Potential Analysis (2022) 57:181-199
https://doi.org/10.1007/s11118-021-09911-6

®

Check for
updates

Stationary Solutions of Fokker-Planck Equations
with Nonlinear Reaction Terms in Bounded Domains

Radu Precup' © . Paola Rubbioni?

Received: 8 January 2020 / Accepted: 9 February 2021 / Published online: 27 February 2021
© The Author(s), under exclusive licence to Springer Nature B.V. part of Springer Nature 2021

Abstract

Using an operator approach, we discuss stationary solutions to Fokker-Planck equations
and systems with nonlinear reaction terms. The existence of solutions is obtained by using
Banach, Schauder and Schaefer fixed point theorems, and for systems by means of Perov’s
fixed point theorem. Using the Ekeland variational principle, it is proved that the unique
solution of the problem minimizes the energy functional, and in case of a system that it is
the Nash equilibrium of the energy functionals associated to the component equations.
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1 Introduction

The Fokker-Planck equation arises as a mathematical model in many areas of physics and
biology, mostly connected with the analysis of random phenomena (see, e.g., [1, 2, 4, 15,
19, 20]). It has the form
wy; — div DVw + wF) = h,
where D = D (x) is a symmetric (diffusion) matrix, F = F (x) is a given vector field,
h = h(t, x) is the source term, and w = w (¢, x) is a probability distribution. It is the
continuity equation
wy +div J = h,

for the flux density / = —DVw — wF involving both diffusion, by the term DVw, and
drift, by wF. In case that D = DI, where [ is the identity matrix and D is a constant, the
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equation reads
wy — DAw — div (wF) = h.
We consider the semi-linear case, where the source term A is a reaction term h (w)
depending on the state, namely equations of the form

wy — DAw — div (wF) = h (w).

The reaction term i (w) can be very general and nonlocal both in time and space. In par-
ticular, the cases of the equations with memory and of integral-differential equations are
included. The reaction term can involve power-type nonlinearities, or rational functions
simulating the saturation effect and making the equation a self-limiting model (see [2]).

In this paper, we consider only the stationary equation in a smooth bounded domain
Q c RY, with a potential flow F = —e DV H, where ¢ > 0 and H is a sufficiently smooth
function, let it be in C! (£2), having a number of properties as shown below, but which could
be very irregular near the boundary. Thus we consider the following semi-linear problem

—Aw +ediv (wWVH) = & (w) in 2
(1.1)
Jow=1.
Assuming that exp H € L* (2) and making the substitution

w=@u+1p,

with

p=exp(eH)/lexp (eH)|p1(q)
we replace the average condition [, w = 1 by the equality [, pu = 0, and the above
problem becomes

{—Au—gW-VH:\y(u) in Q (12)

Jopu=0,

where

1
\V(M)=;<P(p(u+1)),

leading to the study of renormalized solutions « in a special weighted space.

We also consider systems of such equations modeling the evolution of many randomly
diffusing particles. This is the case of chemical reactions involving several reagents that
react and diffuse simultaneously.

Compared to other approaches in the literature (see [4, 7, 9, 11, 13, 19] ), our approach
is essentially based on the theory of nonlinear operators and by this, the specificity of the
subject is brought inside the unifying nonlinear functional analysis. We first consider the
solution operator associated to the non-homogeneous problem, which is defined by using
the general theory of positive-define self-adjoint linear operators, and next its composi-
tion with the nonlinear mapping giving the right-hand side (nonlinearity) of the semi-linear
problem. Then, joint suitable properties of the solution operator and nonlinearity allow us to
make use of several fixed point principles: Banach’s fixed point theorem, which guarantees
the existence and uniqueness of the solution, and its property of being a global minimum
of the energy functional; Schauder’s and Schaefer’s fixed point theorems, which not only
guarantee the existence of a solution, but also give its localization in terms of the energetic
norm.

Our approach to reaction-diffusion systems of Fokker-Planck equations is based on the
vector method that uses matrices instead of constants, vector-valued norms and Perov’s
fixed point theorem (for the vector approach to nonlinear systems, see [5, 6, 16, 18]). In this
case, the obtained solution is a Nash equilibrium of the energy functionals associated to the
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equations of the system. The variational properties of solutions are obtained by means of
Ekeland’s principle.

2 Preliminaries. Linear Fokker-Planck Equations

Our approach to linear Fokker-Planck equations makes use of the variational theory of
positive-define symmetric linear operators (see [14, Ch. 4], or [21, Ch. 5]). The application
of this theory to linear Fokker-Planck equations is detailed in this section.

2.1 The Fokker-Planck Operator

Consider the Banach normalized weighted spaces

Lz:{u: pl/queLq(Q),/pu:O} (1<q < +00)
Q

ul? =/ ul?
LY Qp

For g = 2, we endow L% with the inner product and norm

J\?
(u,v)p:/Q,ouv, Iulp:</9pu> .

Consider the linear operator in L%’ defined by

Lu=—Au—eVu-VH

with norm

with the domain

D(L)={ueC}): /pu:O},
Q

where Cg(Q) is the space of all functions in C%(£2) with compact support included in .
Forany u € C3(Q), Au € Co(R), and since H € C' (), one has VH € C (2, R?).
Hence Lu € Cy () C L%, that is £ is well-defined. Also D (L) is dense in L%. Indeed, if
u e Lf,, then v := \/pu € L? (2) and in view of the density of Cg° () into L2 (), there
exists in C§° (2) a sequence (vg) with vy — v in L% (). Let ¢ € Cg° () be such that
@r — 1in L? (), and let

1
ug == — (Vk — CkPr)
N
where cx = [ /OVk/ [ «/P9k. Clearly ux € D (L). Also
lug — ul, = vk — ckpr — vlp2q) < vk — vl + ¢k lokl2) - (2.1)

Hence uy — u in L% if g — 0. To show this, first note that

0</Q\/5§/Q«/5|1—<pkl+f9«/ﬁ<pk§Iplu(sz)ll—wklm(szﬁ/g«/ﬁtpk

whence we have that the sequence ( Jo ﬁwk) is bounded from below by a positive number
C.Then c; < (1/C) [q /puk. Next, in view of [, \/ov = 0, one has

‘/g«/ﬁvk =‘/;Z\/i5(vk_v)

<lplpi@) vk — vl — 0.
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Hence ¢ — 0 and from (2.1) it follows that uy — u in L%. Therefore L is densely defined
on L%.
The operator L is symmetric. Indeed, since Vp = ¢pV H, we have

(Eu,v)p:—/va(Au+8Vu-VH):/QV(pv)-Vu—/QvVu~Vp

/ pVu - Vv = (u, Lv), .

Q

Finally note that

(Lu,u), :/ o|Vul> >0
Q

for every u € D (L) \ {0}, that is the operator L is strictly positive.
2.2 The Energetic Space

We may endow D (L) with two inner products
(U, v) = (u, ), + (Lu,v),, [u,v] = (Lu,v),
and the corresponding norms
lull® = |ul} + (Lu,w), . (] = (Lu,u),.

Let E, (called the energetic space of L) be the completion of the prehilbertian space
(D (L), |I-) and let us use the same notations (-, -), [+, -], ||-|| and [-] for the corresponding
maps extended by density to E.. Since |u|, < |u| forallu € D (L), we have D (L) C
E, C Lf, with dense and continuous embeddings. Recall that, from the construction of the
completion, any element u of E, can be seen as the limit in L% of a sequence of functions
from D (L) which is fundamental with respect the norm ||-|| , and that this limit is common
for all such sequences (uy) , (vx) which are equivalent in the sense that |u; — vg|| — 0. If
(uy) is a fundamental sequence in D (L), then there exist v, v; € L?(),i=1,-,dsuch
that

0
VB = v, oot >y i =1,-d) inL*(@).
Xi
Thus, if we denote
v du v .
= —, =—(=1,-,d),
S xi o \p
then we may say that for every u, v € E.,
(u, v) =/,0(uv+Vu-Vv), [u,v]:/qu-Vv, 2.2)
Q Q
lul® = f p (w2 +1Vul)., [u]2=/ pIVul?. 2.3)
Q Q

Notice that the functional [-] is only a semi-norm on E .. To make it a norm, equivalent to
the norm ||-|| on E ., we need a compactness assumption. To this aim, we state the following
condition:

(Cy) The embedding D (£) C L% is compact, i.e., any sequence of functions in D (L)
which is bounded with respect to the norm ||-|| has a subsequence that converges in Lf,.

Clearly condition (C,) implies that the embedding £ C LY is also compact.
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The next condition (H) gives an exact representation of the space E ., and consequently,
it is sufficient for (C,) to hold for some values of g.

(H) There exists a constant ¢ > 0 such that
IVH|§q < c in Q,
where g gives the distance to the boundary 9€2, i.e.

S (x)=min [x —y| (x € Q).
yeo

Proposition 2.1 If condition (H) is satisfied for a constant c sufficiently small, then
1
Er=—H, ,(Q) (2.4)
N
where H&p Q) = {ve H (@ : [qpv =0} and [u],

equivalent norms on E.

ﬁu‘Hd(Q) and ||u| are

Proof Forany u € D (L), one has
1
Vi(Jpou) =./pVu+
(Vou) = /pVu+ > 7
Since p~!Vp = ¢VH, from (H) and Hardy’s inequality [3], we can estimate the last
addendum of the previous identity as follows

1
- JpueVH VP
2 3a

1 \Y%

¢
L2(Q) = ) v (ﬁu)’“(m ’

C
<es
LZ(Q) 2

Consequently

(/Q v (‘/’3”)’2)% = (/Qp |Vu|2>% +8§ (/Q v (ﬁu)|2>é ,
(L) = ([lvemar) 5 ([Ivaar)

whence, if ¢ > 0 is small enough that 1 — £¢/2 > 0, we obtain

|\/EM|H01(Q) =<0 [M], [Lt] = |\/EM|H01(Q)7 (25)
where co = 1/ (1 —&¢/2) and ¢ = 1 + &¢/2. As a result, for any sequence of functions
ur € D (L) which is fundamental with respect to the norm |||, the sequence ./puy is

fundamental with respect to the norm |-| HI®@) and conversely, if v is fundamental with
respect to the norm || 1 g, » then the sequence ux = vi/,/p is fundamental with respect

to the norm ||-||. This proves (2.4), while (2.5) together with the continuous embedding
1 H! (Q) c L% shows that d ivalent

(E/ﬁ) 0.p (&) C Ly shows that [u], \/f)u|H01(Q) and |ju|| are equivalent norms 05
L

Remark 2.1 The behavior on the boundary 92 and the regularity of the solution w =
(u+ 1) p with u € E strongly depend on the behavior and regularity of H. Thus, under
assumption (H), if H € H'(Q), then w € W1 (Q). Indeed, from (H) (cf. Proposition
2.1)one has w = p +up = p + /pv, where v € HO1 (2) . Now, since p was assumed in
L®(Q),

dyp = epdy H € L (),
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hence p € H' () . Furthermore,
&
3 (VPV) = /poyv + /P H € L' ().

Therefore w € W1 (). For an exhaustive discussion of regularity of solutions we refer
the reader to [4, Chapter 1].

2.3 The Poincaré Inequality

Assume that condition (C;) holds. The space E, being reflexive (as a Hilbert space), one
deduces from a result in paper [12] that

[u]?

‘= in —

H u€Ep, u;é0|u|2

p

and the infimum is reached. From this, we have the Poincaré inequality
Mlulf) < [u]2 foru € E.

which ensures that [-] is a norm on E ., equivalent to the norm |-|| . Let E /L be the dual of

(Ez, [-]) . If we identity le, to its dual, then we have
D(L)CEsCL,CE} (2.6)

where the last embedding is compact too. For f € E- and u € E, let (f, u) be the value
of the linear functional f at u. In case that f € L%, one has (f,u) = (f,u), .
Throughout the paper we assume that condition (C,) holds.

2.4 The Solution Operator

Returning to the operator £, for a fixed f € E’L, we define the weak solution of the

stationary problem

{ Lu=f inQ @7
Japu=0

as being a function u € E such that for every v € E., one has that [u, v] = (f,v). In

particular, if f € L2, this identity becomes

/qu~Vv:/pfv for ve E..
Q Q

From Riesz’s representation theorem, since (f,-) is a continuous linear functional on
(Ez,[]), it follows that problem (2.7) has a unique weak solution u y. Thus we may define
the solution operator
£ E, — Eg, ﬁflf =uy.

Recall that under condition (Cy), the operator £ has a sequence of eigenvalues (Ar) with
0 <X =p < <A < -, Ay = 400, and correspondingly a sequence (¢;) of
eigenfunctions, which is orthonormal and complete in Lzﬁ. Also the sequence (d)k / «/E) is
orthonormal and complete in (Ez, [-]) . This yields the Fourier representation of the solution

Operator:
1, _ ﬂ ﬂ_ (f, dx)
£ f‘z[”‘f’m]m‘z W

where the series converges in E . and L%.
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Also note that £~ ! is an isometry between E’ﬁ and E, i.e., [E’lf] = IfIE/ﬂ for every
f € E/,, and that the exact Poincaré inequality

Alull < [w)* foru e Eg (2.8)
is accompanied by the Poincaré inequality for the dual, namely
A lflg, <115 for f e L. 2.9)
Indeed, if f € L2, then using (2.8) we have

Fwl_ |,
ueEp, uz0 [u] ueEp, uz0  [ul

[l luly _ Sl ISl

|flE,

< sup < sup ,
ueEp, uz0 (U] ueEp, uzo~/A1  [ul VAl
that is (2.9).

2.5 The Energy Functional

According to the variational theory of positive-define symmetric linear operators, for each
fixed f € E/L’ the functional J : E; — R,

Ju= -
u=o W=t

is C' and J'u = Lu — f, more exactly
(J’u, v) = [u,v]— (f,v) forall u,ve Eg.

Therefore the weak solution of problem (2.7) is the critical point of the energy functional J.

3 Semilinear Fokker-Planck Equations
We now turn back to the semi-linear problems (1.1) and (1.2).
3.1 Existence and Uniqueness via Banach'’s Fixed Point Theorem

Our first result is about the existence and uniqueness of the solution to the semilinear
problem (1.2) and consequently to (1.1).

Let jo and j be the canonical injections of the embeddings E, C L% and Lf, C Ep,
respectively.

Notice that problem (1.2) is equivalent with the fixed point equation u = £~'W (u) in
E . In view of embeddings (2.6), we may discuss three cases:

/.

W maps E into Ef’
W maps E into Lp; here by the composition LW we mean E_lj\IJ;

® WU maps Lf) into Lf); here by £7'W we mean £~ j W .

Our first results are existence and uniqueness theorems, the first in terms of W and the
second in terms of ®.
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188 R. Precup, P. Rubbioni

Theorem 3.1 Problems (1.2) and (1.1) have unique weak solution u € Ep and w =
(u+1)p e L? (), respectively, if one of the following conditions holds:

(a) V:Er— E’ﬁ and there is a constant 0 < ag < 1 such that
W () — W (U)|E/£ <aglu—v] foru,vekE,.
b) V:Ep— L% and there is a constant 0 < a; < /A1 such that
W () =W @), <arlu—v] foru,vekEg.
(c) W: L% — L% and there is a constant 0 < apy < Ay such that

W () =¥ ()|, <axlu—vl|, foruve Lf,.

Proof (a) Under condition (a), for any u, v € E, one has
[C_l\l’u—ﬁ_]\lfv] = I\IJu—\IJle/E <apu—v], 3.1

and the conclusion follows from Banach’s contraction principle.
(b) In case that ¥ takes values in L2, using the Poincaré inequality (2.9), we have

ai
Yu — Y|, < —[u—v]

Nin

|\I/Lt - \I/U|E/

Jf

and the result follows from case (a) where ag = a1 /+/*1.
(c) This case reduces to (b) with a; = az/+/A1 since in virtue of (2.8), one has

W) - @)l, <alu—vl, = [ —v].

az
VAL
O

Theorem 3.2 Problems (1.2) and (1.1) have a unique weak solution u € Ep and w =
(u+1)p e L? (), respectively, if one of the following conditions holds:
(d ®:L2(Q) - L2(Q), ®(p) € Li” (2), and there is a constant 0 < a < Ay such
that
[P ) (x) — P (v) ()| <alu(x)—v(x)| foru,ve L? (RQ) and a.a. x € Q2. (3.2)
(&) D) (x) = f(x,u(x)), where f : Q x R — R satisfies the Carathéodory con-
ditions, f (-,0) € L2 (Q), fG,p() € Li_l, and there exists 0 < a < Ay such

that
|f (x,u) — f(x,v)|<alu—v| forallu,v € Randa.a x € Q. 3.3)

Proof (d) First, if u € L2, then ./pu € L* () and

1
|\/5‘1’ (M)\Lz(g) = ‘7q>((u +1)p)
L2(Q)
< ‘*(q)((bﬂ—l)ﬂ) D (p)) ‘*CD(P)
L2(Q) L2(Q)
< a|pu ‘ ® (p) =alul ’ @ (p) < +o0.
| |L2(Q) NG L2(Q) a NG L2(Q)
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Hence ¥ (1) € Lf,. Also, for any u, v € L%, we have

1
W @) -V @I, = ‘p(d)((u—I— Dp) =@ (v+1)p)

o

‘\/15(¢((u+1),0)—4>((v+1)p))

LX(Q)

IA

a |ﬁ(u - v)|L2(Q) =alu—v|,.
Thus we are in case (c¢) of Theorem 3.1.

(e) Under the assumptions of f, the Nemytskii operator ® maps L () into itself. In
addition (3.3) immediately yields (3.2). Hence we are in case (d). O

3.2 Variational Characterization of the Solution

The next result gives a variational characterization of the solution guaranteed by the
previous theorems.

Theorem 3.3 (j) Assume that ¥ is in case (a) of Theorem 3.1 and there is a C'-functional
©® : Ex — R bounded from above on bounded sets and such that W = ©’. Then the unique
solution u of problem (1.2) is the unique minimum point of the energy functional

1 2
Jv=P -0 (3.4)

(jj) Assume that ® is in case (d) of Theorem 3.2 and there is a C'-functional 6 :
L2(Q) >R bounded from above on bounded sets and such that ® (v) = p8' (v — p) for
v € L? (Q) . Then the unique solution u of problem (1.2) is the unique minimum point of the
energy functional (3.4) for ® (v) =0 (pv), v € E.

(jjj) Assume that f is in case (e) of Theorem 3.2 and in addition that there exists h €
L2() and a small enough ¢ > 0 such that

lf(x,8)| <px)(cls|+h(x)) fors eRanda.a x € Q. 3.5)

Then the unique solution u of problem (1.2) is the unique minimum point of the energy

functional (3.4) for
pv
O (v) :/ (/ lf(x,t—l—,o)dr).
e\Jo P

Proof (j) Since J' = L — W, one has that the unique solution of (1.2) is the unique critical
point of J. Let B be a closed ball of the space E, with center at the origin and positive
radius R > |¥(0)| E, /(1 — ap). Then, by (3.1) we immediately see that

L7V (B) C B. (3.6)

To prove that the solution ¥ minimizes J we use the weak form of Ekeland’s variational
principle [8, 10]. Note that the boundedness of ® guarantees the functional J to be bounded
from below on B. Indeed, for any v € B, one has Jv > —®(v) > —c > —oo, where
®(v) < c for every v € B. Then, using the weak form of Ekeland’s variational principle,
there is a minimizing sequence (uy) of elements in B such that

1
Jup <infJ + — 3.7
B k
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and |
Juk§Jv+E[v—vk] (3.8)
for all v € B. For any fixed index k, choose
v=up —tL T up, 0<t<1.
Using £~ 'Wuy = ux — L7V uy, one has
ve= (1= ug + 1L Wuy.

Here, one has u; € B, and by the invariance property (3.6), £~ Wu; also belongs to B.
Since B is convex, it follows that v; € B for every ¢ € (0, 1) . Replacing v by v, into (3.15)
and then dividing by ¢, yields

1
¢! (Juk —-J (uk — tﬁ_lJ/uk)) < % I:E_ljluk:l s
whence letting ¢ go to zero, one finds
1
(J’uk, L] J’uk) < E I:,C_l J’uk] s

that is
I:ﬁ_l J/uk:l <

&=

Hence
Jug — infJ and L7 ur — 0 in Eg. (3.9)

Let vy := £~ 1 J uy. From
[uk+p - uk] < [vk+p - vk] + [E_I‘Pukﬂ; - ﬁ_l‘lfuk]
and the contraction condition (3.1), we obtain

[tksp — u] < (1 —a0)™" [vkgp — ] -

The sequence (vg) is a Cauchy sequence (as a convergent sequence). Consequently (uy) is a
Cauchy sequence, hence convergent to some # € B. Now passing to the limit in (3.9) gives

Ju = igf] and J'u=0.
Due to the fact that R was taken arbitrary bigger than |W (0)| E, /(1 —ap) and to the unique-
ness of the critical point of J, we may conclude that ¥ minimizes J on the whole space E ¢,
thatis Ju =infg, J.
(jj) For u, v € E., we have pu, pv € L? () and
OW+1v)—0@w) =60 (pu+tv)—0(pu)
=1 (0/ (IOM) ’ pv)LZ(Q) +o (ltl)

1
t <;¢ (o (u+1), ,Ov) +o ()

LX)

1
t<7CI>(p u+1), v) +o(|t)
P o
=t (W @u),v),+o(]).
It follows that ® (1) = W () . Hence we are in case (j).
(jjj) Under the assumptions on f, the function g (x,s) = p (x)_1 fx,s+ p.(x)) satis-
fies the Carathéodory conditions and the growth inequality |g (x, s)| < c|s| 4+ & (x) , with
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n (x) = h (x) + cp (x), which makes the Nemytskii operator N, associated to g to act in
L2 (Q) . In addition the functional

0(v)=/ (/vg(x,r)dr>
Q 0

is C! on L? (Q) and 6’ (v) = N, (v) for v € L? (). On the other hand, ® (v) = f (-, v).
Now it is easy to check the equality ® (v) = p6’ (v — p). Further, the functional J is
bounded from below on B (where B is like in case (j)) provided c is small enough. In fact,
thanks to (3.5), after some computations including the use of Poincaré’s inequality leading
a constant ¢, we obtain an estimate of the type

Jv > <% — cc1> [v]2 + ca[v] + c3.

This shows that J is bounded from below if ¢ < 1/(2c;). Therefore Ekeland’s principle
applies as well in this case. O

The next theorem gives the variational characterization of the solution of problem (1.1)
and it is a direct consequence of the previous result just by making the change of variable
w=(u+1)p.

Theorem 3.4 (k) Under the assumptions of Theorem 3.1, if in addition ®(v) =
00’ (% - 1), where © : E; — Risa C'-functional, then the unique solution w of problem
(1.1) is the unique minimum point of the energy functional

1 2

Jov = — [3} — ) (v), (3.10)
21p

where ®(v) = © (% — 1) .

(kk) Assume that ® is in case (d) of Theorem 3.2 and there is a Cl-functional 0 :
L% () — R such that ® (v) = pb' (v—p) for v € L2(Q). Then the unique solu-
tion w of problem (1.1) is the unique minimum point of the energy functional (3.10) for
Oo(v)=0@w—p),ve kL.

(kkk) Under the assumptions of case (e) of Theorem 3.2 the unique solution w of problem
(1.1) is the unique minimum point of the functional

1
wo= [ (3[7(2)

Remark 3.1 In particular, in the absence of drift, that is when H = 0, one has p = pg :=
1/meas(2) and the functional (3.11) reduces to

2 v—p 1 )
—/ —f(s.T+pdr). @3.11)
o P

Ll v
o) = <5|Vv|—/0 f(s,r+po>dr)

P0 JQ

1 1 v
= — <5|Vv|2— f(x,é‘)d$>

IOO Q PO
Ll o, [ 1 ”

- L (f|w| —/ f(x,S)ds)+—f (/ f(x,s)ds).
00 Jo 2 0 PO JQ 0
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192 R. Precup, P. Rubbioni

Since the last term is a constant, we may say that in this case, the solution w of problem
(1.1) minimizes the functional

fg(%mﬁ - /va(x,é)dé‘),

which is the energy functional of the Dirichlet problem for the equation —Aw = f(x, w).
3.3 Existence via Schauder’s Fixed Point Theorem

If instead of Lipschitz continuity, we only assume a linear growth condition, and we add
compactness, then the existence of solutions still holds based on Schauder’s fixed point
theorem.

As in the case of Section 3.1, we give results first in terms of W and next in terms of .

Theorem 3.5 The problems (1.2) and (1.1) have at least one weak solution u € Ep and
w = (u+1)p e L?(Q), respectively, if one of the following conditions holds:

(a) V:Er — E/L is completely continuous and there are constants 0 < ap < 1 and
bo > 0 such that
|\IJ(u)|E/L <ag[ul+ by foru € Er. (3.12)

by V:Ep— Lf) is continuous, and there are constants 0 < a1 < s/A1 and by > 0 such
that
W )|, <ailul+ Dby forue Eg. (3.13)

(c) W: L% — L% is continuous, and there are constants 0 < ar < A1 and by > 0 such
that
W )|, < axlul,+by forue L. (3.14)

Proof (a) The operator £~'W is completely continuous. In addition if R > bg/ (1 — ap),
then for every u € E, with [u] < R, one has

[ﬁ_l‘l/u] = |\I/u|E/£ <aglul+ by <ayR + by < R.

Hence the operator £~ maps the closed ball of E with center at the origin and radius R
into itself. The conclusion follows now from Schauder’s fixed point theorem.

(b) The condition (C,) implies that the embedding Lf, C E/, is compact, i.e. the injection
Jj L% — E/, is completely continuous. Also (3.13) shows that W is bounded (maps
bounded sets into bounded sets). Hence the operator jW¥ is completely continuous as a
composition of two bounded and continuous operators where one of them, namely j, is
completely continuous. In addition, from Poincaré’s inequality and (3.13),

(a1 [u]l +b1) .

W @)l < W @l, <

1
f Vi
Hence (3.12) holds with ay = a1 /+/A1 and by = b1 /+/A1. Thus we are in case (a).
(c) In this case, the operator W jj is continuous from E . to L%. In addition

[V ()|, < azlul +b2<7 14+ by forueEf.
P P \/7

Hence we are in case (b) with a; = az/+/A; and by = bs. O
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Theorem 3.6 The problems (1.2) and (1.1) have at least one weak solution u € Ep and

w = (u+1)p e L?(Q), respectively, if one of the following conditions holds:

(d) @ : L*(Q) — L2(Q) is continuous from Li_l to L,i‘l’ and there are constants
O<a<Aandh e Li" such that

[P () (x)| <alux)|+h(x) foruce L? (RQ) and a.a. x € Q. (3.15)

e dw)(x) = f(x,ux)), where f : Q x R — R satisfies the Carathéodory
conditions, and there exist 0 < a < A and h € Lfr, such that

[f(x,8)| <als|+h(x) foreverys e Randa.a. x € Q. (3.16)

Proof (d) The case reduces to case (c) in Theorem 3.5. As in the proof of Theorem 3.2,
we can show that W maps L% into itself and that (3.14) holds. Next we prove that W is

continuous from L% to itself. Indeed, if uy — u in Lf), the /our — /pu in L2 (),
SO pur — pu in Lfrl' Consequently, ® ((ux +1)p) — & ((u+ 1) p) in Li*" that is
W (ug) - W (u) in L, as wished.

(e) We reduce this case to (d). Under the above conditions on f, the Nemytskii operator
associated to f maps continuously L? () into L? () and If (x, V)2 < alvlpg) +
|72 (g - The same is true for the function

1
g9 = (150 @)

which also satisfies the Carathéodory conditions and the growth condition
lg (x,8) <als|+h(x) foreverys € Randa.a.x € Q.

Thus the Nemytskii operator associated to g is continuous from L2 (Q) to L2 (). This
implies that @ is continuous from Li,l to Li,, . Indeed, if uy — u in Li,l , then

ur//p — u//p in L* (), whence g(~,uk/ﬁ) — g(~,u/\/,5) in L?(Q).

Hence f (-, ukx)//p — f(,u)//pin L?(Q), thatis fCoup) =) — f(,u) =
® (1) in le),l. Also (3.16) clearly gives (3.15). Hence we are in case (d). O

3.4 Existence via Schaefer’s Fixed Point Theorem

In the next result, the linear growth of the nonlinear reaction term is relaxed in case that in
compensation, a sign condition holds for a part of the reaction term.

Let ® = &g + & and correspondingly W = Wy + ¥ and f = fo + fi.

We first state a general existence principle.

Theorem 3.7 Let Vg be as in Theorem 3.5 (a). If in addition ¥, : E; — E’E is completely
continuous and

(W (uw),u) <0 for uekEg,

then the problems (1.2) and (1.1) have at least one weak solution u € Ep and w =
u+1pelLl?Q)), respectively. In addition [u] < bo/ (1 — ap) .

@ Springer



194 R. Precup, P. Rubbioni

Proof The operator £~ W is completely continuous and for every solution u € E \ {0} of
the equation u = AL () and any A € (0, 1), one has

(W (u), u) =/\(‘Ifo(u),u) +A(\P1 (u) , u)
[u] [u] [u]
Wo (u), u
< 20U gy ), < a0l + o,
[u] £

Here we have assumed without loss of generality that by > 0. Hence [u] < bo/ (1 — ap),
that is, the set of all solutions of the equations u = AL~ () for A € (0, 1), is bounded
in E;. Now Schaefer’s fixed point theorem guarantees the existence of a fixed point u €
Er of L7 with [u] < bg/ (1 — ag). a

[u] = A

The next theorem gives us some sufficient conditions for the complete continuity of W;.

Theorem 3.8 The operator W, is completely continuous from E to E, if the compactness
condition (Cy ) holds for some q > 2, and one of the following conditions is satisfied:

(i) V1:E;— Lf; is continuous and bounded for some p > q/ (q — 1);

(ii) Wi : L% — Lg is continuous and bounded for some p > q/ (q — 1);

(iii) P : LZ'*" — Li is continuous and bounded for some p > q/ (g — 1);

(iv) &1 () (x) = f1(x,ux)), where fi : Q@ x R — R satisfies the Carathéodory
conditions, and there exista € Ry and h € LZ 1—p such that

I—-p

[ f1(x,8) < a,o% |S|% + h (x) foreverys € Randa.a. x € Q. (3.17)

Proof (i) From (C,), the embedding E, C L‘f) is compact, and so is the embedding L%/ -
E’ﬁ Forp>gq/ (g —1) =¢q’, since p € L* (), one has Lg c LY whence the compact
inclusion L) € E/,.

(ii) Use the embedding E, C L‘Z, to reduce the case to (i).

(iii) Let uy — u in L‘},. Then puy — pu in LZl_q. Then, p (uy +1) — pu+1) in

Lqplfq, and by the assumption, @ (p (ux +1)) — 1 (p(u+ 1)) in LZFP' This yields
Wy (up) = p~ @1 (o (ux + 1)) = W1 () in Lﬁ. Thus we are in case (ii).

(iv) We are in case (iii). First observe that @1 () (x) = p (x)!~1/? N, (v) (x), where for
eachu € Lzl,q, TRES pl/q’lu e L1(Q), and

gx,8)=p ()C)%_1 fi (X, p(x)]_é s) )

The problem reduces to show that the Nemytskii operator N, is well-defined from L7 (£2)
to L? (2) . Indeed, using (3.17) we have

1_ -1 a4
gl =p@ A (x 00 7s)| = alsl? +ho),
1—
where ho = p 7 h € LP (). 0

Remark 3.2 (Positive solutions) As it is well-known, the existence of nonnegative solutions
of boundary values problems is closely connected with maximum principles (see [4, Chap-
ter 2]). For our elliptic operator Lu = —Au — ¢Vu - VH, the maximum principle holds,
more exactly, if u € c? (), Lu > 0 and there is xy € Q with u (xg) = infg u, then u is
constant on the connected component of 2 that contains xg. Consequently, assuming that
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® (v) > 0 for every function v, and that a solution u of problem (1.2) is regular belonging
to D (L), then u > —1. Indeed, otherwise, we would have u = 0 around 92, u # 0 on
a compact subset of 2 and u (xg) = mingu < —1 for some xp € Q2. This implies that u
is constant u (xg) on the connected component of €2 that contains xg. But this is impossible
since u is zero on 9€2. The case of generalized solutions can be discussed similarly using
the maximum principle for weak solutions.

4 Fokker-Planck Reaction-Diffusion Systems

Under the assumptions of Theorem 3.3, the unique stationary solution of a single equation is

a global minimum of the associated energy function. We now prove that in case of a system

of equations and under suitable conditions, the stationary solution is a Nash type equilibrium

with respect to the couple of energy functionals associated to the component equations.
For simplicity, we shall consider only systems of two equations, that is

—Awy + e1div(wVH) = O (wq, wp)
—sz + Szdiv (w2VH2) = q)z (wl, IUQ) (4.1)
wil =1, wi2=1.
In this case, denoting by
. — L&l EiHi
pi = e[ 1 g
and making the substitution
w; = (u; + 1)pi,
fori = 1,2, we arrive to the system
—Auy —&1Vuy - VH = Yy (uy, uz)
—Auy — &Vur - VHy = V7 (uy, uy) “4.2)
Joprur =0, [opouz =0

where

1 .
Wi(uy, up) = ;‘Di((wl + Dpi, (w2 +1p2), i=12

1

All the elements defined in Section 2 for one equation, £, E, J and the scalar products
and norms given by (2.2), are now duplicated for the two equations of the system, and we
show it by an index 7, i = 1, 2. We point out that we do not assume a variational structure
on the whole system, but only for each component equation; thus, more exactly, we assume
that there exist functions ®; : Ez, x Ez, — R, i =1, 2, bounded from above on bounded
sets and such that for each i, \W; is the Fréchet derivative of ©; (u1, uo) with respect to the
variable u;. Hence, the energy functionals are

1 .
Ji(ur, uz) = E[m% - O;i(ur,u2), i=12.

The analogue for systems of Theorem 3.1 case (a) is the following result. The reader can
easily obtain the analogues for the cases (b)-(e).

Theorem 4.1 Assume that V; : Ep, x Ep, — E/ﬁl X E’[:2 and there are nonnegative
constants a;j, i, j = 1,2, such that

Wi (uy, u2) = Wi (v, )|, < ainlur —vilh +aplua—vl, i=1,2, (43)
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for all uy,vi € Eg, and uy,v2 € Er,, and the spectral radius of the matrix M =
(aij)i,j=1,2 is strictly less than 1. Then, problems (4.2) and (4.1) have unique weak solu-
tions (u1,u2) € Eg, x Ez, and (w1, w) € L* (Q) x L2 (Q), w; = w; +Dp; (i = 1,2),
respectively, and (u1, uz) is a Nash equilibrium of the pair of functionals (J1, J»), namely

Ji(uy, uz) = minJy (-, u2), Jo(uy, uz) = minJr(uy, -). (4.4)
Eﬁl E[:z

Proof First we prove the existence and the uniqueness of the solution to problem (4.2).
Using (4.3) and the same arguments as in the proof of Theorem 3.1(a), we arrive to
£ i) = £ Wi )| < an i — vl +an iz v, =12 &3)

which, using the matrix M, can be written in the matrix form

[El_lllll(m, uz) — El_l\l"l(vla vz)]

| ( [ur — w1l )
[551‘?2(”1, uz) — L5 vy, Uz)]2 - [uz — v2l
Now, since the spectral radius of matrix M is strictly less than 1, the existence and unique-
ness of the solution (u1, uy) follow from Perov’s fixed point theorem (see [18, Theorem
1.
In order to use the weak form of Ekeland’s principle, we look for two balls B; C E.; of
positive radius R;, i = 1, 2, with the property that

L7'W(By x By) € B fori=1,2. (4.6)

Taking v; = v = 0in (4.5) and assuming that [u;]; < R;, i = 1,2, we obtain

[/li_l‘lfi(ul, uz)] <vi+ai1R +apR, i=1,2,

i
where y; = [Ei_lllli (O, 0)] . Hence, in order to obtain the desired inclusions (4.6), it is

i

enough to have y; +a;1 Ry + aioR> < R;, i = 1,2, or in the matrix form

(1—M)<§;>z<;2).

Multiplying on the left by (I — M)~! (which is a positive matrix since the spectral radius
of M is less than 1, see [18]) yields

Ry -1(n
<R2>Z(1—M) (J/z)’

which shows that the desired numbers R;, R, exist.

Next, we prove that the solution (u1, u») is the Nash equilibrium of the pair of functionals
(J1, J2). To this aim, we use an iterative procedure. Denote by J;; the Fréchet derivative
of the functional J;(u1, upz) with respect to u;. To begin the iterative procedure, we fix an
arbitrary element u; ¢ € By. Ateachstepk > 1, up x—1 € B been found at the previous
step k — 1, first as in the proof of Theorem 3.3, we apply Ekeland’s principle in Bj to the
functional J; (-, ug,k,l) and find an element u; ; € Bj such that

“4.7)

Canl Ml

. 1 _1
Ji (w1 uz 1) < 1é1f-]1('7 Uz k—1) + = [ﬁl Ji(ur g, uz,k—1)]l <
1
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Next, we apply Ekeland’s principle in B> to the functional J>(u1 , -) and obtain an element
uz k € By with
1

ST (4.8)

. 1 1
Jo (w1, un i) < llls}fj2(ul,ka )+ = [ﬁz Joo(uy ks uz,k)]
2

Our aim now is to prove that the two sequences (ui,k)
convergent. Let

P i = 1,2 are Cauchy and so
ak = L7 Iy g uzg—1) and Br = L5 Joauyk, uz ).

Clearly ax — Oand Bx — Oin Eg, and E.,, respectively. As in the case of only one
equation, we have

ui e — L7 (g, ua ko) = o, (4.9)
uzf — Ly " Wa(uy g, uzg) = B (4.10)
By (4.9), we deduce

IA

(w1 ksp — w1 k], I:l:]_l\l"l(ul,kera U2 p—1) — L7 W1 g, uz.k—l)]l + [og+p —akh

tan ([u2.ksp-1 — Mz,kfl]z — [u2k4p — M2,k]2) + [otp — ol

IA

ant [urisp —uri], +an [uaip1 —uai—1], + laxry —axli (411

IA

arl [Ml,k+p - Ml,k]l +an (U2 k+p — Mzﬁ,k]z

By (4.10) we have

[2hsp —ua], < aot [urigp —uik], +an [uzisp —uzi], + Brip — Brl2. (4.12)
Denote
Skp = [rkep —uik]; . hp = [U2ktp — U2k,
&p = [okgp — a1, xk,p = [Brt+p — Brl2.
Obviously, &,, — 0 and xt,, — 0 as k — oo, uniformly with respect to p. Using the
above notations, the inequalities (4.11) and (4.12) become
Skp < a1k, p + a2k, p + &, p + a2 (Mk—1,p — Mk,p) »
Nk,p < @218k, p + a2k, p + Xk, p-

These can be put under the following matrix form
(fSk,p ) <M (81{,17 ) + <$k,p +an (nkfl,p - nk,p) ) )
Nk, p Nk, p Xk,p

((Sk,p ) <=M <$k,p + a1z (Me—1,p — Mk, p) )

Nk, p Xk,p
Let (I — M)~ = (u;;). Then

Hence

IA

pt (Bep + a2 (k=1.p — Mk.p)) + R12Xk.po
Nk,p = K21 (Sk,p +a (rlkfl,p - Uk,p)) + W22 Xk, p-

Sk,p

A

The second inequality yields

n21a12 w218k, p + U22 Xk, p

Nek,p < 7~ Nk—1,p T+
P =14 uaran b 1+ u2arz

(4.13)
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Note that the sequence (ug, ,)x is bounded uniformly with respect to p as follows from
(4.10) (recall that u; x € By and up x € Bz). Consequently, by its definition, the sequence
(Mk, p)k is also bounded uniformly with respect to p. Thus we can apply to it the following
lemma proved in [16, Lemma 3.2].

Lemma 4.1 Let (xi p)ix and (Y, p)i be two sequences of real numbers depending on a
parameter p such that the sequence (x, )i is bounded uniformly with respect to p, and

0 < xp,p < Axp—1,p + Yk, p (4.14)

forallk, p and some A € [0, 1[. If yi,, — 0 as k — 00 uniformly with respect to p, then
Xk,p — O uniformly with respect to p.

Indeed, (4.13) reads as (4.14). Therefore n; , — 0 uniformly with respect to p, which
proves that the sequence (u2 i)k is Cauchy. Next, inequality (4.11) together with aj; < 1
(which is a consequence of the fact that the spectral radius of matrix M is less that 1)
implies that (u1 )k is Cauchy too. Let vy, vz be the limits of the sequences (u1 )i and
(u2,k)k, respectively. Passing to the limit in (4.7) and (4.8), we obtain that (v, v2) solves
system (4.2). The uniqueness of the solution and the arbitrariness of R;, Ry imply that
(v1, v2) = (uy1, up) and that (1, up) satisfies (4.4). O
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