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Abstract

We study a system of hard rods of finite size in one space dimension, which move by
Brownian noise while avoiding overlap. We consider a scaling in which the number of
particles tends to infinity while the volume fraction of the rods remains constant; in this
limit the empirical measure of the rod positions converges almost surely to a determinis-
tic limit evolution. We prove a large-deviation principle on path space for the empirical
measure, by exploiting a one-to-one mapping between the hard-rod system and a system
of non-interacting particles on a contracted domain. The large-deviation principle naturally
identifies a gradient-flow structure for the limit evolution, with clear interpretations for both
the driving functional (an ‘entropy’) and the dissipation, which in this case is the Wasser-
stein dissipation. This study is inspired by recent developments in the continuum modelling
of multiple-species interacting particle systems with finite-size effects; for such systems
many different modelling choices appear in the literature, raising the question how one can
understand such choices in terms of more microscopic models. The results of this paper give
a clear answer to this question, albeit for the simpler one-dimensional hard-rod system. For
this specific system this result provides a clear understanding of the value and interpretation
of different modelling choices, while giving hints for more general systems.
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1 Introduction
1.1 Continuum Modelling of Systems of Interacting Particles

Systems of interacting particles can be observed in physics (e.g. gases, liquids, solutions [72,
93]), biology (e.g. populations of cells [99]), social sciences (e.g. animal swarms [81]), engi-
neering (e.g. swarms of robots [14]), and various other fields. Such systems are routinely
described with different types of models: particle- or individual-based models characterize
the position and velocity of every single particle, while continuum models characterize the
behaviour of the system in terms of (often continuous) densities or concentrations. While
particle-based models contain more information and may well be more accurate, continuum
models are easier to analyze and less demanding to simulate, and there is a natural demand
for continuum models that describe such systems in as much accuracy as possible.

In this paper we focus on systems of particles for which the finite size of the particles
has a prominent effect on the larger-scale, continuum-level behavior of the system. For such
systems a wide range of continuum models has been postulated (see below) but very few
of these continuum models have been rigorously justified, and particularly the dynamics of
these continuum models have rarely been rigorously justified. We present here a rigorous
derivation of the continuum equation that describes such a class of interacting particles, but
restricted to one space dimension. The proof uses large-deviation theory, and this method
identifies not only the limiting equation but also the gradient-flow structure of the limit. In
this way it gives a rigorous derivation of the Variational Modelling structure of the limit.

1.2 Sterically Interacting Particles

In many applications, the finite size of the particles can be witnessed in various ways,
such as in the natural upper bound on the density of such particles, in the way particles
‘push away’ other particles (cross-diffusion, possibly leading to uphill diffusion), and in the
striking oscillations of ion densities near charged walls (see e.g. [50, 51, 55]).

Characterizing the macroscopic, continuum-level behaviour of such ‘sterically inter-
acting’ particles (from the Greek 0TEpEOC for ‘hard, solid’) is a major challenge, and
various communities have addressed this challenge. In the mathematical community, in
one-dimensional systems the behaviour of single, ‘tagged’ particles has been character-
ized [67, 73, 77], the equilibrium statistical properties of the ensemble were determined
by Percus [84], and the dynamic continuum limit was first derived by Rost [89]. In higher
dimensions cluster expansions have opened the door to accurate expansions of the free
energy [59, 60]. In a number of papers Bruna and Chapman [11-13, 24] have given asymp-
totic expressions for the continuum-limit partial differential equation in the limit of low
volume fraction. A related line of research focuses on strongly interacting particle systems
with soft interaction; Spohn characterized the central-limit fluctuations in an infinite system
of interacting Brownian particles [95], and Varadhan proved the continuum limit as n — 00
for a system of n interacting particles [101, 102] in one dimension.

In the chemical-engineering community there has been a strong interest in the case of
finite-size particles that are charged. For such systems the classical stationary Poisson-
Boltzmann theory (e.g. [82, Ch. 6]) and time-dependent Poisson-Nernst-Planck equations
(e.g. [92]) both give unsatisfactory predictions, such as unphysically high concentrations
near charged walls. Starting with the early work of Bikerman [15] various authors have mod-
ified the static Poisson-Boltzmann theory by incorporating the entropy of solvent molecules,
thus limiting the concentration of the ions [6-8, 16, 17, 21, 29, 40, 44, 45, 52, 53, 61-63,
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88, 97, 98, 105, 106, 108]. The Boublik-Mansoori-Carnahan-Starling-Leland theory [22,
30, 74] further modifies this by adding higher-order concentration dependencies, and later
works [69, 100] generalize this to the case of ions of different sizes. Other approaches
include modelling the solvent as polarizable spheres [71], and the addition to the free energy
of convolution integrals with various kernels, such as Lennard-Jones-type kernels [42, 48,
55, 56] or step functions and their derivatives [90, 91]. See [19] for further review and
references.

Despite all this activity, however, the main question for this paper is still open: Which
continuum-level partial differential equation describes the evolution of systems of many
finite-size particles, and what is the corresponding gradient-flow structure? Before describ-
ing the answer of this paper we first comment on the philosophy of Variational Modelling,
which underlies both this paper and some of the work in this area.

1.3 Variational Modelling

Many strongly damped continuum systems can be modelled by gradient flows; they are
then fully characterized by a driving functional (e.g., a Gibbs free energy) and a dissipation
mechanism that describes how the system dissipates its free energy. By choosing these two
components one fully determines the model, and the model equations are readily derived
as an outcome of the these two inputs. We call this way of working Variational Modelling;
recent examples can be found in e.g. [5, 37, 110], and the lecture notes [83] describe this
modelling philosophy and its foundations in detail.

The quality of a variational-modelling derivation rests on the quality of the two choices,
the choice of the driving functional and the choice of the dissipation (e.g., drift-diffusion
or Wasserstein gradient flow). Different combinations of choices, however, can lead to the
same equation (see e.g. [85] or [31, Eq. 2.1]). Therefore, it is not possible to assess the
quality of the independent modelling choices, nor to deduce that the combined choices are
right, based on comparison of the model predictions to particle-based simulations, or to
experimental data. Accordingly, there is great importance in systematically determining the
driving functional and dissipation mechanism from ‘first principles’. In recent years it has
been discovered that not only the free energy, but also the dissipation mechanism can be
rigorously deduced from an upscaling of the underlying particle system, by determining the
large-deviation rate functional in the many-particle limit. In this way various free energies
and dissipation mechanisms have been placed on a secure foundation [2, 23, 78, 79, 85].

In a series of works, Hyon, Horng, Lin, Liu, and Eisenberg applied a special case of the
variational modelling approach, called ‘Energetic Variational Approach’, to derive evolution
equations for hard-sphere ions [54, 58, 68]. However, the authors solely focused on the
effect of the finite size on the free energy. The impact of the finite size on the dissipation
mechanism, and therefore the dynamics, was not considered, and implicitly taken to be the
same as for zero-size particles.

Instead, in this work we develop a systematic derivation of both the driving functional
and the dissipation mechanism for the system of this paper: a one-dimensional system of
Brownian hard rods.

1.4 The Model: One-Dimensional Hard Rods
The system that we consider is a collection of » hard rods of length «/n, for @ € (0, 1),

that are free to move along the real line R, except that they may not overlap. The position of
each rod is given by its left-hand point Y, i.e. the rod occupies the space [Y", Y/' + a/n).
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Since the rods can not overlap, the state space is the ‘swiss cheese’ space

Q, = {y ER": Vi j. i # j. 1y — ] za/n]. (1

Note that the length «/n is scaled such that the total volume fraction of the rods is O(1).
The evolution of the rods is that of Brownian motion in a potential landscape with the
non-overlap constraint, where we additionally allow for mean-field interaction between the
particles. For this paper we choose as potentials an on-site potential V and a two-particle
interaction potential W, and both are assumed to be sufficiently smooth.
In the interior of €2,, we therefore solve

dY!'(t) = =V’ (Y (t)) d1 — % S W) - Y @©) dr + dBi (1), )
j=1

where B; are independent one-dimensional standard Brownian motions. On the boundary
02, we assume reflecting boundary conditions.

This system has been studied before. For the case V = W = 0, Percus [84] calculated
various distribution functions for finite n. Also for V.= W = 0, Rost [89] proved that in
the the n — oo limit, the empirical measures

. 1 ¢
pn) = > Syna

i=1

converge almost surely (the continuum limit) to a solution of the nonlinear parabolic
equation
1 dyp
"= T app
Bodnar and Velazguez generalized this convergence by allowing for n-dependent W, that
shrinks to a Dirac delta function as n — 00, leading to an additional term 9y (pdyp) in the
equation above [26]. Bruna and Chapman studied the related case of fixed » in the limit
o — 0, in arbitrary dimensions, and calculated the approximate limit equation up to order
O(a) [11-13, 24].

Based on analogy with continuum limits in other interacting particle systems (see
e.g. [32, 80]), one would expect that the continuum limit for the case of non-zero V and W
is

on R.

1 dyp
-9
2T —app T

Here (W % p)(y) = [ W(y — y")p(dy’) is the convolution of W with p.

The aims of this paper are (a) to prove the limit equation above rigorously, and (b) show
that it has a variational, gradient-flow structure that is generated by large deviations in a
canonical way.

dp = 0], (V+ W p)]. 3)

1.5 Main Result I: Large Deviations of the Invariant Measure

The first step in probing the variational structure of Eq. 3 is to derive the ‘free energy’
that will drive the gradient-flow evolution. For reversible stochastic processes, such as the
particle system Y”, it is well known (see e.g. [78]) that this driving functional is given by
the large-deviation rate functional of the invariant measure.
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Under our conditions on V and W, the system of particles Y” has an invariant measure

Py = eXP[ 22 V(i) —— Z W(yi — ]

ljl

; “)

where .Z"|q, is n-dimensional Lebesgue measure restricted to €2,,, and Z, is the normal-
ization constant

Z, ZZA eXp|: 22 V(i) — - Z W (yi _yj):| dy. (5)

lJ]

Our first main result identifies the large-deviation behaviour of these invariant measures. In
this paper, P(R) is the space of probability measures on R.

Theorem 1.1 (Large-deviation principle for the invariant measures) Assume that the func-
tions V and W satisfy Assumption 4.4. For eachn € N, let Y" € R" have law P}, and let
Pn = % Y 5in1 € P(R) be the corresponding empirical measure. Then the measures py

satisfy a large-deviation principle with good rate function 2F:

—n2F )

Prob(p, =~ v) ~ e asn — oo. (6)

Here F : P@R) — [0, oo] is given by

1 1
/pl:ilogl p +v}+f/f Wiy —y)p(d)p(dy) +c
R —ap 2 Jr Jr,

if p is Lebesgue-absolutely-continuous and p(y) < 1/« a.e.,

Fp) =

400 otherwise
. (N
The constant c in the definition (7) is chosen such that min{F (p) : p € P(R)} = 0.

The functional F is non-negative by definition; our assumptions on V and W imply
that  has at least one minimizer at value zero, and possibly more than one.

The large-deviation principle (6) gives a characterization of the behaviour of the
empirical measures p, that can be split into two parts:

(1) With probability one, and along a subsequence, p, converges to a minimizer of F.
(This can be proved using the Borel-Cantelli lemma; see e.g. [86, Th. A.2].)

(2) The event that p, ~ v where v is not a minimizer of F becomes increasingly unlikely
as n tends to infinity; in fact, it is exponentially unlikely in #, with a prefactor 2F )
that depends on v. Large values of F (v) correspond to ‘even more unlikely’ behaviour
of p, than smaller values.

1.6 Gradient Flows

We now turn to the evolution. A gradient-flow structure is defined by a state space, a driving
functional, and a dissipation metric [75, 83]. The driving functional was identified above as
Fthe large-deviation principle that we prove below will indicate that the state space for this
gradient-flow structure is the metric space given by the set P> (R) of probability measures
of finite second moment (i.e. fR y2p(dy) < o0) equipped with the Wasserstein metric.
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We describe the Wasserstein metric and Wasserstein gradient-flow structures in more
detail in Section 2; here we only summarize a few aspects. The Wasserstein distance W
is a measure of distance between two probability measures on physical space. When mod-
elling particles embedded in a viscous fluid, the appearance of the Wasserstein distance in
gradient-flow structures can be traced back to the drag force experienced by the particles
when moving through the fluid. This is illustrated by the property that if n particles are
dragged from positions yi, ..., y, to positions yi, ..., y, in time , then the minimal vis-
cous dissipation as a result of this motion is given by the Wasserstein distance between the
two empirical measures:

cn 1 1 S - 2 .
- W2<; zl:(?y[, - X;Syi) = = mln{;‘ya@ — yi‘ : o permutationof 1,...,n }
1= 1= 1=
®)

The drag-force parameter ¢ depends on the size of the particles and the viscosity of the fluid.
This connection between the Wasserstein distance and viscous dissipation is described in
depth in the lecture notes [83, Ch. 5].

For the functional F one can formally define a ‘Wasserstein gradient’ grady, JF(p) for
each p as a real-valued function on R given by

1 o

A 8F
grady F(0) () 1= =8y [p0,6] (0. & := - = Jlog 7= o+ 5o

+V 4+ Wsxp.
&)

Therefore (3) can be rewritten abstractly as the Wasserstein gradient flow of F,
dp = — grady, F(p). (10)

In this context there are two natural solution concepts for Eq. 3. The first is the more
classical, distributional defintion.

Definition 1.2 (Distributional solutions of Eq. 3) A Lebesgue measurable function p :
[0,T] — P(R) is a distributional solution of Eq. 3 if it is a solution in the sense of
distributions on (0, T') x R of the (slightly rewritten) equation
1 1
Bp = @ayy(m) +a,[ 00y (V + W p) . (1
We also use a second solution concept that is more adapted to the gradient-flow structure.
The monograph [3] formulates a number of alternative solution concepts for the general idea
of a ‘metric-space gradient flow’; in this paper we focus on the following one, called Curve
of Maximal Slope in [3] and Energy-Dissipation Principle in [76], and attributed originally
to De Giorgi [33].

Definition 1.3 (Gradient-flow solutions in the Energy-Dissipation Principle formulation)
A curve p € AC2([0, T1; P»(R)) with F(p(0)) < oo is called a solution of the gradient
flow of Fif forall ¢t € [0, T],
. . 1. .
0=Fow) — Foon + 5 [ [1676) + 07 Pp(sn)] as. (12)
0
Here

® AC%([0, T]; Po(R)) is the space of absolutely continuous functions p : [0, T] —
P> (R) (see Definition 2.6);
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® The metric derivative || of a curve p € AC?([0, T1; P»(R)) is defined as

Walp(t +h), p(1))

. , forO0 <t < T; (13)

o[(2) := 1i
[o1(2) Jim

® The local slope is

|8.7:"|(,0) = limsupw. (14)
v—p Wa(p, v)

One can calculate that the metric velocity |p|(t) and the metric slope |aﬁ |(p) are
formally given by the expressions (see Sections 2.3 and 2.4):

1 y
P :=/v2<r,y>p<r,dy), o(t.y) == ——/ b0t d5).
R ,O(tvd)’) —00
[0F 12 (p) = /R|8y“;‘(y)|2p(dy), with & given in Eq. 9.

Each gradient-flow solution also is a distributional solution, and for given initial datum p (0)
gradient-flow solutions are unique (see Lemma 2.11).

The definition (12) is inspired by the smooth Hilbert-space case, in which | - | is a Hilbert
norm, and an expression of the form of Eq. 12 for a curve x and a functional ® in Hilbert
space can be rewritten as

t
0= %/ % (s) + D®(x(5))|? ds, (15
0

where D®(x) is the Hilbert gradient (Riesz representative) of ® at x. The right-hand side
in Eq. 15 is non-negative, its minimal value is zero, and this minimal value is achieved
when x(t) = —D®(x(¢)) for almost all ¢. For metric spaces, under some conditions, the
same is true for Eq. 12: the right-hand side is non-negative, its minimal value is zero, and
this minimal value is achieved in exactly one curve x among all curves X with given initial
datum x(0). In other words, equations such as Eqs. 12 and 15 both define a flow in the state
space, and this is what we call a ‘gradient flow’ in this paper.

In recent years it has become clear that expressions of the type of Eqs. 12 and 15 arise
naturally as large-deviation rate functions associated with stochastic processes, typically in
a many-particle limit; we describe this in detail below for the system of this paper, and the
general scheme can be found in [78, Prop. 3.7]. Through such connections, gradient-flow
structures of various partial-differential equations can be understood as a natural conse-
quence of the upscaling from a more microscopic system of which the PDE is a scaling
limit [1, 2, 36, 39, 43, 78, 85]. In addition, this connection provides a natural way to
derive and understand new gradient-flow structures for equations in the long term. In this
paper we use this method to investigate the gradient-flow structure that arises in this simple
one-dimensional, hard-rod system.

1.7 Main Result lI: Large Deviations of the Stochastic Evolutions

The second main theorem of this paper then describes the large-deviation behaviour of
the empirical measures p, (1) = + Yo Syr ) as functions of time, i.e. in the state space

(10, T1; P(R)).
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The choice of initial data for the process Y;" requires some care. From the point of view
of Eq. 3 we would like to fix a measure p° € P(R) and then select initial data Y/"(0) such
that the empirical measures % > 5Y,.”(0) converge to p° as n — 00.

However, not all p° € P(R) are admissible, since initial data for Eq. 3 should have
Lebesgue density bounded by 1/«. This is a natural consequence of the fact that each par-
ticle occupies a section of length «/n, and it is also visible in the degeneration of the
denominators in Eqgs. 3 and 7.

Given some p° satistying this restriction, one might try to draw initial data ¥/ (0) i.i.d.
from p°, since then with probability one we have n~! > 6yin © — p°. This is still
problematic, since the strong interaction between the rods implies that the initial data for
Y!" can never be chosen independently. Instead, in the theorem below, we choose initial data
for the Y/ by modifying a version of the invariant measure ]P’innv instead.

Let f € Cp(R), and define the tilted, ‘W = 0’ invariant measure IP’i,,nV’f € P(R) by

inv 1 - - n
P (dy) = ?exp[—Zf(m—zZ wm]z o @), (16)
n i=1 i=1 "

Also define the tilted free energy

1 P 1
2 p1 [f V] o
2Rp0g1—ap+/sz+ P+ Ly

if p is Lebesgue-absolutely-continuous and p(y) < 1/« a.e.,

400 otherwise
A . 17
where the constant C s is chosen such that inf 7' / = 0. The functional F/ is strictly convex
and coercive, and we write ,o°’f " for the unique minimizer of Fr

04 = argmin FI.
PR)

(It is not hard to verify that any p can be written this way, provided it satisfies p < 1/« a.e.
and log(p/e~2") € Cp(R).)

Theorem 1.4 (Large-deviation principle on path space) Assume that V, W satisfy Assump-
tion 4.4. For each n, let the particle system t — Y" (t) € R" be given by Eq. 2, with initial
positions drawn from the tilted invariant measure ]P’an‘f .

The random evolving empirical measures p,(t) = % > ‘SY,."(t) then satisfy a large-

deviation principle on C ([0, TI; P(R)) with good rate function i’:

_alt
PrOb(Pn|te[0,T] ~ V|te[0,T]> ~e W) asn — oo.

If in addition p satisﬁ'esA 0(0) € P,(R) and f(p(O)) + 1/ (p) < oo, then we have
p € C([0, T]; P>(R)) and If(p) can be characterized as

. N ~ ~ 1 rT 1 rT .
1 (0) :== 2 F  (p(0) + F(p(T)) — F(p(0)) + 5 /0 P12 () dt + 5 /0 10F > (p (1)) dt.

(18)
Here |p| and |0.F| are the metric derivative and the local slope defined in Definition 1.3,
for the Wasserstein metric space X = (P>(R), W) (see Section 2.3).
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1.8 Consequences: The Limit Equation as a Wasserstein Gradient Flow

The large-deviation rate functional [’ in Eq. 18 can be decomposed as
1 (p) =2 F/(p(0) + GFLF, Wal(p),

where GF[]:' , W2](p) is shorthand for the right-hand side in the gradient-flow definition
in Eq. 12, with driving functional F and dissipation metric W». Both terms are non-negative,
and they represent different aspects of the large-deviation behaviour of the sequence of
particle systems Y".

The first term, 2FS (p(0)), characterizes the probability of deviations of the initial empir-

ical measure p,(0) = % Yo 5yi" (0 from the minimizer 07 of F7. The second term

GF[]:' , W2](p) measures deviations of the time course ¢ — p, (t) from ‘being a solution of
the gradient flow (3)’ (or 10). For minimizers both terms are zero, implying the following

Corollary 1.5 Minimizers p of the rate function 17 are solutions of the Wasserstein gra-
dient flow (3) A( in the gradient-flow sense), with initial datum p(0) = po /. Therefore
minimizers of 17 are unique.

Minimizers of I/ describe the typical behaviour of empirical measures p,, by the Borel-
Cantelli argument that was already mentioned above:

Corollary 1.6 The curve of empirical measures t +— p,(t) converges almost surely in
C([0, T1; P(R)) to a (unique) solution p of Eq. 3 with initial datum p(0) = pof.

Although the A-convexity of F already guarantees existence of gradient-flow solutions
by [3], Corollary 1.6 trivially gives the same:

Corollary 1.7 Equation 3 with initial datum p>/ has a gradient-flow solution.
1.9 Ingredients of the Proofs

As in many proofs of large-deviation principles, the core of the argument is Sanov’s
theorem, which provides a large-deviation principle for independent particles.

In the case of this paper, however, the particles are not only correlated, but the hard-
core interaction is a very strong one. A central step in the proof is to replace this strong
interaction by a weaker one. This step is done by the second main ingredient, a map-
ping from the hard-rod particle system Y” to a system of weakly-interacting zero-length
particles called X”. This map appears to have been known at least to Lebowitz and Per-
cus [73] and was used to prove the many-particle limit by Rost [§9] and later by Bodnar and
Velazguez [26].

The idea behind this mapping is to map the original collection of rods of length «/n to a
collection of zero-length particles by ‘collapsing’ or ‘compressing’ them to zero length and
moving the rods on the right-hand side up towards the left (see Fig. 1). Two particles ¥;* and
Y} | that collide at some time #( are mapped by this transformation to two particles X;' and
X', that occupy the same point x at time 79. While the compressed particles X;' and X7,
remain ordered for all time (X' (t) < X} " (1)), the distribution of the empirical measures
remains the same if the two particles are allowed to pass each other instead. Mapping the
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80 M. Peletier et al.

Figd. 1 The Adiscrete c(ompression Y1 Y2 Y3 Y4
and expansion maps (see ] 1 1 ]
Section 4.1). Particles of length Ry
a/n at positions y; are mapped to /
zero-length particles at positions /
x; (the compression map A;l) /
and vice versa (the expansion /
map A,) s/ //
| p—— i Ry

Ty T223 Ty

length of the particles to zero therefore allows us to remove the non-passing restriction, and
by removing this restriction we eliminate the strong interaction between particles.

The price to pay is that after transformation the effects of the on-site potential V and the
interaction potential W come to depend on the whole particle system. This happens because
the amount that particle X' should be considered ‘shifted to the right’ is equal to a/n times
the number of particles X7 that are—at that moment—to the left of X, and that therefore
the force exerted by the on-site potential V (for instance) is equal to

o
_v/<x7(r) n 7#{]' €ln: X0 < X?(t)}).
" !

This force on the particle X} depends in a discontinuous manner on the positions of all
particles. Had this force been smooth, a standard application of Varadhan’s Lemma would
convert Sanov’s theorem into a large-deviation principle for the particle system X", as done
by e.g. Dai Pra and Den Hollander (see [38] or [34, Ch. X]). Since it is not smooth, how-
ever, we use a recent result by Hoeksema, Holding, Maurelli, and Tse [57], that generalizes
Varadhan’s Lemma to mildly singular and discontinuous forcings (Theorem 6.2 below).

Finally, a fortuitous property of the expansion and compression maps is that they are
isometries for the Wasserstein metric. This implies that the metric structure of the large-
deviation rate functional // —in terms of the metric velocity |p| and the metric slope |aﬁ |—
transforms transparently from the X" to the Y" particle system.

1.10 Conclusion and Discussion, Part I: Mathematics

We have proved a large-deviation principle on path space for a one-dimensional system of
hard rods, in the many-particle limit. This large-deviation principle characterizes the entropy
of the system as a function of the density, and identifies the limit evolution as a Wasserstein
gradient flow of the entropy.

From a mathematical point of view, this result can be interpreted in different ways:

(1) Itrigorously establishes (3) as the continuum limit of the particle system, in the sense
that the empirical measures p, converge to a solution of Eq. 3. While this result was
proved for the case V.= W = 0 by Rost in [89], it is new for the case of non-zero V
and W. R

(2) In addition, it establishes the functional F as the driving functional and the metric W»
as the dissipation of the gradient-flow structure for Eq. 3. This result is new, also for
thecase V=W = 0.
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1.10.1 The Difference Between W,- and Narrow Topology

Hidden in the notation of the two large-deviation theorems is a subtlety concerning topology.
The W»-topology is central to the gradient-flow structure, and we argue here that this struc-
ture arises from the large deviations. On the other hand, the two large-deviation principles
themselves are proved in the narrow topology on P(R), which is weaker.

The large-deviation theorems themselves probably do not hold in the stronger W5-
topology. For independent particles this can be recognized in the characterization of the
validity of Sanov’s theorem in Wasserstein metric spaces by Wang, Wang, and Wu [109].
These authors show that Sanov’s theorem is invalid without exponential moments on the
underlying distribution, and this condition is much stronger than the first-moment condition
induced by V in the case of this paper.

This begs the question how the W)-topology is generated by the large-deviation rate
function while not being part of the large-deviation principle. The answer is that if 17 (p)
is finite and if the initial datum p(0) is in P, (R), then p(z) € P, (R) for all time ¢; this is
shown in Lemma 8.4. However, p(f) € P>(R) is a much weaker property than finiteness
of exponential moments of p(t), which is necessary for exponential tightness in W, of the
underlying particle system.

1.11 Conclusion and Discussion, Part II: Consequences for Modelling

This large-deviation result also gives rise to a rigorous Variational-Modelling derivation of
the limit (3). It explains and motivates the choice of the modified entropy F as the driving
functional and the Wasserstein distance as the dissipation.

The appearance of the driving functional Fis expected. The first integral in F arises
as a measure of ‘free space’ after taking into account the finite length of the particles; this
becomes apparent in the discussion of the ‘compression’ map in Section 4. The second and
third integrals are relatively standard contributions from on-site and interaction potentials.

On the other hand, the appearance of the Wasserstein distance as the dissipation metric is
unexpected. This is the same metric as for non-interacting particles [1, 32, 64, 83], and the
result therefore shows that incorporating steric interactions does not change the dissipation
metric, a fact that is surprising at first glance.

This fact can be understood from the proof, however. It is related to the property that
the compression and expansion maps are isometries for the Wasserstein distance. The cen-
tral observation is the following: the total travel distance between a set of initial points
Y1, ..., yn and final points y;,...,y, is the same as the total travel distance between the
corresponding compressed set of initial points xy, ..., x,, and final points X1, ..., X,. This
is true because in the minimization problem (8) the optimal permutation of the particles is
such that particles preserve their ordering, and therefore the compression mapping moves
the points y,(;y and y; to the left by the same amount.

This result therefore is intrinsically limited to the one-dimensional setup of this paper.
In higher dimensions there is no such compression map, but one can still wonder whether
the dissipation of particles with finite and with zero size might be both respresented by the
Wasserstein distance. This appears not to be the case: we illustrate this in Fig. 2. In addition,
in the case of multiple species the metric can certainly not be Wasserstein, since particles
moving in opposite directions will be forced to move around each other.
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Fig. 2 In higher dimensions the metric will not be Wasserstein. In one dimension (left), linear interpolation
of particle positions preserves admissibility: if the initial and final positions do not overlap, then the interme-
diary positions also do not overlap. In higher dimensions, this is false: two spheres arranged in admissible
configurations may collide under linear interpolation (top right). We expect that the metric in higher dimen-
sions therefore will be non-Wasserstein, since it will have to accommodate particles ‘moving around’ each
other (bottom right)

1.11.1 Comparison with Bruna & Chapman’s Approximate Equation

In a series of publications [11-13, 24], Bruna and Chapman analyze systems of hard spheres
with Brownian noise in the limit of small volume fraction. Their approach is to apply a
singular-limit analysis to the Fokker-Planck equation associated with the particles, and this
allows them to address this issue in all dimensions and for finite numbers of particles. For
the setup of this paper with W = 0, Bruna finds an approximate equation in the small-o
limit [24, App. D]

1
0o = 0y 50yp + apdyp + V' (¥)p] + 0. (19)

This equation is also found by a Taylor development of the denominator in Eq. 3. Similarly

applying a formal Taylor development to Fin Eq. 7, we find that Eq. 19 has a formal
‘approximate’ gradient flow structure

- 1
driving functional Fgc(p) = /[5,0 logp + oz,o2 + Vp] + O(az), and metric W5.
Bruna, Burger, Ranetbauer, and Wolfram study the concept of approximate gradient-flow
structures in more detail in [9, 10].

1.11.2 Comparison with Poisson-Nernst-Planck Type Models with Steric Effects

As described in the introduction, a wide family of generalized Poisson-Nernst-Planck mod-
els has been derived by modelling the effect of the finite particle size on the driving
functional (free energy) of the system, while assuming that the dissipation mechanism is the
same as for systems with point ions. Our work shows that the last assumption is valid for
the case of a single species of hard rods in one spatial dimension, and is therefore consistent
with the current literature.

As illustrated above, however, in the case of multiple species in higher dimensions a form
of cross-diffusion is to be expected. We present an example of such a system for charged
particles in [49]. Here the mobility matrix is nonlinear and degenerate, in that transport of
particles of species A to a region diminishes with increasing concentration of that species
in that region. The mobility matrix is also non-diagonal, reflecting inter-diffusion, i.e., the
movement of an ionic species must involve counter movement of water and other ionic
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species. (This also is observed in limits of lattice models with exclusion; see e.g. [25]).
Furthermore, while in classical Poisson-Nernst-Planck theory, the diffusivity of the ions is
proportional to their concentration, the modified equation show a super-linear increase of
diffusivity with ionic concentration. This increase reflects the solvent tendency to diffuse
to the regions of high ionic concentration and may be a significant effect since the entropy
per volume of many small particles is larger than the entropy of a fewer larger particles and
the solvent molecules are typically significantly smaller than the ions. This work should be
considered a step towards the study of such systems.

1.12 Overview of the Paper

In Section 2 we introduce the Wasserstein distance, Wasserstein gradient flows, and inverse
cumulative distribution functions, which play a central role in the analysis. In Section 3
we introduce large-deviation principles. In Section 4 we formally define the systems that
we study and the compression and expansion maps that we mentioned above. In Section 5
we formally define various functionals that appear in the analysis, and prove a number of
properties. In Sections 6, 8, and 9 we prove Theorems 1.1 and 1.4 in three stages, while
Section 7 is devoted to a number of estimates used in Section 8.

1.13 Notation

We sometimes write R, and R, to distinguish state spaces for particle systems of ‘com-
pressed’ particles (usually called X", sometimes Z") and ‘expanded’ particles Y". For
measures @ on R we write u(x) for the Lebesgue density and u(dx) for the measure
inside an integral. For time-dependent measures (¢, dx) we write both () and p; for the
measure (¢, -), and correspondingly ©o and @ (0) both indicate the measure (0, -).

1p|(t) Metric derivative Egs. 13, 26

Il llsL Bounded-Lipschitz norm on continuous and bounded  Section 2.2
functions

o Rods have length «/n

A A, Expansion maps Definition 4.1

b, b, b; Drifts in the SDEs Definition 4.5

y () Correction term in entropy Eq. 52

dpr, Dual bounded-Lipschitz metric on P (R) Section 2.2

Enty, gn\tv Entropies in compressed and expanded coordinates Section 5

Ew, Ew Interaction energies in compressed and expanded coor- Section 5
dinates

F.F Free energies in compressed and expanded coordinates Eq. 7, Section 5

Fr Tilted free energy Eq. 17

dF(p) Fréchet subdifferential of ' Definition 2.9

3°F(p) Element of d F (p) of minimal norm Definition 2.9

[0F|(p) Metric slope of F Eq. 14

M (*) Empirical measure map Eq. 42

H(-|-) Relative entropy Eq. 48
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icdf Inverse cumulative distribution function Definition 2.2

1f Rate functional for pathwise large-deviation principle Eq. 18

Je Dynamic rate function for i.i.d. initial data Eq. 56

Lx, Ly Generators for X" and Y” stochastic particle systems Definition 4.5

Q, State space for particle system Y" Eq. 1

P(R) Probability measures on R, with metric dpr, Section 2.2

P> (R) Probability measures with finite second moments and Section 2.3
Wr-metric

P*(R) Empirical measures of n points on R Eq. 32

pinv Invariant measure for Y” Eq. 4

IF’;,"V’f Tilted, W = 0 invariant measure for Y" Eq. 16

QY Single-particle tilted measure on R, Eq. 50

I, Transport map from p to v Lemma 2.5

T, Auxiliary expansion map Lemma 4.3

Vv On-site potential Assumption 4.4

w Interaction potential Assumption 4.4

Ws ‘Wasserstein metric of order 2 Section 2.3

Z, Normalization constant for ]P‘il“" Eq.5

2 Measures and the Wasserstein Metric

The Wasserstein gradient of a functional F,and the corresponding gradient flow, was infor-
mally defined in Section 1.5. There is an extensive literature on the Wasserstein metric and
its properties [3, 94, 103, 104], but for the discussion of this paper we only need a number
of facts, which we summarize in this section.

2.1 Preliminaries on One-Dimensional Measures

The concept of push-forward will be used throughout this work:

Definition 2.1 (Push-forwards) Let f : R — R be Borel measurable, and u € P(R). The
push-forward fzp € P(R) is the measure 1 o £, and has the equivalent characterization

for all Borel measurable ¢ : R — R.

fR o) (a0 (dy) = /R o(f () u(dx),

The Wasserstein distance and the energy functionals in this paper have convenient
representations in terms of inverse cumulative distribution functions.

Definition 2.2 (Inverse cumulative distribution functions) Let u € P(R). Let F : R —
[0, 1] be the right-continuous cumulative distribution function:

F(x) := p((—00, x]).

Then the inverse cumulative distribution function X of u is the generalized (right-
continuous) inverse of F,

X(m) :=inf{x € R: F(x) > m}.
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The following lemma collects some well-known properties of inverse cumulative distri-
bution functions.

Lemma 2.3 Let u € P(R) and let X be the inverse cumulative distribution function of .

(1) Xis non-decreasing and right-continuous;
(2) If u is absolutely continuous, then F(X(m)) = m, X (m) exists for Lebesgue-almost-
every m € [0, 1], and for those m we have

X (m) = 1/pu(X(m));

(3) For all Borel measurable ¢ : R — R we have

1
/R () (dx) = /0 o(X(m)) dm. 20)

Proof The function X is obviously non-decreasing, and the right-continuity is a direct con-
sequence of the definition. To characterize X' (m) for absolutely-continuous w, first note that
F then is an absolutely continuous function; by [107, Prop. 1] we then have F (X(m)) = m
for all m € [0, 1]. Since X is monotonic, it is differentiable at almost all m € [0, 1]. Let M
be the set of such m; then for eachm € M,

/ . X(m) — X(m) ) X)) — X(m)
X'(m) = lim —— = lim - .
m—>m m—m m—-m F(X(m)) — F(X(m))

First, assume that X'(m) = 0. The identity above then implies that F is not differentiable
at x = X(m); the set X of such x is a Lebesgue null set of R, and since the function
F has the ‘Lusin N’ property [20, Def. 9.9.1] the corresponding set of values F(X') has
Lebesgue measure zero as well. For all m in the full-measure set M \ F(X’) we therefore
have that X (m) exists and is non-zero, and by the calculation above X'(m) = 1/F'(X(m)) =
1/u(X(m)).

Finally, the transformation rule (20) is proved in [107, Th. 2]. O

2.2 Narrow Topology and the Dual Bounded-Lipschitz Metric

We will be using two topologies on spaces of probability measures. The first type is the nar-
row topology, often called the weak topology of measures, which can be defined in various
ways. For the purposes of this paper it is convenient to introduce it through the set BL(RR)
of bounded Lipschitz functions on R, with norm

1fllsL = I flloo + Lip(f),  Lip(f) = sup LSO
x,yeR |x — yl

The narrow convergence on P (R) is metricised by duality with the set of bounded Lipschitz
functions, leading to the dual bounded-Lipschitz metric

dpL(u.v) = sup f F@)[idx) — v(dx)].
IfllpL<1JR

Alternative ways of defining the same topology are by the Lévy metric or through duality
with continuous and bounded functions [87]. When we write P (R), we implicitly equip the
space with the dual bounded-Lipschitz metric dpy .
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2.3 The Wasserstein Metric

We write P> (R) for the space of probability measures with finite second moments,

Pr(R) := {u ePM): / x2pu(dx) < oo}.
R

Definition 2.4 (Wasserstein distance) The Wasserstein distance of order 2 between mea-
sures u and v in P, (R) is defined by

Wa(u, v)? = inf{/ Ix —x'|?y(dxdx') : y € T(n, v)}, (1)
R
where I"(u, v) is the set of couplings (‘transport plans’) of © and v, i.e. of measures y €
PR x R) such that
y(AxR)=pu(A), y@®RxA)=v(A), for all Borel sets A C R.

In this paper we always consider P, (R) to be equipped with the metric W>.

Lemma 2.5 (Properties of the Wasserstein metric) (1) The infimum in Eq. 21 is achieved
and unique.
(2) We have the characterization

1
W2, v) = /0 X, () — X, (m) dim, 22)

where X, and X, are the inverse cumulative distribution functions of . and v.

(3) If n is Lebesgue-absolutely-continuous, then the minimizer in Eq. 21 can be written
as a transport map: y = (id x tﬁ)#u where t,‘i : R — R pushes forward u to v, i.e.
V= (t/j)#u. In terms of the inverse cumulative distribution functions X,, and X, of u
and v, the map t), satisfies

1, (X (m)) = X,,(m) forallm € [0, 1]. (23)
4 dpr(u,v) < Wa(u,v) forall p,v € Pr2(R).

Proof Parts 1, 2, and 3 are proved in [103, Th. 2.18 and 2.12]. To prove part 4, we use the
Kantorovich formulation of the Wasserstein distance of order 1 (e.g. [103, Th. 1.14]):

dpr(p,v) = sup / flp=v] = sup / fln—v]
I flloo+Lip(f)<1 /R Lip(f)<1 /R
= inf[/ lx — x| y(dxdx) : y € T (i, v)}
R
2 g 2
< inf{/ Ix — X' y(dxdx') : y € T(u, v)}
R

Wa(u, v).

O
Definition 2.6 (ACZ2-curves in the Wy-metric [3, Ch. 8]) Define the space
AC%([0, T1; P2(R)) as the space of curves u € C([0, T]; P>(R)) such that there exists
w € L?(0, T) with the property

t
Wolus, i) < / w(o)do, forall0 <s <t <T.
N
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Lemma 2.7 (Characterization of AC2-curves in P») A curve u € C([0, T1; Po(R)) is an
element of AC([0, T1;: Po(R)) if and only if there exists a Borel vector field v : (x,t) —
v (x) such that v, € Lz(u,t)for a.e. t €[0,T], and

t 0> vl g2, € L*0.T), (24)

and the continuity equation
Ot + Ox (urv) =0 (25)
holds in the sense of distributions on (0, T) x R. In this case, if two functions (t, x) +—>
v(t, x), v(t, x) satisfy (24) and (25), then w, vy = pv; Lebesgue-almost everywhere in
0, 7)) xR,
In addition, if u € ACZ([0, T1; P2(R)), then the metric derivative || defined in Eq. 13
exists at a.e. t € [0, T), and satisfies

(@) :=/R|vt|2u,, forae. t €[0,T]. (26)

Proof The statement follows directly from [3, Th. 8.3.1]; we only need to prove uniqueness
of v. Assume that there exist two functions (¢, x) — v(¢, x), v(¢, x) as in the Lemma.
Then 9, (u(v — v)) = 0in (0,7T) x R in the sense of distributions, and there exists a
Borel measurable function f : [0, 7] — R such that u,(x)(v;(x) — 0,(x)) = f(¢) for
Lebesgue-almost all (z, x) € (0, T) x R.

We then calculate fora < b and ¢ € Cp([0, T]),

T T b
(b—a)/0 @) f(r)dt :/o w(t)/ (0 (x) — Uy (X)) s (dx) dt

T 1 b 1 b
/0 w(z){i / (vz(x)—ﬁt(X))zm(dx)+§ / m(dx)}dt

T
1
2 ~ 2
||<o||oo/0 (o2 ) + 18012, + 5 | .

Since the right-hand side does not depend on (b — a), we find fOTq)(t)f(t) dt = 0 for all
¢ € Cp([0, T]), and therefore f = 0. It follows that pv and uv are almost everywhere
equal. (]

IA

IA

2.4 Functionals on Wasserstein Space

Definition 2.8 (A-convex functionals; [3, Ch. 9]) Fix A € R. The functional F : P,(R) —
R U {oo} is called A-convex if

A
Fuy™%) < (L= DF ) +1F(u?) = 561 = W' 4i?),
where M}_ﬂ is the constant-speed geodesic connecting wl to u? (see e.g. [3, Sec. 7.2]).

Definition 2.9 (Fréchet subdifferentials; [3, Def. 10.1.1]) Let F : P>(R) — R U {oc},
and let u € D(F) := {u’ : F(u') < oo} be Lebesgue-absolutely-continuous. The Fréchet
subdifferential 0 F (1) is the setof all £ € L?(w) such that

Fv) —F(p) = /Ré(x)(tﬁ(x) — x) pu(dx) + o(Wa(u, v)) as vy — [

The subdifferential is a closed convex subset of L2(); if it is non-empty, it therefore admits
a unique element £° of minimal L2(p)-norm. We write 9° F(p) := &° if this element exists.
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Lemma 2.10 (Subdifferentials and the chain rule; [3, Lemma 10.1.5 and Proposition 10.3.18]) 1.
In the context of Definition 2.9, if the subdifferential is non-empty, then the local
slope (14) is finite and satisfies

10F () = 118°N 2y = Inf{lIE Nl 2 = & € IF ()} @7

2. The following chain rule holds. Let F : P(R) — R U {oo} be A-convex, and let
w € AC?([0, T1; P2(R)) be such that

(@) wy is Lebesgue-absolutely-continuous and o F () # @ for almost all t € [0, T];
(b) We have

T
/O |19 F| (1) dt < o0.

Forany 0 <s <t < T and any selection &; € 0F (lus) we then have

t
F(pe) — Fus) = / /R Vo (X)&5 (X) o (dx)do, (28)
where v; is the velocity field given by Lemma 2.7.
2.5 Wasserstein Gradient Flows

Recall from Section 1.6 the definition of ‘gradient flow’ that we use here, applied to the
case of the Wasserstein metric space P>(R) and a functional F : Po(R) — R U +o0: A
function p € AC2([0, T]; P>(R)) is a gradient-flow solution if for all # > 0,

L 12 2
0= F(u) — F (o) + 5/0 [12P() +10F () | ds. (29)

By [3, Th. 11.1.3], if F is proper, lower semicontinuous, and A-convex, then solutions in
this sense satisfy the pointwise property

vy = —0°F (pr) forae.t > 0.

In the case of the Wasserstein gradient flow of F, we show in Lemma 5.1 that F satis-
fies these properties, and that 3°F (p) is 9y&, where the function £ was already introduced
in Eq. 9,

o o

P 0
l—ap 21 —ap)

1
E(,o)::ilo +V 4+ Wxp.

If p is a gradient-flow solution with F (po) < oo, then writing (29) as
. 11 . . .
Fooo+ 3 [ [16P) +10Fw0R ] dr = Fean,
0

it follows that |8]:' (or)] < oo and therefore 0,&(po;) € L?(p,) for almost all ¢. Therefore
solutions p of the gradient flow of F satisfy

0o = dy[pdyE ()], (30)

in the sense of distributions on (0, T) x R.

Lemma 2.11 Gradient-flow solutions of F are unique, and a gradient-flow solution also is
a distributional solution in the sense of Definition 1.2.
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Proof The A-convexity and lower semicontinuity properties of the functional F
(Lemma 5.1), in combination with e.g. [3, Th. 11.1.4], together imply that gradient-flow
solutions are unique.
To prove the distributional-solution property, set
as as ~ 1 1

1 d =
Ve =l T sy ™ Y T i T 2
so that ¥/ (s) = s/ (s).
Comparing £30) with (11) it follows that p satisfies (11) in the sense of distributions if we
prove that [y (0)](y) = pr (»)[dy¥ (0)](y) in the sense of distributions on (0, T) x R.
This identity follows from the next Lemma and the fact that 0,& (o) € L(py). O

Lemma 2.12 Let u € L°°(]R) NP(R) satisfy dy ¥ (u) € L2 and u < 1/a a.e. on R. Then
udyyr(u) = 0y W(u) in L (R).

Proof First note that since ¥'(s) > (25)71, the property 0,y (u) € L2 implies that dyu €
L? and that u is continuous. Fore > Oset A, :={y e R: ¢ < u(y) < l/a —¢}. Slnce v
and w are smooth on [e, 1 /o — €] and u is contlnuous on A, we have ud, ¥ (u) = 0 1//(14)

Take ¢ € C.(R). From the estimate pudyy (1) < 2u<p —|—2u(8 w(u))2 and the Lebesgue
dominated convergence theorem we find

[outiao = [ quairao = tim [ gua,pa
R u>0 el0 Ag

—tin [ w070 = [ gadw= [ o iw.
el0 J 4, u>0 R

This proves the assertion. O

3 Large-Deviation Principles

The theory of large deviations characterizes the probability of events that become exponen-
tially small in an asymptotic sense. Consider a sequence of probability measures {y,}> ,
on some space X. Large-deviation theory describes exponentially small probabilities under
the y,,’s in the limit n — o0, in terms of a rate function I : X — [0, oo], in the following
(rough) sense: for A C &,

Yn(A) ~ e Minfrea 1) - g5 5 o0,

This is formalized by the notion of a large-deviation principle. Before giving the definition
we define the type of functions I of interest in this setting; XX is here taken to be a complete
separable metric space.

Definition 3.1 A function 7 : X — [0, oo] is called a rate function if it is lower semiconti-
nous. The function [ is called a good rate function if for each « € [0, 00), the sublevel sets

{x : I(x) < o} are compact.

Note that for a good rate function lower semicontinuity follows from the compact
sublevel sets.
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We are now ready to state the definition of a large-deviation principle. The definition can
be made more general, however the following form suffices for this paper.

Definition 3.2 Let {y,} be a sequence of probability measures on a complete separable
metric space /X'. We say that the sequence {y,} satisfies a large-deviation principle with rate
function 7 : X — [0, oo] if for every measurable set A C X,

1 1 _
— inf I(x) <liminf —logy,(A°) < limsup —logy,(A) < — inf I(x),
X€EA° n—-oo n

n—oo N xeA

where A° and A denote the interior and closure, respectively, of the set A.

This definition is also referred to as a strong large-devation principle and there is a related
notion of a weak large-deviation principle: The sequence {y,,} is said to satisfy a weak large-
deviation principle, with rate function /, if the lower bound in the previous definition holds
for all measurable sets, and the following upper bound holds for every o« < oo:

1
lim sup - log y,(A) < —«,

for A a compact subset of W, («)¢, where W, («) is the a-sublevel set of 1.
A weak LDP can be strengthened to a full, or strong, LDP by showing exponential
tightness of {y,}:

Definition 3.3 The sequence {y,} is exponentially tight if for every o < oo, there exists a
compact K, such that

1 .
lim sup - log ¥, (K) < —a.

n—0o0

If y, — &, for some x € X, that is if the sequence of underlying random elements has a
unique deterministic limit as n — oo, then I (x) = 0 and /(x) > I(x) forall x € X'\ {x}.

A useful result when dealing with large deviations is the so-called contraction principle,
a continuous-mapping-type theorem for the large-deviation setting.

Theorem 3.4 (Contraction principle for large-deviations [41]) Let X and Y be two com-
plete separable metric spaces and f : X — Y a continuous mapping. Suppose the
sequence {y,} C P(X) satisfies a large-deviation principle with good rate function
I : X — [0,00] Then the sequence of push-forward measures {fsy,} satisfies a
large-deviation principle on Y with good rate function I defined as

f(y):inf{](x) xeX, y=fx)}, ye).

This result can be extended to ‘approximately continuous’ maps (see [41, Section 4.2]).
To prove the main theorems of this paper we will use both the standard contraction principle
above and a version with n-dependent maps.

We will also use the following ‘mean-field’ localization result two times.

Lemma 3.5 (Simple mean-field large-deviations result) Let X be a metric space. For
each n let P, € P(X), and for each n and each y € X let Q; € P(X). Assume that
for each v, Qj, satisfies a strong large-deviation principle with good rate function I°. Let
[+ X = R be lower semi-continuous.
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Assume that

(1) IfI’(y) < oo, then
1
llinhrn sup ‘ log P, (Bs(y)) — — log 05 (Bs(y) + f(y)‘ =0.

@ Ifroy =

sup sup

1 1
sup sup | -Tog Py (By(3) = - Tog QL(Bs(») + /()] =i € < o

Then P, satisfies a weak large-deviation principle with good rate function x — I*(x) +

J ).

Proof By [41, Th. 4.1.11], the sequence P, satisfies a weak large-deviation principle
provided that for all y € X,

lim lim 1nf log P,(Bs(y)) = hm hm sup log P,(Bs(y)), 31)
810 n—o0
in which case the common value of the two is the negative of the rate function at y.
If y is such that 7Y (y) < oo, then by condition 1, and using the lower semi-continuity of
I,

1
lim lim inf — log P,(Bs(y)) > hmhmlnf log 0 (Bs() — f(»)
§10 n—>o0 8§10 n—>00

lim(— inf Iy(x))—f(y)

810\ xeBs(y)

=-=I"(y) - f(.

v

Similarly,

1 1
limlim sup ~ log P, (B5(y)) < limlimsup - log Q}(B5(»)) — £ (»)

310 n—oo 840 n—oo

< lim(— inf Iy(x)) —f(y)

8L0% xeBs(y)
=-I"(») - f».
This proves (31) for the case IV (y) < oo. If I7(y) = oo, then by condition 2,

1 1 ,
}Slinllm sup —log P (B5(y)) = limlimsup ~ log 0n(Bs(y) — f(») +C

0 n—soo 30 n—soo

<lim(— inf I"X))— fO»)+C
SW( x€Bs(y) ) 1o

= —OQ.

This concludes the proof of the lemma. O

4 The Particle System Y"” and the Transformed Particle System X"
As mentioned in the introduction, the proofs of the results of this paper are based on a ‘com-

pression’ mapping that is very specific for this system, and which was already illustrated in
Fig. 1.
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4.1 The ‘Compression’ Map

The idea is to consider a collection of rods of length &/ n in the one-dimensional domain R,
described by their empirical measure, and map them to a collection of zero-length particles
by ‘collapsing’ them to zero length and moving the rods on the right-hand side up towards
the left. For notational reasons we prefer to define the inverse operation, which is to map
zero-length particles in R, to particles of length a/n in R, by ‘expanding’ each zero-length
particle to length «/n and ‘pushing along’ all the particles to the right.

This mapping comes in two forms, one for the discrete case and one for the continuous
case. For convenience we write P" (E) for the set of empirical measures of n points, i.e.

P”(E)::{%Z(SZ,.:QEE,i:l,...,n}. (32)
i=1

Definition 4.1 (Expansion maps) (1) The operator A, maps empirical measures of zero-
length particles to the corresponding empirical measures of rods by expanding each
particle by a/n:

1 o 1 o
An: PR = PRy, Y 8 Yy y,-:x,'—i—(i—l)%, (33)
i=1 i=1

where we assume that the x; are ordered (x; < x;4+1).
(2) The operator A maps ‘particle densities’ to ‘rod densities’ in a similar way: if p €
P(R,), then

A:PRy) — P(R,), n=p,

where p is constructed as follows: let X be the inverse cumulative distribution function
(icdf) of u, i.e.

X(m) :=inf{x € R, : F(x) > m}, F(x)= u((—o0,x]), (34)
and set
Y(m) := X(m) + am, for all m € [0, 1]. 35)

Then p € P(R,) is defined to be the measure whose icdf is Y, i.e. we set p to be the
distributional derivative of the corresponding cumulative distribution function G,

p:=G, with G(y) = inf{m e[0,1]:Y(m) > y} for y € Ry.
Lemma 4.2 (Wasserstein properties of the expansion maps) (1) A and A, are isome-

tries for the Wasserstein-2 distance, i.e. Wr(Aui, Aur) = Wa(uy, n2) and

Wa(Autin,1s Anitn2) = Walin,1, Un,2);
) Forp € P(Ry) and u,, € P"(Ry),

o
| WA, Appin) — W, pn)| < — (36)

3) Ifu, = % "8y, € PU(Ry), then Ap is equal to

n n

1 an 1 n
; Zaxi+(i—1)a/n = ; Z Eﬂ[xi+(i—1)a/n,x,‘+iot/n]

i=1 i=1
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Proof The isometry of A follows from writing the Wasserstein distance in terms of the icdf
(see Eq. 22):

1 1
Wa (i1, po)? =[0 |x1(m)—xz(m>|2dm=f0 X1 (m) — am — (Xa(m) — am)|* dm

1
= / IY1(m) — Ya(m)|* dm = Wa(Ap1, Apz)?.
0

For A,, the isometry follows from observing that monotone transport maps in fact map x1 ;
to x2,; and y;; to y2,; (i.e. they preserve the order) and therefore

n n
2 1 5 1 o Lo |2
Woin,1, tn2)” = — E |x1,i — x2,i" = — E X1 —i— — (xz,i - l*)
n - ] ni ] m m
1= =

1<
; Z |yl,i - y2,i|2 = WZ(An/Ln,la AnMn,Z)z-
i=1

To estimate the difference W (Aw, Aun) — Wa(u, iy), the same formulation of the
Wasserstein distance in terms of icdf’s becomes

| 1
1 2 1 2
|:/ [X(m) — X[nm] |2dmi| - |:~/ ‘Y(m) tom = <Y[nn1] + [nm] a)rdmi|
0 0 "

1

1 % 1 2
|:/ |Y(m) — Y[nm] |2 dm:| + |:/ ‘am - [nm}g‘z dm:|
0 0 n

o
Wa(Ap, Appan) + ;

Wa s tn)

IA

IA

The opposite inequality follows similarly.

Finally, to prove part 3, the fact that A maps 2 37, 8, tod 3" | 81’101([71)/" e PRy)
follows from remarking that §,, is mapped by A to the left-most smeared delta function
83;"; the second one, 8y,, to éi‘z"jra /s and so forth. O

4.2 Mapping Particle Systems

The compression and decompression maps A, and A;l create a one-to-one connection
between two stochastic particle systems, which is the basis for the proofs of the two main
theorems. We now make this connection explicit.

First, given a measure ¢ on Ry, the maps A and A, induce corresponding maps from R,
to Ry, made explicit by the following Lemma.

Lemma 4.3 Let u € P(Ry,). Define the map
T, :Ry > Ry, x> x+ap((—o0,x)). (37
Then

1) Ifu= % Y18y € P'(Ry), and x; < xi41 for alli, then App = (T, 4.
(2) If Xis the icdf of an absolutely continuous 1, then

T, X(m) = X(m) + am. (38)
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(3) If u is Lebesgue-absolutely-continuous, and i € PRy), then Ap = (T, )sp and
(4 —id)Ap = (Tl — idp].

Proof For p = %Z?:] 8y, With x; < x;41, the claim A, = (T,)#u follows from
observing that 7, (x;) = x; + «(i — 1)/n, and therefore

1 & 1 &
(Twsp = n Z‘ST,M:‘ = sti+a(i—])/n = App.
i=1

i=1

Next, assume that 4 € P(R,) is Lebesgue-absolutely-continuous; then the cumulative
distribution function F(x) := wp((—o0, x]) is continuous, and consequently the inverse
cumulative distribution function X satisfies F(X(m)) = m for all m (Lemma 2.3). The
expression (38) then follows from remarking that

T,X0m) ‘2 X(m) + apu((—o0, X(m))) = X(m) + apu((—o0, X(m)]) = X(m) + am.

Turning to part 3, we have for any ¢ € Cp(R,), writing Y for the icdf of Au as in
Definition 4.1,

20) (35)

1 1
/ oA dy) 2 /0 o(Y(m)) dm ‘E /0 S(X(m) + am) dm

Ry

1
- /0 o (X(m) + aFX(m))) dim 2 / o(x + aF () u(dx)

X

Hac.

& /R o(x +an((—00, 1)) i)

= /R o) (T#up(dy).

This proves Ap = (T},)# for absolutely-continuous (.
Finally, to prove that (t;‘;j —id)Ap = (Ty)#[ (¢} —id) 1], we write similarly, using Egs. 20
and 23,

~ 1 ~
/R PR () = y) (A dy) = /0 p(Y(m))(Y(m) — Y(m)) dm
’ 1
= / e(X(m) + am)(X(m) — X(m)) dm
0
- /R 9 (x + e ((—00, W) (HE(x) — x) pu(dx)

- /R DT, ) (0 () — x) ().

4.3 The Particle Systems of this Paper

We now state the assumptions on V and W and define precisely the systems of particles that
we consider in this paper.
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Assumption 4.4 (Assumptions on V and W.) Throughout the paper we make the following
assumptions.

(V) The function V : R — R is C*(R), globally Lipschitz, V' is C}(R) and there exist
constants ¢; > 0, ¢ > 0 such that

V() =>clyl—c forall y € R. (39)
(W) The function W : R — R is CZ(R), bounded and even, and W’ is C,l (R).

We will use two consequences of these assumptions:

sup sup |[V(x) = V(T,x)| < o0; 40)
HeEPRy) xeR
AC>0: inf V(Tux)=C(x|—-1D “41)
nePRy)

The first set of particles ¥;* was already informally defined in the introduction; the second
set X is a compressed version of Y/". We will often use the notation 7, for the empirical
measure of a set of particles,

1 n
MR PR), () == 8y 42)
i=1

Definition 4.5 (1) For each n € N, the system of particles Y = (¥/)i=
C([0, o0); €2,,) is defined by the generator

1 . , 1 ¢ ’
Ly=3A+b-V.  withbi(y) = =V'(y) - Z;W i — ¥j)s

with domain

D(Ly) = {f cc2@): L —oon aszn].

on
(2) For each n € N, the system of particles X" = (X!);=1,... C C([0,00); R}) is

defined by the generator

,,,,,

1
£x:§A+b-V, with domain ~ D(Lx) = CF(RY),

where the drift b is now given by

bi (x) := b(xi, na(x)) := =V (T}, 0 Xi) —/R W' (T, 0 Xi — Typ0)x”) 1 (X) (dx").
X (43)

Lemma 4.6 For these two particle systems, weak solutions exist and are unique, and at each
t > 0 the laws of X" (t) and Y" (t) are absolutely continuous with respect to the Lebesgue
measure.

This result is more-or-less standard, and the proof is given in the Appendix. In fact,
throughout this paper, unless explicitly stated otherwise, whenever we speak of existence or
uniqueness of a solution of a stochastic differential equation, we are referring to the exis-
tence of weak solutions and uniqueness in law [65, Section 5.3]. Henceforth, unless required
for the argument at hand, we do not go into details (such as corresponding filtrations, or
similar aspects) about the weak solutions under study.

The following lemma makes the relationship between the two particle systems precise.
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Lemma 4.7 (Equality of distributions) Let p,(t) = lzf’zl Syry and pn(t) =

n
% PR X" (1) be the empirical measures of the particle systems Y™ and X". The stochastic

processes p, and Ay, have the same distribution in C ([0, 0); P(Ry)).

Proof The idea of this property goes back to Rost [89], who used it for the particle sys-
tem Y" without potentials V and W. Because of the additional complexity of the two
potentials V and W we give an independent proof.

Since every function of 7, (x) maps one-to-one to a symmetric function of x (that is,
a function f : R" — R such that f(x1,...,x,) = f(xo,,...,Xs,) for all permuta-
tions o), the martingale problem for the random measure-valued process p, = 1,(¥Y") can
be reformulated as the property that

t
M, = f(Y"(@)) —/ (Ly f)(Y"(s))ds is a martingale for all symmetric f € D(Ly).
0

(44)
Given the process X", consider the transformed process Y" that is given by the expression
(at each time 1)
Y= Ty, XY, Ty X3, - Ty xm X3).

Whenever all X7 are distinct, we have n, (?”) = A, 1, (X™) by part 1 of Lemma 4.3. Since

the X" are almost surely distinct at any time, we have proved the lemma if we show that Y"
satisfies (44).
Note that for any x € R" without collisions, i.e. with x; # x; fori # j,

[0, (f © T;,)](x) = 0y, [f(Tnnth S Tnn(x>xn)]

- axk[f<x1 A8 <l + SHE X <xn})]
n n

@ (ka)<x1 8 x <)y o i+ S X <xn})
n n

= [ f) o Ty, ] (0).

The equality () holds because each of the terms #{{ : x; < x;} is constant away from the
set of collisions. With this expression we find that e.g. for each «,

V(0200 £ (T %) | = =V 0@ |
Y=l X Vi
and by collecting similar arguments we conclude that
Lx(foTy)x) = [(EY f)o Tnn](x) at any non-collision point x € R". (45)

Also note that the function f o Ty, is an element of D(Ly). This follows since at non-
collision points f o Ty, is as smooth as f (by the same constancy argument as above); at
the collision set, f o T;,, connects with regularity C? by the C2—regularity of f in ©,, the
boundary condition 9, f = 0, and the symmetry of f.

To conclude the proof, we show that Y" satisfies (44) by rewriting

A t A t
£ 0) - /0 Ly H(T()ds = (f o Ty, ) (X" (1) — /0 (Ly f) o Ty, (X" (s)) ds

t
C (foT,) X" @) - /0 [Lx(f o T))](X"()) ds.
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and this expression is a martingale by the properties of X". Note that although the iden-
tity (45) holds only for non-collision points x, the process X" spends zero time on the set
of remaining points. Therefore the identity (xx) above holds almost surely. O

Lemma 4.8 (Transformed version of IP’inn" and Z,) The particle system X" has invariant
measure P, € P(RY), given by

Pn(dx) = 7CXP|: ZZV( () Xi) — ZW( ()X r/n(X)xj)]

1/1

The normalization constant Z, is the same as in Eq. 5 and can be written as

n n
1
Z, = 5 exp[—ZZ V(T 0% = ~ > W(Ty, 0% — Ty ,-)] dx. (46)
i=1 i,j=1

This property follows from arguments very similar to those of Lemma 4.7, and we omit
the proof.

5 The Functionals of this Paper

With the maps A and T, defined in the previous section, we can also define the various
functionals that we use in this paper. The functional F as defined in the introduction is one
of these; in this section we review this definition and place it 1n a larger context.

We define in total six functionals, three functionals ]-' Sntv, and EW, on the set of
“expanded” measures P(R,), and at the same time three transformed versions F, Enty,
and Ew on the set of “compressed” measures P(Ry). We split the definition of F of the
introduction up into an entropic part En\tv and an interaction-energy part Ffwz

Fo=Eny+&w+Cr,  F, Ent, &y : PR,) - RU (oo},

1
— / p|:f log p + V] + Cene  if p is Lebesgue-a.c. and p(y) < 1/« a.e.,
Enty (p) = R L2 1 —oap
+00 otherwise
A 1
&) =5 [ [ Wo—yre@p@).  forpePmy). 7)
Y’ y

The constants C  and Cgp¢ are such that inf gn\tv = inf F = 0. The integral in (‘:’w is well-
d/e\fined by the boundedness of W, and we show in Lemma 5.1 below that the integral in
Enty is well-defined in (—o0, +00].
We then define the corresponding functionals on “compressed” space P (R,) through the
isometry A:
F, Enty, Ew : PR,) - R U {o0},
]:::.7:"0A, Enty = E;tVoA, and Ew = éWoA.

We also need the relative entropy: for two measures © and v on the same space,

[ flogfdv ifpu<v, u= fv,
+00 otherwise.

H(ulv) == (48)
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Lemma 5.1 (Properties of the functionals) (1) (Alternative formula for F.) We have

1
f [5 102 k) + V(T | i)
Ry
_ 1
Fu) = -|-5 / W(Tux — Tux") p(dx)u(dx") + Cr ifpis Lebesgue-a.c.,(49)
Ry JRy
“+00

otherwise.
(2) (Alternative formula for Enty ) For givenv € P(Ry), define the measure Q* € P(R,),

1
Q" (dx) :=%exp[—2V(Tvx)]dx, with Z@" :=/ exp[ =2V (Tyx)] dx.

Ry
(50
We then have
1 1
Enty (u) := EH(MQM) +tovw.  forpe PRy), (51)
y(w) == C, —log ZOH, (52)

where C, is determined by the property gl(% )H(MQ“) +y(u) =0.
ne X

(3) The functionals F and F are lower semicontinuous and A-convex for some ) € R.
4) (Subdifferential of F.) If v is Lebesgue-a.c. and fo 1012/ < 00, then

Ox
2u

—b(-, ) s the element of minimal norm of 3. F (i), (53)

where b was already given in Eq. 43:
b(x, n) = —V/(Tux) — / W’(Tﬂx - Tux/) w(dx").
R}(

1. (Subdifferential of F.) If |d F (p)| < 0o, then

dyp
2p(1 — ap)?

is the element of minimal norm of 8]:"(,0).

+V +Wxp

Remark 5.2 (Mean-field structure of the compressed rate functions) The invariant-measure
rate function  and the dynamic rate function / that we introduce in Eq. 69 below both have
a particular form. This is best observed in Eq. 51 and in Eq. 56 below: the argument of the
functional appears twice, first as the first argument in the relative entropy, and secondly as
a parameter in the reference measure. This is a common structure in mean-field interacting
particle systems (see e.g. [70] or [34, Ch. X]). It reflects the fact that once the system
has been ‘compressed’ (i.e., transformed to X™) the interaction between the particles has a
‘nearly-weakly-continuous’ dependence on the empirical measure. The estimate (64) below
illustrates this: while ,]7 log dP, /dQ;, is not completely continuous in the empirical measure
(the right-hand side does not vanish as 6 — O for finite n), the discontinuity does vanish in
the limit n — oo.

This structure is reflected in the fact that the entropic part of the free energy JF is of the
Gibbs-Boltzmann type [ 1 log j1. By contrast, the expanded system has a different entropic
term f plog(p/(1 — ap), which reflects the fact that in the expanded system the particles
have a strong interaction with each other.
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Proof We first show that the integrals in Eqgs. 49 and 47 are well defined; since u +—
f]R 1 log p is unbounded from below on the space of probability measures, this is not imme-

diate. For the first integral in Eq. 49, we write py(dx) = e 2VTu¥gdx, and use the
inequality s_ < (s + #)_ + |¢| for the negative part s_ := max{—s, 0} to estimate

1 1 Iz Iz
[ togn@ +VT] wan =5 [ [Llog] uv
R, L2 - 2, Lty T pvd-
1 1
3 [ [Broe e ] s [
2 Jr, Luy wy oy - 2 Jr,
1
= E/RX[M—/LV]<00.

It follows that the first integral in Eq. 49 is well defined in (—oo, o], and a similar
calculation shows the same for the first integral in Eq. 47.

We next prove the formula (49) for the functional F. Since F(u) is defined as

EITtV (Ap) + éW (Aun) + Cx, finiteness of F (1) implies that u is absolutely continuous.
The second integral in Eq. 49 then follows by Lemma 4.3:

/ Wiy — ) (A~ ) dy) A~ wdy) = f f W(Tx — T u(dou(dx).
R, JR, R, JR,

"
*—I‘Mv
Ry

IA

We turn to the first integral in Eq. 49. Again let F () be finite, which implies that there

exists p such that p = Au and Enty (p) = Enty () < oo. This implies that p is Lebesgue-
absolutely-continuous and satisfies p(y) < 1/« for almost all y. By Lemma 2.3 the icdf Y

of p is monotonic, and its derivative Y’'(m) exists at almost all m € (0, 1) and is equal to
1/p(Y(m)). We then calculate

_ B 1 p(y) e ['T1 p(Y(m))
S = [ “FP(Y)[Zlogil_ap(y)+V(y)]dy D[]S toe L vvn | am

' 1
- /O [5 log (m) + V(Y(m))] dm.

Since this integral is assumed to be finite, Y'(m) > o for Lebesgue-a.e. m, and therefore

X'(m) = Y'(m) — a > 0 for almost all m. Inserting this into the expression above yields

— Ir1 1
Enty (p) = /0 [5 log <W) + V(X(m) + otm)] dm

1
@/0 [ElogM(X(m))-i-V(THX(m))]dm

0) 1
= f ,u(x)[2 log (x) + V(Tux)] dx.
Ry
Writing

1
/ w(x) [5 log w(x) + V(Tux)] dy if p is Lebesgue-a.c. ,

X

Enty (n) =
00 otherwise,

we therefore have proved

Enty(n) <00 = é\n/tv (u) < oo and E;tv (n) = é\n/tv (w).
By reversing the argument we similarly show that

Enty () <00 = Enty(p) < coand Enty () = Enty (), (54)
which concludes the proof of Eq. 49.
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Turning to the characterization (51), assume that Enty (1) < oo, which implies by part 1
that p is absolutely continuous and x +— %log u@x) + V({ITux) = %log[u(x)/@“(x)] —
% log ZQ.1 ig an element of L' (w). Therefore

u(x)

! dx)1 = ol L V(T Liog 20n
E/RXM( Xx) OgQ“(x)_/‘_M( x) EOgM(x)‘l' (Tyx) 3 og ,
which proves the formula (51) for the case Enty () < co. On the other hand, if H(u|Q*) <
00, then we can reverse the argument above and obtain Enty (1) < oo and equality. This
proves part 2. -

To prove part 3, note that the lower semicontinuity in 7, (R) of Enty is a consequence
of its convexity, and the lower semicontinuity of (‘:'W follows from the boundedness and
continuity of W. The isometries A and A~! then transfer the same properties to Enty and
Ew. The A-convexity of F also is a standard result for functionals of this type; see e.g. [28,
Sec. 5].

We next turn to the calculation of the element of minimal norm in the subdifferential
of F,evaluated ata u € P(R,) with the properties that i is Lebesgue absolutely continuous
and 9, = wp with w € L2(w).

Take ¢ € C°(R) and set ry(x) := x + ¢ (x); note that for small ¢, r, is strictly

1
— ny —
27'£(M|Q ) =

increasing. Set u. := (r¢)#M, and note that p, also is absolutely continuous. From [3,
Theorems 10.4.4 and 10.4.6] (or an explicit calculation) we deduce that

d 1 1

— fR pe@loguerdx| =~ /R s (55)
Setting

Ev(v) :=/ V(Tyx) v(dx),
R

we calculate

Ev G = [ VT @0 @) = [V (Tioonlre)) i)
= / V(rg(x)-|—Ol(I’Q#/L((—OO,V;;(X)))[L(C[X)
R

= / V(rg(x)—i—om((—oo,x))) w(dx).
R

Therefore

d / /
p Ev(pe) :/ 4 (x +au([0,X))) ¢ (x) pu(dx) 2/ Vi(Tpux) ¢ (x) u(dx).
& e=0 R R

Combining these expressions with a similar one for Ey, and using fo 102/ < oo, we
find

d
E-F(Ma)

1
- [ [5e00 + bx. w0 |tax)
R

_ Ox i1 (x) B
B [I;[ 2(x) b(x’ﬂ)]¢(x)u(dx).

By an argument as in the proof of [3, Th. 10.4.13] it follows that 9, /2 — b(-, @) is the
element of minimal norm in the subdifferential 3.7 (u).

Finally, the proof of part 5 follows along very similar lines as the previous part, and we
omit it. O

e=l
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6 Pathwise Large Deviations for Xn with i.i.d. Initial Data

The aim of this section is to prove the following large-deviations principle for the com-
pressed particle system X". In this theorem we start the evolution with i.i.d. initial data,
which is different from the situation of Theorem 1.4; we use the name Z" in order to
distinguish this case from the case we study in the proof of Theorem 1.4.

Theorem 6.1 Let &£ € P(R), and for each n € N let Z" be the particle system defined
in Definition 4.5(4.5), with initial data Z" (0) drawn from £®".

The random variable t +— n,(Z"(t)) satisfies a large-deviation principle on
C([0, T1; P(Ry)) with good rate function

Je(u) = inf[’H(leg) : Py =y forall t and H(P|We) < oo} (56)

Here We € P(C([O, TI; ]R)) is the law of a Brownian particle with initial position drawn
from &, and for any P € P(C([0, T1; R)), the measure Wg € P(C([O, TI; R)) is the law
of the process Z* satisfying the SDE in R,

dz" ) =b(z" (1), P)dt +dB,, Z"(0) ~&. (57)

The notation P; € P(R) represents the time-slice marginal of the measure P at time t.

Proof The assertion is a direct translation of the following theorem from [57]:

Theorem 6.2 ([57, Prop. 4.16 and Rem. 4.17]) Let ¥ : R* — Rand ¢; : R> - R
be bounded and globally Lipschitz continuous, and let ¢ € LP(R). Set ¢(x1,x2) :=
@1(x1, x2) + @2(x1 — x2). Let £ € P(R).

Let Z" = (Z7%, ..., Z}) solve the system of interacting SDEs in R"

R R 1 ¢
dzi (=3 W|Z] (1), Z} ().~ 3 e(Z} (1), Z{ (1), ~ 3 ¢(Zj (1), Z ()| di+dB;,
=1 =1

j=1 =
(#i U#£)

ZM0) ~ Eiid, (58)

where B; are independent standard Brownian motions. Let P" be the corresponding
empirical process

—~ | —
P" = - Szn C ([0, T]; R)).
n; 2 € P(C((0, T]; R))
Then P" satisfies a large-deviation principle on P(C ([0, T1; R)), with good rate function
H(PIWE)  if H(P|W;) < oo,

J(P) = )
+00 otherwise.

(59)
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To prove Theorem 6.1, we apply Theorem 6.2 to the particle system Z" of Theorem 6.1.
Let H .=y (0.00) be the lower semicontinuous Heaviside function; define ¢ and ¢, by

0 s <0,
(1, x2) 1= H(x1—x2)—¢2(x1 —%2) () O=s=l
X1, X2) = H(x1—x2)—@2(x1—x2), s) = ) ) .
prin. 12 TR e smooth interpolation 1 <s <2,
0 s >2,
We also set

W(x,y,s,1)=—V(x+as)— Wk —y+als —1)).

Then the functions ¢(x1, x2) := @1(x1, x2) + @2(x1 — x2) = H(x; — x2) and WV satisfy the
conditions of Theorem 6.2. For these choices of ¢ and W, we have

1 — 1 —
v (z;*, zZj. 3 0z} Z)). = > e(Z], z;?))
ﬁi} [

- <Z” 7", - ZH(Z” ZZ)fZH(Z” z;')>

Z;éz Z;é]

1
‘~I/<Z;', zj, ;#{Z? <Z, ;#{ZZ < Z;'l))
—v(z+ %#{z;; <z)-w(z -2+ %#{z;; <zr)- %#{zg <z),

which equals b in Eq. 43. Therefore the particle system Z; is a weak solution of Eq. 58.
Theorem 6.2 then implies that the empirical process P =n! 7 8zn satisfies a large-
deviation principle with rate function Eq. 59. I

Since the mapping 7 : P(C([0, T]; R)) — C([0, T]; P(R)) given by

(TP, ¢) = / ¢ (x(1)) P(dx), for P € P(C([0, T]; R)) and ¢ € Cp(R),
C(0,TIR)

is continuous, the contraction principle (e.g. [41, Sec. 4.2.1]) implies that u, = T Pn
satisfies a large-deviation principle on C ([0, T']; P(Ry)) with good rate function (56). [

7 Preliminary Estimates for the Pathwise Large Deviations

In the previous section we established a large-deviation principle for the particle system Z”,
which starts at initial positions Z"(0) drawn i.i.d. from some distribution v € P(R,).
The particle system Z" is situated in the compressed (‘X’) setup. After mapping to the
expanded setup, the evolutions ¢t + Z"(¢) are solutions of the ‘correct’” SDE (2) (or
Definition 4.5(4.5)). However, the expansion causes the initial data to be distributed in a
convoluted and unnatural way.

In this section and the following two ones we therefore adapt the large-deviation principle
for Z" of Theorem 6.1 to the more natural initial distribution of Theorem 1.4. In this section
we establish a number of estimates.
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In the proof of Theorem 8.1 below of the large-deviation principle for Y”, the initial data
Y"(0) will be distributed according to a version of the invariant measure [P’ with W = 0:

. 1 n
,W=0 . .
L (®0=—Zydﬁﬂ<—2§;V@J>imgf®&
i=

The compressed version of this measure is (see Lemma 4.8)

- 1 n
By(dx) = exp(—ZZ V(T,,"(x)x,»)> L (d). (60)

n i=1

On the other hand, in the auxiliary particle system Z" the initial positions Z! (0) will
be i.i.d. distributed with common law & := QV; recall from Lemma 5.1 that for given
v € P(Ry) the single-particle measure Q" € P(R,) is defined as

1
Q"(dx) = Zav exp[ =2V (T,x)] dx, where ZQv . /l.% exp[ =2V (Tyx)] dx.

Therefore the vector Z"(0) has as law the n-particle tensor product Q, € P(R?),

QZ(dxl cedxy) = (QU)®” =

(ZQ{ v)n exp[—ZZ V(Tuxi)] dxl...dxn' (61)

i=1

The following lemma is the main result of this section, and establishes some estimates
that connect these two particle systems; recall that the metric dg; on P(R), appearing in
part 3 of the lemma is defined in duality with bounded Lipschitz functions (see Section 2.2).

Lemma 7.1 (Basic estimates) For v € P(Ry), let Q;, € PRY}) and ﬁn be defined as
above in Eqs. 60 and 61. Recall that the function y and the constant C, were defined in
Lemma 5.1.

(1) We have
Tn = ’:l log Z2V=" - ¢, ’ satisfies  ry =3 0. (62)
(2) Foranyv € P(R),
sup 1 log dﬁn < 00. (63)
o A

(3) There exists a function R : [0, 00) x P(Ry) — [0, 00) such that for any § > 0 and
v e P(Ry),

n

dQy

<7+ RE,v). (64)
L (By5(v)

+y)

1
—log
n

Here
Bus ) i= {x € R dp (1 (x), v) < 8},

andforallv € P(Ry), R(-,v) : [0, 00) — [0, 00) is non-decreasing. If v is Lebesgue-
absolutely-continuous, then lims o R(5, v) = 0.

@ Springer



104 M. Peletier et al.

Proof We first show that r,, is bounded as n — oo for any v. Fix v € P(R,). By the
estimate (40) there exists C > 0 such that

1 _ 1
;log (Z,YV_O) = ;logfn exp|: 2ZV( 1 () Xi :|

1
= log/ exp|: _22 V(Xi)] dx +2C < log 29V 4+ 4cC.
n n
i=1
In combination with the analogous estimate from the other side,
1
—log (Z2V=0) > 1og 2%” — 4c,
n

this proves that 7, is bounded. It also follows that there exists a subsequence (ny); and a
constant ¢ € R such that

k— 00

1
Fug :=‘ﬁlog(szo)—c = 0. (65)

At the end of this proof we will show that ¢ = C,, and therefore r,, = 7,,, and that the whole

sequence converges.
Part 2 will follow from part 3, since we are able to take the function R to be bounded. To
show part 3, take v € P(R) and estimate for x € R”

dP ng

aqQy,

1
— log (x) 4+ ¢ — log 29V
nk

1 W=0 2 &
= ‘nk log 2= +c+ ;(V(T])x,) — V(T %))

IA

2
rnk + — LIP(V) Z |Tyx; — Tr],,k (x)x[l
i=1

P +2Lip(V) Sung [v((=00, £)) = (7, X)) ((—00, £))|.  (66)
te

IA

If v is not absolutely continuous, then we simply take R(8, v) := 2Lip(V), by which we
satisfy the assertion of the Lemma. If v is absolutely continuous, then by Lemma 7.2 below
we can further estimate the right-hand side above by

< I + 2Lip(V) 0y (dBL (v, 1y (X))

Setting R(S,v) := 2Lip(V)w,(8), we now have proved the slightly modified version
of Eq. 64,

L dP,,
— log
d
me - dQ L%(B,5()
We now come back to the property ¢ = C,,, which we prove using Lemma 3.5. We set
X = P(R,) with the bounded-Lipschitz metric and Py := (1, )#Pys,. For v € P(R,) we
set QF := (1, )#Q;,, ; by Sanov’s theorem Q) satisfies a (strong) large-deviation principle

with good rate function u — H(u|QV).
From Eq. 67 we deduce that for any v € P (Ry), writing Bs (1) for the dpy-ball in P(X),

<Py, + R, ). (67)

1 1
— log Pu(Bs(v)) — — log Q) (Bs(v) + [y (v) — Cy +¢]
nk ng

1 ~ 1
E log Pnk (BnkA,S(V)) - E log sz (Bnk,zi(v)) + [V(V) - Cy + C]

< 7n, + R(S,v). (68)

Note that if v is such that H(v|Q") < oo, then v is Lebesgue absolutely continuous, and the
right-hand side of Eq. 68 vanishes as k — 0o and then § — 0; and if H(v|Q") = oo, then
the right-hand side of Eq. 68 is bounded. Therefore the two conditions of Lemma 3.5 are
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satisfied, and it follows that Py satisfies a weak large-deviation principle with rate function
v = H|Q") + y(v) — Cy + c. Since the infimum of this is zero, we find ¢ = C,,. O

The lemma below gives a quantitative version of a well-known result attributed to Polya
(see e.g. [4, Th. 9.1.4]).

Lemma 7.2 (Quantitative Polya Lemma) Let v € P(R) be Lebesgue-absolutely continu-
ous. There exists a non-decreasing function w, : [0, 0c0) — [0, 00) with lim, o w,(s) = 0
such that

v € P(R) : suﬂg [v((—00, x)) = V((—00, x))| < wy(dpL(v, D)),

where dpy is again the dual bounded-Lipschitz metric.

Proof Write F(x) := v((—00, x)) and F (x) := 7((—00, x)). Since F is bounded and non-
decreasing, it is uniformly continuous on R; we write « for the modulus of continuity of F,
and we assume without loss of generality that « is non-decreasing.

Fix xo and set ¢ := F(xo) — F(xp); for definiteness we assume that ¢ > 0. Since F is
non-decreasing and F has modulus of continuity «, we estimate for x > xq that

F(x) — F(x) > F(x0) — (F(x0) + a(x — x0)) = & — at(x — x0).

Let 6 :=sup{0 < § < 1: () < ¢}, and define ¢, : R — R by

0 x < xp
@e(x):={x—x0 X0 =<x=<x0+08
e X0+ 8 < x.
We then calculate
— Xo+8e
—/ pe(X)(V —v)(dx) = / <ﬂé(x)(F(x)—F(x))dx=/ (F(x) — F(x))dx
R R X0
e
> (e —a(y)dy =:a(e),
0
from which we deduce that
Ao D) = s ol [ 0@ = 4O 2 Lae
pr(v,V) = su © eV —v) > —— > —a(e).
seBL®  PrJr de+1 72

Taking the supremum over xop € R and inverting the relationship above we find
|F — FllLeom®) < oy(dpL(v, V) for  w,(d) :=suple : a(e) < 2d}.

Since @(¢) is strictly positive for ¢ > 0, limg o @, (d) = 0, implying that w, is a bona fides
modulus of continuity. O

8 Pathwise Large Deviations for Yn with Special Initial Data

In this section we prove Theorem 8.1 below, which is a slightly weaker version of The-
orem 1.4. The difference lies in the initial data ¥Y”(0), which are not distributed by the
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measure IP’i,nv’f as in Theorem 1.4, but according to the “(W = 0)—version” of the invariant
measure P that we introduced in the previous section:

. 1 "
inv, W=0 .__ .
Py = ZW=0 eXp< -2 ;:1 V()’z)) L

Theorem 8.1 Assume that V, W satisfy Assumption 4.4.

For each n, let the particle system t — Y" (t) be given by Definition 4.5(4.5), with initial
positions Y"(0) drawn from the W = 0 invariant measure Py’ =0

The random evolutions t +— p,(t) = n,(Y"(t)) then satisfy a large-deviation principle
inC ([0, TI; P(]R)) with good rate function I. If in addition p(0) € Pr(R) and p satisfies
.7:'(,0(0)) + f(p) < oo, then p € AC2([0, T1; P2(R)) and the functional f(p) can be
characterized as

N — N N 1 7T 1T .
1(p) :=2&nty (p(0)) + F(p(T)) — F(p(0)) + 5/0 P12 () dt + 5/0 10F 12 (p(1)) dt.
(69)

Note that although the initial data Y"(0) are drawn from IF’;,“ V’W=0, the processes Y”

evolve under the dynamics that includes W.
8.1 First Part of the Proof of Theorem 8.1

As in the statement of the theorem, consider for each n initial data Y”(0) drawn from
PI™-"=0 We transform these positions to initial data for the X"-process, through

N2 (X"(0)) = A, 0, (Y7 (0)). (70)

This identity only fixes the positions X' (0) up to permutation of 7; this arbitrariness has no
impact, however, since all our results only depend on 7, (X"), which is invariant under such
permutations.

By Lemma 4.8 the transformed initial data X" (0) have law

1 n
P,(dx) := ZW=0 exp|: -2 Z V(T,,n(x)x,')i| dx.
n i=1
Letr — X"(r) solve the system of Definition 4.5(4.5) with initial data X" (0).
The following lemma uses the result of Section 6 to give a large-deviation principle for

this particle system X".

Lemma 8.2 Define the random time-dependent measures u, € C([0,T]; P(Ry)) by
Un(@®) = 0y (X" (t)). The sequence w, satisfies a large-deviation principle in the space
C([0, T1; P(Ry)) with good rate function

I(p) := Jgro (1) + v (10), (71)
where J,(-) is defined in Eq. 56, Q" in Eq. 50, and y in Eq. 52.

Proof of Lemma 8.2 We use Lemma 3.5 to prove that the random measures p, satisfy a
weak large-deviation principle; subsequently we upgrade this into a strong large-deviation
principle by showing exponential tightness.
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We write P, for the law of X" on C([0, T]; R%). Set X = C ([0, T']; P(R,)) and define
the modified push-forward

Py = (ﬂn)#En e PX) by P,(A):= En{(nn(X"(l))),g[o,T] € A}'

We construct the measure Q, as follows. Fix some v € X. Let the curves Z" solve
the same equation in Definition 4.5(4.5) as X", but with initial data Z" (0) drawn from the
independent measure Q,° = (Q%)®" (see Eq. 61). We write Q"O for the law of Z" on
C([0, T]; RY), and we set Q” = (nn)#(@"o e P(X). By Theorem 6.1, the sequence of
measures Q) satisfies a strong large- deviation principle with the good rate function Jgvo.

Since the laws of X" and Z" are the same after conditioning on the initial positions, we
have for each x € C([0, T']; R?) that

dP,
agr @ = i

= (x(0)). (72)

We now estimate

1
Ltog 2By =~ log e [1{((x0), g € B0

= %ng@ﬁO[ 1{ n,,(x(z)))te[or € Ba(u)}]

d@no
1 1 dP,
= —togEqu [ 1] (1 (x0), o 7y € B} ] = (o) + | os o+ ) |79
n s (L0
©4) 1 i
= log O (Bs(1)) — v (o) + ra + R(8, po)-

By combining with the opposite inequality we find

= ra+ R(8, po).

1 1
’n log Py (Bs(1)) — o log 0} (Bs (1)) + v (10)

The properties of r, and R now imply that the conditions of Lemma 3.5 are satisfied, and
it follows that P, satisfies a weak large-deviation principle with good rate function p +—
Jgro (1) + ¥ (o).

Finally, to show that the weak large-deviation principle is in fact a strong principle, take
an arbitrary v € C([0, T]; P(R,)) and construct the particle system Z" as above. By The-
orem 6.1 the random variables ¢ — n,(Z"(t)) are exponentially tight in C ([0, T]; P(R,));
by Eq. 72 and the bound (63) the same follows for ¢t +— 71, (X" (¢)). O

8.2 Characterization of the Rate Function

Lemma 8.3 Letv € P(Ry) and let n € C([0, T1; P(Ry)) satisfy J, (i) < oo. Then there
exists a measurable function u : [0, T] x Ry — R, such that

1 T
3,0 = o) + 3 [ [ 0w (4)
0 Ry
and  is a distributional solution of
1
Oy = Eaxxlj«t — Oy [(b('a He) + u(t, '))Mt]- (75)

The function u is unique in L*(0, T; Li[ R,)).
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Proof We begin by showing existence and uniqueness in law of weak solutions to the SDE
dX; = b(X;, u)dt +dB;, (76)

with initial positions distributed according to v. That is, we establish existence and unique-
ness of the measure W such that under W/, and with respect to some filtration {F;};¢[0,77,
{B7}tcl0,7] 1s @ Brownian motion and W is the probability law of the solution {X;};¢[0,7]
of the SDE. To show this we first prove that b satisfies, for any x € R and p, n € P(R),

[b(x, p) —b(x, M| < CaTV(p,n),
where drvy (-, -) is the total variation distance, and
b(x, p)| < C(1+ |x)).

With these estimates the assumptions of [35] are fulfilled and existence and uniqueness of
weak solutions to the SDE hold.
From the inequality

IT,(x) = Ty ()| = |x + @p((—00, x)) — x — an((—00, x))| < adrv(p.n)  forallx,
we obtain with the assumption that V' is Lipschitz the estimate
|V!(T,(x)) = V(T (x)| < aCydry(p,n).
For W we split the difference as follows:

/R w’ (Tp(x)—Tp(i))p(df)—/ W' (T, (x) — T,(¥)) n(dx)

X X

= / [W (T, (x) — T, (X)) — W (T (x) — T,(%))] p(dX)

" fR W (T, () = Ty (D) (p(dF) — n(d).
Because W' is Lipschitz, the first term on the right-hand side can similarly be bounded:

/ (W (Tp(x) = Tp(¥)) = W' (T (x) — T (D) | p(dX)

X

< /R Cor|To(x) = Tp(3) — Ty (x) + Ty (D)) p(d5)

IA

/ Cwr (1T, (x) = Ty ()| + T, (%) — T ()]) p(d¥)

X

IA

aCw2dry (o, n).

The second term, involving the integral with respect to the difference p — 7, can be bounded
from above using the characterization of the total variation distance in terms of Borel
measurable functions f € B(R,):

[ W (5,00 = T,0) (0@ - niay |

1
IWlc| f e W (T () = Ty(®) (p(dF) = n(d) |
R, Wl

IA

W lloo sup
FEB®, | flloo=]

= |Wlloo drv (0, ).

fR f ) (p(d) = n(@d) |
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Together the two upper bounds yield
| fo, W (T,(0) = T,() p@) — o, W' (T,(6) = T(®) n(d)| = Cwrdry (o, m).

Combining this with the upper bound for the difference of V’-terms, we have

|b(x, p) — b(x, )]

IV’(Tp(x>)+ / W (T,() — T,(®)) p(d)

X

= V/(Ty(x) —/ W' (T (x) = T,y (%)) n(d)

Cdryv(p,n),

IA

for some constant C.

The linear growth condition follows from the assumption that V’ and W' are Lipschitz
and bounded, respectively.

With these estimates, the conditions of [35] are satisfied, implying that weak existence
and uniqueness of solutions holds for the SDE (76); therefore the measure W/ is well-
defined.

Define the set

Al ={P € PR) : H(P|WH) < oo, P, = 1, V1),

so that
Jy(w) = inf H(P|WL).
Al

Since by assumption J, (1) < oo, the set A} is non-empty. By Theorem 3.1 of [27], in
the definition of J, () it is sufficient to minimize over (strongly) Markovian P such that
Pec AY.

Uniqueness in law corresponds to the uniqueness condition ‘U’ in [66] and by Theo-
rems 1 and 2 therein, for each Markovian P € A% there exists a process {B;};¢[0,7] adapted
to the (augmented version of the) filtration {F;};¢[0, ] of the weak solution such that fOT B.dt
and fOT B2dt are both finite P-a.s. and under P there is a P-Brownian motion B such that
the process {X;};c[0,1] solves, under P,

dX; = (b(X, ) + Br)dt +dB/.

By [27, Thm 3.60] there isa u : [0, T] x R, — R such that fOT va w?(t, x) s (dx)dt <
oo and the process B can be expressed as B; = u(t, X;); the function u can be obtained
via the Riesz representation theorem, see [27] for details. The Radon-Nikodym derivative
between P and W satisfies

db _ duo /T (tX)dBP+1/T| (t, X)) 2dt
= —ex u(t, - u(t, ,
aw® = av P Va5 ) '

and it follows that

1 T
H(PIWE) = Hizo) + S Ep / (e, X,
0

This is precisely (74).
Replacing B with u in the SDE, we find that under P the process X solves

dX; = (b(X;. i) +u(t, X;))dt +dBF.
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The Forward-Kolmogorov equation of this SDE for the single-time marginals Py = u;
is equal to Eq. 75. The uniqueness of u is a direct consequence of the strict convexity of
[ u*1 and the linear constraint (75). O

Lemma 84 Let v € P(Ry) and let u € C([0, T]; P(Ry)) satisfy o € P2(Ry) and
F(uo) + Iy () < oo. Then

(1) we AC*([0, T]; Pr(Ry)).
(2) Foralmostallt € [0, T, p; is Lebesgue-absolutely-continuous, 0xp; € L' (Ry), and

// Iaxm(X)I drdt < oo
. e (x)

(3) The functional 3, can be written as

17 Oy
3,00 = ol + 5 [ [ o (oo + 2
2 Jo Ry 2

2
(x)—b(x,pc,)) dxdi, (77)

where v; is the velocity field associated with ;1 (see Lemma 2.7).

Proof We first show that fR x21;(dx) is bounded uniformly in 7. Formally this follows
from multiplying (75) by x? and integrating, giving

d 1
dz/xmun L&mb+ﬂh+mﬂ

1 1
1+/ﬁmwm+f/ﬁmwm+f/ﬁmwm
R 2 R 2 R

IA

IA

1+/ﬁmuw+3fca+ﬁmwm+mwm
R 2 Jr

The second inequality follows from the assumptions (39) on V. Gronwall’s Lemma then
yields boundedness of | x2 17 (dx) for finite time. This argument can be made rigorous by
approximating x> by smooth compactly supported functions.

We next prove part 8.4. Fix a function ¢ € Cg’l([O, T1xR),andlet g € CL2([0, T]1xR)
be a solution of the linear backward-parabolic equation

1 1 1
0rgr + Eaxxgt + b0y g = ggt(i%z - ax(ﬂt), (x,1) e Rx (0, T],
gr =1, x e R,
g is bounded,

where we use the shorthand notation b, (x) := b(x, u,). Existence of such a solution follows
from standard linear parabolic theory; see e.g. [47, Th. 1.12]. The constant initial datum and
the compact support of the right-hand side imply that g(x,¢) — 1 for x — 00 and for
all ¢, and that all derivatives converge to zero as x — =00; this can be recognized in the
representation formula [47, (1.7.6)].
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Note that by the coerciveness bound (39) on V we have fR g2 x)e VW gx =

I]R e 2Y® dx < oco. To obtain bounds on the same expression at earlier times 7 we
calculate, briefly suppressing the subscript ¢,

d _ _ 1 /1
ar g ax = [ e Zv(faugfzbaxwZg(iqﬂfaw))

_ . 1 1 1
= /e 2V(\Bxg\2 — 28038V’ —2bgdcg + ggzgoz + Egdxgw - Eg2<,oV’>
1 1 1 )
= /6’2‘/(*\3& —gV'+ fgwlz + 5 loxg —2¢b —gV' [P =g @b +2bV' + V’z))

> =3(Ibl% + IV'I12 )[ Ze72V,

\

after which Gronwall’s Lemma implies that | gée‘zv < C, with a constant C > 0 that
does not depend on ¢.
The function f :=2 log g then satisfies

1
Ui+ e fy b i+ 410l = 5 (302 = 0,

with final value fr = 0. Multiplying (75) with f and integrating we find

0 f[frur—fouo —/T/ w| a,ft+1axxft+btaxf,]

1
oot [ [ (s = g0 = G + go?).
Ry 8

Briefly writing uy (dx) = Zy, 'e=2Vdx, for which we have the estimate Huolpy) <
2F (uo) + C, we then apply the entropy inequality to find

/ / Wi | Oxr — 7‘/’: / / Wil usOx fr — |8 f, / foro
f / telu* + Hpolpwy) + 7/ ef0=2V
o Jr, v e

1
2I(p) + 2F (o) +C + —— / gge V.
Zy Jr,

IA

IA

The right-hand side of this expression is bounded from above independently of ¢, and by
the dual characterization of Fisher Information (see e.g. [46, Lemma D.44]) it follows that

9 2 r 1
// 10,10 () 2 xd,zf sup /M,(axw_?pz)
X e (X) 0 yeCl(R) /Ry
= SUP //Mt Oxer — *90)
(pGCC (OT]XR) X

< 00,

where the second identity follows from a standard argument involving the separability in
Cp(R) of the subspace CC1 (R). This proves part 2.
To prove part 1, i.e. to show that u € AC2([0, T1; P2), we write (75) as
1 0y s

Oy = —0x((evy) with vy = ——
2w

+ b + uy. (78)
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The function v, satisfies fOT va M,vtz < oo because each of the three terms in Eq. 78
satisfies a similar bound: u satisfies this property by Eq. 74, b is uniformly bounded
by Assumption 4.4, and for 9,/ this follows from part 2. By the characterization of
Lemma 2.7 it follows that © € AC?([0, T1; P2).

Finally, to show part 3 it suffices to substitute (78) in Eq. 74. O

8.3 End of Proof of Theorem 8.1

We now have constructed two particle systems as follows:

® The particle system Y” of Definition 4.5(4.5) is started at initial positions drawn from
Pinv,W:O_

n s
® The particle system X" of Definition 4.5(4.5) is started from the transformed initial
positions X7 (0), as described in Eq. 70.

By Lemma 8.2, the random time-dependent measures , (t) = 1, (X" (¢)) satisfy a large-
deviation principle in C([0, T]; P(R,)) with rate function 7 (u) = Jgnro (i) + ¥ (o).

By Lemma 4.7 the random measures p,(t) = n,(Y"(¢)) have the same distribution
as A, (t). We deduce the LDP for p, by applying a generalization of the contraction
principle to n-dependent maps in the form of [41, Corollary 4.2.21]. In the case at hand these
maps will be the maps A "and A~!, which extend A and A, to time-dependent measures:

An : €U0, T Pu(Ry)) = C(0, TT; Pa(Ry)),  (Aup) (1) := Ap(p(1)),
A:C»0, T P(Ry) — C(0, T; P(Ry)),  (Aw) (@) = A(u(t)).

The only non-trivial condition to check for [41, Corollary 4.2.21] is a convergence prop-
erty of the maps A, to A. We temporarily write P,,, for the law of w,, on P(C([0, T]; Ry)).
Define forn € Nand § > 0

Tps = {v esuppP,, : dpr(Av, Av) > 8},

where we also write dp; for the metric on C([0, T]; P(Ry)) generated by the metric dpr
on R,. Corollary 4.2.21 of [41] requires that this set has super-exponentially small PP, -
probability. In fact, for every § > 0 the set is empty for sufficiently large #, since by part 3
of Lemma 4.2 we have for any v, = % Z?:l 8y, € R, that

n n 2
1
W2 (Z 8 ati—1)/n - Zaxi+a(i—l)/n>
i=l i=1
. a,n 1 2
= Z W2 <8xi+a(i—1)/n’ ;5x,-+a(i—1)/n)
i1
. i 1 a? _ 1 a?
T L=2p2 2an’
i=1

Since dpr(n,v) < Wa(u,v) by Lemma 2.5, the set I',, s is empty for n > a2/282.
Applying [41, Corollary 4.2.21] we find that A, u, satisfies a large-deviation principle in
C([0, T]; P(Ry)) with good rate function

Wa(Avy, Ayvy)?

I(n), ifAu(t) =p(t)forallt € [0, T],

I(p) =
(©) +o00  otherwise,

for p € C([0, T; P(Ry)). (79)
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It remains to prove the form Eq. 69 of i ; this is the content of the next lemma.

Lemma 8.5 Let p € C([0, T]; P(Ry)) satisfy po € P2(Ry) and .7:"(,00) + f(p) < 00.
Define p € C([0, T1; P(Ry)) by pr := Ay for all t (such w exists by Eq. 79). We then
have p € AC%([0, T1; P2(Ry)) and € AC*([0, T1; P2(Ry,)), and

~ @ ®) 1T, 2 17 )
I(p) = 1I(n) = 25ntv(ﬂ0)+§ A |l (l)df-i-i A [0F1° (o) dt + F (ur) — F(1o)

O 4 IR R - .
@ 28ty (o) + 5 fo PP+ 5 /0 0ER (o) di + For) — F(po).

Proof The W, absolute continuity of w is given by Lemma 8.4, and the corresponding
property of p follows from the W,-isometry of A.

Identity (a) above follows from the definition (79). Identity (c) is a direct consequence
of the isometry of the mapping A: under this isometry, all metric-space objects on P> (R,)
are mapped one-to-one to corresponding objects on P, (IRy), and this holds in particular for
Enty and Enty, F and F, |8 and |81, and || and | . )

To show identity (b), note that since F (o) + Jguo (1) + ¥ (1o) = F(po) + I(p) < 00
we have by Lemma 8.4

I(w) = Jgmo () + v (o)

e 9
= Wl @+ v o)+ 5 [ [ i (i +
0 JRr,

2
Sdad (x) — b(x, ,u,)) dxdt.
2p

The first two terms are equal to 2 Enty (1g); we rewrite the remainder as

1T 17 9 2 r 9
I(M) = 25ntv(uo)+f/ / v?ut_i_,/ f ( x _bt) M[+/ / vt( x Mt —b,),ut.
2Jo Jr, 2Jo Jr, N\ 21 0 JR, 2

The first integral equals % fOT|;l|2(t) dt by the characterization (26) of the velocity of
absolutely-continuous curves. By the characterizations (53) and (27) of the element of min-
imal norm in the subdifferential, the second integral equals % fOT |8 F|%(11;) dt, and by the
chain rule (28) the third integral equals F (i) — F (i0)- O

9 Proofs of Theorems 1.1 and 1.4
9.1 Proof of Theorem 1.4
In this section we finalize the proofs of the two main theorems. We first prove a version of

Theorem 1.4 that allows a little more freedom in the initial data.
Let G : P(R) — R be continuous and bounded, and set

inv 1 1 . . n
PI™9 (dy) = 7 exp[ —ng(; ;5},) — 22 V(y,-)] %

We also define the modified free energy

o, @)

~ — 1
F9(p) := Enty (p) + 590 +Cg, (80)
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where the constant Cg is such that inf F9 =o.
Then

For G = 0 the distribution P™*9 coincides with PI™-"=0,

® ForG(p) = f fp the distribution ]Pi,,nv’g coincides with IP’L“V’f and F9 with F/ ;

e ForG(p) = [[ W(x — y)p(dx)p(dy) the distribution Pi™ coincides with PI™ and
FY9 with F.

Theorem 9.1 (Large-deviation principle on path space, version with general initial dis-
tribution) Assume that V, W satisfy Assumption 4.4. For each n, let the particle system
1+ Y"(t) € R" be given by Eq. 2, with initial positions drawn from the modified invariant
measure ]P’ilnv’g. X

The random evolving empirical measures pn(t) = 5 ] Syra then satisfy a large-

deviation principle on C([O, TI; P(R)) with good rate function i9. Ifin addition p satisfies
0(0) € P2(R) and F(p(0)) + 19(p) < oo, then we have p € C([0, T1; P2(R)) and 19 (p)
can be characterized as

. . A A 1T 1T
9(0) =2 F () + F(p(T) = Fp(O) + 5 / BI2(@) di + 3 / 0F > (p () d1.
0 0
. (81)
Here |p| and |3.F| are the metric derivative and the local slope defined in Definition 1.3,
for the Wasserstein metric space X = P> (R).

Theorem 1.4 is Theorem 9.1 for the special case G(p) = [ fp.

Proof of Theorem 9.1 As in the theorem, let Y be solutions of Eq. 2 (or equivalently of
Definition 4.5(4.5)) with initial data drawn fromPinnv’g. Let ¥" be solutions of the same
system, but with initial data ¥"(0) drawn from P™"=°. Let p,, 5, € C([0, T; PRy))
be the corresponding empirical measures, and write P, and P, for their laws. By Theo-
rem 8.1, p, satisfies a large-deviation principle in C([0, T]; P(R,)) with the rate function

[ defined in Eq. 79.
Since the evolution of the two particle systems is the same, conditioned on their initial
positions, we have as in the proof of Theorem 6.1 that for any p € C([0, T']; P(R,))

dP,,  do)ePrY

(p) = v w=o (P0) =
Py, dE

Cu exp(—nG (o))

for some normalization constants C,, > 0. Since the exponent is a bounded and narrowly
continuous function of pg, Varadhan’s Lemma (e.g. [41, Th. 4.3.1]) implies that p,, satisfies
a large-deviation principle in C([0, T']; P(Ry)) with rate function

19(p) := I(p) + G(po) + C,

where the constant C is chosen such that inf 79 = 0.
‘We now show the formula (81). Set

39) = inf{fg(p) oo = u}.
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We prove that §9 = 2F9. Taking any p with 7(u) < oo, by Lemma 8.3 there exists a
unique function u such that

1 T
I(1) = Tgro () + ¥ (o) = H(uolQM0) + v (o) + 5/0 /R u?(t, x) py (dx)dt.

By repeating this identity for a sequence 7 | 0 and using the uniqueness of # we find that
inf{I(w) : po = &} = H(E|QF) + y (&) = 2Enty (£). We then observe that

90 = infl(p) + Gloo) +C 1 po = v]
- inf{[(u) - Apo = v} +GW+C
— 2&nty(v) + G(v) + C

& 2790wy + ¢ - 2¢5.

Since both Sg and 259 have zero infimum, C = 2Cg. It follows that

19(p) = I(p) + G(po) +2Cg = I(p) — 2Enty (po) + 259 (p0),
and Eq. 69 then implies the characterization (81). O
9.2 Proof of Theorem 1.1

We deduce the large-deviation principle for the invariant measures ]P’;“V from Theorem 9.1
by applying the contraction principle. Let ¥”(0) be drawn from Pi"V, and let ¥ be solutions
of Definition 4.5(4.5) over a time interval [0, T]. Applying Theorem 9.1 with G(p) :=
[ W(x — y)p(dx)p(dy) we find that p, = n,(Y") satisfies a large-deviation principle on

C([0, T]; P(Ry)) with good rate function i9 given by Eq. 69. Since the evaluation map
C(0,T]; P(Ry)) — P(Ry), w = 1(0)

is continuous, the contraction principle (see e.g. [41, Th. 4.21]) implies that p, (0) satisfies
a large-deviation principle with good rate function

39(v) = inf[fg(p) oo = u}.

In the proof of Theorem 9.1 above we showed that &9 equals 2F 9, which coincides with
2F for this choice of G; the characterization of Lemma 5.1 then concludes the proof.

Appendix A: Proof of Lemma 4.6

The existence and uniqueness of weak solutions X” follows from arguments similar to the
proof of Lemma 8.3, and we omit this proof.

For the stochastic process Y we prove the existence and uniqueness as follows. The
main step is to show the unique existence of a fundamental solution of the parabolic partial
differential equation 3,0 — L} p = 0 on Q,:
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Lemma A.1 Fix T > 0. For each yo € 2, there exists a unique fundamental solution
(t,y) = p(t, y; yo) of the equation 3;— L = 0 on Q, with Neumann boundary conditions,
i.e., afunction p = py, € LY((0, T) x ) satisfying

T
0:/0 /Qp(tsy)[at(ﬂ(t»)’)-f-(ﬁy(/))(t,y)] dydt + ¢(yo) (82)

forall ¢ € C;’z([O, T1 x Q). In addition, for each t > 0 the function y — p(t, -; yo) is
non-negative and continuous, and satisfies an p(t,y; yo)dy = 1.

Informally, the fundamental solution p satisfies

&p=Lp, on (0, T) X Qy, (83)
dp=0 on (0, T) x 382, (84)
p(t=0,) = dy,. C)

Given this fundamental solution, the proof of Lemma 4.6 proceeds along classical lines.
We construct a consistent family of finite-dimensional distributions P, ; € P25
in the usual way, by daisy-chaining copies of the fundamental solution p(fx — tx—1, - ; *)
(see e.g. [96, Th. 2.2.2]). By applying the maximum-principle method of [96, Cor. 3.1.3]
we show that this consistent family satisfies the conditions of Kolmogorov’s continuity
theorem, and Theorem 2.1.6 of [96] then implies that P, is generated by a unique
probability measure P on the space C ([0, c0); €2,,). This concludes the argument.
The main step therefore is the proof of Lemma A.1, which we now give.

Proof Define for L > « the truncated state space
Qb =1lyel~L,L1": |y — yjl = a/nforalli # j}.

Fix an initial datum ¢ € C, b(Q,I;), ¢ > 0; by classical methods there exists a non-negative
Cg’2 solution u of the equation d,u — Lju = 0on (0, T) x Q,f, opu = 0on (0, 00) X 895,
and u(t = 0) = ¢. By integrating the equation over [0, 1] x QL we find

/ u(r,y>dy=f $() dy.
o ot

We now take a sequence L — 0o and choose ¢© > 0 with [ ¢* = 1 such that ¢
converges narrowly on €2, to 8y,. For each T > 0, the corresponding solution (¢, y) +>
ukl, y) is non-negative and has integral over [0, T] x 2, equal to T (where we extend ul
on 2, \ QL by zero); by taking a subsequence we can therefore assume that u” converges
weakly, in duality with C.([0, T] x €2,,), to a non-negative limit measure p with p([0, T] x
Q,) < T. By e.g. [18, Th. 6.4.1] the measure p has a continuous Lebesgue density on
(0, T) x Q,, implying that for 0 < ¢ < T we can write it as p(dtdt) = p(t, y)dtdy.

By e.g. [18, Th. 6.4.1] the measure p has a continuous Lebesgue density on (0, T') x €2,,
implying that for 0 < t < T we can write it as p(dtdt) = p(t,y)dtdy. Since
an u®(t, y)dy = 1 for all ¢, and since narrow convergence implies narrow convergence of
marginals, the measure p(-, 2,) on [0, T'] coincides with Lebesgue measure on [0, 7], and
therefore fQ” p(t,y)dy = 1forallt € (0, T).
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We now show that the function p satisfies (82). Take a function ¢ € C;’Q([O, T) x Q)
satisfying 9,¢ = O on 9€2,,. Then ¢ € Cé’z([O, T) x QL) for sufficiently large L, and in the
weak form of the equation 8,u’ — Lyu® = 0 with initial datum ¢,

T
0=/ / ub (. y) [det. y) + (Lye) (. y)] dydt+/ " (Me(y)dy.
0o Jar QL

we can replace the domain of integration Q% by €,. By taking the limit L — oo we find
for all such ¢ the property

T
0=/0 /Qp(t,y)[8r<p(t,y)+(ﬁyw)(t,y)] dydt + ¢(yo).

By a standard approximation argument, using the fact that the total mass of p is finite, this
identity can be shown to hold for all ¢ € C,l’2([0, T] x Q) with ¢(t = T) = 0. This
proves (82). By taking ¢ in Eq. 82 to be a function only of 7, we also find 9; fQ" p(t,y)dy =
0 in distributional sense, and therefore p(z, -) has unit mass for all time .

Finally, we prove the uniqueness of p, which also implies that the final time 7' can be
taken equal to co. Let p be a finite measure on [0, T'] x €2, that satisfies the weak (82) with
initial datum equal to zero, i.e. assume that for all ¢ € ch2([0, T1x $2,) with pt=T)=0,

T
0=/0 fQp(z,y)[atw(t,y)+(£y¢)(t,y)] dydt. (86)

Fix x € Cp([0, T] x 2,,). By arguments very similar to those above we can find a solution
NS Cl’z([O, T1 x 2,,) of the equation

do+Lyp = X, on (0, 00) x Qy,
o =0 on (0, 00) x 02,
pt=T)=0.

By substituting this ¢ in Eq. 86 we find

T
/ / P X y)dydi =0 forall x € Cp([0, T] x Q).
0 Q

This implies that p is the zero measure on [0, T'] x €2,, and proves the uniqueness of
solutions of Eq. 82. O
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