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Abstract Let P = (p1, ..., pm) With 1 < p1,....pm <00, 1/p1+--+1/pm = 1/p
and W = (Wi,...,Wy) € A p- In this paper, we investigate the weighted bounds with

dependence on aperture o for multilinear square functions S, y ( f ). We show that
N max(% Iil Q) mn
1Say (Dllrwa) < Cppg g™ 00— 7 7 [T leri -
i=1

This result extends the result in the linear case which was obtained by Lerner in 2014. Our
proof is based on the local mean oscillation technique presented firstly to find the weighted
bounds for Calderén—Zygmund operators. This method helps us avoiding intrinsic square
functions in the proof of our main result.
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1 Introduction

The problem of the optimal quantitative estimates for the L” (w) norm of a given operator
T in terms of the A}, constant of the weight w has been very challenging and interesting in
the last decades.

First, the problem for the Hardy-Littlewood maximal operator was solved by S. Buckley
[1] who proved

1

IMILrw) < Cplwlf " (1.1)

where C), is a dimensional constant. We say that (1.1) is a sharp estimate since the exponent
1/(p — 1) cannot be replaced by a smaller one.

However, for singular integral operators the question was much more complicated. In
2012, T. Hytonen [17] proved the so-called A, theorem, which asserted that the sharp depen-
dence of the L% (w) norm of a Calderén—Zygmund operator on the A, constant of the weight
w was linear. More precisely,

max 1,#>

ITNLraw) = Crnplwly, " 1< p <. (1.2)

Shortly after that, A.K. Lerner gave a much simpler proof [20] of the A, theorem proving
that every Calderén—Zygmund operator is bounded from above by a supremum of sparse
operators. Namely, if X is a Banach function space, then

IT(Hlx < Csup Az, s()llx. (1.3)
2.8

where the supremum is taken over arbitrary dyadic grids & and sparse families S C %, and

Azsih)= Y (f 7)re

QeS

The interested readers can consult [18] for a survey on the history of the proof.

The versatility of Lerner’s techniques is reflected in the extension of Eq. 1.3 and the Aj
theorem to multilinear Calderén—Zygmund operators in [8]. Later on, Li, Moen and Sun in
[25] proved the corresponding sharp weighted A 5 bounds for multilinear sparse operators.

In other words, if 1 < p1,..., pm <oowithi+~~+pi=%andi)€A,;,then

a Ii P, m

P T (1.4)

i=1

- ma:
IA2,s(HllLrwz) S (Wl

where Ay s denotes the multilinear sparse operators

Azs(Hx =Y (H(ﬁ)g) X0 (),

QeS \i=l
and the other notation is explained in Section 2. The readers are referred to [7, 25] to observe
that from Eq. 1.4, we can derive the multilinear A 5 theorem for 1/m < p < 0o. More

precisely, if T is a multilinear Calderén—Zygmund operator, 1 < p1,..., pu < 00, % +
1 _ 1 T — -
o =P and w = (wy, ..., wy) € A, then
Pi I’;n m

P TN et - (15)

i=1

ITPlLreg) < CopprlBly, 7
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Weighted Bounds for Multilinear Square Functions 137

For further details on the theory of multilinear Calderon—Zygmund operators, we refer to
[14, 15] and the references therein.

Let Sq,4 be the square function defined by means of the cone I'y in ]R'jr“ of aperture
o > 1, and a standard kernel ¢ as follows

dydt\1/2
Sep(F)(x) = (/F . If %I t,ﬁf) ,

where ¢;(x) =t "¢ (x/t) and * refers to convolution operation of two functions. In [22],
Lerner by applying intrinsic square functions, introduced in [29], proved sharp weighted
norm inequalities for Sy (f). Later on, Lerner himself improved the result— in the sense
of determination of sharp dependence on @ — in [21] by using the local mean oscillation
formula. More precisely,

max( N )11)

1S, llzrw) S oz”[w]Ap

Motivated by these works, the main aim of this paper is to investigate the weighted
bounds for certain multilinear square functions. Let us recall the definition of multilinear
square functions considered in this paper.

Let ¥ (x, ¥) be a locally integrable function defined away from the diagonal x = y; =
. = Yy in R"D We assume that there are positive constants § and A so that the
following conditions hold.

Size condition:

o=
~

, 1 < p<oo. (1.6)

A

x, Y| < . 1.7
Wf( y)| (1+|x_y1|+..._|_|x_ym|)mn+8 ( )
Smoothness condition: There exists y > 0 so that
[ (x, y) =¥ (x +h,y)| < Al (1.8)
x,y)—vx M| < , .
' SO =l =
whenever |h| < %maxj |x —y;l, and
[ ( )= ( +h )= Al
X, seves YViseoos Ym)— X, N 1 sy Ym)l = s
Vhoeen Y ) Yoo IS U e = il e F 1% — 557
(1.9)
whenever |h| < 1|x — y;| fori € {1,...,m}.

For f = (fi,..., fu) € SBR") x --- x S(R") and x ¢ ﬂ.';-qzl supp f; we define

7 _ 1 X )i Ym - . )
Y (H(x) = W/;RnW ‘/’(’w-wt)Jl:[]fj()’J)dYJ'

t t

For A > 2m, o > 0, the multilinear square functions g;t’ v and Sy  associated to ¥ (x, y)
are defined by

N S _ t ni S L dydt\1/2
000 = ([, () W PorE)

and

SanHe = ( [

Fo(x

. dydiy1/2
I HOPTES )"

where o (x) = {(y, 1) € RE™ ¢ |x — y| < at}.
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138 T. A. Bui and M. Hormozi

These two mutilinear square functions were introduced and investigated in [6, 27, 30].
The study on the multilinear square functions has important applications in PDEs and other
fields. For further details on the theory of multilinear square functions and their applications,
we refer to [2-6, 9-12, 16, 30] and the references therein.

In this paper, we assume that there exist some 1 < pi,..., pn < 0o and some 0 <
p < oo with 1 5 = p— + -+ p— such that g} » maps continuously LPI(R") x - x
LPm(R") — LP(R"™). Under this condition, it was proved in [30] (see also [27]) that gx v

maps continuously L' (R") x --- x L'(R") — LY™(R") provided A > 2m. Moreover,
since Sy, is dominated by g; g e also get that S, y maps continuously L'®R") x - x
LY(R") — LY™(R"). The next theorem gives the weighted bounds depending on « for
multilinear square functions Sy (f).

Theorem 1.1 Let P = (P1y- s pm)Withl < p1,...,pm <ocoand1/p1+---+1/py =
1/p. Leta = 1. If w = (wy, ..., wy) € Ap, then
N max(%,li1 ..... pm m
1Se6 (D0 = Corg 5 il 77 T 0. (1.10)

i=1

For the weighted bounds for gj{,w functions, we have the following result.

Theorem 1.2 Let A > 2m, P = (P1y--s pm) With 1 < p1,..., pm < 00 and 1/py +
+1/pm =1/p. Ifw = (w1, ..., wn) € Ap, then
= max(],ﬁ .... I’m m
lgs v (Ollirag) < Cn»m,w,ﬁ[w]A,s r l_[ I fill L7 () - (1.11)

i=1

We would like to point out that in the linear case, Theorem 1.1 gives the sharp weighted
bounds with sharp dependence on o whereas Theorem 1.2 provides sharp weighted bounds
for square functions. See for example [20, 21]. Our conjecture is that these bounds are
sharp but the sharpness problem in terms of the aperture o and the weight may be more
challenging. This may be involved in extending some deep results of Fefferman [13] to
multilinear case.

The outline of this paper will be as follows. In Section 2 we establish the notation that
we will follow as well as some background which will be helpful in the sequel. Also, the
weighted estimates of the operators Ay@ 5» which have key roles in the proof of the main
result of this paper, will be obtained. In Section 3, we study weak (p, p) estimates for
square functions. Finally, Section 4 contains the proofs of the main results i.e. Theorem 1.1,
Theorem 1.2 and Theorem 2.1.

Throughout this paper A < B will denote A < CB, where C will denote a positive
constant independent of the weight which may change from one line to other.

2 Preliminaries
2.1 Multiple Weight Theory

For a general account on multiple weights and related results we refer the interested reader
to [24]. In this section we briefly introduce some definitions and results that we will need.
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Weighted Bounds for Multilinear Square Functions 139

Consider m weights wy, ..., w, and denote w = (Wi, ..., wy). Also let 1 <
—
Pls---, Pm < 00 and p be numbers such that % = ﬁ + -+ p% and denote P =
(Pt -+, Pm). Set

m ya
S e pi
v o= [T w
Ll

We say that w satisfies the A 5 condition if

[J)]A = Sup(lQlf )ﬁ<IQ|/ ; p}>p/p; < 00. 2.1)

/

1—p'.\ P/ D
When p; =1, (IQI fQ p’) ’ is understood as (irQlf w;)~?. This condition, introduced

in [24], was shown to characterize the classes of weights for which the multilinear maximal
function M is bounded from L?!(w) x - - - x L (w,,) into L? (vg) (see [24, Thm. 3.7]).

2.2 Dyadic Grids and Sparse Families

For the notion of general dyadic grid 9 we refer to previous papers (e.g. [19] and [18]).
The collection {Q} is called a sparse family of cubes if there are pairwise disjoint subsets
E(Q) C Q with |Q] < 2[Ep]|.

Let 0 € Ax where A is the class of Muckenhoupt weights. We now define the dyadic
maximal function with respect to o

1
M7 (f)x)= sup —f | flo.
? 05x,0e2 0(0Q) Jo
By different proofs (see e.g. [26]), it is well-known that

1M fllLro) < P'lIfLri). 1 < p < oo 2.2)

Finally, given a sparse family S over a dyadic grid & and y > 1, a multilinear sparse
operator is an averaging operator over S of the form

m
- 4 Iy
AL s(Hw = 3 (TTe) xew]
QeS i=l
These operators verify the following multilinear A, theorem that was proved in [8] and
[25, Thm. 3.2.] for y = 1. In Section 4, we prove the similar estimate for y > 1.

Theorem 2.1 Suppose that 1 < py, ..., pm < 00 with ﬁ 4+ 4 pim = %andﬁ) € Aj.
Then )
p pm m
x(%,F' ..... !

- ma:
1AL, s(Dllzres) S (wly

? H il L7 -

2.3 A Local Mean Oscillation Formula

The key ingredient to prove our main results is Lerner’s local oscillation formula from [19].
We will need to introduce the following notions to understand his result.

By a median value of a measurable function f on a set Q we mean a possibly nonunique,
real number m ¢ (Q) such that

max (|{x € Q: f(x) > mp(O}, l{x € Q: f(x) <ms(D}) <101/2.
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140 T. A. Bui and M. Hormozi

The decreasing rearrangement of a measurable function f on R” is defined by
@) =infla >0: [{x eR": |f(x)| >a}| <t} (0<t < o0).
The local mean oscillation of f is
i (f; Q) = Cigﬂg((f —xe) (MQl) (O<ir<1).
Observe that it follows from the definitions that
Im () = (fx@)*(121/2). (2.3)

Given a cube Q, the dyadic local sharp maximal function mi’;on f is defined by

mf‘féof(x)z sup . (f; Q).
x€Q'eD(Qo)

The following theorem was proved by Hytonen [18, Theorem 2.3] in order to improve
Lerners formula given in [19] by getting rid of the local sharp maximal function.

Theorem 2.2 Let f be a measurable function on R" and let Q¢ be a fixed cube. Then there
exists a (possibly empty) sparse family S of cubes Q € D(Qo) such that for a.e. x € Qy,

[f(x) =mg(Qo)l <2 Z o_1_(f; Q) xoW). (24
QeS

on+2

3 Weak (p, p) Estimate for Square Functions

For a measurable function F' € ]R.Tl , we define

dydt\1/2
Su(F) () = (/ FonP o)

Lo (x)

where 'y (x) = {(y,1) € R’i“ . |x — y| < at}. We prove the following result on weak type
(p, p) estimate for S, .

Lemma 3.1 Leta > 1. Then for 0 < p < 2 there exists cp so that
IS (F)llLroe < cpoP||S1(F) | Lpos.

Proof Note that the case p = 1 was proved in [21]. We now adapt the argument in [21] to
our present situation.
For A > 0 we set
@ ={x:S1(F)(x) > A} and U, = {x: Mxq, (x) > 1/Q2ua)"},
where M is the Hardy-Littlewood maximal function. Then by [28, p. 315], we have
/ Sy (F)(x)%dx < 2a" f S1(F)(x)%dx.
RM\U;, RN\Q;,
This in combination with the weak type (1, 1) estimates of M and Chebyshev’s inequality
implies that
[{x @ So(F)(x) > A} < |Usl+ [{x € R"\Uy : Sa(F)(x) > A}
< " [ s SIF)(x) > M+ 55 faoy, Sa(F)@)%dx
< 0" [{x s SIF) @) > A + 2 a0 g, S1(F)(x)2dx.
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Weighted Bounds for Multilinear Square Functions 141

On the other hand, we have

x g, S1(F)(x)2dx ot Ry SU(F)(x) > t)]dt

2 Jo
4a" A l—
T NSI)N ] poo fo 1Pt

p S ISL Y poo

INIA A

Therefore,
AP I{x s Sq(F)(x) > M| < cua AP [{x : Si(F)(x) > A+ IS1(F)I1] e ],
which implies that
ISa (F)l|Lre < cpaPIIS1(F)|Lpos.

This completes our proof. (]

4 Proof of Main Results

Proof of Theorem 2.1 To prove this theorem, we borrow some ideas in [25, Theorem 3.2].
However, we refine the argument in [25, Theorem 3.2] to provide a direct proof.

Throughout the proof, let o; = wl.lip", fo = (f101, ..., fmom) and f; > 0. Since we
may assume that w € Az, we have 0, vy € Ao (see [24, Theorem 3.6]).
It suffices to prove that

N max(i,pf/1 ,,,,, L’,”) m
1AL, s(Fllrog STl 7 7 TT1A I G- (4.1)
i=1
Let g = min{p, y}. We get
y 2 g
”A);j,s(fa)”%p(ul;) = <fRn [ZQES (l_[;nzl ﬁ fQ fiai) XQ(X):Iy vﬂ))
q AN
= <f]R" I:ZQES (l_[;n:l |]@ fQ fiai) XQ(X)]q Vzi;) )
where we used the fact ¢ < y. Thus
1AL, s(FOL o0y < MAL s(FON I Lrsagy)- 42)
’ ( U.) il w
Denote 8 = max(%, %, e, %). Also assume that g € L(”/q)/(v,;,) and g > 0.

We have

/R LAG s(Fo)lgva =)

QeS

[ eve (nlé'/gf)

From this and the definition of [w] Ap»We obtain

| q
Yoes Jogvi < (T 7 o fioi) q
-84 \Q|mq(ﬂp71) ( 1 _) ( m 1 : )
=< [W]Aﬁ ZQES b5 (Q)Pa—1 e, UI(Q)L{(/ﬁp/p’{—(: >]<) vz (0) fQ 8Vyp ) X 1_[1':1 0 (0) fQ ftUt
< oma(Bp—D 3184 |Eg|™atPP™ i ( 1 ‘>
= (0T Xoes v (B Iy oy By P70 " \ ¥ (@ Jo8vi

X(H;”:I ﬁg)fg fioi)q
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142 T. A. Bui and M. Hormozi

where in the last inequality we used the facts v;(Q) > vy (Ep), 0;(Q) > 0;(E() and the
positivity of the exponents. On the other hand, by Holder’s inequality, we have

|Egl = / 7 1_[0 i < vi(Eg)m ]_[a,(EQ)mﬂ’. (4.3)
i=1

Insert this into the estimate above to conclude that

m 1 q
QXE;S/QgVJJ X (E@/Qﬁm)
- ! Voo 1 T [ ro\orEo® |-
<2 q(Bp 1)[w]A‘i3 QXE;S|:<V@(Q) /ngw)vw(EQ)<;/) ] X |:[.1:[l(0i(Q) /Qf,a,)a,(EQ) :i|

which together with Holder’s inequality and the disjointness of the family {Ep}ges gives

q e /ey iy
ZQGS fQ gy X (l_[tr-"zl \7& fQ fi0'i> < omq(Bp l)[w]ﬁqﬁ[ZQGS (m fQ 8%) U;I;(EQ)] (p/q)
1 i q/pi
x [T [ZQES (m Jo fiUi) Gi(EQ)]
= 2P DB ML O ey gy X T M2 S 11 )
S 2D gl L gy T 1l -

where to get the last inequality we applied (2.2). Hence,

1AL, sy S WAL GO Ly
=su pIIgIIL(,,/q)/(v 1 JralAG s (f0)1 vy
< 2maPr= 1>[w] X Ty 1 fill Do -

This proves (4.1). O

In order to prove Theorem 1.1, we use the approach of [21]. Let ® be a fixed Schwartz
function such that

xB0,1)(X) < P(x) < xB0,2)(X).

We define

Sy (D@ = (Jrr @ (52 (DR ) ™

It easy to see that _ N _ _
S,y (F)(X) = Say (F)(X) < S2,y (f)(x). (4.4

As a generalization of [21, Lem. 3.1] for multilinear case, we have

Proposition 4.1 For any cube Q C R", @ > 1 and §y < min{8, 1/2}, we have

~ . S DR | 2
1 Gus (% 0 = ennine™ 3 i ([ [, 150y
1=0 i=1 29

Proof of Proposition 4.1 Without the loss of generality we may assume that § < 1/2.
Foracube Q C R" weset T(Q) = Q x (0, £(Q)). We then write

S (D20) = frag) @ (5 ) W DOIPGE + ferny gy @ (5 ) 0 (D)t
= E(H0) + F(H).
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Weighted Bounds for Multilinear Square Functions 143

We set fO = (fixg*,---. fmxo*), where Q* = 8Q. For each i = 1,...,m, we set
12 = fixor and f° = f; (o). Then we have

E(N)(2) <2"E(f%)(z) + 2" Z E[(falv cees a‘")](Z) 4.5)
aEI()
where Z = {@ = (a1,...,ap) : o € {0,00}, and at least one a; # 0}. We denote the
vector @ by 0 if ; = O forall 1 < i < m. Therefore,
EDroreieh = 2" [ B aler2m + Y [EG . fimxe] Giel2m).
&EIO

Due to Eq. 4.4 and Lemma 3.1, ||§a,¢(f)||Ll/n1,oo < Cm’namn||S]71//(_]?)”L1/m,oc. This

together with the fact that Sy 4 maps continuously from L' x ... x L' into L'/™% yields
that

(E(fO%0)* 1121/2") < oy (fO)x0)* (?»|Q|/2"')2

=< Cil,m,k,l//azmn< l]n 1 \Q*l fQ* |fj ) .
On the other hand, for each @ € 7 we have

[eut. o szne] wiom = o [ e(S2E) ot o) ol
This along with the fact that
xX—y "
/ﬂ CD( o )dx < cp(at)
implies that
* om ,dydt
[Eui o smre] @l s e [ @ R
Hence for y € 2Q and (a1, ..., o) € Zy, by Eq. 1.7,
8
|1p[(fal, “aey am)(y)' =< Af(Rn)m (r+y— ZI‘+ t+|y m |)mn+5 l_[/ 1 |f (Zj)|d(zj)

< A oy iy L= 1 @)ld )
< AW/ fiznyn (,},_ZIH_?_;%;_ZW,),MM [T 1/ )l ()
< AW/ [ figom++ Sizs s gty -+ |
< /000 X2 35 (T g Joo 115
These two estimates give that for @ € Zy
(B 5 xo] Gio12m

= e T # ([T g leQ )] 2 Jrag) @ t/4Q) bt

= Cn,k,l/f“"[Zl:o QW(HJ 1 |21Q‘ Jag 1171 )]

<" Y 2%(1_[] 1 |21 ol ny [/l )2

where in the last inequality we used Holder’s inequality.

Therefore,
— 1 /1 2
s 2
(E(Px0)" HQD = cnmi e 2(;5(}_[1 701 by )
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144 T. A. Bui and M. Hormozi

To complete the proof, we will claim that

. . o m 1 2
[F(f)(x) = F(f)(x0)| < cnpya™" Z o 1_[ ol f |fj|) : (4.6)
=0 i 12°0l Jaig

for all x € Q, where x is the center of Q.
Once we can prove (4.6), the conclusion of the proposition follows immediately by using
the fact that

0. Say (N3 Q) < (E(Hx@)* RO + IF(f) — F(H(x0) = (0)-

We now prove (4.6). We first write

IF(H)(x) — F(Pxo)l < Z/T(21+1Q)\T(2’Q) ]@(xo;y) - <1>( )‘ W (HORE n+1 ,

Note that if 1 < 2=1£(Q) then min{lx — yl,|xo — yl} > 2ar for all (y,1) €
TRHONT 2/ Q) and x € Q. Hence,

o(—2)-o(*2=>) =0,

As a consequence, we have

IF(N(x) —F(f)xo)l

-y Xo—y dyd
= XZi frevonrao ‘q)(%) - ¢( r \) (Z=1g).2+1econ ¢ )T
x— dyd
= Z?i] fT(ZHIQ)\T(Z’Q) ‘@( a,y> - ¢)( )‘ Wft(f)(y)l X[2’ 3Z(Q) ZIHZ(Q))( ),3+1['
It is easy to see that for x € Q we have
X — Xp — X —x b4
‘q>( y) <1>( 0 y)‘fcml 0l < ono Q@)
ot ot ot
Now we set fo (fixoys--+» fmxo), where Q) = 2’+2Q. Foreachi =1,...,m, we set
fl = fixo, and f>° = f; x(g;)<- Denote
21+]Z(Q) d
ydt
Fi(f) = Z(e(@/a) L. f G RO

Therefore,

IF(HG) = F(Hxo)l < X2, (6(Q) /) leHsz, /<Q>|w<f><y>|2j’,,‘f§
< 2" FO(f)(x) + 27 Zado FE(f) ().

For the first term, using Eq. 1.7 to get that

F 2(f)(x)
2+1e(Q) 8 2 iyd
< AZI I(Z(Q)/O[) leHszl 3Z(Q) ‘I(ZHZQ)M = t+\)7 s 1_[/ 1 |fj (Z,)ldzj t,1}+2lv
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Weighted Bounds for Multilinear Square Functions 145

which along with the fact that
2

)
!
f2’+1Q (t+ly—z1 |+ +ly—zm[)mn+o dy
2mn+28
S ' d
£2mn—n 21+1Qt” t+ly—z1l++ly—zml) y

_L f 1t
12mn—n 21+1Q "\ t+]y—z1]

n+36
1 1 t
= 2mn—n fRn " (H—Iy—zl\) dy

Cn
= t2mn—n

IA

2mn+28
)

and Minkowski’s inequality implies that

. v 12 2
FO)@) < e S O/ foagpe ([0 i) Tl 115Gl |

1/2 2
< o R/ fargm (153, 7)) 1£5ldz, |
o °; mnt1/2 2
<6 X2 O/ farzop (55g) Tl 1f5@pldz;]
2
< e 352 k(T g fuo 1131)
2
< ™ X3 5 (T i Joeg 1)
For the second term ¥ 5, F%( f )(x), similar to previous computation, using Eq. 1.7 we
el

get that, for (a1, ..., a,) € Ty and (y, 1) € T2 Q),

m 3 o
|1/fl(fa1 R n?l[ )()’)| E A f(Rn)m (t+\y—11|+~"t+\,V—Zm\)”’”+5 1_[’;1:1 |fj ](Z/)|d(zj)

=< A f(2/+1 o)m st Zkzl f(zH—k-H Q)’"\(21+kQ)m e
< Cn,l/f(f/g(Q))B Z/Sio W(HT:I ‘zkllQ| f2k+lQ |fj|>
< ey (/00D 20 35 (T g o 1£i1)-

Plugging this estimate into the expression of F4( f )(x) and by a straightforward calculation
we obtain

Q25

2
&g - 1 1
Saer, FEH@) = anye 3 X2 22 F: Tt g o 1£1)
< enpe™ P Y2 o (T gy S 1i1)
provided 6 < 1/2.

This completes our proof. O

The conclusion in Theorem 1.1 follows immediately from Theorem 2.1 and the following
result.

Proposition 4.2 Let w be a weight, 0 < p < oo and o > 1. Then for any function with
compact support f, we have

ISey () Lo awy < cOm, n, Y)a™ sup 1A%, s (DI Lo (w)-
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146 T. A. Bui and M. Hormozi

Proof Assume that supp f; C Qo € Z for all i. From Theorem 2.2 and Proposition 4.1,
we can pick a sparse family in Q¢ which is denoted by S = S(Qp) C Z so that

|Sap (HE? =mg, | (72(Qo)l 2
= Cn,m,l//azmn[ ZQES(QQ) Z?i() 2_15(1—[?1:1 ﬁ leQ Iﬁ(y)ldy) XQ(X)}

fora.e. x € Qg
Since Sy,y maps L! x .- x LY into L1/™% we have

2 2m . 5
|msa’v/(f)2(Q0)| =< (@) ”S(x,lﬂ(f)XQ()”Ll/m.oo

m
1 2
et errpims([T g [ 10Ny
YL x.. . xL1—>L E 100l Jo, i
Therefore, adding the median term to the right hand side and relabelling we obtain
o0
Sy (D = ey | 32707 ) 1 (D),
1=0
for a.e. x € Qgp, where

o =[ ¥ (Mg [, A0a) xew]
i=1

QeSS

for y > 1 and sparse family S C 2. We now observe that

- S ~712
7:92(Q0),£f = [E(QO),[(fv f)] .

On the other hand, the argument in Sections 11-13 in [23] shows that there exists 3" dyadic
grids Z;, j =1, ...,3" and 3" sparse families S; C %}, j = 1,..., 3" such that

Y2027 T g0y (Fs P = emns Sy ALy, s (F1 17D ()
< cmas X1l A%, 5,1 FDEOT.

Hence, we obtain that
3”

N o 2
Sy (D@2 = pmye® 3[4 5 (17D®] ae.x € 0o @.7)

j=1
Asa consequence,

1 Se, v (e w) < Cmon,pe™" sup ||«42@,3(|f|)||m(w)~
2.8

This completes our proof. O

Proof of Theorem 1.2: Assume that supp f; C Qo € Z for all i. We first observe that

gy (PP <D 278 g L (H),

k=1
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which together with Eq. 4.7 implies that

IA

s S 27 [ S T4 17D)] |
cumy | S [AL 5, 07D0] )

g5, (H(x)?

IA

fora.e. x € Qp. provided A > 2m.

This implies that for w € A 5 and p > 0 we have

lgxy (D llLrag) < cnmy S@“g ||«42@,5(|f|)||Lﬂ(vi,)-

The conclusion in Theorem 1.2 follows immediately from Theorem 2.1. O
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