N
Potential Anal (2018) 49:91-103 @ CrossMark
DOI 10.1007/s11118-017-9649-3

Upper Bounds for the First Stability Eigenvalue
of Surfaces in 3-Riemannian Manifolds

M. Batistal2 . J. I. Santos!

Received: 12 September 2016 / Accepted: 1 August 2017 / Published online: 31 August 2017
© Springer Science+Business Media B.V. 2017

Abstract Our target in this paper is given upper bounds for the first stability eigenvalue of
closed (compact without boundary) surfaces in a 3-Riemannian manifold endowed with a
smooth density function. As consequence, we deduce a topological constraint for the exis-
tence of closed stable surfaces in non-negatively curved spaces and a result of no existence
of closed stable self-shrinkers of the mean curvature flow in R3.
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1 Introduction

The study of Riemannian manifolds endowed with a smooth density function has flourished
in last few years, and a much better understanding of their analytic and geometric structure
has evolved. We emphasize in that setting, the solution of Poincaré conjecture, the relaxation
of the conditions for solve the Monge’s problem for mass transportation, the behavior of
singularities of the Ricci flow, the mean curvature flow among others, see [7, 8, 14-17,
21, 22] and references therein. Moreover, the theory of these spaces and the generalized
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curvatures goes back to Lichnerowicz [12, 13] and more recently by Bakry and Emery [4],
in context of diffusion process, and it has been very actived field in recent years.

Now we will introduce some concepts that will be used in this paper. Firstly, we recall
that a weighted manifold is a Riemannian manifold (M3, g) with a real-valued smooth func-
tion f : M — R which is used as a density to measure geometric objects on M. Associated
to this structure we have an important second order differential operator defined by

Aru=Au—(Vu,Vf),

where u € C®. This operator is known as Drift Laplacian.
Following [4, 17, 23], the natural generalizations of the sectional, Ricci and scalar
curvatures are defined by

2
Sect " (X, ¥) = Sect (X, V) + = (Hess FXX) - W(X))> . (LD
: 2 2m
Ric}" = Ric; — %, (1.2)

where X and Y are unit and orthogonal vectors fields tangents to M, m > 0, Ricy =
Ric + Hess f, and

Seo =S +2Auf — IVfI% (1.3)

that last is known as Perelman’s scalar curvature, see [6] for a good overview.

Now, we introduce some objects related with the theory of surfaces in a weighted man-
ifold. Let & C M3 be a two-sided surface of M3 and consider N an unit normal vector
field globally defined on . We will denote by A its second fundamental form and by H
the mean curvature of X, that is, the trace of A.

We recall that the weighted mean curvature, introduced by Gromov in [10], is given by

Hy=H+ (N,Vf).

Throughout this paper, dvy = e~/ dv denote the weighted measure of the surface %,
where dv is the Riemannian measure of X, |X| and || s denote the area of X with respect
to the Riemannian measure and the weighted measure of X, respectively. Furthermore, we
will denote by K the Gaussian curvature of ¥ and by Sect 5, the sectional curvature of M
restricted to X.

It is a remarkable fact that, in the variational setting, surfaces with constant weighted
mean curvature are stationary points of the weighted area functional under variations that
preserves the weighted volume (see [5]). Moreover, the second variation of the weighted
area gives to us the weighted Jacobi operator on X, see [8], which is defined by

Jpu = Agpu+ (JA]* + Ricy (N, N))u, (1.4)

for any u € C*°(X) and |A |? is the Hilbert-Schmidt norm of A.

In this paper, encouraged by the ideas in [1-3, 18], we study some geometric aspects
of surfaces with constant weighted mean curvature. More specifically, we study problems
related with the first eigenvalue of the weighted Jacobi operator on closed surfaces.

We point out that the approach used in this study allows us to generalize a result obtained
by Schoen and Yau on stable minimal surfaces in 3-Riemannian manifolds with nonnegative
scalar curvature for the setting of manifolds with density. As far as we know, our result is
new even in the Riemannian case. Now, we are able to present our main result.

It is read as follows:
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Theorem 1.1 Let (M3, g, f) be a weighted manifold with Ss > 6c, for some ¢ € R. Let

2 c M3 be a closed surface with constant weighted mean curvature H . Then,

1 4(g— 1)
M<—=(H}+60)— —> -
1= 2( f + 6¢) B
Moreover, equality holds if and only if X is totally geodesic, f is constant on X, Sso|x = 6¢
and K is constant.

Remark I In Riemannian case, f = 0, the estimate can be improved. See the corollary in
Section 3.1.

Now we will provide the notion of stability to our context and then we will present some
consequences of our result.

Definition 1 Under the above notation. We say that a surface X is stable if the first
eigenvalue A; of the Jacobi operator is nonnegative. Otherwise, we say that X is unstable.

The next result is a generalization of a result due to Schoen and Yau on stable minimal
surfaces (see [19]) and this technique allows us to give an improvement of Theorem 2.1
in [9].

The result is the following:

Corollary 1.1 Let (M3, g, f) be a weighted manifold with nonnegative Perelman’s scalar
curvature. Let X be a closed stable surface with constant weighted mean curvature Hy.
Then X is conformally equivalent to the sphere S* or ¥ is a totally geodesic flat torus T2.
Moreover, if Soo > 0, then S is conformally equivalent to the sphere S?.

Our second result is the following:

Theorem 1.2 Let (M3, g, f) be a weighted manifold with Sect > ¢, for some ¢ € R, and
d d
Hess f > % (in the sense of quadratic forms). Let £* C M?> be a closed surface
m

with constant weighted mean curvature Hy. Then,
1 [ H?
i r < o) (H—/m —|—4c>, with equality if and only if T is totally umbilical in M?,
m df (N)*

Ric(N, N) =2¢, df(N) = ——Hy on X and Hess f(N, N) =
5 1+m 2m

H 2
) 1 < 4 + W f): K dvy¢. Furthermore, equality holds if and only if
f

B

= (+2m)

df (N)?
™ _H;onS andHess f(N, N) = JN)
14+m - 2m

K is constant, Sect s = ¢, df (N) =

Our third result reads as follows:

Theorem 1.3 Let (M3, g, f) be a weighted manifold with Sect ?{m > ¢, for some ¢ € R,

and Hessf < o - g for some real function o on M. Let £*> C M? be a closed surface with
constant weighted mean curvature H . Then,
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H?
i x < —% (H—fm +4c), with equality if and only if T is totally umbilical in M>,

Ric2" = 2c and df (N) = HLme on %;

2
) <o <4c— fEUd”) v 2 f Ky
(1+2m) IZr IZr
Moreover, if equality holds, then W?ﬂ =c Ric?’" = 2¢,df(N) = 1_%_—"21me,
and |A| is a constant on E. Moreover, M> has constant sectional curvature k and e~
is the restriction of a coordinate function from the appropriate canonical embedding

of(@z in E*, where E* is R* or L.

Remark 2 'We believe the hypotheses on the function f in Theorems 1.2 and 1.3 are natu-
ral, because we recovered the Riemannian case if the function is constant and also, for m
large enough, we captured huge regions in the Gaussian space, which is very important in
literature.

Now, we will give an application on the context of mean curvature flow. For that, we
recall that a self-shrinker of the mean curvature flow is an oriented surface & C R3 such
that

1
H=—(x,N),
5. N)
where N is an unit normal vector field on X. So, if we consider R3 endowed with the
2
function f(x) = %, then a self-shrinker is a f-minimal surface in the Euclidean space.

More generally, the triple (]RS, 8ij, |x|2 /4) is known as Gaussian space and the surfaces
with weighted mean curvature A are know as A-surfaces.
The next result is a consequence of the proof of the Theorem 1.2 and it reads as follows:

Corollary 1.2 All closed \-surfaces in the Gaussian space are unstable. In particular, there
exists no closed stable self-shrinker surfaces in R3.

The paper is organized in this way: In Section 2 we give a classification of weighted
manifolds with constant weighted sectional curvature, we also provide a way to describe
the first eigenvalue of the weighted Jacobi operator and, to conclude the section, we rewrite
the terms of the weighted Jacobi operator in an appropriate way. In Section 3 we present the
proof of the results and others consequences of them.

2 Preliminaries

An important result for us is the classification of weighted manifolds with constant weighted
sectional curvature. The result below follows closely the one in [23], and we include the
proof here for the sake of completeness.

Lemma 1 Let (M3, g, f) be a weighted manifold. Assume that W;m = ¢, then M has
constant sectional curvature k, for some k € R. Moreover, if f is a non constant function,
then ¢ = —(m — Dk, and u = e~ 1/™ is the restriction of a coordinate function from the
appropriate canonical embedding of a space form of curvature k, Qi, in E*, where E* is R*
or LA,
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Proof Let X and Y be an unit and orthogonal vectors on M. Then, by Eq. 1.1, we get

2
¢ = Sect (X,Y) + ! (Hess f(X, X)— W(X)))
2 2m

and

2
CZS‘fCt(Y,X)-i-l(Hessf(Y, Y)_W(Y))>'
2 2m

So, there exists a smooth function w : M — R such that
df @df
2m -

Then, letting {E, E>, X} be an orthonormal frame and adding up the weighted sectional
curvature on the plane spanned by {E;, X},i = 1, 2, we have

2¢ = Ric(X, X) + 2w.

Hess f — w-g.

Thus, by Schur’s Lemma, w is a constant function and so M has constant sectional
curvature, let’s say k. Defining the function u = e~ //™ e have that

c—k
Hessu = —

u-g. 2.1

So, by Lemma 1.2 in [20],

g =dr* + (u')’go. 22)
where go is a local metric on a surface orthogonal to Vu (a level set of u) and u’ denotes the
derived of u in the direction of the gradient of u.

Computing the radial sectional curvature of the metric (2.2), we have (¢ + (m — D)k)u’ =

0. Since f is non constant, we have that c = —(m — 1)k. Moreover, as u satisfies equa-
tions (2.1) and (2.2), u is the restriction of a coordinate function from the appropriate
canonical embedding of Qz in E4, where E* is R* or L%, O

Now we will describe the first stability eigenvalue in an appropriate manner. For this,
consider a first eigenfunction p € C°°(X) of the Jacobi operator J, that is, Jrpo = —11p;
or equivalently,

— App = (k1 + |A]> +Rics (N, N))p. 23)
Furthermore, A1 is simple and it is characterized by
— Jrudvy
Ap = inf “Jswlpudy C®(S), u £0) . (2.4)
fE u2 dvf

We observe that the first eigenfunction of an elliptic second-order differential operator
has a sign. Therefore, without loss of generality, we can assume that p > 0.
Thus,

Aflnp = Alnp — (V £, VInp)
divs (VInp) — (V f.p~'V p)
dive(p™'V p) — p"HV £,V p)

pdive (V) + (Vo™ ', Vo) —p (V£ V)

P~ (Ap = (V£ Vp) = p |V pl?

=p'Ap—p Vol

— (A + |A] +Rics (N, N)) — p 2|V p|*. 25)
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Integrating the equality above on X with respect to the weighted measure dv s and using the
divergence theorem we have that

0=—[Ely - / (A +Ric(N. N)) dvy — e,
X

where oy = f 5 p 2|V pl2dv = 0 defines a simple invariant that is independent of the
choice of p, because A; is simple. So,

|Z| (O[f+/(|A| +Rics (N, N))dvy). (2.6)

Let {E;} be an orthonormal frame in TX and {a;;} the coefficients of A in the frame,
using the Gauss equation

K =Sect s — (A(X), Y)* + (A(X), X){A(Y), Y),

we have that

2
— 1 1
K —Sect's = ajjan —aj, = 5 | (an +tan)’— Y aj | =5 (Hz - |A|2),
i.j=1
hence

|A|? = H? +2(Sect 5 — K). 2.7

To complete this section, we recall the traceless of the second fundamental form of %,
that is, the tensor ¢ defined by ¢ = A — ﬁI where I denotes the identity endomorphism

on T'Y. We note that tr(¢) = 0 and |¢|> = |A|> — H—z > 0, with equality if and only if X
is totally umbilical, where |¢|? is the Hllbert-Schmldt norm.

In the literature, ¢ is know as the total umbilicity tensor of X. In terms of ¢, the Jacobi
operator is rewritten as

H2
Jru=Apu+ <|¢|2+2+Ri0f(N,N)> u. (2.8)
We use exactly this expression in next section to obtain an estimate of the first eigenvalue
of the weighted Jacobi operator.
3 Proofs
3.1 Proof of the Theorem 1.1

We start with a straightforward computation. Let {e1, ez, e3} be an adapted referential of &
to M. Lets rewrite the expression |A |2 + Ric F(N, N). We know that

S _
5= Sect » + Ric(es),

where S is the scalar curvature of M. By Gauss’ equation (2.7), we have

|AI?
Secl‘z;—K———‘rT
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Setting e3 = N and f3 = (Vf, e3) we handle the potential of the stability operator as
follows:

S S H*> AP
|A| +Rle(N,N)=§—K+7+T+Hessf(€3,€3)

1 1= .5 H?> |A)?

= =S —Auf+zIVfI" = K+ — + —— + Hess f(e3, e3)
2 2 2 2
1 1

= 580 = (Axf — Hfs + Hess f(es, e3) + 5<|Vf|2+ 5

H?2 |A|2

—K + > + = + Hess f(e3, e3)

= ek —asra biver e tuz g Lap 3.1

I R ST D L '

Integrating it with respect to Riemannian measure dv, using the divergence theorem and
Gauss-Bonnet theorem we obtain

1
/ |A]> + Ric (N, N)dv = 4n(g — 1) + 5/ (Seo + Hf + A + [V P dv.
b =
By the other hand, integrating (2.5) with respect to dv we obtain that
1 .
~ [590.9.0 = izl = @t [ 1AP +Rie V. M),
b by

where o = [, p~?|Vp|*dv, and so,

Vo> |Vf]? N
- 2 + < M2 = (ax+ |A] +R1Cf(N,N)).
b)) 2p 2 )

After a simple computation we have that

A < = (4 dn( l)—i—l/(S + H? + AP
—— (= +4n(g — = .
'=Te2 § 2 J o
By our hypothesis,
(g — 1)
|X]

Moreover, if equality holds then « = 0 and thus p and f are constants on X, X is totally
geodesic, S|z = 6¢ and K is constant. The reciprocal is immediate.

Now we provide a non-trivial example of a surface into a weighted manifold satisfying
all hypothesis and the equality conclusion of Theorem 1.1.

1
A< —E(H} +60) —

Example 1 Consider the upper hemisphere
M =83 ={xeR*:|x| = land x4 > 0}

furnished with the standard euclidean metric and the density f(p) = %r( p)?, where r is the
distance to north pole. We let compute the first weighted stability eigenvalue of the great
sphere ¥ = 881.

As it easy to see, X is totally geodesic with unit normal field N = —4, and the Gaussian
curvature is equal to one. Moreover, a straightforward computation shows that the hessian
of fis

Hessf =rcot(r)({-, ) —dr ®dr) +dr @ dr.
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Using the informations about ¥ we infer that,
Jr=A+3,

where we used that Ay = A, A = 0 and Ricy(N) = 3. So, Ay = —3, which is equal to
term in the right hand side of the inequality of Theorem 1.1.

In Riemannian case, f = 0, we can improve the estimate in Theorem 1.1. The result is
the following:

Corollary 3.1 Let (M3, g) be a Riemannian manifold with S > 6c, for some ¢ € R. Let
»2 ¢ M3 be a closed surface with constant mean curvature H. Then,
3 5 (g —1)
M<—(H 4c) — ——.
1 < 4( +4c) Bl

Moreover, equality holds if and only if ¥ is totally umbilical, S|y, = 6c¢ and K is constant.

Proof The equation (3.1) can be rewrite, with f = 0, in the following way

5 . 1 3 1,
|Al“4+Ric(N,N) = =S — K+ -H“+ =|¢p|*.
2 4 2
After a straightforward computation we have that
A Lo+ 1)+1/(S+3H2+|¢|2)
=——(a+4n(g — = = ,
ST § 2 /L2
and so
(g —1)
Iz
Moreover, if equality holds then « = 0 and thus p is constant, X is totally umbilical,
S|y = 6¢ and K is constant. The reciprocal is immediate. O

3
A< —Z(H2+4c)—

In the next subsection we will provide the prove of Theorem 1.2 and some consequences.
3.2 Proof of the Theorem 2.1

Using (2.7) in Eq. 2.6 we obtain that

A = {af—2/ Kdvf—i-/[H2+2Sectz+Rin(N,N)]}.
= z

=17
So, using the definition of weighted mean curvature we have

_ ! {af—zf Kdvf-i-/(Hf—(N,Vf))z-F/[zW): —l—Ricf(N,N)]}.
z z z

CISly
Moreover, we know that for all a, b € R and k > —1, it holds that
5 2 b2
b) > - —, 3.2
(@a+b) = 75 & (3.2)
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with equality if and only if b = —]kﬂa. Applying that inequality with k = 2m, a = Hy,
b = —(V f, N), using the definition in Eq. 1.2 we get, after a straightforward computation,
that

H? 1
f - 2m ot

o< — ——da;—2 | Kav —I—/(Rlc- N. N) + 2Sect )} 3.3
1 T 2m |E|f{f /2 L 7 ( ) P (3.3)

Using the hypotheses we obtain

H}% 2
A< —— —4c——/ Kdvy. (3.4)
1+2m IZ|r Jx

Proof (i) Choosing the constant function u = 1 to be the test function in Eq. 2.4 to

estimate A, and using the expression in Eq. 2.8, we obtain that

— [« 1Jrldv 1 1 .
A < fz f f__ |:/ |¢|2+,/ H2+/ Ricy (N, N):|
ledvf =1y Ls 2)s =

= [/ 61>+ < /(Hf—(N,Vf))2+/Rin(N,N)]
b b

H? Y £)\2
;o NV / .
— Rics(N, N
ST |:/ 61>+ < /<]+m = + . icy( )
L/ ——/ 912
~ 2(1+m) 1Zlr Js
1 H}
——|——+4
= 2<1+m+ ¢
Ifr = —% (1 +fm + 4c> then all the inequalities above becomes equalities and conse-

quently ¥ is totally umbilical, Ric(N, N) = 2¢, df (N) = %Hf, and Hess f(N, N) =
m
df (N)?

2m
On the other hand, if ¥ is totally umbilical, Ric(N, N) = 2¢, df (N) = #Hf and
m
df (N)?
Hess f(N, N) = , we have
2m
H = Hy —df(N)
= Hf — H
f 1+m f
T 1l4m £
and

Ric,(N. N) = 2¢ + ——(df (N))?
2m

—2c+7m H?
B 20 +m)2
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Hence,
— : 2 m 2
T = At et s
1 m
=A H? +2 2
R TTErn e e Y g R
= Ar+ ! 2+ZC,
20 +m) 7
and thus,
2
)\l _1 i+4c s
2\1+m
as desired.

(i) Using our hypotheses, we have by Eq. 3.4 that
H?

2
A< - / —46—7/‘Kdvf.
14+ 2m 1Zlr Js

. N _ df(N)?
If equality holds, then oy = 0, Sect x = ¢, Hess f(N, N) = =5—~.

2m

Firstly, we obtain of the equation (3.2) that

df(N) =

Hy.
142m !

and so H =

Hy. Moreover, @ = 0 implies Vp = 0 and thus using the equation

anddf(N) =

1+2m
(2.3) we have that |A|? is constant. Futhermore, by Eq. 2.7, we have that K is constant.
— df(N)?
On the other hand, if K is constant, Sect , = ¢, Hess f(N, N) = fz( )
m
2
LHf, we have that
1+2m
Ric/ (N, N) = 2c + — 2" _p2
ic , =2c+ ——=Hz7,
f (1 +2m2"/
and so
Jr = Af+|AI* +Rics(N, N)
2m
= A+H>+2(c—K)+2c+——H?
+H"+2(c )+ C+(1+2m)2 7
1
=A;+4 H? — 2K,
fraet 1+2m 7
and this implies that
A o= —dc — H? 4+ 2K.
L A

Now, using that K is constant,

H? 2
ao=—dc— —1 +—/Kduf,
1+2m " Izi; )y O

as desired.
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3.3 Proof of the Theorem 1.3

Before initiate the proof, we will recall the generalized sectional curvature

(df(X))?
2m

3

_ 1
Sect (X, Y) = Sect (X, Y) + 5 <Hess (X, X) —

where X, Y are unit and orthogonal vectors fields on M.
Moreover,
2
. —
Ric?" (X, X) = Y Sect /" (X, Y)).

i=1

So,
Ric?" (N, N) + 2Sect g > Ric}” (N, N) + 2Sect i’" |z — Hess f(X, X),

where X is a vector field on X.
Plugging the hypothesis Hess f < og into Eq. 3.3 we get
2
__fy
1+2m

1 / / ) —2m }
———ar—2 | Kdvs+ Ric?"(N, N) +2Sect ; —o )dvs}.(3.5)
|E|f{f K | (R 7o)

Now, we are able to prove our result.

A <

Proof The item (i) is a consequence of Theorem 1.2 (i). To second item, we use the
expression in Eq. 3.5 and our hypotheses.

Now, if equality holds, then « = 0, RicZ" = 2¢ and Sect ?pm = c¢. By equality in the
inequality (3.2), we obtain

2m
df (N) = ——Hy,
FN) 142m !
and so
Hen,— " g ' gy
T T Y T s

Moreover, @ = 0 imply that p is constant and of the equation (2.3) we have that |A|? is also
a constant.

To conclude, we use the Lemma 1 to get that M 3 has constant sectional curvature and
e~/ has the property enunciated in equality case. O

Corollary 3.2 Ler (M3, g, f) be a weighted manifold with Sect > c. Assume that

d d
Hess f > % (in the sense of quadratic forms). Then,
m
(i) There is no closed stable surface with
2
M s
¢ > 0.
14+m
H2
(i) If 2 is a closed and stable surface such that 1 +f +4c < 0, then
m

H} -
> =2 Kd 4
Il z (/; ”f) (|1+2m+ C')
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102 M. Batista and J. 1. Santos

Proof By definition, a surface is stable if and only if A; > 0. Thus the item (i) follows from
the Theorem 1.2 (i). For the item (ii), we use the definition of stability and the Theorem 1.2
(ii). So,

H?

2
0<i<——"t— —4c+—/1<dvf,
142m 1Zlr Js :
and thus
Hj
Y|f|l———+4c| = -2 Kdvy.
[X]f 1+2m+ c|l > /2 vf

O

Another consequence of the Theorem 1.2 is an improvement of the Proposition 3.2 in
[11] to ¥ no necessarily f-minimal.

Corollary 3.3 Under the same assumptions of the Theorem 1.2.

(i) Ifc > 0, then X cannot be stable;
(ii) Ifc =0, but Hy # 0, then X cannot be stable;
(i) Ifc =0and X is stable, then Hy = 0.
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