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Abstract In this paper, we introduce the notion of oriented faces especially triangles
in a connected oriented locally finite graph. This framework then permits to define the
Laplace operator on this structure of the 2-simplicial complex. We develop the notion of x -
completeness for the graphs, based on the cut-off functions. Moreover, we study essential
self-adjointness of the discrete Laplacian from the x-completeness geometric hypothesis.
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1 Introduction

The impact of the geometry on the essential self-adjointness of the Laplacians is stud-
ied in many areas of mathematics on Riemannian manifolds; see [4, 7, 9, 13] and also
on one-dimensional simplicial complexes; see [1, 5, 8, 12, 14, 19]. Indeed, Laplacians on
Riemannian manifolds and simplicial complexes share a lot of common elements. Despite
of this, various geometric notions such as distance and completeness in the Riemannian
framework have no immediate analog in the discrete setting. Combinatorial Laplacians

B4 Yassin Chebbi
chebbiyassin88 @ gmail.com; yassin.chebbi @univ-nantes.fr

Laboratoire de Mathématiques Jean Leray, Faculté des Sciences, CNRS, Université de Nantes,
BP 92208, 44322 Nantes, France

Unité de recherches Mathématiques et Applications, UR/13 ES 47, Faculté des Sciences de
Bizerte, Université de Carthage, 7021, Bizerte, Tunisie

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11118-017-9659-1&domain=pdf
mailto:

332 Y. Chebbi

were originally studied on graphs, beginning with Kirchhoff and his study of electrical net-
works [10]. Simplicial complexes can be viewed as generalizations of graphs, as from any
graph, we can form its clique complex, a 2-simplicial complex whose faces correspond to
the cliques of the graph. In this article, we take a connected oriented locally finite graph
and we introduce the oriented faces especially triangles in such a way that every face is a
triangle, so we can regard it as a two-dimensional simplicial complex. This work presents
a more general framework for the Laplacians defined in terms of the combinatorial struc-
ture of a simplicial complex. The main result of this work gives a geometric hypothesis to
ensure essential self-adjointness for the discrete Laplacian. We develop the x-completeness
hypothesis for triangulations. This hypothesis on locally finite graphs covers many situa-
tions that have been already studied in [1]. The authors prove that the x-completeness is
satisfied by graphs which are complete for some intrinsic metric, as defined in [8] and [12].

The paper is structured as follows: In the second section, we will first present the basic
concepts about graphs or rather one-dimensional simplicial complexes. Next, we introduce
the notion of oriented faces more particularly triangles where all the faces are triangles. This
special structure of 2-simplicial complex is called triangulation. Without loss of generality,
we can assume that every triangle is a face for simplicity sake. So this permits to define the
GauB}-Bonnet operator T = d + § acting on triplets of functions, 1-forms and 2-forms. After
that, we define the discrete Laplacian by L := T2 which admits a decomposition according
to the degree

L:=Lyd LD L,.

In the third and fourth sections, we study the closability of the operators which are used
in the following sections. Next, we get started with refer to [1] for the notion x -completness
of the graphs and we develop this geometric hypothesis for the triangulations in Definition
4.2. Moreover, we have developed it through optimal example of the “tiangular tree” to
produce a concrete way to prove a triangulation which is not x-complete, based on the
offspring function, we refer here to [3] for this notion.

In the fifth section, we address the main results concerning essential self-adjointness for
T and L. In the case of complete manifolds, there is a result of Chernoff; see [4], and
we also have for the discrete setting; see [1], which conclude that the Dirac operator is
essentially self-adjoint. As a result, they prove essential self-adjointness of the Laplace-
Beltrami operator. So, we take this idea to make the relationship between T and L about the
essential self-adjointness, when the triangulation is y-complete.

In the final section, we present a particular example of a triangulation where we study the
x -completeness hypothesis. Moreover, we show that L and L is not necessarily essentially
self-adjoint on the simple case.

We can extend the results in this paper to more general 2-simplicial complex, where
the oriented faces are not necessarily triangles. Particularly we can give a more general
expression of the operator d!. More precisely, one can take 2-simplicial complexes with the
number of edges of an oriented face bounded. Indeed this hypothesis is important to give a
meaning of the inequality in Definition 4.2.

2 Preliminaries
2.1 The Basic Concepts

A graph K is a pair (V, £), where V is the countable set of vertices and £ the set of oriented
edges, considered as a subset of VV x V. When two vertices x and y are connected by an edge
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e, we say they are neighbors. We denote x ~ y and e = [x, y] € £. We assume that & is
symmetric, i.e. [x, y] € £ = [y, x] € £. An oriented graph K is given by a partition of & :

E=EUET
x,NeE & @ x)e&t
In this case for e = (x, y) € £, we define the origin e~ = x, the termination e™ = y

and the opposite edge —e = (y,x) € ET. Letc : V — (0, 00) the weight on the vertices.
We also have r : £ — (0, 00) the weight on the oriented edges with

Ve e &, r(—e) =r(e).

A path between two vertices x, y € V is a finite set of oriented edges ey, ..., e5,n > 1
such that
e =x, e,'f:yand, ifn>2, Vj, 1§j§n—1=>ej'=ej_+l.

The path is called a cycle or closed when the origin and the end are identical, ie. e; = er,

with n > 3. If no cycles appear more than once in a path, the path is called a simple path.
The graph K is connected if any two vertices x and y can be connected by a path with
e; = x and e = y. We say that the graph KC is locally finite if each vertex belongs to a
finite number of edges. The graph K is without loops if there is not the type of edges (x, x),
ie.

VxeV = (x,x) ¢¢&.

2.1.1 The Set of neighbors of x € V is Denoted by

Vx):={yeV:y~ux}
2.1.2 The Degree of x € V is by Definition deg(x), the Number of Neighbors of x

2.1.3 The Combinatorial Distance d.omp on K is

deomp(x, y) = min{n, {e;}1<i<n C & a path between the two vertices x and y}.
2.1.4 Let B be a Finite Subset of V. We Define the Edge Boundary

d¢ B of B by
dcB :={e € Esuchthat{e”,e"}N B #@and e, et} N B # 0}.

In the sequel, we assume that
KC is without loops, connected, locally finite and oriented

Definition 2.1 An oriented face of K is a surface limited by a simple closed path,
considered as an element of £" withn > 3, i.e

@ an oriented face = In > 3, @w = (ey, €2, ..., €,) € " such that {e;}1<j<n

C & is a simple closed path.

Let F be the set of all oriented faces of /C, we consider the pair (K, F) as a 2-simplicial
complex, we denote it by 7. We can denote also T =(V, £, F).
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Remark 2.2 Care should be taken not to confuse the simple cycles and the oriented faces.
Indeed, one can have simple cycles that are not oriented faces.
For a face w = (ey, e, ..., e,) € F, we have

w = (¢,....en,€1,...,e_1) €F,V3<i<n-—1.

We can denote also

w = (e2,€3,...,en,€1) =....= (e, €1,€2, ..., en_1) € F.
Because K is an oriented graph, we demand

(e1,e2,....en) € F = (—ep, —€y_1, ..., —€2, —€1) € F.
Given @ = (ey, €2, ..., ey) € F, the opposite face of w is denoted by

—w = (—ey, —€p—1, ..., —€2, —€1) € F.
Let B be a finite subset of V. We define the face boundary 9B of B by
0B := {0 = (e, e, ...,e,) € F, Ji suchthate; € 9¢B, n > 3}.

Definition 2.3 (Triangulation) A triangulation is a 2-simplicial complex such that all the
faces are triangles.

Remark 2.4 In the definition of a triagulation we demand that faces are triangles. In the
sequel, we assume also that each triangular cycle is an oriented face for simplicity reasons.
Indeed all the results of this work can be extended easily to any triangulation.

In the sequel we will represent the oriented faces by their vertices

w:(61,62,63):[ef:e;,e;r:eg,e;:e;]e]:.
For a face w = [x, y, z] € F. Let us set
w=[xyzl=zxl=zx,yle F=2-wo=[yxzl=[xzy]=[z,y.x] € F.

To define weighted triangulations we need weights, let us give s : F — (0, 00) the
weight on oriented faces such that for all w € F, s(—w) = s(w). The weighted triangula-
tion (7, ¢, r, s) is given by the triangulation 7 = (V, £, F). We say that T is simple if the
weights of the vertices, the edges and faces equals 1. For an edge e € £, we also denote the
oriented face [e ™, e™, x] by (e, x), with x € V(e™) N V(e™). The set of vertices belonging
to the edge e € & is given by

Fei={x eV, (e,x) e F} =V(e )N V().
2.2 Functions Spaces

We denote the set of 0-cochains or functions on ) by:
CV)={f:V—->C}

and the set of functions of finite support by C. (V).
Similarly, we denote the set of 1-cochains or 1-forms on & by:

CE) ={p:&—=C, p(—e) =—9p(e)}

and the set of 1-forms of finite support by C.(E).
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Moreover, we denote the set of 2-cochains or 2-forms on F by:
CFH) ={p: F—>C, ¢(-v)=—¢(@)}

and the set of 2-forms of finite support by C.(F).
Let us define the Hilbert spaces / 2(V), 12(E) and I2(F) as the sets of cochains with finite
norm, we have

(@)
POYV):={feCOV): Y c)|f®I* < oo},
xey
with the inner product
(. &) = Y c(x) fF()Z).
xey
(b)
(€)= 1{p € CE); Y _r@lp(e)* < oo},
eef
with the inner product
1 _
(o, W)ﬂ(g) = 5 g{;r(e)(p(e)W(e).
(©)
P(F)=1p €CF): Y s@)lp@)|* < oo},
weF
with the inner product
1 _
D1 ¢l = Y 5063 D91, ¥, DX, ¥, 2).
[x,y,z]eF

The direct sum of the spaces 12(V), I2(€) and [2(F) can be considered as a new Hilbert
space denoted by H, that is

H=">0)@PE) @ P(F),
with the norm

VE = (f.0.®) € H, IIFI5, = 1 ffg + 1007, + 10175 -
2.3 Operators

We give in this part the expressions of the operators introduced on graphs which are already
well known and we also give other operators acting on triangulations.

2.3.1 The Difference Operator

By analogy to electric networks of voltage differences across edges leading to currents [17],
we define the difference operator d° : C.(V) — C.(E) by

VI eCV), d(f)(e) = f(eT) — f(e).
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2.3.2 The Co-Boundary Operator
It is the formal adjoint of d°, denoted 8° : C.(£) —> C.(V), (see [1]) acts as

1
Vo € Co(£), 8%(p)(x) = prom r(e)p(e).

2.3.3 The Exterior Derivative

It is the operator d' : C.(£) —> C.(F), given by
Vi € Co(€), d' () (x,y.2) =¥ (x,y) + ¥ (1, 2) + ¥ (2, x).

2.3.4 The Co-Exterior Derivative

It is the formal adjoint of ', denoted 8! : C.(F) — C.(E), which satisfies
(d'y, ey = (W, 8'@)iae), YW, @) € Ce(€) x Ce(F). @2.1)

Lemma 2.5 The formal adjoint §' : Co.(F) — C.(E), is given by

1
s pre) = — ) s(e, x)p(e, x).

r
(6) xeF,

Proof Let (¥, ¢) € C.(E) x C.(F). The Eq. 2.1 gives

A\ —

(Y. oy =~ Y, sty d W@)(x,y, ). y.2)

[x,y,z]eF

Y sy DY, X, ¥, 2)

[x,y,z]leF

= (¥, 8'¢)p2e)-

To justify it note that the expression of d' contributing to the first sum is divided into
three similar parts. So it remains to show only

Yo sy DY, B,y D) =D (o) Y sle, x)dle, x)

1

[x,y,z]eF eck xeFe,
= &Z;r(e)w(w (r(le) Zf s(e, x)¢ (e, x))

2.3.5 Gauf3-Bonnet Operator on T
By analogy to Riemannian geometry, we use the decomposition of the operators in [7] to
define the Gau3-Bonnet operator. Let us begin by defining the operator

d:CcV)@Ce(E) ®Ce(F) O

by
Y(f, 9, ) € Cc(V) ® Ce(E) ® Co(F), d(f, 9. ¢) = (0,d° f,d" ),
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and ¢ the formal adjoint of d. Thus it satisfies

(d(f1, o1, P1)s (f2, 02, $2)) 30 = ((f1, @1, d1), 6(f2, 02, $2)) 34, (2.2)
for all (f1, @1, ¢1), (f2, 02, ¢2) € Cc(V) @ Ce(E) @ Co(F).

Lemma 2.6 Let T = (K, F) be a triangulation. Then
§:CcOV)®CAE)DCA(F) O
is given by

8(f.0.0) = (8°0,8'9.0), Y(f.9.9) € Cc(V) @ Ce(€) ® Ce(F).

Proof Let (f1, @1, $1), (f2, 92, $2) € Cc(V) ® Cc(E) ® Co(F). Using the Eq. 2.2

@d(f1, o1, 00, (f2. 92, 920 = ((0,d° f1,d @1), (2. 02, $2))m
= (dofla ‘/’2)12(5) + (dlﬁﬂlv ¢2)12(]-')
= (f1, 30902)12(\)) + (o1, 51(152)12(5)
= ((f1, 91, 01), (%02, 8'$2,0)) 2.

O

Definition 2.7 Let 7 = (IC, F) be a triangulation, the GauB-Bonnet operator defined as
T:=d+68:Cc(V)@CAE) BCAF) O
is given by
T(f.9.9) = %0, d°f +5'p.d'¢)
for all (f, ¢, ¢) € C%(V) @ C.(E) ® C.(F). Moreover, the matrix representation of 7 is
givenby T = (doo 80 801)

0d o

Lemma 2.8 If T = (K, F) is a triangulation then d'd° = §°8' = 0.

Proof Let f € C.(V), we have that
d'(d°f)(x, y,2) =d°f(x, ) +d°F(y,2) +d°f (2, x)
=M - f)+ @ —-fON+(fx) - f)=0.

Since d'd® = 0 and the operator §°8! is the formal adjoint of d'd®. Then §°5! = 0. O

Before giving an important result for f € C(V), we define the two operators ~
CV)—CE) by f fandz: CV) — C(F)by f — f, where

1

fe) == (fleH+ fle).

N

= ~ ~ ~ 1
[y, =2 (feN+ o+ )= 3@+ FO)+ f@).

[SSE
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The exterior product of two 1-forms defined as . Agisx . : C(E) x C(E) —> C(F), is
given by:
=[Y(z, x) + ¥z, ek, y)
FW, )+ v, Dle, 2)
+Y(y, 2+ ¥ 0]le, x).

It satisfies ¥ Agisk 9 = — (¢ Adisk ¥) = =@ Adisk ¥ = ¢ Aaisk =V, forall o, ¥ € C(E).

(¥ Aaisk ) (x,y,2)

Lemma 2.9 (Derivation properties) Let (f, ¢, ¢) € Co(V) x Co(E) x Co(F). Then

~ = 1
d'Fo)x.y.2) = Fx v 0d' @ 3.2 + 2 () Aa9) (k32 @3)

= ~ 1
51 (o)) = F@8' @& + —— " ste,0) [d° (e, 0) + (et 1) | gle, ).

or (€) xeFe
2.4)

Proof
(1) Let(f,¢) € Cc(V) x C.(E), we have

d'(fo)x,y,2) = fx, Nex, y) + f(, D9, 2) + [z, 0)e(z, x)
=[x+ L0+ [z 0llex, y) + ey, 2) + ¢z, 0)]
— ([ D+ fz ) o, ) = (fz, )+ f(x, ) ¢y, 2)
- g(x,y) + f(v.2) 9(z, x)
= f(x,y,2d (9)(x, y,2)

+<%f(x,y)—%[f(y,z)Jrf(z,x)])so(x,y)
+ (3700 =T+ T, »]) e, 2
+(3f @) = LH[Fo )+ f(.9]) ez x).

On the other hand, we have
(%f(x, » =300+ f. x>]) =1 ([f@. ) = Fo. 2]+ [f@x. ) = fz.0)])
= L@ ) +d(f)z ).
Similarly, we get
2 ~ 1~ ~ 1 0 0
o= e+ Twn]) oo = 2 (€0 ) +d D@ 9) o0 2).

and

2 ~ 1~ ~ L/ 0
e =3 [Fan + 70,91 o0 = 2 (0.9 +d°(N 0 0) (. ).

Hence, we have

=

d'(fe)(x,y,2) = f(x,y,2d (9)(x,y,2)
+% [d°(F)(z %) +d°(f) @ ] ex. )
5 [@°(F)(x, y) +d°(H)(x. 2] e (. 2)
+¢ [A°(H 3.2 +d°(H . 0] (z, x).
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2) Let(f,¢)eC.(V)xC, (]-'). Then by Lemma 2.5,

5'(7d)e) = () 3 ste.x)f (e e, x)

xeF,

Y ste,x) (Fle)+ flet,x) + fx,e0)) gle, x)

_ 1
3r(e) =7

= 1 (@8 (¢)(e) + 3—() > ste, ) flet, x)gle, x)

xeF,

+3r1(e) x;g s(e, x) f(x, e ) e, x).

= F(e)s' (¢)(e)

1 ~ ~
+3r(€) X; S(e7 .X) (f(e+, X) — f(e)) ¢(€,X)

+ 3r1(e) Xf_j ste.x) (Fx.e) = @) (e x)

= F(e)s' (¢)(e)

@ XZ ste. ) [ (e ) +d (et 0] dte, ).

2.3.6 Laplacian

Through the GauB-Bonnet operator T, we can define the discrete Laplacian on 7. So,
Lemma 2.8 induces the following definition

Definition 2.10 Let 7 = (/C, F) be a triangulation, the Laplacian on 7 defined as
L:=T*:Cc(V)®Cc(E) ®Ce(F) O
is given by
L(f.¢.¢) = (8°d° f. @° +5'd")p, d's' ).
for all (f, ¢, ®) € Cc(V) ®C(E) ® Co(F).

Remark 2.11 We can write
L:=Lo® L ® Lo,
where Ly is the discrete Laplacian acting on functions given by

1
Lo(f)(x) :=8%°(f)(x) = ﬁ r()d’(f)(e),

,et=x
with f € C.(V), and where L is the discrete Laplacian acting on 1-forms given by
Li(@)(x, y) := (d°8° +8'd") () (x, y)

1 1
= @ e’e+7yr(e)¢(6) - ﬁ +:X’”(6’)¢(€)
Ly, 2)d! LY, 2),
i Ze;ms(x v, 2)d (@)(x, y, 2)
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with ¢ € C.(€), and where also L is the discrete Laplacian acting on 2-forms given by
Ly(@)(x,y,2) :=d"'8"($)(x, y,2)
1
= D sy welx, y, u)

rx
. ) UEFx,y]

1
Yo sz ey, 2w

+
r(y.2) ueFiy g

! Z s(z,x, u)p(z, x, u),

r(Z7 X) UEFz.a]

with ¢ € C.(F).

Remark 2.12 The operator L is called the full Laplacian and defined as Ly = L] +
LT, where L] = d89 (resp. Li" = 8'd') is called the lower Laplacian (resp. the upper
Laplacian). In both articles [1] and [3], the authors denote Ay = 8%4% and A = d%9. In
this work, we have Lo = Agand L| = Aj.

3 Closability

On a connected locally finite graph, the operators ¢° and 8° are closable (see [1]). The next
Lemma proves the closability of the operators ¢! and §' on a triangulation.

Lemma 3.1 Ler T = (K, F) be a weighted triangulation. Then the operators d' and §'
are closable.

Proof
e Let (¢,)nen be a sequence from C.(£) and ¢ € I2(F) such that

. 1
nli>nc}o (||(/7n||12(5) +ld en — ¢“12(}-)> =0

then for each edge e, ¢,(e) converges to O and for each face w, d Y(@n) () con-
verges to ¢ (). But by the expression of d'! and local finiteness of 7, for each face
@, d! (¢n) () converges to 0. Thus we have that ¢ = 0.
e The same can be done for §' : Let (¢,)nen be a sequence from C.(F) and ¢ € 12(&)
such that
1im (lgnllr + 18" 60 = ¢l ) =0,

then for each face o, ¢, (o) converges to 0 and for each edge e, s'(¢n)(e) converges to
¢(e). But by the expression of 8! and local finiteness of 7, for each edge e, sl (gn)(e)
converges to 0. Thus we have that ¢ = 0. O

The smallest extension is the closure (see [15, 18]), denoted d0 = 4O (resp. 50 =

— — o o min
8211-", dl:=d!. . 8" :=8! T :=Tuin, L:= Lyin)hasthe domain
Dom(dy,) = [ f € PO 3(fiens fu € CcV), lim ILfy = fllzgyy =0, lim d°(fexistsin 2(€)},

for such an f, one puts
dyin(F) = lim d°(f).
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We notice that d,?”.n (f) is independent of the sequence ( f;,),eN, because dY is closable.

The largestis d . = (8°)*, the adjoint operator of 83”.”, (resp. 89, = (d°)*, the adjoint
operator of dr?lm)~

We also note d,l,mx = (81)*, the adjoint operator of (Sllmn, (resp (Srlnax = (d")*, the adjoint
operator of d;”.n).

Proposition 3.2 Let T = (KC, F) be a weighted triangulation. Then

Dom(Tyin) < Dom(dSy;,) ® (Dom(35,,) N Dom(dy;,)) ® Dom(8),;,).

min

Proof Let F (f,o,¢) € Dom(Tyi,), so there exists a sequence (F,), =
((fns @ns D))y S Ce(V) @ Co(E) @ Co(F) such that nll)rr;o F, = F in H and (T F,)eN

converges in H. Let us denote by Iy = (fo, @0, ¢o) this limit. Therefore
1T Fo = Lol = 18%n = follfayy, + 1@ + 8D (s d0) = @0l + ld @n = b0l -

Nl

Hence (Sogon — foandd 1gon — ¢ respectively in / 2(V) and in I2(€). So, by definition,
(S Dom(égﬂn) N Dom(drlnin), fo= 83”,1(,0 and ¢ = drhmgo. Moreover, we combine the
parallelogram identity with Lemma 2.8 to obtain the following result

1@+ 8D D)7 ey = 142N 7oe) + 18" @ e)s Y1 € N V(. $) € Ce(V) x Ce(F).

Since ((d® + 8")(fu. ¢n)), converges in %(£), then by completeness of 1*(£) (d°(f,)),
and (8 1((1)”))" are convergent in 12(E). Thus, we conclude that f € Dom(dgu.n) and ¢ €
Dom(8! . ). O

Proposition 3.3 Let T = (KC, F) be a weighted triangulation. Then

Dom(Lin) € Dom(8°, d° )@(Dom(do 8% yN Dom(s) . d! ))@Dom(dl sy,

min“min min“min min“min min®min

Proof 1) We will show that (Lg)min < 8% d0. . First, we note that

= “min“min"

), d°

min min

Dom(8°. d° )= {f € Dom(d’

min“min

f € Dom (82, D).

Let f € Dom((Lo)min), so there exists a sequence (f,)n < C.()) such that
fo = finP), 8°d° f = @°d)min f in P V).

So, (Lo fn)n is a Cauchy sequence. Moreover, we have

Vn,m € N, d°fo = d° ooy = (d°Cn = f). d°Cu = f))pce)

= (8%°(fu = fu). fu — f)i2w)

= (Lo(fu = fm) fa — f) 2y

< NLo(fn = f)llponll fu = Fmll2ovy-

Thus (dO Jfa)n is a Cauchy sequence because (Lo f,), is a Cauchy sequence and
(fu)n is convergent. So, it is convergent in [2(£). By closability, we conclude that
f € Dom(agindretin)'

ii)  First, for all ¢, ¥ € C.(£) we have

(Lig. )2y = (LT + L)@, W) ey = (8%, 8%y + (d 0. d" Y1) o). (3.1)
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342 Y. Chebbi

Using the same method as in 1) with Eq. 3.1 we obtain that (L] )min < do. §9

= “min~min

and (Lf')m,-,, C 8rlmndr1nm. It remains to show that we have

(LD)min € (L;)min + (LT)min

Let ¢ € Dom((L1)min), so there exists a sequence (¢,), < C.(€) such that

¢ = lim ¢, in l2(8) and (L1¢n)neN converges in 12(€). Then, by the parallelogram
n—00

identity with Lemma 2.8 we obtain
LT + L@y = ILT @7y + ILT @)l e)s Yn € N.

Then (Ll_(go,,))n and (LT((pn))n are convergent in [%(E). Moreover, by the clos-

ability of L} and LT, we conclude that ¢ € Dom((L| )min) N Dom((LT)mi,,).
iii)  Since, for any ¢, ® € C.(F), we have

(L2g, ©)por) = (d'8' ), O)p (5 = (8'6,8'O)pey. (3.2)

Using the same method as in i) with Eq. 3.2 we obtain that (L2),in € dl. sl

min~min*

4 Geometric Hypothesis
4.1 yx-Completeness

In this subsection, we give the geometric hypothesis for the triangulation 7. First we recall
the definition of x-completeness given in [1] for the case of graphs. A graph L = (V, &)
is x-complete if there exists an increasing sequence of finite sets (By,),en such that V =
U,eN By and there exist related functions yx, satisfying the following three conditions:

) xn € Cc(v)’ 0<x. =<1
i) x€B,= y,(x)=1.
iii) 3C > OsuchthatVn € N, x € V

L Y r@ld’ e’ < C.

c(Xx
( )eES,eizx

Remark 4.1 The y-completeness is related to the notion of intrinsic metric for weighted
graphs. This geometric hypothesis covers many situations that have been already studied.
Particularly in [1], the authors prove that it is satisfied by locally finite graphs which are
complete for some intrinsic pseudo metric, as defined in [8] and [12].

Definition 4.2 A triangulation 7 = (C, F) is x-complete, if

(C1) K is x-complete.
(C2) 3IM >0, VneN, e €&, such that

— ) " s(e, 01d% e, x) + dOxu(et, )P < M.
r(e) xeF,
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For this type of 2-simplicial complexes one has

VpeN, dn,, n>n, = Ve e E, suchthatet ore™ € By, doxn(e) =0. “4.1)

E= U E ifE :=lec &, et € Byore € By). 4.2)
neN

Vg €N, dny, n > ny = VY(e,x) € F, suchthate™, etorxe By, doxn(ei,x) =0. 4.3)

F = U]-',, if 7/, :={[x,y,z] € F, x € Byory € B,orz € B,}. 4.4)
neN
VS e PO g, = lim (. frw). 4.5)
.1
Vo € 4O, gl = Jim - ;r(@xn(e*)w(enz. 4.6)
R
Vo € P, 191k = lim =3 Fale) | 3 s 0lge, 0P ). @7
ec€ xeF,
. 2 _
Jim Y7 r@lee)? =0, (4.8)
eeE*(n)
where
E*(n) := {e € £,3x € F, such that (e*, x) € supp(d’x,)}
lim DY ste.xlgple.x) =0, 4.9)
nee ecE xeF}(n)
where

Vee &, Ffn) = {x € F, (€T, x) € supp(d®xn)).

Proposition 4.3 Let T be a simple triangulation of bounded degree, i.e I\ > 0, Vx €
V, deg(x) < A.Then T is a x-complete triangulation.

Proof Let us consider 7 an infinite triangulation. Given o € V, let B, be a ball of radius
n € N centered by the vertex o:

B, ={x €V, deomp(0, x) < n}.

We set the cut-off function x, € C.()V) as follow:

2n —d, ,
Xn(x) = (M VO) A1, Vn e N*.
n

- IfxeB,= xu(x) =landx € Bj, = xu(x) =0.
- Fore € £, we have that

0 1 +y _ SN
4% xn(e)] < ~ |deomp (0, €T) = deomp(0, €7)| = -

Hence A
VeeV, Y P =
ecf ef=x
and ”
Vee &, Y 1dxn(e™,x)+dxule™, 0)I> < 5.
n
xXEF, O
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NVAVAVAVAV
VAVAVAV

Fig. 1 An infinite 6-regular triangulation

Example 4.4 (A x-complete triangulation)
We consider T a 6-regular simple triangulation, i.e. deg(x) = 6, Vx € V. Then, by
Proposition 4.3 we have that 7 is a x-complete triangulation (Fig. 1).

Proposition 4.5 Let T = (KC, F) be a x-complete triangulation. Then

Dom ((Lo)min) = Dom(82;,d%;,)-

min“min

Proof In Proposition 3.3, we have already (Lo)min < Sf)mndglm. Indeed, we will show that

80, d%.  C (Lo)min. Let f € Dom(8°. d°. ), by the yx-completeness of 7, we now

min.min - min min
consider a sequence (x, f), € C.(V). It remains to show that:

Tim [1f = ey + 1LoCf = %)) =0. 4.10)
For the first term of Eq. 4.10, since f € 12(V) we have

1 = s flppy < D @I — 0, whenn — co.

x€B

For the second term of Eq. 4.10, we need a derivation formula of dO, see [14]. Lete € &,
for each (f, g) € C.(V) x Cc(V) we have

d°(fg)(e) = f(eM)d’g)(e) +d°(f)(e)g(e™). (4.11)
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By the definition of Lg, we have

2

> r(@d’ (1 = xu) f)(e)

e,et=x

ILoCf = xn )y = D

1
xeV c(x)

Using the derivation formula (4.11), we get

2
1

()

3 r@ = x)e)d(f)e)

e,et=x

ILo(f = xa Py <2
xeV

2

> re)fe)d (e

2

> re)fe)d () (e)

eet=x

1
=210 =) LoDy + 22 05
xeV cix

Since Lo(f) € [2(V), we have
Tim (1= ) Lo() ) =0.
On the other hand, by the hypothesis iii) of x-completeness and the Cauchy-Schwarz
inequality, we get

2

_ 1
> 5| X refed e <3 | Y redGner

xeV e,et=x xeV e,et=x

> re)lfe)I?

ecsupp(dOy,),et=x

<Y c > r@lfEe)

xey gesupp(doxn),€+=x
=C > r@lfe)

ecsupp(d®x,)

The properties (4.1) and (4.2) permit to conclude that this term tends to O when co. [
4.2 The Case of a Not x-Complete Triangulation

In [3], the authors use the offspring function on the trees to give a counter example of a graph
which is not y-complete. The same thing for the triangulations is not always x-complete.
To prove it, we will study the triangular tree in Definition 4.6.

Let 7 a weighted triangulation, one can take any point 0 € V. Given n € N, we denote
the spheres by

S, ={x €V, deomp(o0, x) = n}.
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7

"7 Y
4 \/ﬁ‘gﬁ

N K —
R =
s By

< T

Fig. 2 A Triangular Tree

Definition 4.6 A triangular tree 7 = (), F) with the origin vertex o is a triangulation
where V = U,,en S, such that

Vx € S,\{o}, V) NS,_1 ={X}.
Vx €Sy, yeVX)NSy1 &
(x, ) eENGS\Mo)> =T =7
where ¥ the unique vertex in S,_1, which is related with x € S,\{0} (Fig. 2).

<~
y =x.

Let 7 be a simple triangular tree. The offspring of the n-th generation (see [3]) is given
by
#Sn—H

off(n) =~

Proposition 4.7 Let T be a simple triangular tree with the origin vertex o. Assume that
#(V(x) NSpt1) -

sup sup
neNxeS, off(n)
Then |
T is x-complete < =00
2

n=1
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Proof
=) Ina proof by contradiction, we start by assuming that 7 is x-complete and the series
converges. So, there exists a sequence (x,), included in C.()V), satisfying
3C >0, VneN, Y ) — P <C xeV.
y~x

Given n, m € Nand x,, € Sy,,. By the local finiteness of the triangulation, we find
Xma1 € V(xm) N Sp1, such that

[xn om) = Xn 1) = min [xn Com) — Xn (D).
YEV(Xim)NSpt1
But,
D ) — e £ C
,VEV(Xm)mSnH—I
Hence

X X .
XnXm XnXm+1)1 = ff( )
Moreover, by convergence of the series, there is N € N such that

1
Z«/W 2/C’

Then, by ii) of the definition of x-completeness, there is no € N such that x,,(x) =
1 for all deoimp (0, x) < N. Since yj,, is with finite support, there is M € N such that
Xno(x) = 0 for all dcomp(0, x) > N + M. Therefore,

|Xna(xN) - Xnu(xN+M)| = |Xnu(xN) er(xN+1)| + o + |er(xN+M—1) - Xna(xN+M)|
N+M—
1

=ve Z off(k =2

Since | xno(XN) — Xno(Xn+m)| = 1, we have the contradiction.
<) We consider the cut-off function:

1 if deomp(0,x) < n

deomp (0,x)—1

Xn(x) = max | 0,1 — Z
k=n

if deomp (0, X) > n.

1
J/off(k)

Since the series diverges, y, is with finite support and satisfies i) and ii) of the
definition of x-completeness. Given x € S, with m > n, we have

2 _ # V) N Sny1)
D ) = I < oTTom

YEVINS i1

Do ) = I =

YEV(X)NS),

Do ) = X = 1 (x) = xa ()

<—.
V(NS off(m — 1)
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On the other hand,

i) Ifee S, x Speq withm > n, we have

Yo 1d% (e )+ dxu(e™ O = Y 12x0 () = Kn(eT) = xuleMI?

xeF, xeF,
Pl _ # (V) NSnt1)
~ off(m) — off(m)

i) IfeeS, xS, withm > n, we have

D 1d (e )+ d (e O = D 12xa(x) = Xule) = xale)
xeF, xeF,
|2xn(4?> — Xn(e™) = xa(eD)?

< —,
off(m — 1)
with ¢ isa unique vertex in S;,,—1 N Fe.

It satisfies Definition 4.2 of x-completeness.

Corollary 4.8 Let T be a simple triangular tree, endowed with an origin such that
off(n) = #(V(x) N Sp1), forallx € Sy,
then T is x-complete if and only if

1
,; Jom

Example 4.9 Seta > 0.Let T be a simple triangular tree, endowed with an origin such that
offn) =#(V(x)NSu41) = [n%] + 1, forall x € S,
then 7 is x-complete if only if @ < 2.

5 Essential Self-Adjointness

In [1], the authors use the x-completeness hypothesis on a graph to ensure essential self-
adjointness for the Gauf-Bonnet operator and the Laplacian. In this section, with the same
idea we will prove the main result, when the triangulation is x-complete. Let us begin from

Proposition 5.1 Let T = (KC, F) be a x -complete triangulation then the operator d* + 81
is essentially self-adjoint on C.(€) & C.(F).

Proof Tt suffices to show thatd! . =d},  and§! =35} . Indeed,d'+35'isa direct sum
and if F = (¢, ¢) € Dom((d" + 8")ax) then ¢ € Dom(d},,) and ¢ € Dom(s},,.). By

hypothesis, we have ¢ € Dom(d). ) and ¢ € Dom(3}. ), thus F € Dom((d" + 8")pin).

min

1) Lety € Dom(d)

1ax)> We will show that

e — xnellze) + Id" (@ — %u@) 27 — 0 when n — oo.
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By the properties (4.1) and (4.2), we know that

VpeN, 3ny, Vnznp, llo = gl = D r@lgl

"
eeSp

so lim fl¢ = Xull = 0.
From the derivation formula (2.3) in Lemma 2.9, we have

d' (9= gy ) =d ((1=1) ¢) (e,

(1= %) (e, x)d" (p) (e, x)

(@1 — ) (x, e7) +d°0 — xu)(x, €M) ple)
(d°(1 = (@ +d°(1 — x) (e, %)) plet, x)
(@0 = x) (et x) +do(1 = xa)(—e)) p(x, e7)
1 — 7 (e, )" (9) (e, x)

(dOXn (e, x)+ dOXn (et, x)) p(e)

(dOXn(_e) + dOXn(xv ei)) p(et, x)

(dxn(x, €T) +d%xn () plx, 7).

o+
N~ —A = DN =N DN —

Since d'¢ € I2(F), one has
. =N\ 41
nll)nolo I (1 - Xn)d §0||12(]-‘) =0.

On the other hand,

> ste.vlp@P1dxule™. x) +dxulet. )P =) e Y sle.x)dxule . x)
(e,x)eF eck xeF,
+d%u (et )P
<M Y rElpel.
ecE*(n)
The property (4.8) allows to conclude that this term tends to 0 as n — oo. Applying
the same process to the other terms, we have

> stenlpet )P (—e) + dxux. e = > et 0 Y stetx.y)
(e,x)eF (et,x)e€ YEF (ot )
1d%xu (e, y) 4+ d"xu (x. Y)I?
=M Y rEt et )
(et,x)eE*(n)

and

Y st e, e )P xnx, e+ dxa(@ = D e e Y s(x,eT,y)
(e,x)eF (x,e7)e€ YEF (1.0m)

1d° xn (x, y) 4 d° xu (e, y)I?

=M > rxeD)lex e

(x,e7)e&E*(n)

2) Let¢ € Dom(8) ), we will show that

max

16 — Xa® 2 + 18" (¢ — Xu ) ll2(e) — O when n — oo.
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By the properties (4.3) and (4.4), we know that

16 = Xadblhry =5 Do s@ =k v, PPk, v, 2
(x,y,20eF
< Z s(x,y,z)|¢(x,y,z)|2—> 0, whenn — oo.
(x,y,z)e]—'é'

By the derivation formula (2.4) in Lemma 2.9, we have

51 — Zud)(e) = 5! ((1/—\21>¢>> (e)
= (1= 78 ($)(e)

r=n Zf s(e, x)d°(1 — xu)(e™, x)p(e, x)
+ 6r1(e) ij ste 0)d(1 = xu) (e, 0 (e, x)

= (- %) ()8 (@) ()
> s(e, x)d"(xa) (x, e ) (e, x)
xeF,

D (e, 0)d () (x, e (e, x).
xeF,

+ 6r(e)

‘We know that
lim || (1— %) 8" @) =0
n—o0

because 8'¢ € [?(&). For the second and third terms, we use the inequality of
Definition 4.2 and the Cauchy-Schwarz inequality. Fix e € £, then

2

> st (0w x, € + A0, e dle )| = Y sle 0Id (), e0)
xeF, xeF,
+dOu) (x, e

x Y se,x)lgle, )

xeF}n)
<Mr@e) Y s(e, 0, 0,
xeF#(n)
Therefore,
2

1 0 140 +
D@ | 3 ste ) (@0 ) +d0m e ) ple, )
ec& xeFe
MY Y stenlgle. x).

ec€ xeF}(n)

By property (4.9), this terms tends to O.
O

Corollary 5.2 Let T = (K, F) be a x-complete triangulation then the operator L;r ® Ly
is essentially self-adjoint on C.(E) @ C.(F).

@ Springer



The Discrete Laplacian of a 2-Simplicial Complex 351

Proof

First we have that LT @ L, = (d' + 81)2 and LT & Ly (Ce(E) ® Cc(F)) € Ce(€) @
C.(F). As Proposition 13 in [1] we prove that d' + 8! is essentially self-adjoint if and only
if LT @ L, is essentially self-adjoint. O

Theorem 5.3 Let T = (K, F) be a x-complete triangulation then the operator T is
essentially self-adjoint on C.(V) ® C.(E) & C.(F).

Proof
1% Step: We will show that
Dom(Tpin) = Dom(d°, ) ® (Dom(ao ) N Dom(d! )) ® Dom(5\ . ).

min min min min

Let F = (f.¢,¢) € Dom(d’,,) ® (Dom(8%, )N Dom(d}, )) & Dom(s),,). Then

there exist (f)n € C.(V) and (¢,), € C.(F) such that:
- fu—= finlPOV)and d®f, — d°. finI%(E).

min

- ¢p— ¢inlA(F)and 8¢, — 8L . ¢ inl*(E)

min

On the other hand, let ¢ € Dom (50 YN Dom(d! . ). By the x-completeness of 7, we

min min
now consider the sequence (3,,¢), € C.(€). It remains to show that

le = Xnellze) + 18°@ = Za@)llz + 1d' (@ — K@) 2 — 0, whenn — oo.

The first and the third terms has already been shown in Proposition 5.1. For the following
we need a derivation formula of 8° taken in [14]. Let x € V, foreach (f, ¢) € C.(V)xCe(E)
we have

~ 1
(fo)(x) = ()8 () (x) — 560 > r@d’(fHepe). (5.1)

e,et=x

Therefore, by derivation formula (5.1), we get

~ 1
8%(p — Fne)(¥) = (1 = ) ()8 () (x) + 560 Y red xu(e)ple).

e,et=x
As a consequence, because 50<p € lz(V), we have
. 0 _
Tim 11 = xa)8° 2 = 0.

For the second term, we combine the property iii) of x-completeness for a graph with
the Cauchy-Schwarz inequality to obtain for all x € V),

| Y r@dm@e@l < > r@ldxu(e) > re)le(e)®

e,et=x e,et=x ecsupp(d®yx,).et=x

< Ce(x) > r@lg(l.

ecsupp(d®yy,),et=x

So,
1
> L Y r@d el <) ¢ > r(e)p(e))?
xev e.et=x xeV  eesupp(dy,).et=x
<C Y r@le@* 0, whenn — oo,
eesupp(dOxn)
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by the properties (4.1) and (4.2).
Hence

F,— FinH, TF, = Ty, FinH,

where Fy = (fa, Xu®: ¢n) and Tin F(f, 9, &) = (89,0 dpyiys | + 831 bs dyi ). Then
F € Dom(Tyip).

2th Step: To show that T is essentially self-adjoint, we will prove that T,,4x = Tinin- By
the first step, Theorem 1 in [1] and Proposition 5.1 it remains to show that:

Dom(Tax) € Dom(dlyy,) & (Dom(8),4,) N Dom(d}g,)) ® Dom(s

max)

Let F = (f, ¢, $) € Dom(Tay) then TF € H. This implies that 8% € 12(V), d°f +
slg e 12(5) andd'g € 2(F). As consequence, by the definition of 8mux and d,imx we have
¢ € Dom(8%,.) N Dom(d),,.). Moerever, by x-completness of T, there exists a sequence
of cut-off functions (x,), € C.(V). Then, the parallelogram identity with Lemma 2.8 we

get

14 Ctn 1) + 8" G 172 ey = 14”10 f o) + 18" Ka bl e

Now, it remains to prove that d( xnf)+ 6 I )?N;,qb) converges in 12(€). Indeed, we need
some formulas taken in Lemma 2.9 and [14] to give that:

d° Gt ) = $0d®(f) + Fd° ()

5 ({n)(€) = Fu(e)s! (¢)<e>+6—() Z s(e,) [d° G (€™, 1) + 0 e, )| e 1)

Zn(e)

Therefore, we have

1d°Cf = xn ) + 8" (¢ — Xn¢)||lz(g) =10 = Z)@f +8'¢) + fd%n + T, II,z(g)
S 3 (”(1 - Xn)(dof + 81¢)”[2(£) + ||fd0Xl’l ”12(5) + ”Inle(g))

Because d° f + 8'¢ € [2(E), we have
: ~ (70 Ly
n—o0
By Proposition 5.1 we have

. 2 _
Tim [ Zl% e, = 0.
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Moreover, by the hypothesis iii) of y-completeness we have

~ 1 ~
1fd%nllfe, = 5 2 r@If@d" (@)

ecf
< D r@If PG @
ee€
=Y 1@ Y Ir@dxu(e)?
xey e,et=x
<C Y cWIfWP
xey,

where V, 1= {x € V,3e € supp(d®x,) such that e™ = x}. This term tends to O by the
property (4.2). O

Theorem 5.4 Let T = (IC, F) be a x-complete triangulation. Then T is essentially self-
adjoint on C.(V) @ C.(E) ® C.(F) if and only if L is essentially self-adjoint on C.(V) ®
Ce(E) ® Co(F).
Proof
Since
T(CcV) ®Ce(E) ®Ce(F)) S Cc(V) @ Ce(€) ® Ce(F),

using the same technique in the proof of Proposition 13 in [1], the result holds. O

Corollary 5.5 Let T = (KC, F) be a x-complete triangulation then L is essentially self-
adjoint on Cc(V) & Cc(€) ® Co(F).

6 Examples
6.1 A Triangulation with 1-Dimensional Decomposition
We now strengthen the previous example and follow ideas of [2] and [3].

Definition 6.1 (/-dimensional decomposition) A 1-dimensional decomposition of the graph
K = (V, &) is a family of finite sets (S;,),en which forms a partition of V), thatis V =
UyenSy, such that forall x € S, y € Sy, (Fig. 3),

x,y)e€E=In—m| <1.

S S S

o 1 2 s

3 S

ey S

Fig. 3 A triangulation with 1-dimensional decomposition
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Given such a I-dimensional decomposition, we write B, := U!_S;. We set,

1
degs (x) := ey > oy forall x & Sy,
YEV()NSy41
1
deg%" (x) := o Z r(x,y) forall x € S,,
YEVH)NS,

1
(%) degsnxsnﬂ(e) = @ Z s(e,x) forall e € S, x Sp41,
X€F NS USut1)

1
degosz(e) = Z s(e, x) for all ec S2,
" r(e) xeF.NS,
1
degi,(e) i=— > s(e,x) forall ec S2.
" r(e) XE]‘—ngni|
We denote
ny = sup degfn (x), Bn:= sup degg ys,, (). v = sup deg‘j;2 (e).
X€S, €S, xSy eeS2 n

Theorem 6.2 Let T = (K, F) be a triangulation and (S,),eN a 1-dimensional decompo-
sition of the graph KC. Assume that

1
Y T =

with€(n,n+1) = nf + Nyt +Bn + v+ Ypp1- Then T is x-complete and in particular,
L is essentially self-adjoint on C.(V) @ Cc(E) @ Co(F).

Proof
We set

1 if deomp (0, x) < n,
deomp(0,x)—1 1

Xn(x) =
max | 0,1 — Z _
—  JEkk+D

if deomp(0, x) > n.

Since the series diverges, x, is with finite support. Note that x, is constant on S,,. If
x € S, with m > n, we have

deg§ (x)

1 2
preey Yo e M) = ()] = St S

YEV(X)NSp41

1 2
— > @@ = (P =0.

C(X) yeV(x)NSy
1 degg, (x)
T, Y =0 S g <
YEVONS,—1 .
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On the other hand,

- Ifee Sy x Spt1, we get

deg§ s, (X))

—omromil T <,
E(m,m+1)

1
5 X senln®— - )P <
re xeFeN(SuUSu11)

- Ifee 831, we get

1
— Y 50l = xa€ ) + (@) — xa e =0
r(e) XEFNSm
5 deg-is_z (e)
Y senl0n0) = e ) + O = xa(€ NP = s <1
r(e) XE]:emSerl %‘(m, " + )
5 deggz (e)
> 51000 = €D + (@) — pue P = <
r(e) XE€FoNS_1 s b

Then 7 is x-complete and in particular, L is essentially self-adjoint by Corollary 5.5. [
6.2 A Triangular Tree

Let 7 be a triangular tree, endowed with an origin. Due to its structure, one can take

1
degs (x) := —r(x, D) forall x € S,,
g c(x)
(%) degs, xs,,,(€) == ﬁ Z s(e,x) forall e € S, x 11,
rie xeFNSp11
1
deggnz (e) := MT)S(e’ @) for all e€ S2,

where “e is a unique vertex in S,—1 N Fe.

Proposition 6.3 Let T be a triangular tree with its origin o. Assume that

1
n%% N

withé(n,n+1) = n,j’ + M1+ Bu+ ¥,y Then T is x-complete and in particular, L is
essentially self-adjoint on C.(V) @ C.(€) & C.(F).

Proof Use the same method as Theorem 6.2 with (). O
6.3 Essential Self-Adjointness on the Simple Case

In [20] and [6], they prove that Ly is essentially self-adjoint on C.()) when the graph is
simple. But the self-adjointness property does not always hold with other operators in the
simple case. We recall the operator L; is not necessarily essentially self-adjoint on simple

tree, see [3]. Moreover, we refer to [11] for the adjacency matrix Ax: = deg— Lo where deg
denotes the operator of multiplication with the functions which shows that the deficiency
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indices of Ay are infinite. In this framework, it is important to notice that L and L, are
not necessarily essentially self-adjoint on a simple triangulation.

Proposition 6.4 Let T be a simple triangular tree. Assume that

offn) =# V) NSut1), x €S,y (6.1)
Oﬂz(n) 1
— 7oﬁ(n N el (N).

Then, Ly is not essentially self-adjoint on C.(E) and the deficiency indices are infinite.

Proof
We construct ¢ € [2(£)\{0}, such that ¢ € Ker(L} + i) and such that ¢ is equal to
constant C, on S, X S+ 1. It takes the value 0 on S2. Given the fact that (x, y)e S2, we get
Ch #V(X) N Spp1) —# V() NSpt1)) = 0.

It holds because of the condition (6.1). Now, we set (x, y) € S, x S,+1 and with the
condition (6.1), we have

(off(n) +1+1i)C, — off(n + 1)Cp41 — C—1 = 0.
We can then apply Theorem 5.1 in [3] to obtain the conclusion. O

We will see now also that L, is not necessarily essentially self-adjoint on simple
triangulation.

Proposition 6.5 Let T be a simple triangulation with 1-dimensional decomposition as
shown in Fig. 4. Assume that

#So,
#So(n+1)

Then, L, is not essentially self-adjoint on C.(F).

n> e I'(N). (6.2)

Proof We consider the faces in Fig. 4 as follows:

w € F & there exists n € NU{0} such that @ = (41, x) € (Szznﬂ X Szn)U(Szznﬂ X Sz,Hz) .

S

5

Fig. 4 A particular triangulation with 1-dimensional decomposition
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Set ¢ € I2(F)\{0} such that ¢ € Ker(L3 +1i). Forn € N, itis given by

| Copyo forall x € Sonta.
¢leant, ) = { Cy, forall x € Sy,.

Let x € Sy,42, we have

(L3 +D@) e, X) = Y dlempr,w+ Y ¢(eF, . xu0

ueF, ueF, +
2n+1 (22”+1,x)
+ E d(x, ey, 1 u)
ueF, —
1)

+ig(ean+1,x) =0.

Hence, we get

(#San12 +2+1) Conga + #S2) C2n = 0. (6.3)
By the Eq. 6.3, we get
1
||¢‘S%n+1 xSt ”122(]-‘) = 8 Z lp(x,y, Z)|2

’ 2
[x,y.2]€55, | | XSon+2

1
= 3 (#C2n+2)2 #S2142)
L1 (02 (#S2,)”

6 #0124
@SS
 #Somgr + 24102 153, 1 %S 1 12(F)

(#S2n+2)

. . #SZn . .
Since lim ——— = 0, we get by induction
n—oo #82(n+1)

C:= su 2 < 00.
SUP 11613, s, 2 )

Thus
2 (#S2n) (#S2n+2)
”¢|$2 xS ”12(]:) — <12
S22 + 2+

From Egq. 6.2, we conclude that ¢ € [*(F). By mimicking the proof of Theorem X.36
of [16] one shows that dimKer(L§ + i) > 1 and thus L, is not essentially self-adjoint on
Ce(F). O

Remark 6.6 By one of Propositions 6.5 and 6.4, we conclude that L is not necessarily
essentially self-adjoint on a simple triangulation.
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