
Now, by the technical Proposition 5.10 we can infer that there exists a constant C =
C(Ro, k) > 0and é;, 62 > 0 such that

mo 8 y+1 &
1= CRo. ) ((BIg = &R0 r.im) + (Bl —mli o) )
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It remains to tackle the second term /7. This can be done by standard arguments using the
Burkholder-Davis-Gundy inequality, see Section . O

Next, we shall tackle the continuity of u, with respect to  and &.

Proposition 5.12 Let the couples (n1, 1) € Xy (Ro, R1, Ry) C Mé{mo Y, Z) and (n2, &) €
Xo(Ro, R, Ry) C Mgmo (Y, Z) be given. Let u,((l) and u,((z) be the solutions to

duld (1) = [re A (@) — xpe (WP, 9 1)ul (1) EN2 ()] dt + orue D (1) AWy (1),
te(0,T],

with u,((j ) ) = ug,j = 1,2. Then, under the assumptions of Theorem 3.6 there exist
constants C = C(k, Ry, R2) > 0 and ¢, §1 > 0 such that

y+1

E |: sup ‘u,((l)(s) — u,((z) (s)

0<s<T

2
|+ cE Hu,((l) — u,(cz) _
H, LY+1(0,T;Lv+1)

81
<C(Ro, x) {(E &1 — SZ”imo(oj;Lm)) +E & — SZ”%"’O(O,T;L"’)} .

Proof Applying the Itd formula and integration by parts gives

) = u®OF,
t

+2ru/ / (@M (s, x) — @) (s, )@V (s, x) — u® (s, x)) dx ds
0 JO

t
=—2x/ / V@V (s, x) — u? (s, %))
0o JO
x (VN e (1, &1, ))ulV (s, D)EL (5, 1) — de (h (2, E2, )P (5, X)EF (5, X)) dx ds

t
+2/ (10 6) = u@ ), 1@V ) = u@ () Wi )
0

t
M () — 4@ ()2
+/0 o1 @) = w N gy iy 49
=+ 114111,

where V=1 := —(=A)1/2,
To deal with the second term and third term, i.e. IT and III, we apply first the Burkholder
Gundy inequality, resp. calculate the trace. Here, we apply Remark 5.2. Next, we obtain by

2— 1
the Young inequality and Lemma A.1 for ¢ € { 0, 251 rd

Ly+1

t
11 +111 Sé‘y-HIE/ |u(l)(s) _M(Z)(S)|V+1 ds
0

t
+CE | [uV(s)—u® ()] _, ds.
0 H,

Before tackling the first term 7, let us introduce the following definition. Let us set for
keN

7w, &) =inf{t >0:h(n,§,1) >k}, Q:={weQ:10n, &) <um, &)},
and Q) = Q\ Q.
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Now, we can decompose the third term into the following summands

E/t/ V@V (s, x) —uP (s, x))
0o JO
x (V" (e (h(m1, &1, )ul (s, 0)EE(s, x) — b (h(n2, &2, $))ulP (5, X)E3 (5, X)) dx ds

AT (12,82) | | 5
51E192K/ /O(V’ @V (s, x) —u®(s,x))

0
x (VN @ (h(m1, &1, )@V (s, %) — ulP (s, )EL (5, X)) dx ds

AT (12,62)
+1E]lﬂzk/ / V1w, x) —u® (s, x))
0 O
x (V71 (e (1, &1, 8)) — e (h(n2, &2, ) uP (5, )ER (5, x)) dx ds

AT (12,52)
+Elg,, / f V@V, x) —u® (s, x))
0 O
x (VTH((E8 (s, x) — E5 (s, %)) e (12, &2, )P (5, x) dx ds

tAT2 (11,61) - 5
+E19§K/0 /O(v* @V (s, x) —u? (s, x)))

x (VN (h(m, &1, ) @ (5, %) — ul® (s, x)EF (5, x)) dx ds

AT (01,61)
+Elgg, f / V@V (s, x) = u® (s, )
0 (@}
x (V7 (@ (h(n1, &1, 8)) — e (h(n2, &2, ) uP (s, )EF (s, x)) dx ds

AT (01,61)
+Elg / f V@, x) = u® (s, x))
0 (@)
X (VT (EP (s, %) — £3(5, %)) e (2. 2. )P (s, x) dx ds

=:11(t) + (1) + I3(t) + 14(t) + I5(t) + I6(2).

Let us start with ;. Let us put for r, ', m, m’, p, p’, and s* = #,
1 2(1
B
4 24y
- L 2r+1D Y
= 2 1 N ! = ) ) ' = 5'19
m y+1D, m 2 +1 Y, P I (5.19)
Using duality withm >y + 1,2 <r <y + 1, rLT + % <1 and%+% < 1, we know for
the integrand of I}
(A7 @D ) —uP @), A7 (Bt &1, Nu8E g (himn, 61, DuVer )|

=[a T W —uPo)| |
L

x [A7E7T @ethOn, 81, 90D OEF ) — e i, &1, DuP ($)EEG)
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By integration in time, and applying, firstly, the Holder and, secondly, Young inequality we
know for any &; > 0 there exists a C(¢1) > 0 such that

/rzlk(m,a)m
0

TG, &1, ) (1) — 1P ) 26| ds

T (LEDAL
<C(e1) /
0

L mLEDAT
+ &1 / o (h(n1, &1, 9))
0

(AT D (s) — u@ (s)),

- r
s* m
AT (W (s) — u§2>(s))‘y ds)

W) - u@ (s)EXs)|

ds>

H—/l—.\‘*
(5.20)
Let us analyze the first term on the right hand side.
Take some 6 € (0, 2/m) and let
1 o 1-906
— =4 ——, §==0+1-0)(s*—1).
P 2 + v+ 1 s +( )(s )
Then, we know by interpolation that
-1 = el
This gives
EH I+ () u® ‘ <CEH m_,of .
(i ) L, T:L7) — e T e L, 751
1 B r
< CE ( f 1V (5) = P ©I7 1 1 5) = uP ()] " ds)
0 2 i
The Holder inequality gives
1 s*
E HA7§+7 M _ 5@ H
(e = ) L(0,T;L")
r 2-6m
mn 2

t
<CE </ |M,({1)(S) _ ”,((2)(3)|12Lrl ds> </ |u(1)(s) (2)( )| —0)it 5 ds )
0 2

r(')
<CE</ D (s) = u® )P - ds> lul — u@ ()" 1=

L0 .15,

By the Young inequality, we know for any 2 > O there exists some C(g2) > 0 such that

E HA—%+%(MI<(1> (2>)‘

L7™(0,T;L")
! ] oy, L r(1—6) 258
< C(Sz)E/ P (s) —uP ©17, 1 ds + 2Bl —uP )" 7
0 & LT 015
Observe, for small 0, we know r” > r,§ < (s* — 1), and m” := (1 — Q)m2 o > 1.

Thus we know, since

I —(G*—=1) 1-—s* 1 1 —s*
> + , =5 = .

r 2 y +1 m” y+1
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that the same holds for r”, m”, and §. By Proposition A.2, we know, if ¥ > 1 then there
exists some 6 > 0 such that

M _ <2>||’<1 0) 5

||u (-0

2— Hm(()T H”)

T
1
< sp 100 = a@ @R+ [ e - uP o ds.
0

y+1
0<s<T L

This means, that later on, we can cancel this term by the LHS.
Let us analyze the second term of the RHS in Eq. 5.20, i.e.

Bl

Ty UM NNt - 1 2 2 i’
£1 /O @ &1, 0™ |@ ) = uPE )| . ds

First, we use [58] p. 171, Theorem 1, where we put s; = —s** < 0 and s, = s** + ¢,
s** = 5%/2, & > 0 very small. In this way we get

‘(u’((])(s) — u’((z)(s))glz(s)}H_l_s* <C ‘ul((l)(s) _ M,((Z) (S)‘Hx] Z(S)|H‘\_,2

or, applying the Holder inequality in time,

/lek(m,él)At
0

| oL | L
Ty (MLEDNAE piit’ i’ p Ty (M,EDAL =1 ' p’
<C / ug)(s)_ug)(s)‘ ., ds / &8 )|}y ds :
0 H, 0 14

Now, since for our choice of r’ > 2, 51, and m’ p, we know that

(u,((l)(s) - I/t,((z) (S))glz(s)":l—l—x* dS) m

1 —51 1+ 51 s* 1—s*/2 1 1+ s 1—s*/2
i —=>=—+ =— 4+ —, > = .
r’ 2 y+1 4 y +1 m'p y+1 y +1
we have
1
]E””/(c) W |l ppiv O.T;H %)

sCE(sup ) = P @)1, f|u<‘>(s) <2>(s)|{jllds>

0<s<t

Next, we tackle |§1 (s)| Here we have by [58, p. 364] for

d d d d 1/d 1 /c+y)
21 — — =2— — = — — = — | — = - — s
2+ < Sz) FTRE0 T i (r’ +s2) 2 < 2+2y +82>

the estimate

\sl(s)!,ﬂ < Clal”

Let us put s, = m Then, 7 = 2(21;7)~

Furthermore, note that» > 2,7’ <2 and 7 < 2 for s, = m

@ Springer



E. Hausenblas et al.
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1+dy
<
4(1+y) —

ISIN

Next, the Sobolev embedding H2(0) < H;*(0) with§ > 5 + (4 — 4) =

. 342y .
In particular, § = 5—"=7— oy Now, to estimate the term by H, we need that
1 1-0
[ > min(2, m'p’).

7 - )

(@) d=010=0(p+Dh=p+Ud-0), 5 3

Hence, p > § — Z’ﬁz,p, = 41('&;) — (1'5)}//()2(?;2)1’) < 0. In this way we get

2 2 2
1620 Lo 0.1y < N6 2 7 agy < N8I, -

It follows by taking into account the cut-off function

T3 (m.EDAL
](; ¢K(h(nl’gla ))

/

-
n‘,l/
o1 ds

r

@V (s) — ul® (s))&7 (5)

2 /
<C |lgx(h(n1, &1, ’))]l[O,rle(m,El)At)gl ”]H{a
t r'
1
X E( sup ul () —uP () 1 + / u®(s) —uP )77 ds)
0<s<t 2 0
t r’
1
<C(c) \E ( sup [u(s) =P @)1+ / uD () — u® ()17 7, ds)
0

0<s<t
In this way, we get for I}

t
E|l1(1)] < C(e1, &2)E / u () —uP )17, 1 ds
0 2

t
+81E<sup () = uP @I+ / P (s) = u® )11 ds)
0

0<s<t
' r
+62C (k) E(sup ) —u@P )7+ /0 ul5) = u@ )1 E, ds)

0<s<t

Next, we have to tackle I»(¢). Again take r, r’, m, m’, p, and p’ defined as in Eq. 5.19.
Again, using duality we know for the integrand of I,

(A3 @6 =@ 0, A7 (Behnn, &1 DuVER — de b, &1, DV )|

<[a= T W) —u@ )| |
X [A737T @b 61.9) = B bz 2. uP EF D),
By the Young inequality we know for any &1 > 0 there exists a constant C(¢1) > 0 such
that
tAT (12,62)
Elg,, / / V@M (s, x) —u? (s, x)))
0 O
x (V7 (g (h(n1&1. 9)) — b (h(n2. &2, 9))) u (s, X)E] (s, X)) dx ds

(N @ r’ @) g2
= - * - / —s*—1y
< B P+ COBIE — &l Ion 8Ty e,
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Next, we follow the calculation as done before. First, we use again [58, p. 171, Theorem
1], where we put s1 = —s™ < 0 and 5o = 5™ + ¢, s™ = 5%/2, ¢ > 0 very small. In this
way we get

W@ . =C

/

@@, )]

Next, applying the Holder inequality in time,

/TZ'K('Iz,El)/\t
0
. o . -
Ty (M2, 61 A1 piit’ ' p EAUIRINAY 5 W' p ' p’
<C / 5 ds / |f'§1 (S)|Hs2 ds .
0 Hr/ 0 r/

Again, by the choice of r, ¥/, m, m’, p, and p’, we know that even for a r”” > r’ we have

/Tzlk(ﬂl»fl)/\l‘
0

<C sup

0<s<1y (n1.E1)AL

/
r
w

o
u£2>(s)g]2(s)‘H7H* ds)

u ,((2) (s)

"
r

pi’ wp
Ml((z) (s)’HSI dS)

1

2 Ty, (M1, 61N
u’((Z)(s)‘H_1 —|—/
2 0

7
ds

2)
Ui (S) Ly+1

Again, similarly we know

P’

] ! !
Tk (1,601t ~ ' p
2 mp ’
( fo [Er@ e ds) <18l

Now, taking into account the cut off function we know

Elg,, 1§ — &Il P .
% H 22820 W SR ! 0.1 Aty (2. £2) H 1)

EE{]]-Qz,( 151 — $2||£_Hpmr2,((n2,$2) 1752, )62,

1
2 EAUIRINY
u}((2)(s) o +/
2 0

u® (s)

x C sup

0<s<t}, (m.ED)AL

7
ds
L}/+]

r_
7

<cw (Bla —&1%,)

1

2 Ty (1,61 NE
ul((Z)(s)’Ir1 +/
2 0

Since the operator is invariant, the second expectation value is smaller than R;.
Next, let us treat /3.

AT (12,62) _1, ) @
EﬂszzK/ f(V @ (s, x) —u'? (s, x)))
0 @)

x (VTH(E8 (s, x) — E5(s, %)) e (12, &2, )P (5, x) dx ds

\‘\

x 1 E sup ds

0<s<t) (n.E)At

PINLL
u Rs)jw
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v+l

+1 r

<eEllu® — a7 o 7oy + COILapud EF = EDI L
o L7 O0rntcn,&):Hy )

VTH

By similar calculation as before, we get
AT (12,62) . | )
Elg,, / / V@V (s, x) —u® (s, 1))
0 O
x (VTH((E( (s, x) — &5 (s, %)) e (M2, &2, )P (5, x) dx ds

1 2) 7+
<eBfju? —uf )”ZV“(O,T;LV*')

2 e 2 2 e

+C@EE] sup [uP )0 16 — &1 T
0<s<T L7 (0,0AT (12,62): L")

1 2 +1
SSEHM( ) — M( )||}[,,V+1(0,T;LV+1)
) yl
+C(e, )E] sup [P0 t{EIE — &l pno.r:12m ] -
0<s<T

14, Is, and I¢ can be estimated by similar steps.
Now, we can collect all terms and get

(1) _ ., 2 2
EjuD (1) = 01,
t
+ 2ruEf / (@M (s, %) — @) (s, )@V (s, x) — u® (s, x)) dx ds
0o JO

Ly+l

1 1
<e"*E / M (s) —u@ ()| 7), ds + CE / V() —u@ ()2, ds
0 0 2

1 2 +1
-‘rSE”M( ) — u( )”ZV‘FI(O’T;LV‘FI)
)
2 % @p20 5
+C@ {Ele - &I, | {Ella. @6 7., 2
LY (O«t/\IZK(’]2~EZ);H;+1)
v
+1
+ B D g,y + €O {P '”iZ)lw} (Bl ~ &l )
<s<

Term I cancels with the corresponding term on the left hand side. We may apply Gronwall’s
lemma in order to deal with the term /71. O

Proposition 5.13 For any initial condition (uo, vo) satisfying Hypothesis 3.4,
(i) there existsr = r(T, y) > 0 such that for any (n, &) € Xy (Rp, R1, R2), we have

T
2 [ty ds < CRo
0 y+1

(ii) we have that t — u,(t) is P-a.s. strongly continuous in H2_1 (0).

Proof Let us prove (i) first. We know from Proposition 5.6 with p = 1, that for any (n, &) €
Xo(Ro, R1, Ry) we have

1 y—l1
E/

2

ds < CRy.
L2

](S)Vux (s)

A
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On the other side, we know by Proposition A.4 that we have for any 6 < ﬁ,

[1)+va 2
2

ug ](S)WK (s)

T T
Pty < p+y
e 737 0o = € /O 2ds+/0 wl?$ ds |

where the LHS is bounded for p = 1, noting that Proposition 5.6 with p = y gives

L

1
IE|: sup |u,((t)|z;r+li| <cC.
t€[0,T]

The assertion (ii) follows from [48, Theorem 4.2.5]. ]

5.4 The System Eq. 3.10—(3.11) and Uniform Bounds on The Stopping Time

Within this section let us assume that {(it,, v,) : « € N} the family of stochastic processes
constructed in Step III of the proof of Theorem 3.6. The constants Ry, R; and R, are given
as in Eq. 3.26, Eq. 3.23, and Eq. 3.25, respectively.

Proposition 5.14 Fix p > 1 and suppose ug € LPTY(O). Then, there exists a constant
Co(p, T) > O such that we have for all k € N

T
IE{ sup |ﬁK<s>|iiL}+yp<p+1>rulEf /|ﬁK(s,x>|P+V‘2|V:zK<s,x>|2dxds
0 O

0<s<T
r +1
+(p+1)x1E/ f i (5, )17 (s, )P dx ds = Co(p, T) (Eluoly sty +1).
0o Jo

Proof Follows from an application of Fatou’s lemma and nonnegativity of u, and v, in the
proof of Proposition 5.6.

Proposition 5.15 Letp < 1— % and assume that the Hypotheses of Theorem 3.6 hold. There
exists a generic constant C(T) > 0, a number [ > F%I and 81,8 € (0, 1) withé; + 6 =1
such that for all k € N we have

—80
m

Elldc I <C(T) <E|vo|’;° + R R‘f‘). (5.21)

Before proving Proposition 5.15, we consider the following lemma, which will be essen-
tial.

Technical Lemma5.16 Foralll < a <2, —p < , and for any r* > 1 there exist
generic constants C(T) > 0 and 61, 62 € (0, 1) with 81 + 62 = 1, such that for any pair of
nonnegative processes 0, £ : [0, T] x 2 x O — [0, 00) we have

202—a)
o

31

(e, )”. 622

r*p
o

T
BIng> ] u o .11y SC(T) E(/O |np<s)52(s>|yds)

Proof Let us set B = #, 1-8=21 = ﬁ. Observe also that

1()E%(s) = n()&*P () £217P(s), s €[0,T].
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)

_ 1 — I _P_
Assume o < p and fix g = p,qa/p— land ¢’ = =

T
g = ([ ([ lremerontas) ([ ‘52“ e ")W
[ fevnton) (o

\.\‘Q
B[S}

o

p* en* /1
= L
Lr 0,7;L0~ B’ 2))
p*en*
< |n" & ||€|| o
H LI(OTL] L (ﬂp“ ©01:L%)

Here, we need a/p" < 1 which gives 2 < p < -%;. Also, if

d 2(p —a)
——p<
2 a(p—=1)
then
pent 2y
HUS HL”(OT Ll) = |[n g LI(OT Ll) ”%—”Hp .

Taking the expectation and applying the Holder inequality where we have to take into account
that o/ p’ < 1 we get the assertion.

Proof of Proposition 5.15: Let us consider the following equation for a locally integrable and
progressively measurable ¢ — F (),

dw(t) =ryAw(t)dt + F(t)dt + orw(t) dWa(t), w(0) =wp € Hf((’)). (5.23)

Following the proof of Proposition 5.7 verbatim, we find that

t I
< C(T) (/ |F(s)|g1 ds) . (5.24)
HY 0

2

'
/ A=) Fs) ds

0

In particular, for « as in the Technical Lemma 5.16, we have 2 — % > % +panda < 2.
This gives as condition for p, p < 1 — % In addition, setting p = 2 we need —p < @,
which is not a restriction. However, due the hypotheses we find some « < 2 such that the first
inequality is satisfied. Note, that due to the condition in Hypothesis 3.4, there exists some
@ = a > 1 such that p satisfies the assumption above and those of the Technical Lemma

5.16. Setting
F = ¢ (h(n, &, g2,

we obtain by applying Technical Lemma 5.16 that there exists some constant C(7') > 0 and
81,682 € (0,1), 81 + 62 = 1 such that

mo

IE(/ [F(s)[t, ds) ' <C(T)R)' R?.
0
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It remains to calculate the norm in L2(0, T’ Hzp + (0)). By standard calculations (i.e. apply-

. . . . . 311
ing the smoothing property and the Young inequality for convolution), we get for 5 > - + =

" K
and §k /2 < 1

=CIFl

Li(.T: HOH =%y
L2(0,7:H ™ ¢ 2 )

/ AT E(s) ds
0

The embedding L' (0) < H{T'7°(0) for s — (p + 1) > £, gives
||F||LV“(O,T;H;7[) f ”F”LH(O,T;LI)a

for and similarly to before we know by hypothesis 3.4, that there exists some @ = « such
d 3o 1

thatd — (o +1) > 5,5 > m % dk/2 < l,and a(p — 1)/(p — a) < mg. Therefore, we
get by the Technical Lemma 5.16
mo

E H/O VAT F(s) ds < C(T)R)'RY.

L2(0,T;H{ ™

6 Pathwise Uniqueness of the Solution

Proof of Theorem 3.10 Let us remind, since (u1, vi) and (u2, vp) are solutions to the system
Eq. 3.6—(3.7) with P(#1(0) = u2(0)) = 1 and P(v;(0) = v2(0)) = 1, we can write for
i=1,2,

dui(0) =(r Al ©) = xu (VD) ) di + o AW (1) 10, (6.1)
dv; (1) =(rvAvi (1) + ui(t)viz(t)) dt + opv; (1)dWr(t) t > 0. (6.2)

In the first step we will introduce a family of stopping times {ty : N € N}, and show
that on the time interval [0, ty] the solutions # and u;, respective, vy and v;, are indistin-
guishable. Here, in the second step, we will show that P (zy < T) — 0 for N — oo. From
this follows that u; and u are indistinguishable on the time interval [0, T'].

By Remark 3.9, d = 1. Let us remind that 8 € (0, 1), p €[0,3), 3 < Z + ;- +p <

mo
3y+2
2y+2 +p.
Step I.

Let us introduce the stopping times {ty : N € N} as follows:
Ty =inf{t > 0 Lo ville, = NYAT, i=1,2,

Tz%/,i =inf{t > 0: || Lo, ul JZNIAT, i=1.2,

L2 (0,T; HO
and Ty = min,-zl,z(r]]\,’i, II%,J.).

The aim is to show that (u1, v1) and (u2, v2) are indistinguishable on the time interval
[0, Tn].

Remark 6.1 Note, due to the assumptions in Theorem 3.10 and by Corollary A.5, and Propo-
sition 5.14 we know that there exists a constant C > 0 such that for any solutions (u, v) to
Eq. 3.6—(3.7) we have

m 2y
Bl < C and Ejul oy S
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Fix N e N.

To get uniqueness on [0, Ty ] we first stop the original solution processes at time ty and
extend the processes (u1, v1) and (u3, v2) by other processes to the whole interval [0, T].
For this purpose, let (y1, z1) be solutions to

{dyl (1) = ru MY () + 0131 dboy 0 Wi(1), 1€ [ty AT, T, 63)
dzi(t) = ryAz1(t) — z1(@) + 0221(1) dOry o Wa(2), teltn AT, T],
with initial data y (0) := uj(tn), z1(0) := v (zy), and
let (y2, z2) be solutions to
{d)’2(t) = 1Ay N0 + 01720 dboy 0 Wi (1), 1t €[ty AT, T, 6.4)
dza(t) = ryAza(t) — 22(t) + 0222() dbry o Wa(t), teltn AT, T],

with initial data y(0) := us(ty) and z2(0) := vy (7). Here, 6 denotes the shift operator,
ie. 0y o Wi(t) = Wi(t + 1) — W;i(t),i = 1, 2. Since (u1, vy) and (u3, vp) are continuous
in H{l(O) x L2(0), (ui(tn), vi(zn)) and (u2(ty), vi(ty)) are well-defined and belong
P-a.s. to HQ_I(O) X Hz_s" (0). By [2, Theorem 2.5.1], we know that there exists a unique
solutions y; and y, to Eq. 6.3 belonging P-a.s. to C([0, T']; H{l (0)). Since (e’(’vA_Id)),zo
is an analytic semigroup on Hzp (0), the existence of unique solutions z; and z; to Eq. 6.3
and Eq. 6.4 belonging P-a.s. to C([0, T']; H, % (O)) can be shown by standard methods, cf.
[16].

Now, let us define two processes (1, v1) and (it2, v2) which are equal to (u1, vy) and
(u2, v2) on the time interval [0, Ty) and follow the processes (y1, z1) and (y2, z2) afterwards.
In particular, let

_ ui(t) for0<r <y, _ v1(t) for0 <t < ty,
uy(t) = vi(t) =
yi@t) forry <t <T, z1(t) forty <t <T,
and
_ ur(t) for0 <t < ty, _ va(t) for0 <t < ty,
up(r) = v (1) =
v() forzy <t <T, 2() forty <t <T.

Note, that (11, vy) and (42, v2) solve on [0, i) the equation corresponding to Eq. 3.6—(3.7),
that is, fori =1, 2,

dui() = (redul () = X OV ) dt + oAW1 (1) 1> 0, 6.5)
dv;(t) = (rvAv,' (t) + ui(t)vl?(t)) dt + opv; (t)dWs(t) t > 0. (6.6)
Step 11.
Leta = p + % (which implies o > % due to the assumption on p) and let % > & > dp.

Our goal is to show that (u1, v{) and (u2, v2) are indistinguishable on the interval [0, Tx].
Applying the It6 formula while setting

o) =E [ sup i) (s) - ﬁz(s)ﬁq_l}
2

0<s<t
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over [0, 7x] and taking into account that (&1, v1) and (u2, v2) are solutions to system Eq.
3.6—(3.7) we obtain by standard calculations for 0 < ¢ < ty

t
i)~ 20, ]+ ] [ 10 - ) as] ©.7)
t
< x]EH/O foevr‘(ws,x)a%(s,x)fﬁz(s,x)ag(s,x))(fvr‘(ﬁ,(s‘x)fﬁz(s,x))dxds”

t
+ CIE/ i1 (s) — iz (s)|% _, ds.
0 Hy

Furthermore, we obtain
13
]EH/ / V) (@6 0T (5,00 = B2, DT 6.0 (V)7 (715,00 — 2o, 1)) dx ds ]
0 JO
13
< EH /0 /o(—vr‘ (01 (s, x) — 2 (s, )) 7205, ) (=)~ (@1 (5. x) — a5, x))dx dsH
t
-HEH/ / (—V)_l[ﬁz(s,x)ﬁz(s,x)(ﬁl(s,x)—ﬁz(s,x))](—V)_l(ﬁl(s,x)—ﬁz(s,x))dxdsu
0o JO
=:11(t) + L ().
Now we have by Proposition A.3 with & > § = 4,
(@1 — ) 7|yt < ity — ] g1 [0 | g
Since H5'(O) is a Banach algebra (see [58, Theorem 2-(18), p. 192]), we have
@1 — @) 7| o1 < ity — 2] ot 01 g

Hence, we get by applying Young’s inequality for e > 0
1
L) <E / i1 (s) = @2()[3, 1 191(9) 3o ds
0 2 2

t t
<¢E / i1 (s) = ii2($)[3, 1 191(9) e ds + C()E / i1 (s) — iia(9)[3,_y ds
0 2 2 0 2

t
SEE[ sup |ﬁ1(~v)—ﬁ2(S)|§121:| xE / |51(5) g ds
0

0<s=<t
t

+C(e)Ef i1 (s) = 2 (s)[}, 1 ds.
0 2

Since @ = p + %, we have 1911140, 7: gy < II01 Il Next, note that |tz (57 — 93)]
luav1 (V1 — V2)| + |uav2(v1 — v2)|. Similarly as above we get for §; < §and 6, = & <
and 83 > % = % (see Proposition A.3, [58, Theorem 2, p. 200] and the identities on [5
Proposition, p. 14]) fori =1, 2

<I= A

e}

s

A1 (N —n _ < N —n _ 171 < 7 — _ 7 ™
l20i (01 = 02} g1 = Crlvr = Ol oo lie2 Vil g = Calvr = V2 s fital o Vi s
(6.8)

By Young inequality, we know that for §3 < # + p and —§p > —% and forany ¢ > 0

there exists a constant C(¢) > 0 such that
1

t t
L(t) <C(e)E / D1 (s) = D2(8)[? s, ds + E ( / i1 ()17, ds) '
0 H, 0 H,
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Y

t ~ 21/74'1 _ 21/7‘*'1 y+I
><1E</0 (|v1(S)|H§3 +|vz(S)|H§3 )ds) E| sup [1(s) — D2(s)]? P

0<s<t 2

t
<CEE [ 1016) = 2017 ds
0 H,
N3y .7, (N1 5, + Elizli,) B [Oi‘iﬁt 16) = 20O, ] .

The third term in Eq. 6.7 can be handled by the Burkholder-Davis-Gundy inequality. Since
t <tyandd < % we know that for any ¢ > 0 there exists a constant C(¢) > 0 such that

t
(1) 581N2E[ sup [91(s) — D2 (s)> 50} +E/O sup |01 (r) — 02(r)I? % ds

0<s<t 0<r<s

+eNE[sup () = 2 (s)1, } +c<e>E/ 01(5) = @)}, ds.

0<s<t

Step III. Let us set
V() :=E |:Os<ligz lv1(s) — v2(s)l 2_50} +E|v; — vzlle(Ot o)

Then we get by standard calculations for § < 1

E - E
Lil;gt [U1(s) — v2(s)| 250]+ lvr — vzlle(0 0
<CE||L£1U1 — u2v2 ||

L2(0,1;H,
2
+E| sup .
0<s<t H2*50

Next, since § can be chosen such that Sop>1— § we can use Eq. 6.8 and obtain for §; < §

and & =8 < § and 83 > 3 = §

80—

)

t
./0 02 (V1(s) — v2(s)) dWa(s)

0T} — T3] sy 5 SC1lT = D2l ol (1911, + 15215 )
1 2 50 5 i 22 HY? Y

Fora > min(1 +—8 — 8+ %, 1, $)and § < 1 we have by Proposition A.3 and [58, p. 192,
Theorem 2-(18)]

- o
[(u1 — u2) 07| ;- 5 = luy —inly- 1|U1|H°‘ = luy — 2l I|v1|Ha

The third term can be handled by an application of the Burkholder-Davis-Gundy inequality.
The Young inequality implies that for any €1, &2 > 0 there exist constants C(g1), C(g2) > 0
such that we have

V() < Elvi(0) - 52(0)@_50
2

t
+E</0 8165 (w](s)@? + |az(s)|ilzs3) 191(5) = 20517, ds)
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t
+E (fo 1 () = ()71 [91) g ds)
<E[v1(0) = 22(0)1% _s,
2

t
+eiE (fo 1) <|a1(s)|i,§3 + |ﬁz<s)|§,§3> 191(5) = 220517, o ds)
t
+C(e)E (fo |D1(s) — D2(s)17 ds)

t 1
+&sF (f jii1(s) = it2(5) 7,1 101 (5) ds) +C(e2)E (/ i1 (s) = i2(9)3, ds) :
0 2 0 2

1
L(t) <E (/ i ()1 s 2 ds)
Y

! - 2VT+I _ ZVTH y+I
X IE(/O ('Ul(s)|H§3 + |vz(S)|H£s3 )ds) E| sup |91(s) — 02(s)]? o

0<s<t

0<s<t

<Elitll 2y 7.2y (BI91Ist, +Ell2lls,) B [sup 915) = B2, }

Since §p € (0, 1) and o = p + %,

v (t) <E|v(0) — ﬁz(O)IZ-aO + e1E| 1o, nur || Ellv1 ||z, + Ellv2llw,)
2

L2 (0,T; Hy?) (

xE[sup 91 (5) — va2(s)]? 50}

0<s<t

+C(eNE (/ 11(5) = B2(5) 2 s, ds)
0 2

+ 82]E |: sup |I,£1(S) - MZ(S)|H 1:| IE”ﬂ[()t U] ”L4(0 T: Ha)
O<s<t
+ C(82)E/ lia1(s) = i2(9)13, 1 ds
0 2

<Elv1(0) — vz(O)IZ_aO + 1B Lo,nu1]] Ellv1 |z, + Ellv2llm,)
2

L27(0,T; Hy?) (

x E [ sup |01 (s) — Do (s)| 50}

0<s<t

+ C(e)E ( / 51(s) — fa(s)@_so ds)
0 2
0<s<r

+ ek |: sup |it1(s) — ita(s)|? -1} Ell 10,101 ||H

t
+C(82)E/0 sup ity (r) — iia(r)]? Hy! ds.

0<r<s
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Taking into account the definition of 7, we obtain

V() < El51(0) = 02(0) s,
2

t t
+81N2\IJ(I)+82NCI>(I)+C(51)/ <I>(s)ds+C(€2)f W(s)ds. (6.9)
0 0

Step IV. Noting that the estimates can be extended to the whole interval [0, T] by standard
calculations. Next, collecting altogether we know, that for any €1, €2, €3, €4 > 0 there exist
constants C(e1), C(e2), C(e3), C(g3) > 0 such that

O (1) +¥(1) < Eli1(0) = i2(0)[3, -1 +El01(0) = 20 s,
2 2
t t
+ eI N2W (1) + C(el)/ W(s)ds +egN® (1) + C(eo)/ ®(s)ds
0 0

t t
+&3N2W (1) + e4NO (1) + C(al)/ O (s)ds + C(sz)/ W(s)ds.
0 0
Taking the €1, €2, €3, €4 > 0 accordingly, we know, that for any N € N there exists a

constant C(N) > 0 such that
O + ¥ () < Elir (0) = i)}, 1 +El5i(0) = 2200017 4,
2

'
+C(N)/ (D(s) + W(s)) ds.
0

An application of the Gronwall lemma and taking into account that v{ (0) = v2(0), u1(0) =
u3(0) give that ®(r) < 0and W(r) <O.

Step V. We show that P(ty < T) — Oas N — oo.

Therefore,

Py <T)
<P (W1l 2y o, 2 N) + B (12l 2y 70, 2 N)
+P(I1llm, = N) +P(I52lu, = N).
Due to Remark 6.1, we can apply the Chebyshev inequality and get by the above that

C
Py <T) < N2

It follows that
P(zy <T) — 0,

as N — oo. Hence, both the processes it and i, and likewise v; and v, are indistinguish-
able on [0, T']. Since the processes (i1, v1) and (i3, v2) solves on [0, T A ty] the system
corresponding to Eq. 3.6—(3.7), the last arguments completes the proof of Theorem 3.10. O

A Some Useful Inequalities

LemmaA.1 Lety > 1, x, y € R. Then it holds that
=y —y) = 217 e =yt (A1)

where 2V .= |z|Y "z forz € R.
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Proof See e.g. [47, Lemma 3.1].

Fix a bounded domain © c R¢ with sufficiently smooth boundary.

. . 1 1
Proposition A.2 For any forr € (2,q + 1), m € (g +1,00), s € (0, 1), with - > - — %
and 1 > lfl, there exists a constant C > 0 such that
2 +1
IEN;m 0.7 15) < C <||$||LOO(O,T;H{1) + ||s||‘1q+1(0j;m+l)> : (A2)

Proof In order that L™ (0, T'; H;(0O)) is an interpolation space between
L®(0,T; Hy '(0)) and LI*'(0, T; L1T1(0)),

we need that there exists & € (0, 1) such that for the parameters m, r, s the following
inequalities are satisfied, see e.g. [3],

s < -0,

1 1-0
TrEa)
l>9+1_9.
r— 2 +1

Now, if% > %—%and% 1+s are satisfied forr € (2,¢+1),m € (g+1,00),s € (0, 1),
then the set of inequalities are satlsﬁed and we obtain Eq. A.2. O

Proposition A.3 Let s;,50 € Rand p > 1. Let O C R4, Assume that sy < s» and that
ST+ 85 >d (0 \% (% — 1)) and sy < %. Then there exists a constant C > 0 such that

luvlpy = Clulgsi[vlys.
foranyr < sy + 53 — % and for any u € H,'(O) and any v € Hy* (O).
Proof See [58, p. 190, Theorem 1 (iii)]. ]

For the definition of the space F we refer to [58, 66, 69]. It translates to classical

P
function spaces as in e.g. [66, Remark 2.1.1], in particular, F 2 = =L’ 1 < p < o0
(Lebesgue spaces), F;’fz = W, m € N (Sobolev spaces), 1 < p < oo and F p , = Hp,
s € R, 1 < p < oo (fractional Sobolev spaces).

Next, we shall record a variant of the Stroock-Varopoulos inequality together with its

proof. See e.g. [17, Lemma 3.6] for another version of this result.

Proposition A.4 For any bounded domain © C R with sufficiently smooth boundary, for
anyT >0,y > 1,0 € (0, %), there exists a constant C = C(y, T, O) > 0 such that

T
_ 2
||17||L2y(0 Tt = <C </0 InY " 1Vn(s)12, ds +/ In(s)| Vds)
where ZV =1 .= |2)Y =27 for z € R.
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Proof By [58, p. 365], we have for any p € (1, 00),s € (0, 1), u € (0, 1) and ¢ € (0, sp),

sp—s = ||w|M|FX,L e < C||w|“|Fm < C|w|’ﬂ2 = C|w|’§g, w € Hy(0). (A3)
P
u u

Wl s

= 3
?\N

From Eq. A.3 we know that for any y > 1, p € (1, 00), 0 € (0, %), & > 0, there exists a
constant C > 0 such that
1

1 =
— lw? ¥ vy
w = ||lw”|7 <Cllw .0
[wlag, = 10”17 1ag, < Cllwl |,
In particular, for any 0 < 6 < % and p = 2, there exists a constant C > 0 such that
lwl?y < Cllw|"| .
HZ;/ 2

Since we know by the chain rule,

T T
/0|V|77(S)|V|izds=)’2/0 I~ 15)V(s) s ds

we know that for any 6 < %,

T
/0 In(S)IV ds<c</0 |nV*1<s>Vn(s>|izds+/ In(S)Ide>

Clearly, we have by the fractional Rellich-Kondrachov theorem that for any ¢ € (0, 0),

|w]” Clwly

H@ £ —
As 0 € (0, y~") is arbitrary, this yields the following result.

Corollary A.5 For any bounded domain O C R? with sufficiently smooth boundary, for any
T>0y>126¢€(, %), there exists a constant C = C(y, T, O) > 0 such that

1175, 0.7 ) =€ (/OT Y=V (s)17, ds + fOT ()25 ds> ,
where 7V =11 .= |77 2 zforz e R
We have the following embedding.
Proposition A.6 Letly, 1> € (2, 00) Wlth S—p =< 11 + 4 i Then there exists C > 0 such that
1l o.szmy < ClEN, € € Hp,
where H, is defined in Eq. 3.8.
Proof First, let us note that for § > 0 such that

1 1 1)
—>- -2 (A4)
I 2 d

we have the embedding Hz‘s (0) = L2(0), and therefore

&1 n 0,7:L12) = CllEll (0,T;H)> §eX
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Due to interpolation, compare with [3, Theorem 5.1.2, p. 107 and Theorem 6.4.5, p. 152],
we have

||“§||L/1(0_T;HfS C”g”LOO(O T: H” ||§||L2(0 T: H”“)’ IS pr

for 0 € (0, 1) with,
%SE(I—G) §=<0p+1—-60)(p+1). (A.5)
Taking into account that we have
2
57 o= E + E’
gives that § and 0 satisfying Eq. A.4 and Eq. A.5 exist and thus the Young inequality for
products yields the assertion. O

B Function Spaces And The Aubin-Lions-Simon Compactness Theorem

Let B be a separable Banach space, 0 < ¢ < d < oo. Let Clsﬂ) (¢, d; B) denote a set of all
continuous and bounded functions u : [c¢, d] — B such that

lu(@) —u(s)|p
lull - = Sllp lu(t)lp+ sup —————,
Cp (e.d; B’ <t<d c<s,t<dt#s It —s|P
is finite. The space C”’ (c, d; E) endowed with the norm || - |

Let

CF(c.d:B) is a Banach space.

L?(c,d;; B) = {u :[c,d) — B :u measurable and/

lu(t)|hdt < oo}.
le.d)

In addition, for 1 < p < oolet W; (O) be the standard Sobolev space defined by (compare
[6. p. 263])

W3(O) := {u e LP(0) | 3g1. -+ . ga € LP(O)such that

/u(x)a¢(x) dx:—/ gi()p(x)dx V(;SEC(?O(O),Vi:l,...,d}
o ax; o

Xi

equipped with norm

lulyy = lulr +Z

Given an integer m > 2 and a real number 1 < p < oo, we define by induction the space

. ue WyO).

ij Ly

W) = {ue wp='©) | Due Wy~ )]

equipped with norm

m
lulwn = luler + Y |Dottlp, u € Wy(O).

a=1

Let H)'(0) := W;'(0), and for p € (0, 1) let Hzp (O) be the real interpolation space
given by Hzp(O) = (L%2(0), H21 (0))p,2. In addition, let H{l(O) be the dual space of
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H21 (0) and for p € (0, 1) let H, ”(O) be the real interpolation space given by H, L) =
(L*(0), Hy ' (O)1-p 2.

Note, by Theorem 3.7.1 [3], H, ”(0) is dual to Hy (O), p € (0, 1). Furthermore, we have
(H, " (0), Hzp((’)))%yz = L*(0) and (H§ (0), Hf((’)))p,z = HY(0)for = a(1—p)+Bp,
p €(0,1)and |af, |B] < 1.

Since we need it to tackle the compactness, let us introduce the following space. Given
pe(l,00),x € (0,1),let W‘;(I; B) be the Sobolev space of all u € L (0, oo; B) such that

p
u(t) —u(s

// 7| @) liaﬂB ds dt < oo;

1Jin eyl —s|irep

equipped with the norm

1

lu(t) — u(s)|y ’

leellvs (r:) = // ey dsdt) .
rJinpery 10— s

TheoremB.1 Let By C B C By be Banach spaces, By and By reflexive, with compact
embedding of By to B. Let p € (1, 00) and o € (0, 1) be given. Let X be the space

X = L?(0, T; By) ﬂWg(O, T; By).
Then the embedding of X to L? (0, T; B) is compact.

Proof See [67, p. 86, Corollary 5] or [28, Theorem 2.1].

C On the Burkholder-Davis-Gundy inequality

We collect the exact form of the Burkholder-Davis-Gundy inequality needed here. Given a
cylindrical Wiener process W on Hz'S (0),8 > 1,over A = (2, F, F, P), and a progressively
measurable process & € ./\/lél(Hzp(O)), p € [0, %], let us define {Y () : t € [0, T]} by

t
Y(@) = / E(s)dW(s), te[0,T].
0

Here, for each ¢+ € [0, T], £(¢) is interpreted as a multiplication operator acting on the
elements of Hg (0), namely, & : Hg(O) > Y — &Y € §'(0). Since for any v > % and for
any ¢ € H; (O) the product £(#)¢ belongs to Héo (O) by Proposition A.3, we can view &(¢)
as a linear map from H, (O) into Hz" (0). It is shown in Proposition A.3 that

£l < CIED] g1l (A6)

where the constant C > 0 is independent of ¢. Consequently, for any p > 1,6 > 1, and any
p €0, 1]
5

T
P 2
E{sup |Y(z)|H2p]sc1E[/0 |¥<f>|LHS<Hg,H;>df} ,

t€(0,T]

where | - | Lus(HS.HY) denotes the Hilbert—Schmidt norm from Hf (0) to Hz’] (0). First, let
us note that for § > 1 there exists a v > % such that the embedding Hg(O) — H;(0)is
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a Hilbert— Schmldt operator. Using the fact that {1/1(5) k € 7} is an orthonormal basis of
H2 (0), and 1//k = AxYx we obtain, by using (A.6),

,SCY EG,
keZ

Ol ]s(sw(‘”

2
“”’ (A7)
Hy

2

= C|s(s>|,,2p >

keZ

If the embedding HS(O) < Hj (O) is supposed to be a Hilbert-Schmidt, the right hand
side of Eq. A.7 is finite and we obtain

T 1A
E| sup Y}, sCEU |$(r>|i,pdz]2. (A8)
0 2

1€[0,T]

In case p > %, we use the fact that Hf (O) is an algebra and obtain

(A.9)

2
EOR oy = 2 ]scw,ﬁ”]ﬂz,, = |s<s>|§,p ]
keZ

If the embedding Hf (0) — Hzp (O) is a Hilbert—Schmidt operator, then the right hand side
of Eq. A.9 is finite and we obtain for § > p + 1

P

T
E| sup |Y(t)| SC]E[/ |s(r)|§1pdt}2. (A.10)
0 2

te[0,T]
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