Y
Potential Anal (2019) 50:171-195 @ CrossMark
https://doi.org/10.1007/s11118-017-9678-y

Weighted Composition Operators Between Different
Fock Spaces

Pham Trong Tien! - Le Hai Khoi?

Received: 2 June 2017 / Accepted: 29 December 2017 / Published online: 22 January 2018
© Springer Science+Business Media B.V., part of Springer Nature 2018

Abstract We study weighted composition operators acting between Fock spaces. The
following results are obtained:

(i)  Criteria for the boundedness and compactness.
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1 Introduction

Let X be a space of holomorphic functions on a domain G in C. For a holomorphic self-
map ¢ of G and a holomorphic function ¥ on G, the weighted composition operator Wy
is defined by Wy o (f) := ¥ (f o ¢) for f € X. When the function ¥ is identically 1, the
operator Wy , reduces to the composition operator C,. A main problem in the investigation
of such operators is to relate function theoretic properties of ¢ and ¢ to operator theoretic
properties of Cy, and Wy .

The study of composition operators on various Banach spaces of holomorphic functions
on the unit disk or the unit ball, such as Hardy and Bergman spaces, the space H> of all
bounded holomorphic functions, the disk algebra and weighted Banach spaces with sup-
norm, etc. received a special attention of many authors during the past several decades (see
[9, 24] and references therein for more information). Weighted composition operators on
these spaces appeared in some works (see, for instance, [6-8, 12]) with different appli-
cations. There is a great number of topics on operators of such a type: boundedness and
compactness [5, 10], compact differences [22], topological structure [3, 16, 18, 19], dynam-
ical and ergodic properties [1, 2, 27]. On many spaces, these topics are difficult and not yet
solved completely.

Recently, much progress was made in the study of composition operators and weighted
composition operators on Fock spaces. One of the main differences between operators C,,
and Wy, , on Fock spaces and those on the above-mentioned spaces of holomorphic func-
tions on the unit disk or the unit ball is the lack of bounded holomorphic functions in the
Fock space setting. In fact, entire functions ¢ that induce bounded composition operators
C, and weighted composition operators Wy, ,, are quite restrictive, in details, they are only
affine functions. We refer the reader to [4, 11] for composition operators on the Hilbert
Fock space F2(C"), to [15, 20, 26] for weighted composition operators on the Hilbert Fock
space F2(C). It should be noted that in these papers the techniques of adjoint operators in
Hilbert spaces played an essential role.

The question to ask is: how about weighted composition operators acting between gen-
eral Fock spaces FP(C) and F9(C) (0 < p,q < o0). In this paper, we study several
important questions for the operator Wy, ,,: boundedness, compactness, essential norm, com-
pact differences and topological structure. Roughly speaking, our main result is to give
complete answers to all these questions by developing an essentially different approach
without adjoint operators.

The paper is organized as follows. Section 2 contains some preliminary results about
the Fock spaces and operators defined on them. Section 3 deals with topological prop-
erties of weighted composition operators. In details, criteria for the boundedness and
compactness of such operators are obtained. Note that in the case when Wy, , acts from
a larger Fock space into a smaller one, these properties are equivalent. In view of this,
we provide lower and upper estimates for essential norm of only weighted composi-
tion operators acting from F7(C) into F4(C) with p < g¢. In Section 4 we study
the topological structure of the space of all composition operators and the space of all
nonzero weighted composition operators between different Fock spaces endowed with
the operator norm topology. We give complete characterizations of connected path com-
ponents and isolated points in both these spaces. Necessary and sufficient conditions
for the compactness of the difference of two weighted composition operators are also
stated.
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Weighted Composition Operators Between Different Fock Spaces 173

2 Preliminaries

For a number p € (0, o), the Fock space FP?(C) is defined as follows

p H2 1/p
FPEC):=1f 0O fll, = (E/;U‘(Z)lp T dA(Z)) <oof¢,

where O(C) is the space of entire functions on C with the usual compact open topology
and d A is the Lebesgue measure on C. Furthermore, the space F°°(C) consists of all entire
functions f € O(C) for which

2

_
| flloo :==sup|f(z)le” 2 < oo.
zeC

It is well known that 77 (C) with p > 1 and F°°(C) are Banach spaces. When 0 < p <
1, FP(C) is a complete metric space with the distance d(f, g) := || f — g||Z.
For each w € C, we define the function

_ w2
ky(2) = ewzf%, zeC.

These functions play important roles in the study of Fock spaces JF7(C). Obviously,
lkwll, = 1 for every w € C and k,, converges to 0 in O(C) as |w| — oo.

We refer the reader to the monograph [28] for more details about Fock spaces. Hereby,
we give only some auxiliary results which will be needed in the sequel.

Lemma 2.1 Let p € (0,00) be given. For each function f € JFP(C), the following
assertions are valid:

()

1212 \2
lf@l<e 2 |Ifllp, ¥z €C.
(ii)
2% \2
'@ < +1zDe > [ flp, Vz € C.

Proof (i) was proved in [28, Corollary 2.8].
(ii). Let f € FP(C). For |z| < 1, by the classical Cauchy formula and the part (i),

1
@) < 2—/ IO ey < max 1)
s —z=l

—z]=1 ¢ _Z|2
12
=< ||f||p‘§1111a|§16 > < flp

On the other hand, for |z| > 1, arguing as above, we get

1 Lf I
If(Z)|<*/ ld¢l =1zl max [f(5)]
27 Jie—z=iz1 1€ —z2 lc—zl=|z|"!
(el+ls~ hH?
< lzle Ifll, <e l2le' T ”f”p
Combining these estimates yields the desired inequality. O

The following result was proved in [28, Theorem 2.10].
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174 P. T. Tien, L. H. Khoi

Lemma 2.2 For 0 < p < q < oo, FP(C) c F4(C), and the inclusion is proper and
continuous. Moreover,
1

1 fllg < (%) 1fllp. Vf € FP(C).

The following two lemmas give necessary and sufficient conditions for compactness of
an operator acting from one Fock space into another.

Lemma 2.3 Let p, g € (0, 00) and T be a linear continuous operator from O(C) into itself
and T : FP(C) — F1(C) be well-defined. The following two assertions are equivalent:

i T:FP(C)— Fi(C) is compact.
(ii)  For every bounded sequence (fy), in FP(C) converging to 0 in O(C), the sequence
(T f)n also converges to 0 in F4(C).

Proof (i) = (ii). Suppose that T : FP(C) — F9(C) is compact and there is a bounded
sequence (fy,), in F?(C) converging to 0 in O(C) such that (T f,,), does not converge to 0
in F4(C).

Without loss of generality, we assume that there is a number ¢ > 0 such that

ITfullyg = c, Vn eN. 2.1)

Since T : FP(C) — F4(C) is compact, there is a subsequence ( fy,, )x of (f,)» such that
T fu, converges to some function g in F4(C).

On the other hand, since T is continuous on O(C), then T'f,,, and hence T f,, converge
to 0in O(C).

Consequently, the function g must be identically zero which is a contradiction with
Eq. (2.1).

(ii) = (i). Let B be an arbitrary bounded subset of 77 (C) and ( f;,),, be a sequence in B.
By Lemma 2.1[(i)] and Montel’s theorem, B is relatively compact in O(C), and then there
exists a subsequence ( fy;, )k of (f,), converging to some function f in O(C). From this and
Fatou’s lemma, we have that f € F?(C).

Therefore, the sequence (f,, — f)k is bounded in F7(C) and converges to 0 in O(C).
By the hypothesis, T f;, also converges to 7f in F4(C).

Consequently, T B is relatively compact in F7(C). O

Note that the assumption that T is a linear continuous operator on O(C) plays an essen-
tial role in the proof of (i) = (ii). Now, for an arbitrary operator 7 : 77 (C) — F4(C) that
would be not defined on O(C), we get the following result.

Lemma 2.4 Let p,q € (1, 00). If the operator T : FP(C) — F4(C) is compact, then for
every sequence (Wy), in C with lim |w,| = oo, the sequence (Tky,), converges to 0 in
n—oo

F1(C).

Proof Since p € (1, 00), for every sequence (w,), in C with lim |w,| = oo, the sequence
n—o0

(kw, )n weakly converges to 0 in F7(C), and hence, (T'k,, ), converges to 0in F4(C). O

For entire functions ¥ and ¢ on C, the following quantities play an important role in the

present paper:
le@)2 =z

,z€C,

mz (Y, @) = Y (2)le
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Weighted Composition Operators Between Different Fock Spaces 175

and
m(yr, ) = supmz (¥, ¢).
eC

Z

3 Topological Properties
3.1 Boundedness and Compactness

In this subsection we study the boundedness and compactness for weighted composition
operators acting from a Fock space FP?(C) into an another one J4(C).
We obtain the following necessary condition.

Proposition 3.1 Let p,q € (0,00). If the weighted composition operator Wy ,
FP(C) — F41(C) is bounded, then v € F9(C) and m(¥, ) < oo. In this case,
0(z) =az+bwith|a| < 1and

mz (¥, @) < Wy ok llg < |Wyo| . ¥z € C. 3.1)

Proof Obviously, = Wy, ,(1) € F4(C).
For each w € C, using ||ky ||, = 1 and Lemma 2.1[(i)], we have
2

2|

_
||W1//,<p|| = ||W1//,</ka||q = |W¢,§0kw(1)|e 2
- w2 lz12
= [y ()| | F vz e

In particular, with w = ¢(z), the last inequality means that

m; (¥, ) < ||W1ﬁ,<pk<p(z)||q =< ||W1ﬂ,<p||v vz e C.
Then m(yr, ¢) < ||Wy ll. Hence, by [20, Proposition 2.1], ¢(z) = az+b with [a] < 1. [

In view of Proposition 3.1, throughout this paper we always assume that ¥ is a nonzero
function in F4(C) and ¢(z) = az + b with |a| < 1.
In the case a = 0, from Proposition 3.1 we get

Corollary 3.2 Let p,q € (0,00) and { be a nonzero function in F4(C). Ifa = 0, i.e,
¢(z) = b, then the operator Wy, ,, : FP(C) — F4(C) is compact and

18
Wy ol =e > 11¥ly-

Proof By Lemma 2.1[(i)], for each f € FP?(C),

2
[Wy.ofllg = 1DV < ele‘”w”q”f”p-

In particular, with f = k;, we have

12
Wy okillg = lkeBI¥ g = e 2 ¥ ligllkpllp-
Thus, the operator Wy, , : F7(C) — F4(C) is bounded and

182
Wy pll =e 2 1¥llg.

Moreover, Wy, , has rank 1, and hence, it is compact. O

@ Springer



176 P. T. Tien, L. H. Khoi

The case 0 < |a| < 1 is more complicated. At first, we consider weighted compo-
sition operators Wy, , acting from larger Fock spaces into smaller ones. In this case the
boundedness and compactness of Wy, ,, are equivalent (see, Theorem 3.3 below).

To show this we will use the Berezin type integral transform

q ol W2 g _alz®
By.pg(w) = o [E W[OS 1o~ 5 4 A) = Wy pkuld, w € C.

Since ¢(z) = az + b with 0 < |a| < 1, we define the following positive pull-back
measure [y, 4 4 on C with

12
proa )= [ i S aae
¢~ (E)
for every Borel subset E of C.

We recall, for the reader’s convenience, that for p,g € (0, co) a positive Borel mea-
sure p on C is called a (p, g)-Fock Carleson measure, if the embedding operator i :
FP(C) — L49(C,dp) is bounded, i.e. there exists a constant C > 0 such that for every
feFrQ,

([cmz)we—%du(z))“ < ClIfll,.

We will write ||| for the operator norm of i from F7(C) into L9(C, du) and refer the
reader to [17, Section 3] for more information about (p, g)-Fock Carleson measure.

Theorem 3.3 Let 0 < g < p < 00, ¥ a nonzero function in F4(C), and ¢(z) = az + b
with 0 < |a| < 1. The following assertions are equivalent:

(i) The operator Wy, , : FP(C) — F4(C) is bounded.
(ii) The operator V[:q'/j"p : FP(C) — F4(C) is compact.
(i) m, (¥, 9) € L71(C, dA).

In this case, for some positive constant C independent of Y and ¢,

_2
T lm (O e < AWyl < Clal P llm (b, @)l e -

q

2(p—q)
2

Cal

Proof (ii) = (i) is obvious.
(i) = (iii). Assume that the operator Wy, , : F?(C) — F49(C) is bounded. Then for
each f € FP(C),

1
’12’2 q
Wy olllfllp = Wy fllg = (%/@Ilﬁ(z)lqIf((ﬂ(z))lqe_%dA(z)>q

( ﬁc |f<z)|‘1du¢,¢,q(z>)" _ ( [E |f(z>|‘1e—%dw,¢,q(z>)",

2
where dLy 4 4(z) = e’5" d iy, p,q(2). The last inequality means that Ay , , is a (p, g)-Fock
Carleson measure. Then by [17, Theorem 3.3], we get

— 1212 e
Fwa@) = [ a@11e™F dirgg (@) € LF7(C.d0)
C
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Weighted Composition Operators Between Different Fock Spaces 177

Clearly, for all w € C,

—~— 212
)‘aw,(p,q(w) = /C|kw(z)|qei%d)”¢,(o,q(z):A|kw(z)|qdﬂw,w,q(z)
qlz?
= %[EW(Z)lq|kw(§0(2))|q€_%d1“(z) = By p.q(w).

Consequently, By 4 4(w) € L!’pfq (C,dA).
On the other hand, using Lemma 2.1[(i)], we have that, for all w, z € C,
Bypg) = Wy ghull§ = Wy pky @15
— @™ F 1ot
In particular, with w = ¢(z), we have
By 4.q(@(2)) = m (¢, )7, ¥z € C,

and hence

fc m(Y, )71 dAZ) < [E By .y (9(2) 7 TdA(z)
= |a|_2/ By.pg(w) 7T dA(w) < 0. (3.2)
C

Thus, m, (, ¢) € L4 (C, dA).
Moreover, by [17, Theorem 3.3], for some constant C; > 0,
Wy ol = 11Ay.pqll? = Clllkwwal L = CillByggll e
From this and Eq. (3.2) it follows that

P—q

Ime )l o =< (|a|—2 /C Bw,w,qmﬁdmx)) "

_1 —

_2p=9)
< C Mlal” Wyl (3.3)

(iii) = (ii). For each function f € F?(C), using Holder’s inequality, we obtain

Wy fllg

P_‘l

L [ matw o eire

T JC

q _rle@P? ¥ N
2—(/ (@) Pe ) (/ me (@) dA(z))

T C C

q 2w 5 " re
=< E(plap) ”f”% (/sz(lﬁ,(p)ﬂ—qu(Z)>

q 2w % q p
= E(map) 171 (I o)l )

The last inequality means that Wy, , : F7(C) — F4(C) is bounded and

IA

P 2w\
Wyl = (55) (plzlz)p e, @)1 g (G4)
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178 P. T. Tien, L. H. Khoi

Next, let (f;), be an arbitrary bounded sequence in 7 (C) converging to 0 in O(C). For
eachn e Nand R > 0,

212
Wy fullg = 2i / W@ fa@(@)e™ "3 dA(2)
T JC

alz?
- 2i (/ +/ )|1/f(z)|"Ifn(w(z))lqe_lT‘dA(z)
4 [z|<R |z|>R
Z(n,R)+ J(n, R).

Obviously,

2
Zn, R) = 5= max | fu(@()I? / W (@17 T dAR) < W11 max | £ (9@)]".
T |zI<R R |z]<R

lzl=
For [J (n, R), again using Holder’s inequality, we get

qlo(

212
2 dA(2)

To R = L f e, )1 fo(p()9e™
s |z|>R

r—q

q _rle@P? 5 b 7
P (/ | fulp@))|Pe™ 2 dA(Z)> </ mz (¥, ¢) "*"dA(Z)>
T |z|>R lz|>R

P—q

q(z’T>Z||f||q (/ ma (Y )%dAm) ’
27 \ plal? m Z=R ¢

pP—q

IA

P

M1 (/ mz(w,fp)%dA(z)> :
[z|>R

IA

where

q
q 27 \ 7
M1 .= su 9 < 0.
o (plalz) nP I fullp

Consequently, for every R > 0, letting n — oo, we obtain

limsup |Wy. o fulld < limsup (Z(n, R) + J (n, R))

n—o00 n—oo

< M1 (f m; (Y, (p)%dA(Z)>
|z|]>R

Since m (¢, ) € L7 (C,dA), letting R — oo, we conclude that Wy, ,, f,, converges to 0
in F4(C) asn — oc.
Consequently, by Lemma 2.3, the operator Wy, , : F7(C) — F4(C) is compact.
Moreover, the desired estimates for || Wy || follow from Egs. (3.3) and (3.4). O

P=q
P

For weighted composition operators Wy, , acting from smaller Fock spaces into larger
ones, we get the following result.

Theorem 3.4 Let 0 < p < g < 00 and ¥ be a nonzero function in F4(C) and ¢(z) =
az+bwith0 < |a] < 1.
(a) The operator Wy, , + FP(C) — F4(C) is bounded if and only if m(yr, ¢) < oc.

Moreover,
1

m, ¢) < |[Wyof < <p|qa|2)q m(y, ).
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Weighted Composition Operators Between Different Fock Spaces 179

(b) The operator Wy, o, : FP(C) — F9(C) is compact if and only if‘ llim m; (¥, ¢) = 0.
Z|—> 00

Proof For p = ¢, the results were proved in [14]. Hereby we sketch the proof in the case
p < g for the sake of the completeness.

(a) The necessity follows from Proposition 3.1. Now assume that m (¢, ¢) < oo. Then
using Lemma 2.2, we have that for every f € F7(C),

1
q1e(z 2 q
Wy flly < m@p, @) (% [E |f(p(0)]Te 5" dA(z))q

1 q
= m(, 9) 2||f||45m(w,<p)( 1 ) £l

a7 plal?

Consequently, Wy, , : F7(C) — F4(C) is bounded and

W, =
ol < (s

which and Eq. (3.1) imply the desired estimates for || Wy |l

(b) Necessary. Suppose that Wy, , : F7(C) — F4(C) is compact. For every sequence
(zn)n in C converging to co, we have that k() converges to 0 in O(C). Therefore, by
Eq. (3.1) and Lemma 2.3,

1

)q my, ¢),

mz, (¥, @) < Wy okp)llg = 0asn — oo.

From this, lim; oo m, (¥, @) = 0.

Sufficiency. By part (a), the operator Wy, , : F7(C) — F4(C) is bounded.

Let (f)n be an arbitrary bounded sequence in F?(C) converging to 0 in O(C). Then
for eachn € Nand R > 0, using Lemma 2.2, we have

qZ2
Wy fully = o= [C W @I fulp@)|7e 5 dA)

2
=i</ +/ )|¢(z>|q|fn(<p(z>)|qe—*q‘i‘ dA)
27 \Jzi<k  Jpz=R

5 max |fu(p ()" /

27 lel< lzl<

IA

212
W@ dAR)
R

2
+-L sup m. (v, )" / (e (@)e ' dA )
T |z|>R |z|>R

IA

q
111G max | fu(e DI + nla sup m: (¥, ¢)*

lal> |

gM? q
5 sup mz (¥, 9)?,
plal® z>r

IA

v max [fu(o @I +

where M := sup,, || fullp, < o0.

From this, letting n — oo, and then R — oo, we get that the sequence Wy, ,, f, converges
to 0 in F7(C).

Therefore, by Lemma 2.3, Wy, , is a compact operator from /7 (C) into F4(C). O

From Theorems 3.3 and 3.4 we can get a complete characterization for the boundedness
and compactness of composition operators Cy,.
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180 P. T. Tien, L. H. Khoi

Corollary 3.5 Let0 < p < g < oo.
(a) The operator Cy, : FP(C) — F4(C) is bounded if and only if

_[az+b. iflal <1,
() = { az, if lal = 1. (3.5)
(b) The operator C, : FP(C) — F4(C) is compact if and only if ¢(z) = az + b with

la| < 1.

Proof Clearly, m(1, ¢) < oo if and only if ¢ as in Eq. 3.5. Then the assertion immediately
follows from Theorem 3.4 and Corollary 3.2. O

Corollary 3.6 Let 0 < g < p < oo. The following assertions are equivalent:

(i) The operator Cy : FP(C) — F4(C) is bounded.
(ii) The operator C, : FP(C) — F4(C) is compact.
(i) ¢(z) =az+bwithla| < 1.

Proof We can easily show that for each affine function ¢(z) = az + b as in Eq. 3.5,

m(l,¢) € L =] (C,dA) ifand only if |a| < 1. Then the assertion follows from Theorem 3.3
and Corollary 3.2. O

Before going to study essential norm we summarize all situations of the function ¢(z) =
az+ b with |a| < 1 for both composition operators C, and weighted composition operators
Wy e

Remark 3.7 (1)If a = 0, then by Corollary 3.2, both C, and Wy, , are compact from F7 (C)
to F4(C) for every p, q € (0, 00) and v € F4(C).

(2) If 0 < |a| < 1, then by Corollaries 3.5 and 3.6, Cy, : F?(C) — F4(C) is compact

2

for every p, g € (0, 00), while there are nonzero functions ¢ € F7(C), say ¥ (z) = e
in F4(C) with 1 — |a|*> < a < 1, which induce unbounded operators Wy.o : FP(C) —
F4(C), because in this case,

(lal2=D)lz12 +aRe(z2)+2Re(azh)+1b|2
2

m(yr, ) = supm (Y, ) =supe = o0.
zeC zeC
Also, there are nonzero functions ¥ € F9(C) such that Wy, , : FP(C) — F4(C) is

—|a 2 52
bounded but not compact when 0 < p < g < oo.Indeed, forb = 0and ¥ (z) = e(] S

F4(C), we have
lim sup m, (¥, ¢) = lim sup ellal=Dama)? _ 4
|z]—>o00 |z]—>o00
Then by Theorem 3.4, Wy, , : F7(C) — F4(C) is bounded but not compact.
(3)If |a| = 1 and b # 0, then by Corollaries 3.5 and 3.6, C, : F7(C) — F4(C) is not
bounded for every p, g € (0, 00).

In this case, by [20, Proposition 2.1], m(yr, ¢) < oo if and only if ¥ (z) = W(O)e_z‘”;
2
and hence, m,(y, ¢) = W(O)le% for all z € C. Then, when 0 < p < g < o0, by
Theorem 3.4, Wy, : FP(C) — F4(C) is bounded if and only if ¥ (z) = W (0)e~baz,
Moreover, by Theorem 3.3, when 0 < ¢ < p < oo there is no bounded operator
Wy.o 1 FP(C) — F1(C).
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Weighted Composition Operators Between Different Fock Spaces 181

(4) If |a] = 1 and b = 0, then by Corollaries 3.5 and 3.6, C, : F7(C) — F4(C) is
bounded and not compact when 0 < p < g < o0, and unbounded when 0 < ¢ < p < oo.

Also, again by [20, Proposition 2.1], m (i, ¢) < oo if and only if i is a constant function.
So, by Theorems 3.3 and 3.4, there is no non-constant function ¥ € JF9(C) such that
Wy.p + FP(C) — F4(C) is bounded, and there is no nonzero function ¥ € F9(C) such
that Wy, , : F7(C) — F9(C) is compact for every p, g € (0, 00).

3.2 Essential Norm

In a general setting, let X, Y be Banach spaces, and (X, Y) be the set of all compact
operators from X into Y. The essential norm of a bounded linear operator L : X — Y,
denoted as ||L||., is defined as

ILlle =inf{||lL — K| : K € K(X, Y)}.

Clearly, L is compact if and only if ||[L|, = 0.

In view of Corollary 3.2, Theorem 3.3 and Lemma 2.4, we study essential norm of Wy, ,, :
FP(C) - FI(C)when 1 < p < g <ooand ¢(z) =az+ b with0 < |a| < 1.

The main result is stated as follows.

Theorem 3.8 Let 1 < p < g < oo and Wy, : FP(C) — F4(C) be a bounded weighted
composition operator induced by a nonzero entire function ¥ € F4(C) and an affine
function ¢(z) = az +bwith0 < |a| < 1. Then

1
)q limsupm, (¥, ).

|z]—>o00

limsupm (¥, @) < Wy glle <2 (

|z] =00

plal?

Proof 1t is clear, by Eq. (3.1), that lim sup m_ (¥, @) is finite.

|z]—00
Lower estimate. We prove the lower estimate for || Wy 4|l by contradiction. Assume in
contrary that

Wy plle < limsupm (¥, @).

|z]—>00

Then there are positive constants A < B and a compact operator 7 acting from F7 (C) into
JF4(C) such that
Wy =TI <A < B <limsupm,(V, ¢).

|z]—>o00

We can find a sequence (z,) with |z,| 1 oo so that

lim mg, (Y, ¢) = limsupm, (Y, ) > B. 3.6)
n—oo

|z]—>o00

On the other hand, using Eq. (3.1), for each n € N, we have

Wyo =TIl = Wy,pkoz) — Thozllg = 1Wyokoellg — 1ITkpz) Nl
> mg, (U, @) = I Tkpz)llg-

Since a # 0, ¢(z,) — oo asn — 00, by Lemma 2.4, || Tky(,)lly — 0asn — oo.
From this and Eq. (3.6), we obtain

As Wiy =TIz lim mg, (b,¢) > B,

which is a contradiction.
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Upper estimate. For each k € N, we consider the dilation operator U,, f(z) := f(rxz)
with 7, := k/(k 4+ 1). Then by Corollary 3.5 and Theorem 3.4, U,, is a compact operator
on FP(C) and

_2
|U Il <7 7. Vk €N
Take and fix a number R > 0. For every k € N, we have

Wyplle < IWy,p =Wy gpoUnll= sup [[Wyyo—Uy)fllg
s

q g -1 i
sup | 5~ [Wypol—Uy)f()|7e” 2 dA(z)
Ifllp<1 \ 27 JC
1

[z q
sup <2i / Wy p ol — Urk)f(z)lqe_quA(z)>
Iflp,<1 \47 J|z|<R

IA

) 1
z|

_qlz? 4
+ sup <2i/ (Wypol—=U)f@)|1e” 2 dA(Z)>
Hf“pfl T lz|>R

= Z(R, k) + T (R, k),

where [ is the identity operator on F7 (C).
On one hand, using Lemma 2.2 we observe that

1
022 q
JRK) < sup m:(49) sap (q/ | RIU—Urk)f(go(z))we*‘” ! dA<z>)

2> R Ifl,<1 \27

_2
lal" @ sup m (¥, ) sup |[(I —Up)fllq

lz|>R =1

IA

IA

q % _2
(*) lal @ sup m (¥, ) sup (I =Ur)fllp

p lzI>R Iflp=1

q ql _2
=5 lal 2l — Uyl sup m: (¥, ¢)

[z|>R

q % _2 7%
=) lal e {1+r, sup mz (Y, ¢).
p lz|>R

On the other hand, we have

IA

1
a2 7
LR By sup m: (). ¢) sup (zi /| Gl —U) flg())de 5 dA(z)>
1=

|z]<R Ifllp=<1
q _ale@P? %

=(5; e” 7 dA@)) sup m.(¥,9) sup sup |(I—Up)f(p(2))]
T JizI<R lzI<R Ifl,<1lzI<R

<lal"im@p. @) sup sup |(I—Up)f(p(2))
I flloo<1lz|<R

)

where the last inequality is based on the fact that || f|loc < || f|l, for every f € F7(C).
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o0
For each f(z) = Zajzj with || flleo < 1, we have

Jj=0
. /)2
P20 _ 1 e>
|(lj|:%§7max|f(§)|<7. Vjiz1,p>0,
J! o7 lgl=p
which gives
2 i
ez e\ 2
laj| < 1nf—: <7) , forall j > 1.
>0 p/ J
Putting R, := max |p(2)], we obtam
lzI=R

Z(R. k) = |a|’§m(1//, ®) ”fS“uP ”S‘UPR|(1 —Up) f(9(2))]

_2
<lal"im@, @) sup sup |(I —U,)f(2)]
I fllo=<11z|=<Ry

o0

jal” i m(, @) > |<1 il >| K
a iam . QD Sup Sup a; B — b
I Floo=t IRy ST (k + 1)J

I

ja] " e)?
5k+1 my, w)Zﬁ’(;) :

IA

Consequently,
Wy.olle < limsup Wy o — Wy o 0 Uy || < limsupZ(R, k) + limsup J (R, k)
—>00 k— 00 k— 00
g \7
S 2 2 Sup mZ(llfv ¢)5
plal |z|>R
from which the upper estimate of || Wy 4|l follows by letting R — oo. O

In the case |a| = 1 we have the following simplified estimates for the essential norm of
a bounded weighted composition operator Wy, .

Corollary 3.9 Let p, g and Wy, be as in Theorem 3.8. If |a| = 1, then

1
1%

|1/f(0)|€bT < Wyglle < <%) v (0)]e 2.

S

|6l

In particular, |Wy 4lle = |1ﬁ(0)|eT whenever p = q.

Proof The hypothesis and [20, Proposition 2.1] imply that {(z) = W(O)e_z"z; in this case
2
m;(¥,p) = |1ﬁ(0)|e‘2 for all z € C. Thus, the lower estimate follows directly from
Theorem 3.8.
For the upper estimate, using Theorem 3.4 we have

1
1o

q
Wy lle < Wyl < (*) [V (0)le .
p O
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Remark 3.10 Ueki [26] showed that the essential norm of Wy, ,, on Hilbert space F2(C) is
equivalent to lim sup B, (| |2)(z), where B, (|y 12)(2) is the integral transform

|z]—> 00

BP0 =~ [ (0 et anc).

However, this result is difficult to use, even for composition operators, that is, when v is a
constant function.

Our Theorem 3.8 is simpler and more effective for essential norm of Wy, , acting from
smaller general Fock spaces F7(C) into larger ones F4(C). Moreover, Theorem 3.8 also
give an answer to T. Le’s question in [20, Remark 2.5].

4 Topological Structure

One of the recent main subjects in the study of (weighted) composition operators is related
to the topological structure of the space of such operators endowed with the operator norm
topology.

In a general setting, let X and Y be two spaces of holomorphic functions on a domain
G. For every bounded weighted composition operator Wy, , : X — Y, we can easily
show that Wy, , and the zero operator 0 belong to the same path connected component in
the space of all weighted composition operators acting from X into Y via the path 7; :=
Wiy, for t € [0, 1]. Then researchers study the topological structure for the space of only
nonzero weighted composition operators from X into Y. We write C(X, Y) for the space
of composition operators and Cy, (X, Y) for the space of nonzero weighted composition
operators acting from X into Y under the operator norm topology. According to [25], the
important problems in this topic were raised as follows:

(i) Characterize the components of C(X, Y) and C, (X, Y).
(ii) Characterize isolated points C(X, Y) and Cy, (X, Y).
(iii) Characterize compact differences of (weighted) composition operators.

These questions have been intensively investigated on Bergman spaces [23], on Hardy
spaces [13, 19], on the space H* of bounded holomorphic functions [18, 21], on weighted
Banach spaces of holomorphic functions with sup-norm [3, 22], on Hilbert Fock space
FA(CM [11].

In this section we investigate the topological structure for both spaces C (]-' P(C), F1 ((C))
and C, (]:p ((C),]:‘I((C)) with p,gq € (0,00) and give complete answers to all the
mentioned-above questions.

4.1 Compact Differences

In view of Theorem 3.3 we will study the compactness of the difference of two bounded
weighted composition operators acting from a smaller Fock space F7 (C) into another larger
one F4(C).

Theorem 4.1 Let 0 < p < g < 00 and Wy, o, and Wy, o, be two weighted composition

operators in Cy, (]: P(C), F1 ((C)) induced respectively by nonzero entire functions Y1, ¥y €
F4(C) and affine functions ¢1(z) = a1z + b1, ¢2(2) = arz + by with |aj| < 1, |az| < 1.
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Then the difference Wy, o, — Wy, o, : FP(C) — F4(C) is compact if and only if either of
the following conditions is satisfied:

(i) Both Wy, o, and Wy, o, are compact operators from F? (C) into F9(C).
(i) @1 =¢2:=9¢and ‘Zl‘i_f)noo mz (Y1 — Y2, ) = 0.

Proof Since Wy, o — Wy, o = Wy, _y, o, the sufficiency follows from Theorem 3.4.

For the necessity, suppose that the difference Wy, o, — Wy, 4, : FP(C) — F9(C) is
compact. Then both Wy, ,, and Wy, ,, must be either compact or non-compact from
FP(C) into F4(C) simultaneously.

Consider the case when both Wy, ,, and Wy, ,, are non-compact. From Theorem 3.4 it
follows that

cx = limsupm;(Yg, gx) > 0 (k = 1, 2).

|z]—>o00

Then for say ¢, there exists a sequence (z,) with |z, | 1 0o as n — o0, such that

llm mg, (Y1, ¢1) = limsupm (Y1, ¢1) = c1.

|z]—o00

By Lemma 2.1[(i)], for all w, z € C,

1z
Wy 01 kw — Wy, g kwllg |W¢1,W1kw(z) Wy,, fﬂzkw(Z)| :

v

[w[?+(z?
2

Y1) — Ya(0)e 2

w24z
2 .

In particular, with w = ¢;(z), the last inequality gives

ley @ =1z >\ o) @1 +zl?
2

\%

| _ |1/,2(Z)efm(2)fﬂ2(2)*

o1 @12 +ga @) —2Re (¢ @92 (2))
2

Wy o1ko ) = Wk llg = |[¥1@e 2

= |m (Y1, ¢1) —m (Y2, g2)e”

191 (2)— w2(<)\

= |\m; (Y1, 01) —mz; (Y2, p2)e” ,VzeC.

4.1)

There are two cases for complex numbers a; and a.
Case 1: a; # a». In this case,

lim e 2 =
n—o0

From this, taking into account the inequality m,, (Y2, ¢2) < m(y2, ¢2), for every n € N, it
follows that

lim m;, (Y2, p2)e 2 =0
n—oo
Obviously, Wy, o, — Wy,,¢, is a linear continuous operator on O(C). Then, by Lemma 2.3,

Jm Wy g kei@) = Wineokei o llg = 0-
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Consequently, by Eq. (4.1), we get

. o1 Gn)—erGn)l?
ci = lim (mg, (Y1, @1) —my, (2, p2)e 2
n—oo

IA

o1 -g @) ’
2

lim ‘mm W1, 1) — mg, (Y2, p2)e
n—oo

IA

nlggo IWy1.01kp1 ) = Winakpi @ llg =0,
which is impossible.
Case 2: a; = ap = a. In this case, Eq. (4.1) gives

by —by |2

m, (Y1, @1) —mo (Y2, g2)e” T

Wy ,01ke1c) = Wy, pokoi(0)llg = , VzeC.

Moreover,

liminfm,, (Y2, @2) < limsupmg, (Y2, @2) < limsupm; (Yo, ¢2) = c2.
n—00 n—00 |z]—00

Therefore,

A

_Ib—hyl? . b —hy?
cr—cer 7 < limsup (mg, (Y1, @1) —mg, (Y2, p2)e” 2

n— 00

< lim |W k — W, k =0.
= n_)oo” Y1,91%¢1(zn) V2,92 901(Zn)||q
Hence,
_ by
c1 < e 2

Interchanging the role of ¢ and ¢; in the proofs above, we also obtain

by —byl?
cy) <cie 2

Combining the last two inequalities yields

by —by|?

cr S e <o,

which gives by = b;.

Thus ¢1(z) = ¢2(2) = ¢(2) = az + b, which gives Wy, o, — Wy, o, = Wy, _y, 4. By
Theorem 3.4, lim m (Y1 — ¥, @) = 0.
|z]—>00 D

From this theorem we immediately get the following result for compact differences of
two composition operators.

Corollary 4.2 Let 0 < p < g < oo. Then the difference of two distinct composition oper-
ators acting from FP (C) into F4(C) is compact if and only if both composition operators
are compact.

4.2 The Space C(FP(C), F1(C))

In this subsection we give a complete description of path connected and connected
components and isolated points of the space C (.7-' P(C), F1 ((C)).

Proposition4.3 Let p, g € (0, 00) and Cy, be a compact composition operator from F P (C)

into F4(C) induced by entire function ¢(z) = az + b with |a| < 1. Then Cy, and Cy(0)
belong to the same path connected component of C (]: P(C), F1 ((C)).
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Proof If a = 0 then the assertion is trivial. So we assume that 0 < |a| < 1.

For each s e [0, 1], put ¢;(z) := ¢(sz), z € C. Then, by Corollaries 3.5 and 3.6,
composition operators Cy, are all compact from F?(C) into F4(C), and C, = C,, and
Cy0) = Cy,. We will show that the map

[0’ 1] g C(]:P((C), ‘Fq((c))’ Nad C(ﬂsv
is continuous, that is,

Jim [1Cy, = Cy | = 0. V5o € [0, 1]

Case 1: sg < 1. In this case fix some s; € (sg, 1). For each s < s1 and each f € F?(C)
with || f]l, < 1, we have

’/2’2
ICo.f = Coy £ = 5= [C £ ((s2)) = flp(s0))I9e 3 dA(2)

27‘[@

212
o / s — 5091219 _max_[(Cpf) (t2)|%e™ 2 dA(z)
2 C re<sp,s>

T gz
e~ 2 dA(7)

/ 2Cy ) (12)dt

s
S0

IA

IA

W‘Z q
ez‘fi/|s—so|‘1|z|‘f max ((1+|tz|)eT||c¢f||q)
2 C re<sp,s>

xe_#dA(Z)
(due to Lemma 2.1[(ii)])

q(1=sDz?

q _
equs—SoIqIIC(prIZE/CIZIq(l+|z|)qe P AG)

M|C 11 flIpls — sol?
M| Cyll?]s — so0l,

IA

INIA

where < sg, s > is the closed interval connecting so and s and

q(=sH)z?

Mq::ezq%/|z|q(l+|zl>"e* 2 dAQR) < oo
C

From this it follows that, for every s < sy,

€y = Cyel = sup [|Cy f = Cy fllg = MI[Cyllls = sol,

Iflp=1

and the desired limit follows.
Case 2: s9 = 1. Fix an arbitrary number R > 0. We have that, for every f € F?(C) with
I fllp, <1andeverys €[1/2,1],

‘772
ICo.f = Con Iy = 5= </||<R +/H>R> £ (@(s2) — flp@)|7e™ 5 dA()
Z(R,s)+ J(R,s).
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Estimate Z(R, s): Arguing as above in Case 1, we get

1 4 2
|z
I(R.s) = L / 2(Cy f) (tz)dt e dAw)
27 Jizi<r |Js
q / _ai
= 5= 11 —5|7)z|7 max |(Cy ) (t2)|7e” 2" dA(z)
27 Jiz1<r tefs.1]
< M1 — g1 2 / 4 Lt e S 1e, £1, )
— 5|1 = t
< ™| s| 27 Jyer |z| IIEI%%] (I +2zDe 27 [1Cy flig
_qlz?
xe” 2 dA(z)
q
< ™1 —S|q||C¢f||37/ z|7(1 + |z)7d A(2)
T JIz|<R
< ME|IC, 1911 — 5],
where
MY =2 L 121701 + [z)7d A(z) < oo.
27 Jiz<r

Estimate 7 (R, s): Forevery f € F7(C) with | f], < 1 and every s € [1/2, 1], using the
standard inequality (x 4+ y)? < 29(x4 + y?) for arbitrary positive numbers x, y, g, we have

J(R.s) = 5= M) — fpenlte FdAw)
<2 /| et + Flp@)l) e 5 dAG)
<20 L flM Flplte 5 dAw)

2050 /‘M Flpnlte S dAw)
<20t fmm Pl 5 dAw)

20 /M Flpnlte S dAw)
< q

2
Dy~ / 1fe@)lfe " dAG),
27 Jiz1>R)2

where Dy 1= 5.29.
We consider the following possibilities.
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If 0 < p < g < oo then for every function f € FP(C) with || f|, < 1, by Lemma 2.2,

T(R.$)<Dg - sup mz(l,w)‘f/ [ lo@)lle
|z|>R/2

l2l>R/2

sup m,(1, p)?
lzI>R/2

< 2||f||q sup m;(1, p)?
plal z|>R/2

<D, sup m;(1, p)7.

plal? =k
Consequently, for every s € [1/2, 1],

ICp = Cyy 17 = sup (Z(R,s) + T(R.s))
Iflp=1

< MilCyll?|1 = 5|7 + D,

5 sup mz(1, @)?.
plal® 12> r)2

Letting s — 17, we obtain

limsup [ Cy, — Cyy 19 < Dy—— sup m (1, 9)?.
s> 1- plal \z1>ry2

Since |a| < 1, limz|— o0 m;(1, @) = 0. Then, letting R — oo, we get

limsup [Cp, — Cgy 19 < Dy—— lim sup m,(1, )¢ = 0.
s 1- plal® R—oo ;15 R/2

If 0 < ¢ < p < oo then arguing as in Theorem 3.3 and using Holder inequality, we have
that, for every f € FP(C) with || f||, <1

qzz
TR, 5)<Dy L 1fe@)e T dAG)
21 Jiz1>Rr)2

_p 4 m(1, )| flp@)|7e”

q
27 Jiz1>Rr)2

q p - Do 2
=Dy5 ( fZ|>R/2|f(<p(z))| e

pq M
x (/ mI (1, w)dA(z)>
|z|>R/2
p, 4 ( 21 )’q’nfn"(/ mI T (1, p)d A( ))M
= — | /> Z
“27 \ pla? "\esrp 4

pP—q

q
q 2w \7» e o
SDqT (72> </ m; q(L(ﬂ)dA(Z)> .
7 \ plal z|>R/2

)Z

@ Springer



190 P. T. Tien, L. H. Khoi

Consequently, for every s € [1/2, 1],

[Cyy — Cy I < sup (Z(R,s)+ T(R,5))
IFlp<1
) q
q T o\”P
< ML|Cyll71 — 5|9 + Dy =— | —
= MRICo "1 = sI% + Dg o <p|a|2>
rP—q

L4 P
x ( / m? (1, w)dA(z)) .
|z|>R/2

Letting s — 17 in the last inequality, we obtain

q
. q 27 \7r
limsup ||Cy, — Cy, 19 < D —( )
G T AVIE

. P2g
X (f m (1, (p)dA(z)> .
lzI>R/2

Since C,, is compact from F7(C) into F4(C), by Theorem 3.3, m (1, ¢) € L% (C,dA).
Then, letting R — oo, we get

q

b\
limsup [|Cy, —Cp, |1 < Dy < il )p

s—1- qﬂ p|a|2
u7 5t
x lim </ mr™ (1,<p)dA(z)> =0.
R—0o0 lz|>R/2
The proof is completed. O

Theorem 4.4 For every p,q € (0, 00), the set of all compact composition operators from
FP(C) into F1(C) is path connected in the space C(}"’ (©), F4 ((C)).

Proof Let Cy, and C,, be two compact composition operators from F7(C) into F4(C).
By Proposition 4.3, Cy, and Cy, (o) belong to the same path connected component and
so do Cy, and Cy,(). We show that Cy, ) and Cy,() are in the same path connected
component.

For each s € [0, 1], put

Bs := (1 = 5)91(0) + 5¢2(0),
and
By = ¢2(0) — ¢1(0), By := |91(0)| + |¢2(0)].

Obviously, |Bs] < |Bz| for every s € [0, 1]. Moreover, Cy,0) = Cg, and Cy,0) =
Cp, and the composition operators Cg, are compact from F7(C) into F4(C) for all
s € [0, 1].

We now prove that the map

[0, 1] = C(FP(C), F1(C)), s — Cg,
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is continuous. Fix so € [0, 1]. For every s € [0, 1] and every f € F7(C) with || fl, < 1,
using Lemma 2.1[(ii)], we have

glz?

ICp, f — Cpyy Fllg = %If(ﬂs) —f(ﬂso)lq/ T dA®R)

e
C
/ (B1f(By)) dt

50
s —sol? max |Bif'(B)|’
te<sg,s>

< |s —sol?|B1]? (JAX Lf (B

q

IA

IA

q
Is — sol’|B1|? <||f||pe2<1 + Bz)€2>

IA

M1|s — sol?,
where, as above, < sg, s > is the closed interval connecting sg and s, and
32
2 -2
M :=e”|B1|(1 4+ By)e 2.
From this it follows that, for every s € [0, 1],

ICp, — Cpll = sup [ICp, f = Cpy fllg < Mls — sol.

Iflp=1

It implies that
Jim |Cs, — Cp, | = 0.

Consequently, Cy,, and Cy, are in the same path connected component of
C(FP(C), F1(C)) via a path belonging to the set of all compact composition operators
from F7(C) into F9(C), which completes the proof. O

From Theorem 4.4 and Corollary 3.6 we get
Corollary 4.5 If0 < g < p < o9, then the space C(FP(C), F1(C)) is path connected.

Next for 0 < p < g < oo we give the following result about the characterization of
isolated composition operators Cy, in the space C(F?(C), F4(C)).

Theorem 4.6 Let 0 < p < q < o0 and C, be a bounded composition operator from
FP(C) into F4(C) induced by ¢(z) = az + b with |a| < 1. The following assertions are
equivalent:

(i) Cy isisolated in C(FP(C), F4(C));
(it) Cy is non-compact, that is, |a| = 1 and b = 0;
(iii) [|Cy — Cyll = 1 for all affine functions ¢(z) = cz +d # @(z) such that Cy €
C(FP(C), F1(C)).

Proof (i) = (ii). By Theorem 4.4, if C, is an isolated composition operator in
C(FP(C), F4(C)), then C, must be non-compact. Hence, by Corollary 3.5, |a| = 1 and
b=0.
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(il) = (iii). Assume that || = 1 and » = 0. In this case, for every affine function
¢(z) = cz+d # ¢(z) such that Cy € C(fp (©), F4 ((C)), by Lemma 2.1[(i)], we have that,
forall w, z € C,

2

e
|C¢kw(Z) - C¢kw(Z)| e 2

— [w|2 41212 — [w(2 41212
Do FE g (o) |

%

” C(pkw - Cqbkw ||q

In particular, with w = ¢(z), the last inequality gives

s
ICokox) = Cokollg = ‘1 - ‘e“z(‘z‘m) Izl |

_ ‘1 _ pRe(@e=Dlzl*+Re (daz)

,Vz e C.

Since Cg € C(FP(C), F4(C)) and ¢(z) # ¢(2), then |c| < 1and ¢ # a. Hence, Re (ac) <
1. From this it follows that

ICy — Cpll = lim sup ||C(pk<p(z) - Cgbkw(z)”q
|z]—>o00
> limsup |1 — eRe(ﬁcfl)Iz\2+Re(da7) -1
|z]—>o00

(iii) = (i) is obvious. O
From Theorems 4.4 and 4.6, we immediately get the following result.

Corollary 4.7 Let 0 < p < g < 0o. The connected component and path connected compo-
nent in C (.7 P(C), F1 ((C))are the same and they are only the set of all compact composition
operators from FP(C) into F4(C).

4.3 The Space Cy, (F?(C), F1(C))

In this subsection using the results in Subsection 4.2 we obtain a complete characterization
of the component structure of Cy, (F7(C), F4(C)).

For p,q € (0,00) and ¢(z) = az + b with |a| < 1 we denote by F (¢, p, q) the set of
all nonzero functions v € F9(C) such that Wy, , : F7(C) — F49(C) is bounded. Then

Cuw(FP(C), FU(C)) = {Wyy : ¥ € F(@, p,q), 9(2) =az+b, la| < 1}.

Lemma 4.8 Let p,q € (0,00), 9(z) = az + b with |a| < 1 and Y1, ¥ € F(p, p, q).
Then Wy, o, and Wy, o, are in the same path connected component of Cy, (]: P(C), F1 ((C)).

Proof We can easily show that there is a complex valued continuous function «(¢) on [0, 1]
such that «(0) = 0, (1) = 1 and u; := (1 — «(¢))¥1 + «a(t)y; are all nonzero functions
in F(p, p,q) forallt € [0, 1].

Indeed, if ¥»(z) = Ay1(2) for some A € C\ {0, 1} and all z € C, we can take any
continuous function «(¢) so that a(#) # 1/(1 — A) for all ¢+ € [0, 1]. Otherwise, we put
a(t) = t. Moreover, foreach ¢ € [0, 1], Wy, o = (1 —a(t)) Wy, o +a(t) Wy, ,, and hence,
ur € F(p, p, Q).

Obviously,

Wi, = Wig,0o Wi = Wiy,
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and, for every s, ¢ € [0, 1] and f € FP(C),
Wi o f =W of = (s —up) fop = (als) —a®)Wy,—y, of
From this it follows that, for every ¢ € [0, 1],
}1_I;ﬂt ||Wus,<p - Wut.w” =0.

This means that the map
[07 1] - Cw(fp(c)a fq(@))’ I Wu,,(p7

is continuous. The proof is completed. O

Let
So:={p@)=az+b:lal <1}and S| :={p(z) =az+b: |a| =1},

and
Cu,o(FP(C), FI(C) := {Wy, : ¢ € So, ¥ € F(p, p.q)}.

Theorem 4.9 Let p, g € (0, 00) be given.

(@ If0<qg < p < oo, then the space Cy, (.7:1’ (©), F4 ((C)) is path connected.
() If0 < p < g < o0, then the space Cy,(FP(C), F4 ((C)) has the following path
connected components

Cu(FP(C), FA(C)) = Cuo(FP(©), FIO) | J | Wyy : ¥ € Flo. p. )}
9eS)

Proof (a) First we note that for every Wy, , € Cy, (FP(C), F4(C)), by Proposition 3.1 and
Theorem 3.3,

m(y, 9) < oo and m, (¥, 9) € L7-4 (C, dA).

It implies that ¢ (z) = az + b with |a| < 1. Indeed, if |a| = 1, then ¥ (z) = t/f(O)e_B“Z and

2
m; (¥, p) = |W(0)|e% for all z € C which is impossible.

Then, by Corollary 3.6, W1, = C, also belongs to Cy,(F?(C), F4(C)). Hence,
by Lemma 4.8, Wy, and C, are in the same path connected component of
Cw (FP(C), F1(C)).

From this and Corollary 4.5 it follows that C,, (f P(C), F1 (C)) is path connected.

(b) We will prove that all sets Cy,0(F?(C), F(C)) and {Wy o : ¥ € F(g, p, q)} with
@ € S| are path connected and closed in the space Cy, (]—' P(C), F1 (C)). Also, clearly, they
are disjoint. Hence, all these sets are path connected components in Cy, (.7-" P(C), F4 ((C)).

First we fix an arbitrary pair of weighted composition operators Wy, o, and Wy, ,, in
Cw,0(FP(C), F4(C)). Then, by Corollary 3.5, W, = Cy, and W 4, = Cy, are com-
pact from F7(C) into F9(C). Hence, by Lemma 4.8, Wy, ,, and C,, belong to the same
path connected component of C,, (.771’ (©), F4 ((C)) via a path in Cw,o(}"l’ (©), F4 ((C)), and
so do Wy, o, and Cy,. From this and Theorem 4.4 it follows that Wy, o, and Wy, ,
belong to the same path connected component of C, (f P(C), F1 ((C)) via a path in
Cuw,0(FP(C), F4(C)). This means that the set Cy,,0(F7(C), F4(C)) is path connected in
the space Cy, (]:p (©), F1 ((C)).

Now we show that the set Cy o(F”(C), F4(C)) is also closed in the space
Cw (FP(C), F4(C)). Let (Wy,, ¢,)n be an arbitrary sequence in Cy,,0(F”(C), F4(C)) con-
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verging to Wy, in Cy (FP(C), F4(C)). Suppose that ¢(z) = az + b with |a| < 1 and
©n(z) = apz + b, with |a,| < 1 for all n € N. By contradiction, assume that |a| = 1.
Then

I[?

¥(2) = ¥(0)e % and m (Y, @) =Y (0)e >, Vz e C.
Similarly to Eq. (4.1), for every z € C and n € N, we have

W0 = Wyl = Wy okoz) — Wy, 0,ke() llg

_le@-gn @2
2

v

mz(wv @) —my (wnv (011)6

b2
[V (0)e 2 — m(Yy, gn)e
Since a # ay, ¢(z) — ¢n(z) — 00 as z — oo. Hence, letting z — oo in the last inequality
we get that for every n € N,

_le@-pn @
2 .

v

Ib[?

Wy = Wy | = [¥(0)]e 2 >0,
which is a contradiction. Thus, |a| < 1, that is, Wy, , belongs to Cw,o(fp (C), F4 ((C)).

Next for each ¢(z) = az + b € Si, ¥ € F(g, p,q) if and only if ¥(z) = ¥ (0)eb4%.
Then

Wy 2 ¥ € F(@, @)} = {Weygp : € € C\ {0}} with yo(2) = e

Thus, for each ¢ € S, the set {Wy o, : ¥ € F(¢, p,q)} is path connected and closed in
Cw (FP(C), F1(C)).
The proof is completed. O

Finally, it should be noted that in the space C,, (F”(C), F4(C)) there does not exist an
isolated weighted composition operator. Indeed, for every weighted composition operator
W]p’[p’ . .

Lim |[Wiy.o — Wy ol = lim [s — 1]| Wy ol = 0.
s—1 s—1
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