Potential Analysis (2024) 60:285-306
https://doi.org/10.1007/511118-022-10050-9

®

Check for
updates

The Eigenvalue Problem for the Regional Fractional
Laplacian in the Small Order Limit

Remi Yvant Temgoua'? - Tobias Weth'

Received: 16 December 2021 / Accepted: 3 October 2022/ Published online: 9 November 2022
© The Author(s) 2022

Abstract

In this note, we study the asymptotic behavior of eigenvalues and eigenfunctions of the
regional fractional Laplacian (—A)g, as s — 07. Our analysis leads to a study of the
regional logarithmic Laplacian, which arises as a formal derivative of regional fractional
Laplacians at s = 0.
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1 Introduction and Main Results

In recent decades, the study of nonlocal operators has been an active area of research in dif-
ferent branches of mathematics. In particular, these operators are used to model problems
in which different length scales are involved. In this work, we study the regional fractional
Laplace operator of order s, which we will denote by (—A)y,, where, here and in the fol-
lowing, @ C RY is a bounded open set with Lipschitz boundary. This operator is known
to be the infinitesimal generator of the so-called censored stable Lévy processes and has
received extensive attention in this context in recent years, see e.g. see [4, 5, 15—17] and the
references therein. The censored stable process is a jump process restricted to the underly-
ing open set €2, so it only involves jumps from points in € to points in €. From the point
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of view of partial differential equations, equations involving the regional fractional Lapla-
cian arise as nonlocal, lower order variants of elliptic second order equations on £ with

homogeneous Neumann boundary conditions, see e.g. [1] and [11, Theorem 1.1].
If the underlying open set Q équals RY, then (—A)g, coincides with the standard frac-

tional Laplacian (—A)*. Recently, Chen and the second author [6] have studied Dirichlet
problems for the logarithmic Laplacian operator L, which arises as formal derivative
s }S:O (—A)*. In particular, they provide a relationship between the first non-zero Dirichlet
eigenvalue of (—A)* on  with that of L A. More precisely, denoting by A{(£2) resp. )LIL ()
the first non-zero Dirichlet eigenvalue of (—A)* with corresponding L2-normalized eigen-
function u, and L o with corresponding L2-normalized eigenfunction &}, respectively, they
have shown that k{‘ Q) = L%|s=0)~‘i(9) and uy — & in L?(2) as s — 0. Related results
for higher eigenvalues and eigenfunctions, including refined uniform regularity results and
uniform convergence estimates, have been obtained more recently in [13]. The main aim of
this work is to establish analogous results in the case of the regional fractional Laplacian. As
a motivation, we mention order-dependent optimization problems arising e.g. in image pro-
cessing [2] and population dynamics [20, 21]. In many of these problems the optimal order
s is small. Hence the small order limit s — OV in s-dependent operator equations arises as
a natural object of interest and has even been studied even in the framework of nonlinear
problems recently [19].

To state our main results, we need to introduce some notation. Let s € (0, 1). The
regional fractional Laplacian (—A)gu of a function u € L'(Q) is defined at a point x €
by

(=A)qu(x) = cn,sDHu(x) (L.D)
with
‘ u(x) —u(y) . u(x) —u(y)
DL u(x) = P.V./ POV 4y = lim PO 4y, (12
¢ Q |x — y|N+2s e—0" Jo\B () [Xx — yINF2

provided that the limit exists. Here the normalization constant cy ¢ coincides with the one
of the fractional Laplacian and is given by

ST (M) 5(1 — )4 T (M)

N N
72'(1 —s) n2l'2—s)

Cns = (1.3)

As a consequence, we have

(—A)u(x) = (=AY u(x) — ks (Du(x)  With Kg.s(¥) = cy.s / =y dy
RNV\Q

1.4)
foru € L'(Q) and x € Q whenever the limit in (1.2) exists. Here we identify u with its
trivial extension on R to compute (—A) u(x).

It is important to note here that the definition of the renormalized operator D¢, in (1.2)
extends to the case s = 0. More importantly, we shall see in our first preliminary result
that the family of operators Dy, s € [0, 1) can be expanded, in a suitable strong sense, as a
convergent power series in the fractional order s at s = 0.

Theorem 1.1 Let Q2 be a bounded open Lipschitz set in RN | and o € (0, 1). Then we have

o0
s . _ 10 k ¥Te) g
Dou = Dou —I—;s Dyu foru € C*(Q) and s € (0, 2), (1.5)
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where, fork € N, Dyu € C(Q) is defined by
[Dyul(x) = (—1)k2k/ ulx) —u(y)
Q

P log" (|x — y|) dy. (1.6)

Here the series on the RHS of (1.5) converges in L*°(S2), and the convergence is uniform if
s is taken from a compact subset of [0, §) and u is taken from a bounded subset of C* ().

Since
. _N N
cNs =scy +o(s) as s — 0T, with ey :=n"2T <?> , (1.7)
the following is a direct corollary of Theorem 1.1.

Corollary 1.2 Let Q2 C RN be an open bounded Lipschitz set and a € (0, 1). For u €
CY(2), we then have

(=A)ou = sLEu + o(s) in L®(RQ) ass — 07, (1.8)
where
[Lgu](x) = cNDgu(x) =cN /;2 bﬁ)_;ybf(lvy) dy, x € Q. (1.9)

Moreover, the expansion in (1.8) is uniform in bounded subsets of C* ().

In analogy to the work [6], we call LSA2 = CND?Z the regional logarithmic Laplacian
on 2. So Corollary 1.2 states that the nonlocal operator LX arises as formal derivative
O |S=0 (—A)g, of regional fractional Laplacians at s = 0. As we shall see now in our sec-
ond main result, this operator arises naturally when studying the asymptotic behavior of
eigenvalues and eigenfunctions of (—A)g, for s close to 0.

Theorem 1.3 Let Q@ C RY be a bounded open Lipschitz set, let n € N, and let ,ufzs
resp. M,?O denote the n-th eigenvalues of the operators (—A)g, Lg in increasing order,
respectively. Then we have

Q
d Q Hon,s Q

— W' = lim =W, -
dsls=0" ™" s—0t § n.0

u -0 ass— 0" and

Moreover, if, for some sequence s — OF, {4}k is a sequence of L%-normalized
eigenfunctions of(—A)‘gé corresponding to M,?Sk, then &, 5, € C(Q) for every k € N and

s, —> En uniformly in Q,

where &, is an eigenfunction of L% corresponding to Mflzo.

We stress that, here and in the following, an open bounded set 2 C RY will be called a
Lipschitz set if every point p € 9€2 has an open neighborhood N, C RV with the property
that 92 N N, can be written as the graph of a Lipschitz function after a suitable rotation. In
the literature, this is sometimes called a strongly Lipschitz set.

The main difficulty in the proof of Theorem 1.3 is the lack of boundedness and regu-
larity estimates for the renormalized regional fractional Laplacian D¢, which are uniform
in s € (0, 1). In fact, even for fixed s € (0, 1), the elliptic boundary regularity theory for
this operator has only been developed very recently with regularity estimates containing s-
dependent constants, see [3, 10, 11]. For the proof of Theorem 1.3, we need to consider
uniform L°°-estimates related to the operator family D, s € [0, 1) first. In this context, we
note the following result of possible independent interest.
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Theorem 1.4 Let s € [0, 1), let @ C RY be a bounded open Lipschitz set, let V, f €
L*>(R2), and let u be a weak solution of the problem

Qi +Vx)u=f in Q. (1.10)

Then u € L°°(R2), and there exists a constant co = co(N, 2, |Vlire), | fllLew),
lull2(q)) > O independent of s with the property that |[u|| L~ (@) < co in 2.

For the notion of weak solution, see Section 3. While the uniform boundedness of the
sequence (&, s, )k in Theorem 1.3 follows rather directly from Theorem 1.4, it is more diffi-
cult to see that this sequence is equicontinous on 2. We shall prove this fact in Theorem 1.5
below based on a series of relative oscillation estimates and a contradiction argument.

In view of Theorem 1.3, it is natural to ask for upper and lower bounds for the eigen-
values of L% depending on €2. This remains an open problem. In the case of the standard
fractional Laplacian, upper and lower bounds have been obtained recently in [18] by means
of Fourier analysis and Faber-Krahn type estimates. We believe that different methods have
to be developed to tackle the problem for the regional logarithmic Laplacian.

The article is organized as follows. In Section 2, we introduce some notation and give
the proof of Theorem 1.1. In Section 3, we present the functional analytic framework for
Poisson problem for the operator family D¢, and the associated eigenvalue problem. In
Section 4, we first derive a one-sided uniform estimate for subsolutions of equations of the
type Du + V(x)u = f in Q with potential V € L°°(2) and source function f € L™().
As a corollary of this uniform estimate, we then derive Theorem 1.4. Finally, in Section 5,
we complete the proof of Theorem 1.3.

2 Preliminaries and Proof of Theorem 1.1

In this section, we first introduce some notation. After that, we will give the proof of
Theorem 1.1.

For an arbitrary subset A C RY, we denote by |A| resp. x4 the N-dimensional Lebesgue
measure and the characteristic function of A, respectively. Moreover, we let d4 := sup{|x —
y| : x, y € A} denote the diameter of A. For x € RV, r > 0, B,(x) denotes the open ball
centered at x with radius r, and B, := B,(0). Given a functionu : A - R, A Cc RV, we
denote by u™ := max{u, 0} resp. u~ := — min{u, 0} the positive and negative part of u,
respectively.

Throughout the remainder of the paper, 2 C RY always denotes a bounded open
Lipschitz set. For a function u € C*(2), we put

|u(x) — u(y)l

[ulg,x :=sup ———— forx € Q
yeQ |X - y|°‘
and
[uly = SUP[M]a,x, lullce := ||u||L°°(Q) + [u]a.
xeQ

We may now give the

Proof of Theorem 1.1 We first note that

[ k
—2s _ _—2slnr __ (—2111 r) k
r EY —kgoik! K forr > 0. 2.1)
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We now fix u € C*(Q), x € Qand s € (0, %). Moreover we define, for s € (0, 1),

FRK SR S0 R 22)
By (2.1), we have f(y) = ioj skfk(y) for y € @\ {x} with
k=0

2k
fir @\ = R fiy) = @) — () (= Injx — v lx =y

Next we choose R > 0 such that Q C Bg(x) for every x € €2, and we note that

/|fk(y>|dy§ﬁ ke [ 1= 51N ogt 1+ = 1|

2
< (- 1)"/ 2% Togh |z|dz+/

1219 log |2 dz)
Br\ B

| /\

1
—[u]a|SN“|((—1>’< / 7 logh rdr + R log! R).
k! A

1 00 o "
k —1q.ok ko~ k- i — !
(—1)/0r“110g rdr:/o e Y4t =« 1/0 te’dt:W,

we thus find that

Since

k o k
2 R*(2log R) ) 2.3)

/S‘2|fk()’)|dy < [ulq i with ¢, = |SN71|<ak+l + .

1
Since lim sup (cx)* = 2 - Jl by assumption, we conclude that

o
k— 00

/ |fk(Y)|dY) < [ulad;(s) with  d;(s) := chsk < 00

k=j
o0
for j € N. Hence the function g := ) sK| fil is integrable on 2. Since
k=0

J
’Zskfk‘ <g in 2\ {x} forevery j € N,

it thus follows from the dominated convergence theorem that

Dgu(x) = f (Zs"fkm)dy —Z / S dy —D%u<x>+2s [Diul(x),

k=1
where [Dyu](x) is defined in (1.6). This holds for every x € Q. Moreover,

Jj—1 00
(Dgzu(x) — Dou(x) — Zsk[Dku](x)‘ < Z(/Q | feI dy)sk < [ulo dj(s)
k=1 k=j

forx € Q, u € C*(Q), where d i(s) — 0as j — oo. Consequently, the series expansion
holds in L% (£2) and uniformly for u taken from a bounded subset of C%(<2). O
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290 R.Y.Temgoua, T. Weth

3 Functional Setting for the Poisson Problem and the Eigenvalue
Problem

In this section, we discuss the variational framework for the study of weak solutions to the
Poisson problems

Dou=f in , 3.1

related to the operator family D¢, for s € [0,1) and f € L2%(€). Here and throughout
this section, 2 C R¥ is a bounded open Lipschitz set. The variational framework for this
problem is well-known for s € (0, 1), and some aspects have also been studied recently in
a setting related to the case s = 0, see e.g. [7]. Since we need additional properties which
are not addressed in the present literature, we give a unified account for general s € [0, 1)
in the following.

Let us denote by (-, -)» the usual scalar product in L3(Q), i.e. (u,v)r = fQ uv dx for
u,v € L%(2). We define the space L%(Q) consisting of functions u € L2(2) with zero
average over €2, i.e.

L%(Q) = {u € LZ(Q) : / udx = O}.
Q

Moreover, we put

S (O - , (u(x) — u(y)?
Then
_1 (u(x) —u(y)(x) —v(y)
Eolu,v) = 5 /Q/Q P dxdy (3.2)

is well-defined for functions u, v € H*(£2). We have the following.

Proposition 3.1 Lers € [0, 1).
(i) H*(R2) is a Hilbert space with inner product
(u, V)@ = (u, v)2 + E(u, v);
(i) Moreover, H* (Q2) is compactly embedded into L*(S2).
Before given the proof of this Proposition, we first recall that, for s € (0, 1), the space
H*(2) coincides, by definition, with the usual fractional Sobolev space H*(2). For s €
O, %) this space can be identified, by trivial extension, with the space H(€2) of all functions

u € H'(RY) with u = 0 on RV \ Q, see e.g. [14, Chapter 1]. This is a consequence of
the fractional boundary Hardy inequality. For the case s = 0, we have the following related

property.

Lemma 3.2 Let H () be the space of all measurable functions u : RN — R withu =0
on RN\ Q and
_ 2
[[ o OO
xyeR" T x = y[N
lx—yl=1
endowed with the norm

1 (u(x) —u(y)? :
lullr@) = (5 //;,yeRN W dXd)’) )
lx—yl=1
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Then, by trivial extension, the space HO(Q) is isomorphic to H(S2), so there exists a constant
C > 0 with

1
Sl < Il < Cllullwy — foru e B,

where we identify a function u on Q with its trivial extension to RN .

We note that the space 7 (£2) has been introduced in [6] as the form domain for Dirichlet
problems for the logarithmic Laplacian.

Proof Let u € HO(). In the following, C > 0 stands for a constant which may change its
value from line to line but does not depend on u. We first note that

_ 2
oy = | //(u(x) LS

lx —y¥
(u(x) — u(y))? (u(x) —u(y)?
< E/fc,yeRN Ix—yIN dxdy + xveQ 7x—y|N dxdy
[x=yl=
2 2 : R —N
= ”u”’H(Q) + Kmax ”u”Lz(Q) with  kpax 1= ZmEQ(/ lx — ¥l dy.
xeQ JQ\B (x)

Since lull 2@ < Cllullnw for all u € H(2) e.g. by [12, Lemma 2.7], we conclude that

20,6y = Eoltt. w) + 2, < Cllulyy.

The opposite inequality will be derived from the logarithmic boundary Hardy inequality
given in [6, Corollary 6.2.], which states that there exists a constant C(2) > 0 with the
property that

/QCQ(x)u wdx = ¢( f/(u(x) w2 (=) dxdy+lulds ) foru € M)

(3.3)
with the kernel J given by J(z) := cn x5, (@))z|~N for z € RN \ {0} and
c(x) =/ e —yI7V dy.
Bi(x)\Q
It follows from (3.3) that
il < ol u) + / co(0u(x) dx
Q
< &) +C( / /(u(x) —u ()2 (x = y) dxdy + luls g )
= C(&ow, 0+l g)) = Cllulog-
The proof is thus finished. O

We may now complete the

Proof of Proposition 3.1 The proof is well-known for s > 0, so we restrict our attention to
the case s = 0 in the following.
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292 R.Y.Temgoua, T. Weth
(i) Obviously, (-, -)po(q) is a scalar product in HO(Q). In the following, we prove that
HO(Q) is complete for the norm || - [lgo(qy = /(- Jmoq)- Let {un}n be a Cauchy
sequence with respect to this norm, and set
1 _N
Un(x, y) 1= ﬁ(un(x) —up(Y)lx =yl 7.
Since L*(2) is complete, u,, — u in L?(£2). Passing to a subsequence, we may thus
assume that u, converges a.e. to # on €2 and therefore v, converges a.e. on 2 x Q to
the function
_N
v(x, y) = (ux) —u(y)lx —yl 2.
Now, by Fatou’s lemma, we have that
[ [ o) = )Pl = 517 dxdy
QJa
< liminf/ / lvn (x, Y)|? dxdy = liminf ||u, ||§H0(Q) < o0,
n—oo Jo Jo n—00
since the sequence (i), is bounded in H(2). Hence u € H(R). Applying again
Fatou’s lemma, we find that
Eoluy —u,uy —u) = / / [vn(x, ) — v(x, y)|*> dxdy
eJa
< liminf/ / [va(x, ¥) = vm (x, Y)I* dxdy
— Timi 2
= lrlnn_1>101<13f||u,, - um”HO(Q) — 0 as n— oo.
Since we have already seen that u, — u in L2(Q), it follows that u,, — u in H(S2).
Hence, we infer that H°(2) is complete and therefore is a Hilbert space.
(i) This merely follows from the fact that, as noted in Lemma 3.2, the space HY(Q) is

isomorphic to H(£2) by trivial extension, and the space H(£2) is compactly embedded
into L2(Q) by [7, Theorem 2.1.].

O

Remark 3.3 (i) The space C2°(S) is dense in H* () for s € (0, 5]. For s € (0, 5], this

(i)

is proved e.g. in [9, Corollary 2.71.]. Moreover, for s = 0, it follows from Lemma 3.2
and [6, Theorim 3.1.].
We have C2(Q) C H¥(Q) for s € [0, 1) and

/ [Dsulvdx = Eg(u, v) forall u e C*(Q),v € HY(Q). (3.4)
Q
Moreover, integrating the Poisson problem (3.1) over 2 and using (3.4) withv =1 €

CL(Q), we see that fe L%(Q) is a necessary condition for the existence of a solution
of (3.1).

For s € [0, 1), we consider the closed subspace

X5(Q) 1= [ueHS(Q);/udx=0} c B (Q).
Q

@ Springer



The Eigenvalue Problem for the Regional Fractional Laplacian in the Small... 293

By Proposition 3.1, the embedding X*(Q2) — L%(Q) is compact. Furthermore, the
following uniform Poincaré-type inequality holds with a constant Cg > O:

lul}2 gy < Cals(w,u)  fors € [0, 1) and u € X*(Q). (3.5)

Indeed, for u € X5(Q2) we have uqg = ﬁ fQu dy = 0 and therefore, by Jensen’s
inequality,

/uzdx
Q

2 1 2
[ e —ual ax = [ |2 [ @ =t as|”ax

(W) —u(y))* N42s
< o [ [ oeo—ue? avax=o [ [ SO ey 92 dyas
max{dy, d) %)
Bl

We note that, thanks to Proposition 3.1 and (3.5), X*(€2) is a Hilbert space with scalar
product given by the bilinear form (u, v) — & (u, v).

< Cqo&s(u,u) with Cgq =2

Definition 3.4 Let f € L3(Q). We say that a function u € H*(£2) is a weak solution of
(B.Hif

Es(u,v) = / fvdx, forall veH (). (3.6)
Q

Proposition 3.5 Fors € [0,1) and f € L? 0(82), there exists a unique weak solution u €
X5(Q) of (3.1).

Proof Let f € L2 5(€2). Since X*(£2) is a Hilbert space with scalar product &, the Riesz
representation theorem implies that there exists u € X*(2) with

Es(u, v) =/ fvdx, forall v e X*(Q).
Q

Moreover, since f € L? 0(82), it follows that (3.6) also holds for constant functions v €
H* (£2). Hence (3.6) holds for every v € H*(R2), and thus u is a weak solution of (3.1). [

Our next aim is to study, for s € [0, 1), the eigenvalue problem related to Dy, that is the
problem

DGu = du in Q. 3.7
We consider corresponding eigenfunctions in weak sense i.e., a weak solution of (3.1) with
f = \u.
Proposition 3.6 For every s € [0, 1), the problem (3.7) admits a sequence of eigenvalues
0=ag, <A, <A, < <A < > (3.8)

counted with multiplicity and a corresponding sequence of eigenfunctions which forms an
orthonormal basis of L%(Q2). Moreover, we have:

(i) The eigenspace corresponding to kéz s = 0 is one-dimensional and consists of
constant functions.
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(ii)  The first non-zero eigenvalue of D¢, in Q is characterized by

Es(u, :
22, = inf # ueXS(Q)\{O}]=1nf[SS(u,u) Cu e XNQ), llull 2 = 1}
2@

(3.9)

For s € (0, 1), the proof of the characterization (3.9) can be found in [8, Theorem 3.1.].
For the reader’s convenience, we briefly sketch a proof which covers the case s = 0.

Proof We first note that it follows in a standard way from Proposition 3.1 and the
nonnegativity and symmetry of the quadratic form & that (3.7) admits a sequence of
eigenvalues

0<Af, <af <A < =A< > o0

Moreover, by definition, a function u € H*(£2) is an eigenfunction of (3.7) corresponding
to the eigenvalue A = 0 if and only if & (u, v) = 0 for every v € H* (L), and this is true
if and only if u is constant. Hence we have )L(Sf ¢ = 0 with a one-dimensional eigenspace

consisting of constant functions, and thus A? s > 0. To prove (3.9), we first note that
38> inf[é}(u, w):u € X°(Q), lull 2 = 1}, (3.10)

since every eigenfunction u corresponding to A? s > 0is L?-orthogonal to constant
functions and therefore contained in X®(£2), whereas &, (u, u) = A?S if lullz2) = 1.

Moreover, it follows from the compactness of the embedding H* (Q2) — L%() and the
weak lower semicontinity of the functional u +> & (u, u) on H*(€2) that the infimum on
the RHS of (3.10) is attained by a function u € X*(2) with |lull;2q) = 1. By Lagrange
multiplier rule, we can thus find A € R such that

Es(u,v) =A/ uv dx forall ve X (Q).
Q

As in the proof of Proposition 3.5, it then follows that u weakly solves Dg,u = Au, which

implies that A = AfJull?, @ = &) < A$’; by (3.10). Moreover, A > 0 since u is non-

constant. Since }L? ; 18 the smallest positive eigenvalue by definition, it thus follows that
A= )\?S, and hence we have equality in (3.10). (]

Remark 3.7 In a standard way, it can also be shown that, for s € [0, 1) the higher

eigenvalues )Lflz ¢» 1 € N are variationally characterized as

A2 = inf sup & (u,u). (3.11)
’ EV,; ueSy

Here V;) denotes the family of n-dimensional subspaces of X*(2) and Sy = {u € V
lull 2 = 1} for V e V5.

4 Uniform Bounds for Weak Subsolutions
In this section we establish uniform boundedness of weak solutions of problem (3.1) in the
case when f € L®(£2). Since we are also interested in uniform bounds on L2-normalized

eigenfunctions of D¢, independent of s € [0, 1), it is in fact necessary to consider a gen-
eralization of (3.1) involving L°°-potentials V. This is the content of Theorem 1.4, which
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we shall derive in this section as an immediate consequence of the following more general
result on subsolutions.

Theorem 4.1 Let s € [0, 1), let @ C RN be a bounded open Lipschitz set, let V, f €
L*°(2), and let u € H*(2) be a weak subsolution of the problem

Su+V@u=f in Q, 4.1)

i.e., we have
Es(u, ) + / VX)updx < / fodx forall ¢ € H*(R2), ¢ > 0. 4.2)
Q Q

Then there exists a constant ¢o = co(N, 2, [|VIre@). | fllLe@s lutll2@) > 0
independent of s with the property that u < cg in Q.

As noted above, Theorem 1.4 immediately follows by applying Theorem 4.1 to u and
—u, noting that —u is a weak subsolution of the (4.1) with f replaced by — f. For the proof
of Theorem 4.1, we need the following preliminary estimate.

Lemma 4.2 Let Q@ C RN be a bounded open Lipschitz set. Then there exist constants
Co = Co(N, ) > 0and g = §o(N, 2) € (0, 1) with the property that

) ) _
/ |x — yI_N_ZA dy > Cp log—o forall § € (0,68p),x € 2,5 €[0,1). (4.3)
Q\Bs (x) 8

Proof Since the boundary 02 is Lipschitz, then 2 has the uniform cone property (see for
instance [14, Theorem 1.2.2.2]). Therefore, there exist a cone segment

Ca.s0 ={zeR":0<|z| <, ﬁ~eN<oz}
b4

for some 8o € (0, 1), « € (0, 7] with the property that for every x € Q there exists a
rotation R, € O(N) with
x4+ Rx(Cq,s) C Q.

Setting Sy 1= {z € S¥~! : z-ey < &}, we thus have

/ Ix—yI*N*QdeZ/ lx—y|~N"=dy :/ |z~ "*dz
Q\Bs () (R (Co g\ B3 () Carsg\B5(0)
8o S
- [ {7 dz = M5 [ 7 dp = HY (5 Tog
Ca,50\Bs(0) ) 8

where HY~1(S,) is the surface measure of the set S, C SY~!. Hence (4.3) holds with
Co := HN1(Sy). O

Proof of Theorem 4.1 In the following, we let Cp and 69 > 0 be given by Lemma 4.2. For
6 € (0,68p) and s € [0, 1), we consider the kernel function
2> Js,s(2) = xByo) @)zl

and the corresponding quadratic form defined by

1
Ew, 9) = 5/Q/Q(U(X)—v(y))(w(X)—W(y))ja.s(x—y)dydx for v, ¢ € H'(Q). (4.4)
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Since u € H*(Q2) satisfies (4.2), we have

/ Fodx = Eu.p) + / Vou()e() dx 4.5)

Q Q

s [ Vit L[]y OO o)
Q 2 )k Zyizs lx — y|V+2s

— & ¢) + /Q (5.5 (6) + V()9 (x) dx — fQ Ky 5 (D)@ (x) dx 4.6)

> Eu, p) + f (¥5,6(x) + V(x)Dux)e(x) dx — / K 5,u+ (X)P(x) dx
Q Q
for ¢ € H*(R2), ¢ > 0 with
Yrpx) = f =V Bdy k() = f u)lx — ¥ dy
Q\Bs(x) Q\Bs (x)
and
Gour)i= [l =y Py,
Q\Bs(x)
We note that
8
ingf2 Vs.8(x) = Cplog EO for 6 € (0, 6p), s € [0, 1) 4.7
xe

by Lemma 4.2. Next we fix ¢ > 0 and apply (4.5) to ¢, := (u — ¢)*, which is easily seen
to be a function in H* (£2). Since ugp, > ce, in 2, (4.5) and (4.7) give

o
/ focdx > E(u, ¢c) + ((Co log 3 IVIizo@)e — lks.0.ut ||L°C(Q)>/ pcdx (4.8)
Q Q
where
Eupo)=Ew—c,u—0)") =EN@e.9e) —EL(u—0)", u—0)") = EX(ge. pe) = 0.
Consequently, (4.8) implies that

8o
(17120 + st Nt = (Colog 5 = IV lwisn)e) fg pedxz0.  (49)

Next, we fix § € (0, o) with the property that Cgplog %0 — [IVllze(@) = 1, so that (4.9)
reduces to

(19 1@ + s leviey =€) [ gedx =0, (.10
Q

If ¢ > || fllLeo() + ks s ut L), (4.10) implies that fQ ¢c dx = 0 and therefore u < ¢
in 2. We thus conclude that u < c¢g with

co = || fllLoo@) + llks.s.u+ Lo ()-

Since

0 < Ky 500 (1) = / W )lx — TV dy
Q\Bs(x)

<&V fQ Wt dy <57V 2190 )

for x € Q, it follows that cp only depends on N, 2, [|V]z> @), | fllLo(e) and ||u+||L2(Q),
as claimed. O
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5 Uniform Estimates for Convergence of Eigenvalues
and Eigenfunctions of D,

In this section we first prove global bounds on eigenvalues and eigenfunctions of the oper-
ator family Dg,. Then we shall prove convergence of eigenvalues and eigenfunctions in the
limits — 0.

The first result of this section is the following.

Proposition 5.1 Let 2 C RY be a bounded open Lipschitz set. For everyn € N, so € (0, 1)
we have
Aflzbo = sup A% < oo.
s€[0,s0]
Proof Fix n € N, 59 € (0,1). To estimate A,SZS for s € [0, so], we use the variational
characterization (3.11) and let V be a fixed n-dimensional subspace of Ci Q) = {u €
C'(Q) : [qudx =0}.Forallu € V, we then have

2
(u(x) — u(y))? ||V“”L°°(Q)// 2-N-2
&, = dxdy < ————~ - S dxd
(u, u)= // Ty XY= > . le yl xdy

lel? lelZ)
<@ / / ey 2N Gy < = O g g1 (N =120
2 Bug, (x) 4(1—s)

(5.1)
Moreover, since the norms || ||~2 and ||- || ;2 are equivalent on V/, there exists Cy = C(V) >
0 such that
lullcr @) = Cvllull2q) foreveryu e V. (5.2)
Combining (5.1) and (5.2), we deduce that

Cy
Eu,u) < rmmN YNy max{1,d3} foru € V with ull2q) = 1.

)

It thus follows from (3.11) that sup kn
s€[0,s0]

¢ < 00, as claimed. O

Combining Theorem 4.1 and Proposition 5.1, we obtain the following uniform bound on
eigenfunctions.

Theorem 5.2 Let Q C RY be a bounded open Lipschitz set, let n € N, and let sg € (0, 1).
Then there exists a constant C = C(N, 2, n, so) > 0 with the property that for every s €
[0, so] and every eigenfunction & € X°(K2) of the eigenvalue problem (3.7) corresponding
to the eigenvalue )\,st we have

EeL™Q) and  |EllLe@) = ClEN L2

Proof By homogeneity, it suffices to consider eigenfunctions § € X*(€2) with [|§]l2(q) =
1. The result then follows by applying Theorem 1.4 to V = —)Lfﬁ s and f = 0, noting that
IVipe = )L,SZS is uniformly bounded independently of s € [0, so] by Proposition 5.1. [

In the remainder of this section, we study the transition from the fractional case s >

0 to the logarithmic case s = 0 with regard to the eigenvalues An ¢ and corresponding
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eigenfunctions. For simplicity, we first consider the case n = 1, that is the first positive
eigenvalue A?S.

Theorem 5.3 Let @ C RN be a bounded open Lipschitz set. Then
A?s — )L?’O as s — 0T 5.3)

Moreover, if. for some sequence s — OV, (1,5, )k is a sequence of L2-normalized
eigenfunctions of D;’Z‘ corresponding to )\?Sk, we have that, after passing to a subsequence,

15 — & in LY(Q) as k — oo, (5.4)

where &1 is an eigenfunction of D?Z corresponding to )‘?0'

Proof Tt is convenient to introduce the subspace C2(Q) := {u € C*(Q) : [qu dx = 0}.
Letu e Cf(ﬁ) such that ||lu||;2(q) = 1. Then Theorem 1.1 together with (3.4) yields

limsup A, < limsup & (u, u) = lim (DLu, u)y = (Dhu, u)s = Eo(u, u).
s—>0F N s—>0F s—>0%

Using the fact that, by Remark 3.3, C,% () is dense in X°(Q), we get

lim sup A{; < inf  Eo(u,u) = 2. (5.5)
s—0F ueX®(Q)
el 2 gy =1
Next we consider
A= liminfAR € [0, 2],
s—0t

and we let {sglreny C (0, 1) be a sequence with s — 07 as k — oo and such that

lim A2, = A,. Moreover, we let 1.5, be an eigenfunction associated to A with
1,s% »Sk g 1,s%
k—oo 5

€15l L2(2) = 1. We claim that

lim sup £ (€15, £1,5) < Ao (5.6)

k—o00
Indeed, from (5.5) we have, with
Ag ={(x,y) e Q2xQ : |x—y/ <1} and Bg:={(x,y) e 2xQ : |[x —y|>1},
the estimate

1 (1,5 () — 15, ())?
Q Q s s
}\]’0‘1‘0(1) Z)‘l,sk =55k($1,_¥k!$l,.¥k)= 7/;2 o |kx_y|N+2ksk

2
1 (15 () = 61,5, (1))’ (1,0 () = 61,5, )
E<f ho lryem O / e )

1 ( / (ELs () = £15, ()
Agq

dxdy

—_ 2
dXdy+d§_z2Sk/B (Sl,sk(ﬁ:_)%;'l},\jk()’)) dxdy)
Q

dazsk —1 / (é‘lﬁsk(x) - Sl,sk(y))z d
2 Bq |X - le

dg™ —1
2

2 lx —yI¥

- go(é],sk5 Sl,sk) + xdy

> (1. E10) +d5 / /B 1y, (¥) — E1.5, (1) dxdy.
Q
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If dg < 1, we infer that £y(§1 5, §1,5,) < )‘?.0 + o(1) and therefore (5.6) already follows. If
do > 1, we estimate

f / (1.5, () — £1.5, ()? dxdy
Bq

IA

2 / f (&1, () + &7, ())dxdy
QxQ

4QUNELy 1720, = 41,

IA

which yields
380+ 0(1) = Eo(Er g E1.) + 20QUdG Y (g™ — 1) = En(Ery, E15) + 0(1).

Hence (5.6) also follows in this case.

As a consequence of (5.6), the sequence &1y, is uniformly bounded in HO(). So, after
passing to a subsequence, there exists £ € HO(€2) such that &l — &1 in HO($2), which
by Proposition 3.1 implies that & ;, — £ in L?(S2). Consequently, il 2¢) = 1 and
Jq & dx = 0, so in particular & € X(Q).

Next, from Theorem 1.1 and Remark 3.3, we have that for all ¢ € C f (Q),

lim A7 (E1g. 002 = lim & (g, @) = lim (1. Do)
k—>o00 k— 00 k—00

(&1, Dow)2 = Eo (61, ). (5.7)
Since also (§1 5, @)2 — (&1, @) forall ¢ € Cf(ﬁ) as k — oo, it follows from (5.7) that

Eo(Er1, @) = MelE1, @)2 forall g € C2(Q).

By density, we get
Eo(E1, 9) = AxlEl, 9)2 forall ¢ € XU(Q).
Since & € X%(Q) \ {0}, we then deduce that A, € (0, )‘?,0] is an eigenvalue of D% with

corresponding eigenfunction &;. Since )»?0 is the smallest positive eigenvalue of D% by
definition, we conclude that A, = )\?0. Combining this equality with (5.5), we conclude that
)»?,S — A? 0ass — 07, as claimed in (5.3). Moreover, we have already proved above that if,
for some séquence sg — 0, (& 1.s; Jk 18 a sequence of L2-normalized eigenfunctions of D‘g

corresponding to A? o e have that &1 5, — &; in L2() after passing to a subsequence,

where & is an eigenfunction of D% corresponding to )”?,0- The proof is thus finished. [

Next, we now consider the case of higher eigenvalues. We have the following.

Theorem 5.4 Let Q@ C RN be a bounded open Lipschitz set. Then

AL kfio as s — 0T, (5.8)

n,s
Moreover; if, for some sequence s; — 0%, {£, )k is a sequence of L*-normalized
eigenfunctions of 'Dg‘ corresponding to )L,SE s> we have that, after passing to a subsequence,

Eny — En in L2(Q) as k — oo, (5.9)

where &, is an eigenfunction of D% corresponding to )\,?0.

The proof of this theorem is similar to the one of Theorem 5.3 but somewhat more
involved technically.

Proof of Theorem 5.4 Similarly as in the proof of Theorem 5.3, we first show that
limsup Ai2 < A (5.10)

s—0F
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For this we considei again the subspace Cﬁ(ﬁ) C X%(R2), and we fix an n-diminsional
subspace V C Cf(Q). Then Sy :={u € V : |lull 2(q = 1} is bounded in Cf(Q) since
the L?-norm and the C2-norm are equivalent on V. Thus Theorem 1.1 gives, together with
(3.4) and (3.11), the estimate

lim sup Af,zs < limsup sup & (u,u) = lim sup (Dgu, u) = sup,cg, (’D?Zu, U)o

s—0t ’ s—0t ueSy s—=0% yesy

= sup,es, Eou, u).

Using again the fact that, by Remark 3.3, C2(R) is dense in X°(2) and that

Q .
Apo = 1nf0 sup Eo(u, u),
VeV, ueSy

by (3.11), where V,? denotes the family of n-dimensional subspaces of X%(2), we deduce
(5.10).

Next we show the corresponding liminf inequality. For this, we fix n € N and set
)\}f = lig(i)rlf)&s forj=1,...,n,
noting that
Aj‘-gk: forj=1,...,n, (5.11)
since the sequence of numbers A%x is increasing in j for every s € (0, 1). Moreover, we
choose a sequence of numbers s € (0,1), k € N with s — 0" and AL Al as

n,sk
k — oo. We then choose, for every k € N, a system of L?-orthonormal eigenfunctions

Els45 - - -+ En,5, associated to the eigenvalues )L%k, R )\fsz.
Proceeding precisely as in the proof of Theorem 5.3, we find that &; ;, is uniformly
bounded in HO(2) for Jj =1,..., n. Therefore, after passing to a subsequence, there exists

& € HO(£2) such that Ej — &jin H(Q) for j = 1,...,n, which by Proposition 3.1
implies that £; 5, — &; in L>(Q) for j = 1,...,n.

The Lz-convergence implies that the functions &1, ..., &, are also L2-orthonormal.
Moreover, for j =1, --- , n, we have, by Theorem 1.1 and Remark 3.3,

Kilgj oy = lim AT (Ej o g)a = lim £y (& 0)

s D o)a = (€, Doplr = E0(&j, 9) forg € C;(Q).  (5.12)

lim
k—00
By density of CZ (Q) in X°(Q), we thus have
Eoj, @) =1j(Ej, @) forall ¢ € xX0Q), j=1,...,n.

Therefore, )L;f is an eigenvalue of D% with corresponding eigenfunction §; for j =1, ..., n.
Now, by considering in particular the n-dimensional subspace V = span{§i, &, ..., §,} of
X%(Q) in (3.11), it follows that
Abo < sup Eo(u,u). (5.13)
uesy

n n
. _ e . . . . 2 _
Moreover, every u € Sy writes asu = _ ¢;&; with ¢; € R satisfying }_ ¢; = 1, so we
j=1 j=1
have

n

n n n n
Eo(u,u) =& ZCij,ZCj%'j = Z C,‘Cj)\:-k(éi,fj)z:ZC?A:fS)\ZZC?:AZ
=1 =1 i=1 i=1

i, j=1

@ Springer



The Eigenvalue Problem for the Regional Fractional Laplacian in the Small... 301

by (5.11). Hence (5.13) yields that
A <Ar= hmmfA s (5.14)

s—0t

Combining (5.10) and (5.14) now shows that An ¢ = AQO as s — 0T, as claimed in (5.8).
The rest of the proof follows exactly as in the case of Theorem 5.3. O

Next, we wish to study the uniform convergence of sequences of eigenfunctions of D‘g‘
associated with a sequence s — OF. We first state a uniform equicontinuity result in a
somewhat more general setting.

Theorem 5.5 Let @ C RN be a boundid Lipschitz set. Moreover, let (sy)i be a sequence
in (0, 1) with s — 0T, and let ¢ € C(Q), k € N be functions with

loello@ <C  and ‘/ “l”;(x) |1\;p+k2(vyk)d <C foralixeQkeN (5.15)
S

with a constant C > 0. Then the sequence (¢y )y is equicontinuous.

Proof Since sy — 07, we may assume, without loss of generality, that s; € (0, %) for every
k € N. Moreover, relabeling the functions ¢y if necessary, we may assume that the sequence
sk 1s monotone decreasing. Arguing by contradiction, we assume that there exists a point
Xo € Q such that the sequence (g ) is not equicontinuous at xq, which means that

lim sup osc ¢ =¢ > 0. (5.16)
1—=0% keN B (x0)NQ

This limit exists since the function
(0, 00) — [0, 00), !+ sup 0sC @
keN B;(xo)N&

is bounded by assumption and nondecreasing. Without loss of generality, to simplify the
notation, we may assume that xo = 0 € Q2. We first choose § > 0 sufficiently small so that

e—34 N
W—IS’ 5 >0. (5.17)
We then choose 79 € (0, 1) sufficiently small so that

e <sup osc gy <€+ for 0 < ¢t < 2r1y. (5.18)
keN B/NQ

From (5.15) and the assumption that the sequence (¢y)x is uniformly bounded in €, it
follows that there exists a constant C; = C(f9) > 0 with

‘/ ok (x) — o ()
B

oo bx = yIVEI dy|<Cy  forallx € Q keN. (5.19)
,Uxﬂ -

Next, we choose a sequence of numbers #; € (0, 0y with 7y — 0% and
Cy = inf £* > 0. 5.20
2 keN k ( )
We then define a strictly increasing sequence of numbers ok, k € N inductively with the
property that

0SC @, > 6—38 for all k € N. (5.21)
B, NQ
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For this, we first note that (5.18) implies that there exists some o1 € N with

0SC @y > & — 4.

B, NG

Next, suppose that o < - - - < oy are already defined for some k € N. Since the finite set of
functions {¢q, . .., @5, } is equicontinuous on 2 by assumption, there exists ' € (0, #x41)
with the property that

osc gy <€&—2§ for{ =oq,...,o0y.
B[/ﬂQ

Hence, by (5.18), there exists some ox+1 € N, ox4+1 > o with

£—38=< 0SC Qg g < OSC_ Qg

B,NQ -

With this inductive cyhoice, (5.21) holds for all £ € N. Moreover, since oy > k and therefore
So; < Sk, we have t,;ak > t}:k > C, for every k € N by (5.20) and since # € (0, 1). Hence
we may pass of a subsequence, replacing si by s, and ¢ by ¢, in the following, with the
property that (5.20) still holds and

e—8< osc gp <e+34 for all k € N. (5.22)
By NQ

By (5.22), we may write

5
k(B N = [dy —riodi + 1] fork e Nwithsomedy € R, rp > =2, (5.23)

2
Together with (5.18) and the fact that B, N Q2 C By, N 2, we deduce that
R e+35 e+34

@k (B2, N K2) C [di — — di + 5 1. (5.24)
Moreover, we let

cr = / ly| N> dy  fork €N,

QN(Byy\Bay,)
and we note that
Ccp —> 00 ask — o0 (5.25)

by Lemma 4.2. We now set
AR = {y € QN(By\B3y) : ek (y) = dk} and  AX :={y € QN(B,,\B3y) : gk () < di}.
Since
¢ < / BT dy+/ ly| =N 2% dy forall k € N,
Ak Ak
k k

we may again pass to a subsequence such that

/ V2% dy > % forallkeN  or / V2% gy > £ forallk e N,
Ak 2 Ak 2
Without loss of generality, we may assume that the second case holds (otherwise we may
replace ¢ by —¢ and dy by —dy). We then define the Lipschitz function vy € C, R by

26, |x] <t

0, > 2,
nw =1 = 20

7(2fk — |x]), f < |x| < 2t.

3
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We also define, for k € N,
% Q> R, T () = @r(x) + P (x).
By (5.24), we have

e+ 38

T =@ < di + <di+r+28 in QN (By, \ Bay)-

Moreover, since di + r¢ € g (By, N ) by (5.23), we have
di + 1+ 28 € T (By, N Q) C (B NQ).

Consequently, max 7 is attained at a point x; € Ba, N Q with
leoﬂQ

T (xg) > dy + 1 + 28,

which implies that

e—94
Qi) Z di 1 Z di + —— (5.26)
By (5.19) and since B3;, N C By, (xx) N Q2 for k € N by construction, we have that
X)) —

c > / ok (xk) ffz(y)
By o Xk =y

_ / P (xk) —N<pj 2(y) J / ok (xk) —N¢+k 2(y) dy. (5.27)

By,ne Xk — y[V Tk QN(Byy (v)\B3y) Xk — Y[V T

To estimate the first integral, we note that, by definition of the function v,
268 N
[Yr(x) — Y (W] < Elx—yl forall x,z € R™.

Moreover, by the choice of x; we have i (xx) > 74 (y) for all y € B3, N Q. Consequently,

/ ok () — () =/ () — w(y) _/ V() — Vi)
B B B3, NQ

yne [k — y|IN T y e Xk — y[NT [xp — y|N+2s

T S T
By, ne lxk — y[N+2% v JB,,

3125k 1288, 2% _
N OV > 2wy 152 > —C (5.28)
1 —2s%

with a constant C3 > 0 independent of k. Here we used (5.20) and the standard estimate

26
o=y TNy > —— / Iy~ dy
tk B3rk

k

_ _ w 711"0
x—z|PNdz < lzIPNdz = N
B B

foreveryt > 0,p € (0, N)and x € RV,

To estimate the second integral in (5.27) we first note, since x; € By, we have that
2|,V|Z|y—xk|z|§—| foreverykeNandyeRN\B_g[k.

Moreover, by (5.18), (5.24), and (5.26) we have

e—34
&+38 > or(xx) — or(y) = di + - or(y) = =28
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for y € By (xx) N Q2 C By, N Q. Consequently, combining (5.27) and (5.28), using again
(5.26) and the fact that x; € By, we may estimate as follows:

Ci+Cs> / o) — o)
T Sy By ne 1y — xi N

[k (x1) — @™ ()

> e R M dy — 25/ ly — xi| N "k dy
/(B,o By |y — xe Vs (Bio (x)\ B3, )2
1 x0)—oel™ ) )
> 2N+2Xk / [(/)k( k) ?\;Cizviy) dy_2'3N+23k8/ |y|7N72h\kdy
(Biyx)\By )N Xk — VI (Biy )\ B3y, )N

v

1 (/ [k () —w]*(y)dy _f Lok () —sok]+(y)dy>
2N+25 (Biy\ B3 N2 |y | N+25 (Big\Biy ()N |y NF2s

2. 3N+2sk8 (/ |y|—N—2skdy +/ |y|—N—2skdy)
(Biy\ By )N (B 0\ Brg)

1 - - —_ —
ZNTsk(rk/A_ Iy| "N "2k dy — (e +8) |~V zskdy>
k

. 3N+2Sk8(ck +/
By s\ By

Tk N+2s
> (ygve —230)a

e+3d
v TNy — 238 f IV dy
2 “ B \By -2 Biy+2, \Byg

v

Blo \BIO (€73)

yI~V"2dy)

e—94§ e—9§
> (m -2 3N+2‘k8)ck —o(l) = (2N+2 —2.3NM5 + 0(1))Ck —o(1)
as k — oo, where we used (5.23). By our choice of § > 0 satisfying (5.17), we arrive at a
contradiction to (5.25). The proof is thus finished. O

Finally, we complete the

Proof of Theorem 1.3 Since cy s := scy + o(s) as s — 07 with cy = n_% F(%) and
L% = cyDY,, then the first part of Theorem 1.3 is just a reformulation of Theorems 5.3 and
54.

To see the second part, we first note that &, 5, € C (Q) for every k € N by [3, Theorem
1.3, see also Theorem 4.7]. We may then apply Theorem 1.5 to the sequence (&, s, )« in place
of (¢ )k, noting that assumption (5.15) is satisfied by Theorems 5.1 and 5.2. Consequently,
the sequence (&, s, )« is both bounded in C () and equicontinuous on £, so it is relatively
compact in C(£2) by the Arzela-Ascoli Theorem. Combining this fact with the convergence
property &,.5, — &, in L?(Q2) stated in Theorem 5.4, it follows that &, 5, — &,in C(Q). O
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