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Abstract

In this paper, we consider the gradient estimates for a postive solution of the nonlinear
parabolic equation d;u = A,;u+hu? on a Riemannian manifold whose metrics evolve under
the geometric flow 9;g(t) = —2S,(). To obtain these estimate, we introduce a quantity
S along the flow which measures whether the tensor §;; satisfies the second contracted
Bianchi identity. Under conditions on Ricg (), Sg(r), and S, we obtain the gradient estimates.
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1 Introduction

We are continuous to consider the gradient estimates for nonlinear partial differential equa-
tions after our previous works [6, 11-13]. Let (M, g(#)):<[0,7] be a complete solution to the
geomtric flow

0,8(t) = —28¢r), tel0,T]. (1.1)
on a complete and noncompact n-dimensional manifold M and consider a positive function
u = u(x,t) defined on M x [0, T'] solving the equation

u = Au+ huf, te€[0,T], (1.2)
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where A, stands for the Laplacian of g(¢), & is a function defined on M x [0, T] which is
CZinxand Clint,and p is a positive constant. When metrics are fixed, the study on the
gradient estimates of Eq. 1.2 arose from [4]. If 4~ = 0, Sun [9] derived the gradient estimates
and the Harnack inequalities for the positive solutions of the linear parabolic equation d;u =
Ayu under the geometric flow. In this paper, we consider the general case for the nonlinear
parabolic equation. Notice that the A; depends on the parameter ¢, and we should study the
Eq. 1.2 coupled with the geometric flow (1.1). The formula (1.1) provides us with additional
information about the coefficients of the operator A; appearing in Eq. 1.2 but is itself fully
independent of Eq. 1.2.

We introduce notions used throughout this paper. Let B, 7 = {(x,1) € M x [0,T] :
distg(r)(x, x0) < p}, where distg () (x, x9) denotes the distance between x to a fixed point
xo with respect to g(¢). V() and | - |¢(;) stand for the Levi-Civita connection and norm with
respect to g(¢) respectively. Set

. 1
8, (1) = dive()Sgi) = 5 Ve (trgn Sg) -
Locally, one has
. 1
8; = VI8 = Vi (trg Sg) -
For example, if S;; = R;;, thatis, Eq. 1.1 is the Ricci flow, we arrive at

. 1 1 1
S; = V' Rij = SViRe) = SViRe(t) = 5ViRe) =0
by the second contracted Bianchi identity. Thus, the quantity S, measures whether S;;
satisfies the second contracted Bianchi identity.

Theorem 1.1 Suppose that (M, g(t)):c(0,1] is a solution to the geometric flow (1.1) on M
with —K18(t) = Sg) < K28(1), —K38(1) =< Ricgry — Sgry = K38(1), and |S,,)ler) =
K4 for some K1, K2, K3, K4 > 0 on Byg, 1, with K := max{K,, K;}. Let h(x,1t) be a
function defined on M x [0, T which is C* in x and C" in t, satisfying Agiyh = —0 and
[Veyhlgay < v on Bar1 % [0, T] for some nonnegative constants 6 and y. If u(x, t) is a
positive smooth solution of Eq. 1.2 on M x [0, T], then

(i) for0 < p < 1,we have

2

[Veryul h lu C n(l — n[3K; +2(K3z + K
g 2g(t)+7up,1_7715721+ ( 2P)M]M2+ [3K 2( 3 4)p]
u p pu — pit p 2p=(1 = p)
({1 JKi+K3 — n
+—;<—2+#+K+7)(1.3)
p= \R R p(1—p)

3/2

n Jn/K n K

+ (—) Jony + YKL gy 4 K
p p p~V 2n

where C| is a positive constant depending only on n and

M; == max h_, M, := max up_l, h_ := max(—*h, 0).
Bor.T Bor.T
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(i) for p > 1,we have

IVewyul2g h 1 K2Cy  nk*(p—1 k3
7(?([) 40 +— pml_ Mt < 2 + nk”(p )M4M5 + " MsMy
u? P pt~ pi p? k—p
KC, (1 JVKi+Ks —  kn
+—22<—2+ L2 0K+ ) (1.4)
p R R plk—p)
2k3n p k2\/ny
+7[K1+*(K3+K4)]+ My
(k — p)p? k p
kn\/? kKn [— K
+ (—) VoM + = (K +,/ 52 ).
p p 2n
where k > p, C3 is a positive constant depending only on n and
Mz = max h_, My := max u?~!, Ms := max h.

Bar,T Baog,T Baog,T
As an immediate consequence of the above theorem we have

Theorem 1.2 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on M.
Let h(x, t) be a function defined on M x [0, T] which is ClinxandClint.

(i) For 0 < p < 1, assume that h > 0, |Vehlgr)y < ¥, Agyh = 0 along the geometric
flow with —K1g(t) < Sgy < K28(1), —K38(1) < Ricgry — Sgry = K38(0), |S,(le0) =
K4 for some positive constants y, K1, Ka, K3, K4 with K = max{K, K>}, along the
geometric flow. If u is a smooth positive function satisfying the nonlinear parabolic (1.2),
then

2
Vel N hopo_lu _ Co Ci Ci— 2nK,

- < + et K+ —
u? p pu — pt p¥l-p  p? p>(1—p)

LSy Ly Ko  nKs+ Ky s)
p 2n p(1—p)

p

for some positive constant C| depending only on n, where M := maxpsx[0,T] uP=1,

(ii)) For p = 1, assume that —K1g(t) < Sgu) < Kag(t), —K3g(t) =< Ricgr) —
Sery < K3g(?), |§g(t)|g(f) < Ky for some positive constants K1, Ko, K3, K4 with K =
max{Ky, K2}, h > 0, Agiyh > —0 (8 is nonnegative), and |Vynyhleq) < v (v is nonneg-
ative), along the geometric flow. If u is a smooth positive function satisfying the nonlinear
parabolic (1.2), then

| Vgqyul?

u C V7
1,42 g(t)_’_h_;fﬁ?2_,_(;2(14_](1+K2+K3+K4+K+y+«/§> (1.6)

for some positive constant Cy depending only on n.
(iii) For p > 1,assume that —K1g(t) < Sgu) < Kzg(t), —K3g(t) < Ricgr) —
Sery = K3g(), |§q(t)|g(t) < Ky for some positive constants y, K1, Ky, K3, K4 with

K := max{Ki, K»). Aginh = =60, [Veyhlgry < v, and —ky < h =< ky, where
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472 Y.Liand X. Zhu

0,y,ki,kon > 0, along the geometric flow. If u is a bounded smooth positive function
satisfying the nonlinear parabolic (1.2), then

|Voaul? h 1 K\’ C K\ k K\’ [—
B (7> —3+(—> C3+<7> C3<K+
u p pu p) 1 p) k—p p
k Ky
+ ——(Ki+ K3+ K4) +
k—p 2n

3

2

k k’n

+{ =) n(p—DkoM + kiM (L.7)
p k—p

k2 /n kn\>/?

+in + (—) VoM,

p p
for some positive constant C3 depending only on n, where M := maxy x[0,T] uP=! and

k > p. In particular, taking k = 2p, we get

|Vg(’)ulg(t) + hup—l _Llu

C _
3 < P 4Cs(1+Ki+Ka+ K+ Ki +K)
u p pu t

+ Cap? [(kl +hk)M+yM+ VOM] , (1.8)

for some positive constant C4 depending only on n.
Another type of Harnack inequality is the following

Theorem 1.3 Suppose that (M, g(t))ie[0,7] is a solution to the geometric flow (1.1) on
M, satisfying —K1g(t) =< Sgiy = Kzg(r), —K38(t) = Ricgry — Sgin = K3g(),
|V,(I)Sg([)|g(,) < Kjy.for some K1, K>, K3, K4 > 0, with K := max{Ki, K»}. Let
h(x,t) be a nonnegative functton defined on M x [0, T which is C? in x and C' in 1,
Agiyh + by — 2C,, pp'Vg‘” e > 0on M x [0, T] (where Cyp = SE5 if p > 1 and
Chp=nifp=<1),and0 < p= 2n T (n>3). Ifu zsaposztzvesoluttonoqu 1.2, then

|Veqyul? h 2 C 8n— 8 2
SO0 | Dyt 2 S T 2
p pu p’t - p? p=\ p2—p)

(K1 + K3+ Ky) + \/8"1(4, (1.9)

u

e
for some positive constant C depending only on n.
This theorem has three important consequences.
Corollary 1.4 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on M,

satisfying 0 < Sg(ry < Ka2g(t), —K3 =< Ricgry — Sgr) < K3g(1), |V (t)Sg(t)|g(l) < Ky,
for some positive constants K>, K3, K4. Let h(x, t) be a nonnegative function defined on

Vonyh|?
M x [0, T]whichis C? inx and C" int, Agryh +hy —2c,,,pp% >0onMx[0,T]
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(whereC,,,p—p ifp>1landC,p, =nifp <1),and0 < p < n” (n>3).Ifuisa
positive solution of Eq. 1.2, then

|vg(t)“|

h 2u C 8n 4n
N —2+—2K2+7<K3+K4)+ L Ky (1.10)
p pt —pit p r2—p)

for some positive constant C depending only on n.

u

Corollary 1.5 Suppose that (M, g(t)):e[o,] is a solution to the geometric flow (1.1) on
M, satisfying —K1g(t) =< Sgiy = Kag(r), —K3g(r) = Ricgry — Se) = K3g(),
Vg (I)ng|g(,) < Ky, for some K, K>, K3, Kqs > 0, with K := max{Ky, K3}. Let

h(x,t) be a nonnegative function defined on M x [0, T] which is C* in x and C" in t,
v
Agiyh + hy — 2Cn pp M > OonM x [0, T] (where C,,p = %1 if p > 1and

Ca,

u(xz, ) n\ /P 1 .
4444,2<4> exp min / |y ()15t — 2n(t2 — 1)
n

u(xi, 1) | 2p y€O(x1,11,x2.12)
1— 2 2n 1 1
—K + — K|+ (K1 + K3+ Ky4) + —/2nKy ] (1.11)
p p\ p2—p) 2—-p p

for some positive constant C depending only on n, where (x1,1t1), (xa,) € M x [0, T]
with t; < b.

When K| = 0, we have the following

Corollary 1.6 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on M,

satisfying 0 < Sg() < K2g(t), —K3g(t) < Ricg) — Sg(r) < K38(1), |Vg(,)Sg(t)|g(t) < Ky,

for some Ky, K3, K4 > 0. Let h(x,t) be a nonnegative functwn defined on M x [0, T]
Voiyh

which is C? in x and C' in t, Agryh + hy — 2Cn,pp | gm lg“) >0on M x [0 T] (where

Cn.p= ﬁ

solution Eq. 1.2, then

—C/p
X2, t t 1 Y
Ut ) (3) xp[ min f 17 (Ol dt
u(xy, tr) 1 2p yeo i)

K3 + K. V2nK
—2’l(f2—t1)(f2+ STy 4):|
P 2—p p

for some positive constant C depending only on n, where (x1,11), (x2,2) € M x [0, T]
with t| < t.

2 Auxiliary Lemmas
Suppose u is a positive solution of Eq. 1.1, and as in [4], we introduce a function

W=u"1, (2.1)
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474 Y.Liand X. Zhu

where ¢ is a positive constant to be determined later. For convenience, we always omit time
variable ¢ and write Q; for the partial derivative of Q relative to ¢. For example, throughout
this paper, A, V, | - | mean the correspondence quantities with respect to g(z). Write

O:=A—0;.
A simple computation shows that
VW = —qu™ 47 'Vu, |[VW? = ¢*u=272|Vu)?,
W, = —qu 9 uy, AW = q(g+ Du972|Vu> — qu™97 Au.
The relation (2.1) yields (see [4, 6])
vw|? W,

2 _ A
IVul” = 2w T T g 2.2)
and hence
1 |VW|? 1p
Ow = &% LW 2.3)
q

Since |[VW|?/W? = ¢2|Vu|*/u?® and hW~P/9 = hyP~1 we consider again the same
quantities as in [4, 6],

VW2

Fo= = +ahW =P/ = |VIn W[ +ahWI =P/, Q2.4)
A= gmw 2.5)
= — = nW, .

1 W t
F := Fy+ BF. (2.6)

Here «, B are two positive constants to be fixed later.
Introduce a 1-form S, ;) defined by
. 1
Soy = diven)Sgy — 7 Va0 (tre)Sg)) - 2.7)
Locally, one has
j 1
S =V'S§; - Evi (trg(t)Sg(t))'
For example, if S;; = R;;, thatis, Eq. 1.1 is the Ricci flow, we arrive at

S =V/Rij - %ViRgm = %ViRgm - %ViRgm =0
by the second contracted Bianchi identity. Thus, the quantity S () Measures whether S;;
satisfies the second contracted Bianchi identity.
A analogous quantity like (2.7) also naturally appears in the general relativity, see, for

example, Proposition 13.3 in [8].

Lemma 2.1 Suppose that (M, g(t)):[0,T] is a complete solution to the geometric flow (1.1)
on M. If u is a positive solution of (1.2), then

I=p

2
OF = =(VF,VInW) + (1 — p)hW @ —
q

+gh,w=P/a

=|=

2(S, VW)

W (2.8)

1
+2<1 + 7> S(VInW,VInW) —2(S,VIn W) —
q

Here div and tr are respectively divergence operator and trace operator of g(t).
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Harnack estimates 475

Proof Asin [6], we have

AW, =W, 2(VW, VW) W, (AW —W)) N 2IVWPW,

2.9
w w2 w2 w3 2)

Ur =

Since g(¢) evolves under the geometric flow (1.1), it follows that

@wy, = o (7 VW) = (ag7) Viv; W + g0, (3,0,W — Tk acw)

= 285;;VIVIW + A(W,) — g¥ 9 Wa, T,

AW +2(5, V2W) +2(S, VW)

using the fact that g/9,Tf, = —2V/S;¥ 4+ V¥(tr(S)) = —28*. The term AW, — Wy, =
(AW — W,); — 2(S, V2W) — 2(S, VW) can be simplified as [6] into

1\ (VW, VW, 1\ [VW|*W, 1-p
AW, =Wy =2 (142 ) WY (TN IVWEWE | et
q w q w2

1\ 25(VW, VW)
(R AL

—2(s, vw)
w

1—
Fhg+1—pW T W, — 2(3, V2W>.

Plugging it into Eq. 2.9 yields

2(VW,VW,) 2 |VW}*W, 1=p 4 1-p
OF = ; W2 —g W3 + A =phW e W, +qghW ¢
(i 1\ 2S(VW, VW)  2(S,V2W) 2(S,VW)
w w w ’
The desired (2.8) immediately follows. O

Similarly, we can find the evolution equation of Eq. 2.5.

Lemma 2.2 Suppose that (M, g(t)):c[0,1)] is a complete solution to the geometric flow (1.1)
on M. If u is a positive solution of Eq. 1.2, then

2 2

OFy>2(1 —¢)

1 2
+2(1 - 7) IVInW[* + Z(VFy, VIn W)
€ q

Ip - 2(Ric—S)(VW, VW)

2op  1-p I-p
——W « (VInW,Vh)+aW ¢ (Ah—h;) + W2 (2.10)
q

1-p 20=p)
+(1=p) (2 - %) AW T [V In W+ a(l — p)R2W 0
q
where € € (0, 1] is any given constant.
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476 Y.Liand X. Zhu

Proof Recall from [6] that A Fy satisfies
2/VZW|2 2(VW, AVW) 8<V2W, VW QVW) 2|[VW]2PAW
wz Tt w2 B w3 TE
6|VW[*
W4

1— 1— p |[VW|? 1— 1-p_
ta (—p> <7p 1) pw'd ! 2' a( p)hW AW,
q q w q

On the other hand, the time derivative of Fy equals
2AVW,VW,)  2|VW]2W,

AFy =

1-p 1—-p 1-p
+ aW ¢« Ah+20| —— | W ¢ (VW, Vh) (2.11)
q

1-p
—}-ah,WTl

I Fo = w2 - w3
|- 1p 2S(VW, VW
+a< )hW 1W,+¥. (2.12)
q w

From Egs. 2.11, 2.12 and the Ricci identity AV; W = V; AW + R;; VJ/W, we have
2AVW, V(AW — W,))  2IVW[2(AW — Wy))

w2 B w3
N <2|V2W|2 8(VZW, VW @ VW) N 6|VW|4)

OF =

WZ W3 W4
1=p 1—p I-p
+aW 7 (Ah—h)+a| —E ) aWwa Haw —w))
q

\ o (1 - p) W oW vy + 2(Ric — S)(2VW, VW)
q W

1 — 1— l;vwz
vo(lZPY (122 ) pw 't YW
q q w2

The following argument is the same as Lemma 2.2 in [6]. O

(2.13)

Combing Lemma 2.1 with Lemma 2.2, we get

Proposition 2.3 Suppose that (M, g(t));c[0,7] is @ complete solution to the geometric flow
(1.1) on M. If u is a positive solution of Eq. 1.2, Define
vw?

W=u1 F=
w2

W,
+ hW o +B8—.
o 'BW

Then for all € € (0, 1] we have

2 2

OF > 2(1—e¢)

1 2
+2<1 - 7> IVInW|* + =(VF, VIn W)
€

1 20p  1-p
+2B8(14+ =) S(VInW,VInW) — Z=2W @ (VInW, Vh)
q q

ap 1-p 2 1-p
+A=p)|2—=Z )W ¢ [VInW|"+ W 7 [aAh + hi(gB — )] (2.14)
q

2(1-p) -0 W, viw
1 — p)h*W 1— p)hW —28(S, ——
+a(l—p) 7 +pB(-p) ] W ﬂ< W >

+2Ric— ) (VInW,VInW) —28(S, VIn W)
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Harnack estimates 477

3 Two Special Cases

As in [6], we consider two special cases. The first special case of Eq. 2.14 is to choose
, o= —": 3.1)

Then g — o = 0 so that Eq. 2.14 becomes

2 2
1
OF > 2(1 —¢) +2< >|Van| +(7+q)5(v1nw Vin W)
7
2 2p  1-p
+ 2vE VW) — 22w (vinw, vh)
q q
ap 1=p 2 1=p
+(0=p (2= VW |IVIn WP +aW 7 Ak (3.2)
q

- oz(l —p)hWﬂ W, 2« <S7 v2W>

1—p)h’w TP 22
+a(l—p) p W W

2
+2(Ric — $)(VInW, VIn W) — ~= (S, VIn W).
q

Recall the inequality in [6] (cf. (3.4))

2
q w q

for any positive real numbers a, b satisfying a+b = <, with the equality if S = 2bV>W/W.
Using the inequality |VZW|> > (AW)2/n, we conclude from Egs. 3.2 and 3.3 that

DFZ%(ﬂ—e>
n\q

2a(1
+M5(v1nw Vi W) — 22w (v nw. Vi)
7>

q
1-p ap 1-p 2
+aW @ Ah+(1—p)(2— =5 kW T [VInW| (3.4)
q

20-p) N a(l — p)hwl%p%
q w

V2w [*

w

(3.3)

d

1 2
+2( >|V1 Wi+ = (VF,Van)

o
1— p)h*W ——8)?
+a(l—p) 2bq||

2
£ 2(Ric— S)(VInW,Vin W) — 22 |S|[VIn W|.
q

By Eq. 2.3, we get

AW q+1|VW|2 W
W qg W2 w

I 1
W g =44 (ﬁ - 1) IV In W2
o q o
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478 Y.Liand X. Zhu

Because of the assumption o = kg?/p, we arrive at

AW l4q—plk
=Py (IR g wp 3.5)
W kq q

Substituting (3.5) into (3.4), we obtain

Lemma 3.1 Suppose that (M, g(t)):c[0,T] is a complete solution to the geometric flow (1.1)
on M. If u is a positive solution of Eq. 1.2, then

2 2 (ak 2 1-p
OF > Z(VE,Vinw)+ = (24 —e) L p2 (1= pphw 7 F
q n\ p k2q?

4p (ak k+kq — k
L2 (ke ) (B P pgawp - 24 sp2
P k*q? 2bp

1 (ak k+kg—p\> 1
+2[ <ﬂ—e) <M> +<1—)}|vmwr‘
n\ p kq €
2k(1+q) =p
+ "L S(VInW,VInW) —2gkW @ (VInW, Vh)
kq®  1-p 1-p )
+ W7 Ah+(1—p)(1 —khW 7 |[VInW|
p
. 2kq
+ 2(Ric — $)(VInW, VIn W) — =2 S[|VIn W],
p

where € is a positive real number satisfying € € (0,1], p,q.,k,a,b are positive real
numbers such that a + b = p/kq, and

W=u4 F=

Bi=") a="1 (3.6)

in (2.14). Then the inequality (2.14) becomes

2 2

OF > 2(1 —e)

1 2
+2<1 - f) IVInW|* + Z(VF, VIn W)
€ q

4(1 =
+ 3 FD W VI W) + (1= phW VI WP

q2 1-p 2 1 2 2(1-p) 1-p
LW T ARt )+~ =)W T —2qW T (VIn W, VAX3.T)
p p

1 W, 4 V2w
+2q< )hW ”—’——q<s, >
p w p w

4
+2(Ric— ) (VIn W, VInW) — “L (S, VIn W).
p
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Harnack estimates 479

For any positive real numbers a, b with a + b = q/2a = p/2q, we have (cf. [6])

Viw
w

2
4 V2w 4aq | V2W|?
- <S, > > 2 ‘ - —|S| 3.8)

2‘ daq
p w p

Together (3.7), (3.8) with |[V2W|? > (AW)2/n implies

2 (2
DFZ,(ﬂ_E)‘i
n\ p w

N 41+ q)

1 2
+2< >|Van| + Z(VF,VIn W)
q

S(VINW,VInW) + (1 — p)hW ' |VIn W) — bi|5|2
p

2 1y 1 2(1-p) 1 1= W,
+Lw qp(Ah—i—h,)—i—qz(f—l)th T 42 <——1>hW 2L (3.9)
p p p

w
- 4q
—2qWTp(V1nW,Vh)+2(Ric—S)(V1nW,V1nW) (S VinW).
p

Substituting the identity (by Eq. 2.3)

AW » (14q—p/2
SV _ Py hW S (L= g wp
w 2q q

into Eq. 3.9 yields

1 (2 2 2p (2
OF > 4 (299 _ \Pop2y 2P (299 <1+q_£)F|v1nW|2
2n \ p q* ng> \ p 2

2 (2 1+q—p/2\> 1
+ [ (ﬂ—e) (L’J/) +2<1—>} winw* — L s
n p q € bp
2 4(1+q) g% 1-p
+f(VF,Van)—|—7S(V1nW,V1nW)+ Wa (Ah+hy)
q p
q

2
2a 2-p) 2a J
+—<—q—e>hzw +[E(J—)+(l—p)] 7
2n \ p n\ p

2 1
(ﬂ— )(1+q——)hw FIVIn W2 —2qW 7 (VIn W, V)

(S, VInW)+2Ric— 8) (VInW, VIn W).

1—
The term 2q WTp (VIn W, Vh) is bounded from above by (where we assume that % is
nonnegative)

~2 |Vh|?
h

W Vw2 + & W
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for any given n > 0. Therefore

1 /2 2 2p (2
OF > —(ﬂ—e)p—Fz—l——p(ﬂ—e) (1+q—§)F|VInWI2
P

2 q? ng?
2 1 — p/2\? 1
+[ 49 _ . (M> +2(1—):||Van|4—q|S|2
q € bp
L2 1
2wrvinw) + 2D s oW v w)
* 3 p
1-p Vh|?
L Ly (Ah Ny ') (3.10)
p n o h

2
2 201-p) 2 1
‘L(ﬂ )h2 p+[”<“‘]—e>+(1—p)]hw TF
2n \ p n\ p
2 (2 i
—l—[f(ﬂ—e)(l—}—q—g)—n]hw ‘11|V1nW|2
n\ p 2
4
+2 (Ric — §) (VIn W, VIn W) — “2 (S, Vin W).
p

By choosing the same conditions on positive real numbers p, ¢, a, b, € asin [6], Lemma 3.2,
we obtain

Lemma 3.2 Suppose that (M, g(t)):c[o,1] is a complete solution to the geometric flow
(1.1) on an n-dimensional manifold M . Let h(x, t) be a nonnegative function defined on

. . 2. 1. P |Vg(f)h‘§(z)
M x [0, T]whichis C=inx and C" int, and Agryh + h; — T OonM x [0, T]
for some p,n > 0. Let p, q, a, b, € be positive real numbers satisfying

(i) q is a priori given positive real number;
) O0<ec<l;
(i) a+b=p/2q;
(iv) either0 < e < M and1 < p <1+ zﬂ (then we choose 0 < n < ”2—;1), or
O<p<land Zaq — € > 0 (then we chooseO <n< (Zaq €)).

If u is a positive solunon of Eq. 1.2, F(xo, ty) > 0 for some point (xg, to) € M x [0, T],

where
VW
W2

p W

'
p
then at the point (xg, to) we have

1 (2 2 2p (2
Or > 7(ﬂ_e>ﬂp2+7p(ﬂ_6)<1+q_§>F|VInW|2

“ 2\ p q? ng> \ p
2 (2 14+qg—p/2\> 1
+ { (ﬂ - e) (L’)/> ) <1 - >:||Vln wit— LisP2 3.1
n\ p q € bp
41+ q)

2
+ S(VE,VInW)+ ——L§(VInW, VIn W)
q p

4,
+2(Ric—S)(VInW,VInW) — ﬁ(g,vmw}.
P
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4 Gradient Estimates and Some Relative Results

In this section, we will use previous lemmas to get the gradient estimates for the positive
solution of the Eq. 1.2 under the geometric flow.

Theorem 4.1 Suppose that (M, g(t))c[0.1] is a solution to the geometric flow (1.1) on M
with —K18(t) < Sg(r) < K28(t), —K38(t) < Ricgy—Sg(r) < K38(t), and |S,(;)ler) = K4
for some K1, K>, K3, K4 > 0on Bag, T, with K := max{K,, K»}. Let h(x, t) be a function
defined on M x [0, T] which is ClinxandClint, satisfying A¢h > —0 and |Vih|, <y
on Byr 1 x [0, T] for some nonnegative constants 0 and y. If u(x, t) is a positive smooth
solution Eq. 1.2 on M x [0, T, then

(i) for0 < p < 1,we have

2
Vel +hup—1_lﬂ _ G N n—=p), N n[3Ky + 2(K3 + K4)pl
2 p? e 2p2(1 = p)

p pu ~ p
+ + K+ ——— ) @1
R? R p—p) "

C ( 1 VK ¥K;
32
n Jn/K n K
+ (;) VoM, + Ii LyMo+ =,/ 52

u

+7
2
p2V 2n’

where Cy is a positive constant depending only on n and

M; = max h_, M, := max u”_l, h_ :=max(—*h, 0).
Bar.T Bor,1T

(ii)  for p > 1,we have

|V, (t)“|2 h 1u kK2C nk(p — 1 3n
—e g(’)+; P‘l—;%s p2t2+ ([’)’2 )M4M5+k_pM3M4
KC (1 JKi+K; — k%n
+ 22(7+ LI K+ )(4%
p R R pk — p)
2k3n K2 /n
+—— [Kl + E(K3 + K4)] + ny My
(k—pp k P

kn\>"? Kn [— K
+ (—) oMy +— (K +,/ 52 ).
)4 p 2n

where k > p, C» is a positive constant depending only on n and

Mz = max h_, My := max u?~!, Ms := max h.
Bar.1 Bor,T Bar,T

Proof The proof is along the outline in [1, 4, 5] and is identically as it in [6]. For complete-
ness, we give a proof here. Firstly, we introduce a cut-off function (see [1, 3, 5-7, 10]) on
By 1 = {(x,t) € M x [0, T] : distg(;)(x, xo) < p}, where distg(;)(x, xo) stands for the
distance between x and xo with respect to the metric g(¢), which satisfies a basic analytical
result stated in the following lemma.

Lemma 4.2 Given t € (0, T],there exists a smooth function ¥ : [0, 00) x [0,T] — R
satisfying the following requirements:
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(1) The support of W(r, t) is a subset of [0, p] x [0, T1, 0 < W(r, 1) < 1in [0, p]1 %[0, T,
and W(r,t) = 1 holds in [0, £] x [z, T].

(2) W is decreasing as a radial function in the spatial variables.

(3)  The estimate |9, V| < %Wl/z is satisfied on [0, 0o) x [0, T'] for some C > 0.

(4)  The inequalities —%F‘ < 0,W < 0and |02V| < %ﬁ‘" hold on [0, 00) x [0, T]
for every o € (0, 1) with some constant C,, dependent on «.

Proof See [1]. O

For the fixed 7 € (0, T'], choose the above cut-off function W. Define ¥ : M x [0, T] —
R by setting
W (x, 1) := W (distg() (x, x0), )

with p := 2R in Lemma 4.2. Consider the function ¢ (x, t) = ¢ F (x, t). Using the argument
of Calabi [2], we may assume that the function G(x,t) := ¢(x, )W (x, t) with support
in Bag 7 is smooth. Let (xo, #p) be the point where G achieves its maximum in the set
{Ge,t) : 0 <t <1, di(x,x9) < p}. Without loss of generality, assuming G (xg, 7o) > 0,
we have

VG =0, 46G>0, AG<0

at (xo, o). Now apply Lemma 4.2 and the Laplacian comparison theorem (observe that the
hypothesis implies that —(K| + K3)g(#) < Ricg() < (K2 + K3)g(t)), we have

Ve _ Cip
v - p2 ’
Cl/ijl/z C1/2‘IJ1/2
Mz == =SB = DYE Ky coth(/KT + Kap)
d d\wl/2
= _7]2 - ! vV Kl + K35
p P
cwl/2 _
-0 > — —C1/2K\-IJI/2

where Cy 2, C and d are positive constants depending only on . It is easy to show that
0>0G = W +2(Vep, V¥) + Wp 4.3)

at (xp, tp). Setting p € (0, 1) and k = 1 in Lemma 3.1, we obtain from Oy = tJF — ¢/t
that

2p? 4 1 — 20t 1-p
Oy > pz(ﬂ_6>¢2+l(ﬂ_é)(y»ﬂlvmmz—q—wq”
ntq= \ p n \p q p

1 l4+g-p)\? 1 K2
o | (_ ) (=P (=) [ivmwp = 222 4
n\p q € 2bp

_2(1 +q)K it +2pKst

2 =
IVIn WP+ Z(Ve, VIn W) + (1 — p)hW 7 ¢
q

1 241
—ogytw e VI W — L g vinw) — %
p
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According to Holder’s inequality,

-]

Lp 1 Kt 2,2 -
2qytW ‘Ip|Van| < %|VIHW|2+%I/‘WZ
p I+9)Ky

< ‘

42K4t
2p?

2qt )
—K4|VInW| < 2K4t|VInW|* +
p

we have

22 4 1 — 20t 1-p
Op > pz(%“*>w+”£<%df>(jjfﬂ>wvmWF—i—Wq”
p n\p q p
1 l+q—p\° 1 K2
v |~ () (=P (=2 [ ivimwpt = 242,
n\p q € 2bp
314 q)Kit +2p(K3 + Ka)t 2
30 +g)Kit +2p(Ks3 4 Ky) |V1nW|2+—(V<p,V1nW)—%
P q

1—p 2,,2 1— 2K
+ (U —phw T - Iyt L5
(I+g)Ky 2p

Using Holder’s inequality again we have

3(1 Kit+2p(K Kyt
(I+q)K1t +2p(K3 + Kyq) IV In W2

p
- n[3(1 + @K1 +2p(Ks + Ka)1*t ( q )2 (4.5)
8p(agq — pe) I—p

1 1-p\*
¥ - (ﬂ - e) (—p) 24V InW|*.
n\p q
Substituting (4.5) into (4.4) yields
2p2 aq 2 1 5
Op 2 20 (U )2 2 @IV InW|
ntq P
1 2-2 K?
yor| - (44— p+q =) ivmwp =212,
n\p 2bp

331 K14 2p(K3 + Kq)pl*t
_ n[3( +q)Ky +2p(K3 + K4) p]°t Vga,Van)—f
8plag — pe) 1 t
2 2
1-p p Ot  1-p K
+ (1= phW flpw—% 2 _ 0y ql 1 24t.
I+ )k, p 2p

Take € € (0, 1/4) and choose ¢ so that 1/¢g > n(1 — €)/2€*(1 — p). For such a pair
(p, q), we may choose a positive real number a such that ag/p > 2¢ and then the condition
a + b = p/q holds for some b > 0 (because in this case 0 < ag/p < 1). Under the above

assumption, we have (as in [6])
1 2-2 1
()
n\p q €
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and hence

2p? 4 14q—
Op = 2 <ﬂ—e)<p2+—p<ﬂ—e> <7+q2 p>¢|V1nW|2
nig? \ p n \p q

_ngK?, n[3<1+q)K1+2p(K3+K4)p]2r( q )Z_q) K, o)

1— t 2p?

2bp 8plaq — pe)

pa’y? ptr g0t e 2 Lp

Plugging (4.6) into (4.3) and using the estimate for JW, we arrive at, where p := 2R,

2
0> 00w — §|V\y|2+\m¢
1 JKi¥Ks 1| -\ 2d
zwd1<——2—#—f—l<)——;<p+wm<p
o P T o
2p? 4 1 —
. pz(ﬂ_e)wu—p(ﬂ—e)(;"z p)w\wmmz
ntq p n p q
_n[3(1+q>K1+2<K3+K4)p]2r( q )2_ oMy pM3Y? 1\
8plag — pe) l1-p p (1+9)K
ngK? v 1 JVKi+Ks 1 -
— (U= MM — M=y P2 gy (- Y ELT T %
2bp t P T

](4612 2
1V — = (VW, Vin W),
2p q

where dy, dp are positive constants depending only on n, and

Mi:= sup h_, M := sup uP~\.

Bar,T Bar,T

Multiplying the above inequality by W on both sides, we get, where G = W

2p? 4 1 _
> 2P (M N2 2P (9 ) (L TP Gy v wp
ntq* \ p n\p q*
_n[3(1+q>K1+2<K3+K4)p]2r( q )2_ oMy | PM3Y? 2o
8plag — pe) l1—p p  (d+9kK )

K G 1 JVKi+K 1 - 2
4 ( . 1+ 23 K)—f(V\I/,Van)G

t— 2 4Gy (- - YL D
2p \p q

—(1 = p)M MG —

Using Holder’s inequality

2 4 1 _
ZVe, vinw)G < £ (ﬂ —e> <y> G|V In W
q n\p q

o) ¢

|w|2
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the inequality (4.7) gives us the estimate (because ¢t < 7)
2 2
0= (ﬂ - e> G2 — (1 — p)M;MsGi — dsG
ng* \ p
1
1 VK K — 2
—t| >+ S - 4 dsG (4.8)
T R )
n P q?
2["[3(1 + @K1 +2(K3 + K4)pP? ( q )2 P e
8plag — pe) l-p
2 2
q°p 2, N4 —  Kug
— T (May)* + ——K* + )
gk M 5 ]
for some positive constant d3 depending only on n. The following inequality
2 b c
aG*—bG —c<0 (@, b,c>0)=—=>G<—-—+,/—,
a a
implies
1
d3 + (1 — p)yM Mot +ld3<% + K1+K +K+ ﬁ)
. ()
- L (i )
q> \ p
n[3(14+q)K; +2(K3+K4) p1? (L) 2Mzé? 7> p(Mry)? + ngK? + Kuq?
8plag—pe) 1 (1+9) K 2bp 2p?
+t
L aq _
ng* \ p E)
Recall the conditions on p, ¢, €, a, b that
1 1 n(l —e) )4 p
O<p<l, O<e<—-, —>———"— a+b==—, a>2—.
4" q 7 231 —-p) q q
Choose p, €, g as above and
1 1
a=(-+2¢)2, b={(-—2¢) 2. 4.9)
2 q 2 q

The additional condition (4.9), plugging into the inequality for G, yields

mg? %+ (= pMIMy +ds (L + S LK o)

G <
- P2(1 4 2¢)
4 nB3U+q) K +2(Ks+Ko)p2 | M
4|4 4(1+26)p2(1-p)? Z
2(1 4+ 2 p(May) nk? Ky
PrAT20 \ +G8 + i * 3

at (xo, tg). Since

Vul? h 1
6=t (I s L)
u p pu
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and g < 2¢2(1 — p)/n(1 — e€), it follows that, by letting € — 0,

|VL;|2+BMIH_1&§L;+( p)MM
u p pu — pit p?
+ il (L K+ K Ty QURN— )
2\ R? R 2p(1—p)
2
N " [3(l+q)111(41r2(!7[§§+K4)7p] + ]:TGMZ
Py MR

on Bg ;, for some positive constant ds depending only on n. Because v € (0, T] was
arbitrary, we arrive at

Vul> h 1 d 1- 3K +2(K3 + K.
| 1L21|t +7up_1_7ﬁ_7; n( 21!7)Mle+n[ 1+2( 3+ K4)p]
u p pu pet p 2p=(1 — p)
di {1 JEKi+K
ca(l R e,
2 \R? R 2p(1 = p)

32 %
+<%> Jom +\/>yM2+ K+— ==

2n’

on Br 7. Arranging terms yields (4.1).
When p > 1,applying Lemma 3.1, we have

2p®  [ak 4p (ak k+kg—
Op > %(—q—e><p2+—p<—q—e> (#)wvmwﬂ
ntk*q P n p k*q

1
kg6t 1-p 1 [ak k+kg—p\> 1
_ qu+2t|:<aq—e) <M> +<1—>i||Van|4
p n\ p kq €

kngK?
2bp

—2qkth 7 IVIn W]+ (1 - p) —k)thW S|V Inw?
 2k(1+g) K11 +2p(K3 + Ka)t 2 Kq*Kat

|V 1n W| :
p 2p?

2 1-p
t+ (Vo VInW) + (1 — p)hW 7 ¢
q

where € € (0, 1] and p, g, k, a, b are positive real numbers such that a + b = p/kq and
k > 1. Define

Mz = max h_, My := max uP~', Ms := max h,
Bar.1 Bar,1 Bor.1

and

1 1 (ak k4 kg — p\? 1
Mg := minmin — {2 | — ﬂ—e Xtka—p +(1—- y2
920 y=0 ¢ n\ p kq €

(1 + @)K +2p(K; + Ka) ,
— (p— Dk — )M3Myy — 1 ‘p D T oy — 2gkMayy? |.
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Observe that Mg < 0. Therefore, we arrive at the following inequality

2p*  [akq ,  4p (akq k+kqg—p PR
> 0 (21 PEL ) (Ll ) pivmw)r -2
- ntk2q2< P E)w T\ kq? VI W=

kq>ot 2 5
- My + g(V% VInW) — (p — DMsMsp + Meq“t

B k2q2K4t B kanzt
2p? 2bp

As before, using 0 = VG = WVg + VW at (xg, f9), we arrive at, where p := 2R,

V|2
0> W -2 + Wle
1 JVKi+Ks 1 -\ 2
zwdl(——z—g—f—lﬁ—%wﬁmw
o o T o
2p%  (akg 5 4p (akq k+kqg—p 2
> = ([ —¢)w (== - — 1 T ) o¥|VInW
_ntk2q2<p E) AR U k2q? peIvIn Wi
kg2 My

2
+ Meq? Wt — =(VW, VIn W)g — Wi — (p— DMyMsWg
q

2p? 2bp

Yo ( 1 JKi+K; 1 E) (k2q2K4 kanQ)\pt

for some positive constants d, d>. Multiplying the above inequality by W on both sides, we

get, where G = ¢V,

2p? k 4 k k+k
ozi<ﬂ >G2+p(aq ) +q p)G\IJ|Van|2

ntk?q2 \_ p
kq261 k2 2K kngK*? G
+ Meq?t — 9 My — (p— YMyMsG — LR )T (400
2bp t
1 Kitks 1| —\ 2
+ Gd» _7_@_,_[( — —(VW¥, VIn W)G.
p? o T q

Using Holder’s inequality, where we choose akqg > ep and k + kg > p,

2 k k+kq —

2vu. vinw)G < Y2 (9K _ )\ (FER =P Gy v mwp

q n\ p k2g?
1 2
. VY|

2
+ 4p <akq _ >(k+kq p) /) ’
n
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the inequality (4.10) gives the following estimate

2p2 akq 2
> — —€ )G — (p — Y)MsM5Gt — d3G
nk?q? \_ p

1
1 JVKi+Ks — s
1|5+ =K+

7+
e (o) (M)
kngK?* k*q%Ks  kq?
_t2< ngK®  Kq'Ks | kg

+ ——M4b — Meq?
2bp 2p? p

&G (@11

that is similar to Eq. 4.8 at (xg, #p), where d3 is a positive constant. Hence

1
ds + (p — )MyMst + tds ( + LR LR (W)Z(MM))

242
2 (akg
nk2q2 P
kngK? k2q2K. kq?
;T + % + LM49 — M6q2
2w (akg
nk2q? \ p

at (xo, fo). Finally, we obtain

G <

+1

tnk%q? [d3 1 JVKi+ K — k*n
G < +( —1)M4M5+d3(—+7‘+1<+—>}
P’ b p? o 2p(k +kq — p)
— 1/2
o nk? [ k*nk? N k2K4 N kM Y /
q 5 40 — Mg
p? \ p2(1 —2¢)

by taking a = (e + %)5, b= (- e)ﬁ with € € (0,1/2) and k > p. As before, we
conclude that

Vul? h lu kK2dy  nk*(p—1
| 2| LSRRI 24Jr (p2 )M4M5
u p pt pt P
+k2d4 <L+«/K1+K3+?+ kn )
p? \R? R 2p(k — p)

k2n p?  pé K4
M My + K2+ —
+ p2\/ 6 T Mat K24

on Bg, :, for some positive constant ds depending only on n. Because v € (0, T] was
arbitrary, we arrive at

Vul? h lu K2dy  nk*(p—1 k*n K

| 2| 7up_1_77t < 24+ (P2 )M4M5+—2 K+ Kq

u p pt p-t P p 2n
N k2dy s N VK ¥ K3 R4 kn

p? \R? R 2pk — p)

k/n kn\*?
* pr‘M”(p) oM
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on Bg ;. In the following we shall show that —Mg > 0 is bounded from above by some
constant. For any ¢, y > 0 we have

1 k—p\* 1
q2M62|: (1—1—71)) —i—2(1—>:|y2—Ay—By1/2
n kq €

2k(14+g)K1 +2p(K3 + K4)

» ;

Since Ay < n1y% + A%/4n; and By'/? < noy + B?/4n, for any 1, 2 > 0, it follows that
(as in [6]), where we choose 11 = [(k — p)/kq]2/2n,

Mg < nk? 772 n nk?

T 2k—p2 7 20— p)?

L 2K+ @)Ky +2p(Ks + K4)T N kM2 y?

p Up)

holds for any ¢ > 0. Because the right-hand side of Eq. 4.12 as a function of ¢ is increasing,
letting ¢ — 0 yields

where

A={p—-Dk—-1DM:Ms+

B :=2qkMyy.

[(p — Dk = )M3M,

(4.12)

nk? 2 kzszf
- M6 S 2 k _ 2” +
(k—p) n

nk? 2kK| :
+o———= | (p— Dk —DM3Ms+ —— +2(K3 + K4) (4.13)
2(k = p) P
where n > 0. Using Eq. 4.13, we prove (4.2). O

As an immediate consequence of the above theorem we have

Theorem 4.3 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on M.
Let h(x, t) be a function defined on M x [0, T] which is ClinxandClint.

(i) For 0 < p < 1, assume that h > 0, |V;h|; <y, Ath > 0 along the geometric flow
with —K18(1) < Sg1) < K28(1), —K38(t) < Ricg(y —Sgr) < K38(1), 1S,(le) = Kafor
some positive constants y, K1, K2, K3, K4 with K = max{K1, K3}, along the geometric
flow. If u is a smooth positive function satisfying the nonlinear parabolic (1.2), then

|Veyul? h 1u c c Ci— 2K
w_l_fup—l_fii%_;’_%%_%l(_'_zil
u p pu pt  p(I—=p) p p=(1 —p)
n/K n |K n(Ks + K.

SRGILSP) VAN SIS R R Y
p p=V 2n p(l—p)

for some positive constant Cy depending only on n, where M := maxpyx[0,7] uP~l,

(ii) For p = 1, assume that —K1g(t) < Sgr) =< Kzg(t), —K3g(t) =< Ricgqr) —
Sey < K3g(), |§g(r)|g(f) < Ky for some positive constants K1, K>, K3, K4 with K :=
max{Ky, K2}, h > 0, Agyh > —0 (0 is nonnegative), and |Vgyhlgry < v (v is nonneg-
ative), along the geometric flow. If u is a smooth positive function satisfying the nonlinear
parabolic (1.2), then

Vewul w _C -
O -2 <20 (14 K+ Ko+ K+ K+ K +y +40) (@15)
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for some positive constant Cy depending only on n.

(iii) For p > l,assume that —Kg(t) < Sgu) < Kzg(t), —K3g(t) =< Ricgq) —
Sey < K3g(), |§g(r)|g(t) < Ky for some positive constants y, K1, K2, K3, K4 with
K := max{Ki, K2}. Agiyh > =0, |Vewyhlgry < v, and —ki < h < ky, where
0,v,ki,ka > 0, along the geometric flow. If u is a bounded smooth positive function
satisfying the nonlinear parabolic (1.2), then

VeoulZy  h 1 KNG (k) & AN e
MJrfuP—l—fﬂs(—) —3+(7> C3+<*) C3<K+
u p pu p;, p) k=p P

k Ky
+ —— (K1 + K3+ K4) +/ 5~
k—p 2n

2 3

k k°n

+{—) n(p— DkaM + kM (4.16)
p k—p

k> /n kn\>/?

+ fyM + <—> VOM,

P P
for some positive constant C3 depending only on n, where M := maxy 0.7 u”~" and

k > p. In particular, taking k = 2p, we get

2
Ve ulowy b por_ Lus

Cy _
3 - §T+C5(1+K1+K2+K3+K4+K)

u
+ Cap? [k + k)M +y M + VoM, @17)
for some positive constant Cy4 depending only on n.

In Lemma 3.2, we required that

|Veyh|2
Agiyh + hy — B% >0
n

for some positive constant p, 1. In the following proof, we shall see that when 0 < p <

2%1’ we need only to assume that
IVewhl;
Agoy +hi =20, pp—— 0 2 0
where
| no p=1,
C"YP—{;’_], p> 1.

Theorem 4.4 Suppose that (M, g(t))sc[0,7] is a solution to the geometric flow (1.1) on
M, satisfying —K1g(t) = Sgiy = Kag(t), —K3g(t) = Ricgr) — Sey = K38(1),
|Vt§g(t)|g(t) < Kjy,for some K1, K7, K3, K4 > 0, with K := max{K, K»}. Let h(x, t) be
a nonnegative function defined on M x [0, T1 which is C2 in x and CL in t, Agiyh + hy —
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Vo h|?
2Cn,pp% >0o0n M x [0, T] (where C,,, = % ifp>1landC,,=nifp <1)

and( < p < szl (n > 3). If u is a positive solution of Eq. 1.2, then

|Veyul? h 2 C Sni_ 8 2
M'F*Mﬂil—*&fizﬁ‘%](ﬁ‘% 7’1](1
u p pu pt p e\ p2—p)

4n 1
+ ——— (K1 + K3+ Kg) + —v/8nKs, (4.18)
p(2—p) p

for some positive constant C depending only on n.

Proof As in the proof of Theorem 4.1, we have

1 (2a 2 2p (2a
Oy > —(—q—e) %¢2+%<J—e> (1+q—£)§0|VIHW|2
q ng> \ p 2

1/2 14+qg—p/2\° 1 r
o [ (ﬂ_e) (M) +<1_>} Tnw_ ¢
n\p q € bp t

2 401 Ki+2(Ks+ K 2q2Kat
4 2 (Vo Vinw) — (I+q)K1 +2(K3 + 4)pt|Van|2— q 24’
q P P

where ¢ = t F, from Lemma 3.2. Using Holder’s inequality

41+ q)Ky + 2K 1/2 1-p/2)?
AH DK+ 2K G wp < f(ﬂ—e> (7”/) 241V In W
p n p q

2nt[(1 4+ @) K1 + 3(K3 + K4)p]? < q )2

p(2aq — pe) 1—p/2
we see that
1 /2 2 2p (2
Op = 5 (Z2—e) B2+ L (2L —e) (149 - L) pivmwp
2nt \ p q* ng?> \ p 2
_ngK% 2l + K1 + 2K + Ka)pP < q )2
bp p(2aq — pe) 1—p/2
2 2g2Kat
+ (Vo Vinw) - L2 ¢
q p !

Writing G := ¢W and using G = ¢ — 2¢|VW|?/W + Wy, as before, we arrive at

2
2 2p (2 1 —p/2
0> P (ﬂ_e)cz+£(ﬂ_e>(Lﬂ)wvmmz
q

~ 2ntg? \ p n \ p
2nt[(1+ q)K1 + 3(K3 + K4) p)? ( q )2 anzt G @19
pQag — pe) 1—p/2 bp t '
2 1 JKi+K j 2g%K
— Z(VW, VIn W)G + Gd, <_7_$_,_ >_ 4 —
q L P T p
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for some positive constant d; depending only on n. Plugging the inequality

2 2 (2 l4q—p)2
Zvw, vinw)G < £ (ﬂ —e) (sz/> GWU|VIn W[
q n\ p q

|V
G

1
9
2p (J _ )(Hq p/2> v
n P
into Eq. 4.19 yields

2
2
0> 2 (ﬂ—e)Gz—dzc

2ng* \ p
1 JKi+ K —
—z[—2+$+1<+ . ]de
P P 2(2aq — pe)(1 +q — p/2)
o [ 20000+ @K1 + (K5 + Ko pT? ( q )2 "2 24°Ks
pQag — pe) 1—p/2 bp p?

for some positive constant d, depending only on n. Hence

K1 +K
d+1 (& + LS

N n
+K+ 2(2aque>(1+qu/2>)

G <
- P’ (2aq _ .
2ng? P
W+ K1+ (K3 +K)pP [ ¢ \? = 2421<4
i p(2aq2—p6) (l—p/Z) + K +

2
p° (2aq _
2ng? ( P 6)

The above calculation is based on the assumption that

V,h
A+ Ry — PV
n

for some positive constant , p > 0. We now choose appropriate constants, together with
the our assumption that

>0

Vil _

Ath + h[ - 2Cn,,,p

to verify this assumption in Lemma 3.2. Recall the conditions on p, ¢, €, a, b. First we
consider the case,

P 2aq
q>0, 0<e<l, a+b=—, 0<p=<l1l, O0O<e<—. (4.20)
2q P
Choose
P, Py : 421)
= =, =\ =z -, <€ < —. .
“=\*72) 2 27 )2 )

Then we can choose n = %(Za—"

dng?t | d 1 K+ K3 —
< 4nq [+( Mlu“")}

Pt \p? P p(l+q-5%)

—€) = i so that p/n = 2np > 2p, and furthermore

, [0+ K + 3(K3 + Ka)pl? | Ky

dngt 1 el n
2 _ 2 e
p 1 —2e (1-2) 2n
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Letting ¢ — 0 and R — oo implies

2 2
p° (|Vu| hp_1 2 u; d — n
@( P Y ()
u p p p(l+q-5%)
e, W+ @K +5(Ks+ KopP | Ky

2
(1-%) 2n
Now we minimize the above inequality for any g > 0 by the following observation

2 2 P

Vu h 2u d _ n l+¢g—-2
p—(' 2' +—u"‘———t><—2+21<+ > 2K,
4n u p pt t p(l—}—q—f) 1-5

p Ky
+ 5 (K1 + K3+ K4) +/ —.
2—p 2n

Hence
2 2
v h 2 b
%<| L;I +7M,H_7ﬂ> <2 12K +2 %Kl
p K4
+ (K1 + K3+ Ka) +/
2_p 2n
d _ 2
=210k +2 |k
t p(2—p)
p K4
+— K1+ K3+ Ka)+,/ —.
2_17 2n

Next we consider the second case; that is,

< 2aqg —n(p — 1)

P 2aq
q>0 0<e<l, a+b=2—, l<p<l4+—, O<e . (4.22)
q n

We have proved that | < p < .25 <2and 1 +¢ — g > 0 in this case. Choose

1 1 1 2
a=|€e+ = ﬁ, b=\|-—¢ ﬁ, O<e<=, Il<p< " (4.23)
2/ 2q 2 2q 2 2n —1
and n = ”2—;1 € (0, ﬁ] so that p/n = 2p p’il > 2p. This choice of positive constants
a, b, p, q, € satisfies the mentioned condition (4.22). Then we obtain the same inequality

4ng?t | d 1 JVKI+K3 — n
e e B e Ty Y
p t o P p(l1+q-1%)
4ng’t 1 —,  [0+9Ki + 5K+ K))pl® | Ky
2 122 2 o
N (1-%) o

Letting ¢ — 0 and R — 00, and minimizing over all ¢ > 0, we obtain

2 2
\% h 2 d — 2
i(' l;' +fupfl_fﬂ)§72+2[(+2 7’1[(1
4n u P pt t p2—p)
Ky

+ LK K K+ 2
2—p 2n
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In both cases, we proved Theorem 4.4. O

Corollary 4.5 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on M,

satisfying 0 < Sgr) < K2g(t), —K3 =< Ricgry — Sgiry < K3g(2), |Vg(t)§g(t)|g(l) < Ky,

for some positive constants K>, K3, K4. Let h(x, t) be a nonnegative function defined on
Vo h|?

M x [0, T]whichis C* inx and C" int, Agryh +hy —2c,,,pp% >0onMx[0,T]

(where Cy, ,, = % ifp>landCyp=nifp<1),and0 < p < Ziﬁl (n>3).Ifuisa

positive solution Eq. 1.2, then

IVewul2, h 2u,  C 8
M+fup—l_fi<7+7[(2+

1
3 = (K3+K4)+7\/ 8nKy (4.24)
p pt pt p p

4n
p2—p)

for some positive constant C depending only on n.

u

Under the hypotheses of Theorem 4.4, we let f := Inu. Then

RIS L LY R S
p pt p =\ p2—p)

(K4 Ks 4 Ke) + = 8nKs 4.25)
p2—p) p?

on M x [0, T]. For any two points (x1, #1), (x2,t) € M x [0, T] with t; < 1, as [1], we

let ®(xy, 11, x2, t2) the set of all the smooth paths y : [t1, 2] — M that connect x| to x3.

Using the same argument in the proof of Lemma 2.10 in [1] and the inequality (4.25), for

any y € O(xy, t1, x2, to) we have

d B
Zf(y(t),t) Vifly@, Dy @) + —fy(),s)
t as

s=t

C
VGO0l Ol + 2 (Ith(y(t), ne— S _ A)

p2t
1 . » p(C
——\ly®r—=—+A),
2ply()l, 2<p21+ )

8n— 8n 2n 4n 1
A=—K+— Ky + (K1 + K3+ K4) + — v 8nKj.
p p\ p2—p) p(2—p) p

Therefore, we arrive at

%

v

15 d
fx2, 1) = fxi,t1) :/ Ef(y(t),t)dt
n

v

1 n 5 PA C t
- ()5 dt — —(tr — 1)) — — In =,
2p/t1 [y ( )|g(,) ) (t 1) 2p nfl

Corollary 4.6 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on
M, satisfying —K18(t) < Sgay = Kzg(r), —K3g(t) = Ricgy — Sey = K38(1),
|Vg(t)§g(x)|g(t) < Ky, for some K, Ky, K3, K4 > 0, with K = max{Kl, Kz}. Let
h(x,t) be a nonnegative function defined on M x [0, T] which is Clinxand Clint,
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2
Agirh + hy — 2Cy »p 250 S 0 o M x [0, T] (where Cy p = L= if p > 1 and
g() t n,pP 13 st s n,p p—1 p

Chp=nifp=<1),and0 < p =< 23f1 (n > 3). If u is a positive solution of Eq. 1.2, then

—C/p t
,t t 1 . 2.
M > (3) exp |: - — min / |y(t)|§(l)dt —2n(t, — t1)
u(xy, 1) f 2p ye®@rtxn) Jyy

11— 2 2n 1
<K+p +5 p(K1+K3+K4)+ \/ZnK4>]

K 1
p p(2—p) - p
(4.26)

for some positive constant C depending only on n, where (x1,1t1), (x2,12) € M x [0, T]
with t] < tp.

When K| = 0, we have the following

Corollary 4.7 Suppose that (M, g(t)):c[0,T] is a solution to the geometric flow (1.1) on M,
satisfying 0 < Sgr) < Kag(t), —K38(t) < Ricgry — Sgr) = K38(1), Ve Sy()le) = K4,
for some Ky, K3, K4 > 0. Let h(x,t) be a nonnegative function defined on M x [0, T]
Vonyhl?
which is C% in x and Cl in 1, Agiyh + hy — 2Cn,pp% > 0on M x [0, T] (where
Cpp= % ifp>1andC,p,=nifp<1),and0 < p < 23: (n > 3). If u is a positive
solution Eq. 1.2, then
—C/p t

u(xy, 1) 153 1 . 2.

=2 (7) exp|:— — min / |y(t)|§,(,)dt

u(xy, 1) 1 2p ye®(x1,t,x2,12) f
K Ki+ K V2nK
—h@—m<i+ 2Ty 4)
p 2-p p

for some positive constant C depending only on n, where (x1,1t1), (x2,r) € M x [0, T]
with t; < b.
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