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Abstract

There are many interesting eigenvalue problems in a variety of settings; one of them is the
well-known Steklov eigenvalue problem. In this work, we are interested in studying some
Steklov eigenvalue problems for elliptic operators of second and fourth order using a well-
known Reilly formula. Some upper and lower bounds for the first eigenvalue are obtained,
and the rigidity case is carefully analyzed.
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1 Introduction

In 1902 Steklov introduced the following eigenvalue problem

Au=20 in ,
g—ﬁ =ou on 092,
steady-state temperature on a domain, and the flux on the boundary is proportional to the
temperature; see, for instance, [18] for a nice description of the relationship between math-
ematics and physics in this problem. Afterward, this problem was studied by Payne in [14]
for bounded domains in the plane with non-negative curvature using a new approach.
In the meantime, Kuttler and Sigillito introduced in [11], among other problems, the

following problem:

A%u=0 in M,

u:Au—qa—“—O on oM,
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since the eigenvalues of this problem are related to optimal constants in a priori inequalities
that have applications in bounding solutions of some elliptic equations. Thenceforth, many
authors have studied this subject, and they have provided a good understanding of this theme;
see, for instance, [3-7, 11, 13, 14, 16, 18-20] and references therein.

One attractive approach to understanding some geometrical properties of the ambient in
focus is to understand the behavior of solutions of PDEs such as those introduced above. In
many situations, the existence of such a solution implies some rigidity in the ambient studied.
Perelman in [15] considered the space of metrics and functions on a manifold as a way to
enlarge the space of variables for the Ricci flow, and so he was able to reinterpret the Ricci
flow as the L?-gradient of the Fischer information functional. Since the geometry of spaces
and PDEs are related and it is attractive for many mathematicians, we decided to work in
the setting of manifolds furnished with a Riemannian metric and a density function, aiming
to obtain estimates of the first eigenvalue of weighted Steklov’s problems and also make a
careful analysis of the rigidity case. Next, we shall introduce the necessary notions.

We recall that a weighted Riemannian manifold is a Riemannian manifold (M, g) endowed
with a real-valued smooth function f : M — R which is used as a density to measure
geometric objects on M, that is, denoting dv the Riemannian measure, we have the new
measure y = e~/ dv which is known as the weighted measure. Associated to this structure,
we have an important second-order differential operator defined by

Afu = efdiv(e_fVu),

where u € C°. This operator is known as Drift Laplacian. We can iterate the Drift Laplacian
and get the biharmonic Drift Laplacian A?C which is a fourth-order elliptic operator.

Also, following Lichnerowich [12] and Bakry and Emery [1], the natural generalizations
of Ricci curvatures are defined as

Ricy = Ric + Hess f

and d d

Ric’ji- = Ricy — 7f® f ,
k—n—1

where k > n+ lork =n+ 1 and f a constant function.

Throughout this paper, we will consider M"*! a compact oriented Riemannian manifold
with boundary 0M. Leti : M < M be the standard inclusion and v the outward unit
normal on d M. We will denote by A its second fundamental form associate to v, (Vxv, Y) =
A(X,Y), and by H the mean curvature of d M, that is, the trace of A over n.

We recall that the weighted mean curvature, introduced by Gromov in [9], of the inclusion
i is given by

Hf=H — l(u,Vf).
n

Introduced the setting, we will focus on obtaining upper or lower bounds for the first
eigenvalue of the weighted Steklov problems listed below. We also characterize the geometry
of the Riemannian manifold for specific values of the first eigenvalues in some problems.

The problems we are interested are:

Aru=0 inM
{ fu mn s (1'1)

%:pu on dM;
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Azfu_O inM,
u=Aju—qdt=0 IM; (12
=Afpu—gqyz = on oM;
A%,u_o in M,
o o (1.3)
u_avz—qau_o on M,

where v denotes the outward unit normal on d M. The first non-zero eigenvalues of the above
problems will be denoted by p; and g, respectively. We will use the same letter for the first
non-zero eigenvalues of the last two problems because whenever the weighted mean curvature
of dM is constant, then the problems are equivalent. Lastly, for the sake of simplicity, we
will omit the weighted measure p in the integrals throughout the text.

Before continuing, we recall that the first non-zero eigenvalues of the problems Egs.
1.1-1.3 are characterized, respectively, by the following Rayleigh-Ritz quotients:

2
plzmin[W:/ w:O]; (1.4)
Jomw M

2
qlzmin{/;’[(A(fw))z.w:OOHBM}; (1.5)
aM

and

41 — min { Ju(Bgw)? —n fy Hy(5?
faM($

where Hy is the f-mean curvature of the boundary; see [11] for more details about the
Riemannian case (f = 0). Finally, we recall that the first non-zero eigenvalue of the Drift

Laplacian on dM is given by
\V/ 2
A1 = min M .
Jom w?

Now, we are able to introduce our results. Our first result reads as follows:

—OonaM}

Theorem 1.1 Let M"*! be a compact weighted Riemannian manifold with boundary dM.
Assume that Ric'; > 0and Hy > @, to some positive constant ¢, and that second
fundamental form A > cl, in the quadratic form sense. Denote by A\ the first non-zero
eigenvalue of the Drift Laplacian acting on functions on d M. Let pi be the first eigenvalue
of the weighted Steklov eigenvalue problem Eq. 1.1. Then,

(fwm (k — 1)c2)

with equality occurs if and only if M is isometric to an n-dimensional euclidean ball of radius
%, f is constant and k = n + 1.

Pl_(k

We also obtain an upper bound for the p; under the weaker condition Ric s > 0. The big
difference here is what happens in the equality case. The result is the following:
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1372 M. Batista and J. I. Santos

Theorem 1.2 Let M"+! be a compact weighted Riemannian manifold with boundary dM.
Assume that Ricy > 0, Hy > 0 and second fundamental form A strictly convex. Denote by
A1 the first non-zero eigenvalue of the Drift Laplacian acting on functions on O M. Let pi be
the first eigenvalue of the weighted Steklov eigenvalue problem Eq. 1.1. Then,

N/

ninf Hf

pi < (VA1 + /A1 —ninf Hy inf A)

with equality occurs if and only if g—{ is constant, A = (inf A)I and there exists a smooth

function u such that Hessu = 0, g—]’f = n%‘f u, df (Vu) = 0 and Ric(Vu, Vu) = 0.

The third result is the following:

Theorem 1.3 Let M"*! be a compact connected weighted Riemannian manifold with bound-
ary OM. Assume that Rick > 0 and H r > kk;lc, to some positive constant c. Let q1 be the
first eigenvalue of the weighted Steklov eigenvalue problem Eq. 1.2. Then

q1 > nc.

Moreover, equality occurs if and only if M is isometric to a euclidean ball of radius % in
R™*L f is constant and k = n + 1.

The next results are

Theorem 1.4 Let M"*! be a compact connected weighted Riemannian manifold with bound-
arydM. Denoteby A, V the weighted area of d M and the weighted volume of M, respectively.
Let q1 be the first eigenvalue of the weighted Steklov eigenvalue problem Eq. 1.2. Then,

A

< —.
L]l_V

Moreover, if in addition that the Ricl}- of M is non-negative and that there is a point xg € dM

such that H g (xo) > (1;11‘)//4, and q1 = %, then M is isometric to an (n + 1)-dimensional

Euclidean ball, f is constant and k = n + 1.

and

Theorem 1.5 Let M+ be a compact connected weighted Riemannian manifold with bound-
ary 0 M. Assume that Ric’ji- >0and Hy > @, for some positive constant c. Let q| be the
first eigenvalue of the problem Eq. 1.3. Then

q1 = c.

. . . PR . . 1 . n+1 .
Moreover, equality occurs if and only if M is isometric to a ball of radius - in R"™, f is
constantand k = n + 1.

The paper is organized in this way: In section 2, we provide some well-known results

and give a sharp proof of a lower bound for the first non-zero eigenvalue of the Drift Laplacian
on closed manifolds. In section 3, we provide the proofs of the results.
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Manifolds with Density and the First Steklov Eigenvalue 1373

2 Preliminaries

In this section, we recall some well-known results necessary to prove the theorems announced
in the introduction.
The following result is a direct consequence of the Cauchy-Schwarz inequality.

Proposition 2.1 Assuming either k > n+ 1 ork = n+ 1 and f is a constant. Let u be a
smooth function on M1, then we have

2
+ Ric’}(w, Vu).

A
Hess ul? + Ric ; (Vut, Vie) > %

Moreover, equality holds if and only if Hess u = nA—_‘f‘l( ,)yand (Vu,Vf) = —k_zi_lAful.

In [13], the authors showed that for a smooth function u defined on an n-dimensional
compact weighted manifold M with boundary d M the following identity holdsif 2 = g—"f, 7=
ulyy and Ric ¢ denotes the generalized Ricci curvature of M:

/ [(A fu)? — [Hessu|> — Ricy(Vu, Vu)] = / [nH h* +2hApz 4+ A(Vz, V2)].
M oM

where A and V represent the Laplacian and the gradient on dM with respect to the induced
metric on d M, respectively.
Using the Proposition 2.1 we get

k—1 _ _
——[(Afu)* —Rick (Vu, Vi) > | [nHh* +2hA 2 + A(VZ, V2)] (2.1
Mk f oM

In the next result, we recall a sharp lower bound for the first non-zero eigenvalue of the
Drift Laplacian on closed submanifolds. This result is a slight modification of Theorem 1.6
in [10], and we include a short proof for the sake of completeness.

Proposition 2.2 Let M"t! be a compact weighted Riemannian manifold with nonempty
boundary oM and Ric’}- > 0. If the second fundamental form of OM satisfies A > cl,

in the quadratic form sense, and Hy > %c, then

a = (k= 1),

where L1 is the first non-zero eigenvalue of the Drift Laplacian acting on functions on o M.
The equality holds if and only if M is isometric to an Euclidean ball of radius %, f is constant
andk =n+1.

Proof Letzbean eigenfunction corresponding to the first non-zero eigenvalue A1 of the Drift
Laplacian of M, thatis, Ayz + A1z =0.Letu € C (M) be the solution of the Dirichlet
problem

Afu:() inM,
U=z ondM.

Follows from Eq. 2.1 and the non-negativity of Ric/} of M that

0> / [nHph* + 2hA rz + A(Vz, V2)].
oM

! This term only appear in the case of a non constant function.
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1374 M. Batista and J. I. Santos

By hypothesis on A and noticing that z is an eigenfunction we get

0> / [(k — D)ch® = 2h1zh + chi2?]
oM

=/ [(k—l)c<h—7hz )2+A (e—ikl )zz]
aM (k— D) ! (k- De

A )
ZM(“(k—l)c)/aMZ'

A= (k= 1),

Thus,

which proof the first part of theorem. Assuming that the equality holds, from Proposition 2.1
and definition of u we get

0
Hessu = 0in M and a—u =cuon oM.
v

So |Vu| is constant. After a straightforward computation we obtain

IVul2u(dM) = kc2/ z% and c/ 22 = |Vul>u(M).
oM oM

Since Hy = kn;lc > (0 and
k—1 1

wM) = ——

du,
k 3Ml’le ®

we conclude that M is isometric to a ball, f is constant and k = n + 1 by Theorem 1.1 in
[2] (or see Theorem 1.1 in [10]). The converse is immediate. ]

In the following result, our hypothesis is just on the Bakry-Emery-Ricci curvature Ric f-

Proposition 2.3 Let M"t! be a compact weighted Riemannian manifold with nonempty
boundary oM and weighted Ricci curvature is greater or equal to —c and 2c¢ <
ninf Hyinf A. If the second fundamental form of d M is strictly convex and Hy > 0, then

1
A > 3 <nianfian—c—|—\/(nianfian)z—2cnianfian>,

where X1 is the first non-zero elgenvalue of the Drift Laplacian acting on functions on M.
The equality holds if and only lf 5 is constant, A = (inf A)I and there exists a smooth

function u such that Hessu = 0, g]'f = )\ln'ch/z u, df (Vu) = 0 and Ric(Vu, Vu) = 0.

Proof Let z be an eigenfunction corresponding to the first non-zero eigenvalue A of the Drift
Laplacian of dM, that is, A yz + A1z = 0. Let u € C°°(M) be the solution of the Dirichlet
problem

Aru=0 in M,
U=z onJdM.

Follows from Eq. 2.1 and the non-negativity of Ric s of M that

c/ hz:c/ |Vu|22/ [nHh? +2hA rz + A(Vz, V2)).
aM M aM
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Manifolds with Density and the First Steklov Eigenvalue 1375

By our hypotheses and noticing that z is an eigenfunction we get

0> / [ninf Hph? — 2(h1 + ¢/2)zh + inf Axiz°]
oM
A 2)z\? A 2)2
:/ ninf Hy h—w + )\]ian_w 2
aM ' ninf Hy ninf Hy

A1 +c/2)?
Z(Mian—M>/ 2.
I’llIlfo oM

Thus, after a carefull analyzes, we obtain

1
A > 5 (n inf Hrinf A — ¢ + \/(ninf Hy inf A)2 — 2cn inf Hy ian) ,

which proves the first part of theorem. Assuming that the equality holds, we deduce that

A = (inf A)I, Hessu = 0, Ricy(Vu, Vu) = —c|Vul?, Hy =inf Hy and h = %Z A

direct computation show us that df (Vu) = 0, Ric(Vu, Vu) = —c|Vul|? and % = cte. The
reciprocal is a straightforward computation. O

Recall the following version of the Hopf boundary point lemma; see its proof in [8],
Lemma 3.4.

Proposition 2.4 (Hopf boundary point lemma) Let (M", g) be a complete Riemannian man-
ifold and let @ C M be a closed domain. If u : @ — R is a function with u € C*(int(§2))

satisfying
Au+ (X, Vu) >0,

where X is a bounded vector field, xo € 02 is a point where
u(x) < u(xg) Vx € ,
u is continuous at xo, and Q2 satisfies the interior sphere condition at xo, then
ou
——(x0) > 0,
av

if this outward normal derivative exists.

3 Proof of the Results and Applications

In this section, we will provide the proofs of our results.

Proof of Theorem 1.1 Let u be the solution of the following problem
Afu=0 inM,
U=z ondM,

where z satisfies Kfz—{—)qz =0ondM.Seth = g—]’j |8M’ then we have from the Rayleigh-Ritz
quotient Eq. 1.4 that

2
< JulVel®

P2 o
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1376 M. Batista and J. I. Santos

and from the previous one we obtain

- fM |Vu|2

Indeed, Eq. 3.1 follows from the variational principle, because . 4y 4 = 0. Furthermore, Eq.
3.2 is obtained using integration by part and Cauchy-Schwartz inequality as follows:

- Ju IVul® _ (fypg u(Vu, v))? - Jom Z i Jona (V. v)? _ Jom P° )
T @ Lo @ Sy IVl T fom@ Sy IVul? Ju IVul?

Plugging u into the equation Eq. 2.1 and using our hypotheses we get

p1 =

0> / [nHh* +2hA 7 + A(VZ, V2)] > / [(k — 1)ch* = 2A1hz + ¢|Vz)?).
oM oM

Noticing that z is an eigenfuction
Oz(k—l)c/ h2—2A1/ hz—l—ck]/ 22
oM M M
1 1
2 2
z(k—l)c/ hz—le(/ hz) (/ zz) +ck1/ z?
oM M M aM
1 192
k—1)c* — A X I 1
_&=br— M ‘f h*+ —’(/ h2> —w/cm</ 22> :
c oM c oM oM

and so
1 1 1
A — (k—1)c? 2 A 2 2
P ) = ) v ()
Je oM c oM oM
Thus,
1 1
— — (k= 1)c2 2 2
BT () s ([, 2).
\/E oM oM
that is,

1

([7) = e (L9)

aM T VA = VA — (k=12 \Jam

ki)c(\/kl‘F\/M—(k—l)Cz) (/ 22>§
aM

and from Eqgs. 3.1 and 3.2 we get the upper bound. Let’s assume the equality holds. So

</3Mh2>é e (V- k_l)cz)</ )

and all inequalities become equalities. Thus 7 = «z and

(“2faMZ2) B
@ = Y = ao 1)C (Vi + Vi = k=),
oMz
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Manifolds with Density and the First Steklov Eigenvalue 1377

that is,
h=YM A = k= DD
k — e

Furthermore we infer, by Proposition 2.1, that Hess u = 0. On the other hand, on the boundary
dM we can write
Vu = Vu)" + hv,

where (Vu) " is tangent to d M. Taking a local orthonormal frame {e; Ji_, tangent to 0 M we
do the following computations:

n n
0= ZHess ule;, e;) = Z(Hessz +hA) (e, er)

i=1 i=1
=Az+nHh
_ af
=Arz——h Hh
fz 3y +n

= Asz+nHsh
=z +ck— 1)£<Jﬂ+ Vi =k =12z,
k- e

and so
A= (k— D).

Therefore, it follows from Proposition 2.2 that M is isometric to an (n + 1)-dimensional
Euclidean ball of radius %, f is constant, and so k = n + 1. The converse is direct. O

Proof of Theorem 1.2. Mimic the computations in the previous proof and use Proposition 2.3
with ¢ = 0 to obtain the desired result. O

Example 1 Consider M = B(0, R) in R"*! with the standard metric and the measure
W24 In such space, Ricy = (, ) and whether R < 1 we obtain:

1—R?
R2

R 1 —R?
1= I—RZM \/XI'F‘I)LI—T

We notice that such a constant can be improved using a constant ¢ # 0 in Proposition 2.3
and Theorem 1.2.

A (Sk) =

and

Proof of Theorem 1.3. Let w be an eigenfunction corresponding to the first eigenvalue g of
problem Eq. 1.2, that is,

f

A2w=0 in M,
w:Afw—ql?,—‘f:0 on M.
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1378 M. Batista and J. I. Santos

Seth = %—’f lam and using integration by parts twice we get

/(Afw)zz—/ (V(Afw),Vw)-i-/ Afw (Vw, v)
M M oM

:/ wAf(Afw)—/ w(V(Afw),v)—i—/ Arw (Vw, v)
M oM M

=q1 / 2.
M

Plugging w into Eq. 2.1 and using our hypotheses
k - 1 2 -k 2
—_— (Afw)” > Rlcf(Vw,Vw) + nHyh
kJu Mo M

. (k — l)nc/ i,
k aM

Assuming g; = nc all inequalities become equalities and consequently Hy = kk;lc.

and so g1 > nc as we desired.

Furthermore, by Proposition 2.1, we infer Hess w = nAT“’l( ,)and A pw = nk?Aw.

Taking an orthonormal frame {ey, ..., e,} on dM, since w|yy = 0 we get
ei(h) = (Vo, Vw, v) + (Vw, V,,v) =Hessw(e;, v) + A(Vw) ", ¢;) =0,

that is, & is constant on the boundary, and so (A fw)|3y = nch is also constant. Using the
fact that A pw is f-harmonic function on M, we conclude by maximum principle that A yw

—k_ Aw, then w satisfies

is constant on M. Since A pw = ;75

Hessw:%(,) in M,
w=0 on JIM.

Thus, from Lema 3 in [17] we conclude that M is isometric to a ball in R”*! of radius
¢~ !, Hence, using that hessian of w is a multiple of the metric we deduce that w = %rz +C,

where A = Alfc—'w and r is the distance function from one minimal point g, see [17] where
we borrowed this idea.

Finally we prove that f is constant and k = n + 1. Indeed, if k > n + 1 and f is not
constant we know that (V f, Vw) is constant and integrating along the geodesics starting
from go we get f = —(k —n — 1)Inr + C, however it is a contradiction because f is a
smooth function. O

1
Example 2 Ser M = R"*! endowed with the standard metric and the density f(x) = 3 lx |2,
after a straightforward computation we deduce that for any k > n + 1, the balls centered

at 0 with radius R < min{~k —n — 1, \/%} satisfies the hypothesis of Theorem 1.3 and so
q1 > nR=L.

Proof of Theorem 1.4. Let w be the solution of the following Drift Laplace equation

Arw =1 inM,
w=0 ondM.
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Manifolds with Density and the First Steklov Eigenvalue 1379

Follows from Rayleigh-Ritz characterization of ¢, see Eq. 1.5, that

- JuAyw? v
B f«’:th2 faMhz

where h = ‘3—'\‘}’ Integrating A yw = 1 on M and using integration by parts we get

v=[
aM

Hence, we infer from Cauchy-Schwarz inequality that

v?< A/ h2. (3.3)
oM

Consequently,
Vv % A

< — < — = —.
M= VATV

(k—1)A
knV

Eq. 3.3 become an equality and so 7 = % is constant. Consider the function ¢ on M given
by

Assuming Ric’} >0, Hr(xp) = for some xg € 9M and gq; = % we conclude that

6= Livwp 2
= —|Vw|* — —.
2 k

From Proposition 2.1, the Bochner formula and our hypotheses we get

1 1
5Af¢ = |Hess w|2 +{(Vw, V(A yw)) + Ricy(Vw, Vw) — % 34
- 1(A )2 1 0
— w)” — - =0.
=k k

Thus ¢ is f-subharmonic. We claim that ¢ = % (%)2 on the boundary. Indeed, as w vanishes
on the boundary we can write Vw = hv on d M. On the other hand,
A 1%
l=Arw=gqh= Vh which implies 7 = 1

and we get the claim. From the f-subharmonicity of ¢ and its constancy on the boundary
we conclude from Proposition 2.4 that

4 LV
either ¢ = - | — in M

2\ A
or
0
—¢>0, on oM. 3.9
dv
As w vanishes on d M we obtain
1 =(Arw)] Hh+H (v, v) vof
= M = ess JV) — — ——
fwloy =n w(v, v 2 30
nV 1oaf Vaof
=—\H - H LV) — ——
A ( f+n8v>+ esswlvov) =
nVvV

THf + Hess w(v, v).
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1380 M. Batista and J. I. Santos

Hence

Y tess wio vy — Y
—Hessw(v, v) — —
v A Y kA

which shows that Eq. 3.5 is not true since H s (xo) > (];(_nl‘),A and therefore ¢ is constant on

M. Since the Drift Laplacian of ¢ vanishes, we infer that equality must hold in Eq. 3.4 and

that this gives us equality in the Proposition 2.1, and consequently 1 = A yw = nkﬁAw
and Hess w = % (, ). Hereafter, we follow the last two paragraphs in the proof of Theorem
1.3. O

1
Example 3 Ser M = R"*! endowed with the standard metric and the density f(x) = =|x|%,

after a straightforward computation we deduce that for any k > n + 1, the balls centered at
0 with radius R < min{s/k —n — 1, \/%} satisfies the hypothesis of Theorem 1.3 and using
Theorem 1.4 we obtain 2

e—R /2Rn

n
=<1 <.
R foR Fne—r2dy

Proof of Theorem 1.5. Let w be an eigenfunction corresponding to the first eigenvalue ¢ of
the problem Eq. 1.3:

92u

Afu=0 in M,
u=——qg—]’f=0 on dM.

Observe that w is not constant. Otherwise, we would get from w|yy = 0 that w = 0. Set
h = %—lmaM we claim that &2 # 0. Indeed, assuming 4 = 0 we get w, Vw and %ZT‘f vanish
on M. Using an adapted frame on the boundary we conclude that (A fw)|yp = 0 and so
A yw = 0 on M by the maximum principle, which in turn implies that w = 0 where such is
not possible.

Using integration by part we have

/ (Vw, V(A fw)) =—/ wAjw =0,
M M

and
/ hApw =/ (V(Afw), Vw) +f (A fw)? =/ (A pw)?, (3.6)
aM M M M
Using an adapted orthonormal frame on d M we can write Vw = hv and
2w ow
(Ayw)lom = T +nHaT —(Vf,Vuw) (3.7
af ,  df
=q1h Hih+ —h— —h
Qi+t ov av
=qih+nHygh.
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Manifolds with Density and the First Steklov Eigenvalue 1381

From Egs. 3.6 and 3.7 we obtain
fM(Afw)2 =1 fom Hfh2
1= .
Jou 72
On the other hand, substituting w into Eq. 2.1 we get

k—1 2 -k 2 2
— | (Afw)* = Rle(Vu}, Vw) + nHeh® > nH¢h®,
kJu M M oM

that is,

/ (A pw)> —/ nHeh? > —— | Hpp? > c/ K2, (3.8)
M M k=1 Jyu aM

and thus we conclude the desired estimate g; > c.
Assuming g; = c all inequalities in Eq. 3.8 become equalities. Thus, from Proposition
2.1 we have

H A0 ) and A £ vr, v (3.9)
essw = , an = , . .
i L v
Picking up an adapted orthonormal frame {ey, ..., ¢, = v} on d M and using that w vanishes
on oM wegetfori =1,...,n—1,
0 = Hessw(e;, ey) = ejen(w) — Ve, en(w) =ei(h) — (Veen, en)h = e;(h),

and so h is constant. From Eq. 3.8 Hy = kn;lc and as A is constant, we conclude from Eq.
3.7 that (A fw)|sp is constant, and hence A rw is constant on M by the maximum principle,
which implies from Eq. 3.9 that Aw is constant on M. Henceforth, we simply follow the
same arguments in the last two paragraphs in the proof of Theorem 1.3. O
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