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Abstract Let (X, d, ) bea RCD*(K, N) space with K € Rand N € [1, 0c0). We derive
the upper and lower bounds of the heat kernel on (X, d, ) by applying the parabolic Har-
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1 Introduction and Main Results

Let M be a complete (smooth) Riemannian manifold with dimension n > 2, and let p; be
the heat kernel. Denote the length in the tangent space by | - |. It is well-known from Li and
Yau [25] that, if M has nonnegative Ricci curvature, then for any € > 0, there exist positive
constants C(¢) and Cj(€), such that

1 exp &G y) <mrn<—C9 oo & y)
C(e)u(B(y, V1) G—ex) TS W(BOL VD) Greor )’

and
Ci(e) d*(x, y)
[Vipi(x, y)| < mexp (‘ (4—|—6)t> ,

forallf > Oandall x,y € M.

It is known that the upper and lower bounds of p;(x, y) has been extended by Sturm
[34, 35] to the Dirichlet space (X, £, ) supporting a (weak) local Poincaré inequality and
the doubling measure 1, where X is a locally compact separable Hausdorff space, £ is a
strongly local, regular symmetric Dirichlet form and p is a positive Radon measure. Note
that here the distance is the so-called intrinsic distance induced by the Dirichlet form £. For
the case of the non-symmetric and time-dependent Dirichlet form in the similar framework,
see the recent paper [26].

Throughout this work, let (X, d, i) be a metric measure space, such that (X, d) is a
complete and separable metric space and w is a locally finite (i.e., finite on bounded sets)
Borel regular measure with support the whole space X.

Recently, in the metric measure space (X, d, u), Erbar et al. [17] and Ambrosio et al.
[8] introduced the Riemannian curvature-dimension condition, denoted by RC D*(K, N),
which is a generalization of the “Ricci curvature lower bound” for the non-smooth setting
and a strengthening of the curvature-dimension condition introduced by Lott and Villani
[27] and Sturm [36, 37]. The RC D*(K, N) space resembles more a Riemannian structure
in the sense that Cheeger energy and Sobolev spaces are Hilbertian. We refer the reader to
[1,3-5,7, 17] for more details (see also Section 2 below). In this work, we study the sharp
heat kernel bounds on RCD*(K, N) spaces with K € R and N € [1, 00), and then give
some applications.

Notice that Sturm’s results in [33-35] are valid for a metric measure space (X, d, ) sat-
isfying the RC D*(0, N) condition with N € [1, 0c0), since in these cases doubling property
and Poincaré inequality hold; see e.g. [17, 29]. However, for example, the constant in the
exponential term in the Gaussian lower bound in [35] is not sharp. The first main result
below gives a sharper lower bound of p;(x, y). The approach is adapted from Strum [32]
in the Riemannian setting, by applying the Laplacian comparison principle established by
Gigli in [19] and the parabolic Harnack inequality established by Garofalo and Mondino
[18] and the first named author [22].

Theorem 1.1 Let (X, d, u) be a RCD*(0, N) space with N € [1, 00). Given any € > 0,
there exists a positive constant C1(€) such that

2 2
! Xp (—d (x’y)) < pi(x,y) < IO p( d (x’y))

CLEOnBo. Vi) P\ @ —ex wBG. D) P\ dtexn
(1.1)
forallt > 0andall x,y € X.
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Heat Kernel Bounds 603

Combining this, and the Li—Yau inequality from [18, 22], we can immediately derive a
sharp bound for the gradient of the heat kernel. Here, we denote the minimum weak upper
gradient of a function f : X — R by |V f| (assume its existence at present).

Corollary 1.1 Let (X, d, ) be a RCD*(0, N) space with N € [1, 00). Given any € > 0,
there exists a positive constant C1(€) such that

C d%(x,
Vi, ) = — & p( x ”). 12)

By, V) T\ @ er

forallt > 0and p-a.e. x,y € X.

Notice that in [22], the author used similar forms of Egs. 1.1 and 1.2 but with implicit
constants in the exponential terms to obtain the Li-Yau inequality. The strength of Theorem 1.1
and Corollary 1.1 is that we obtain the sharp constants in the exponential terms.

We shall then establish the following heat kernel bounds on general RC D*(K, N) spaces
with K < 0Oand N € [1, 00).

Theorem 1.2 Let (X, d, ;t) be a RCD*(K, N) space with K < 0 and N € [1, 00). Given
any € > 0, there exist positive constants C1(€), Ca(€), depending also on K, N, such that

I N E))
ClEOnBG.V0) T\ G-

- Cz(é)t> < pi(x,y)

BTG NN (GG
~ w(BY, VD) @+er

+ Cz(é)t> (1.3)
forallt > 0andallx,y € X.

Corollary 1.2 Let (X, d, ) be a RCD*(K, N) space with K < Q0 and N € [1, 00). Given
any € > 0, there exist positive constants C1(€), Ca(€) such that

IV (x, )I(y) =

Ci(e) ( d*(x, y)

VB, v P\ T @ten * C2<€>’> : (1.4)

forallt > 0and p-a.e. x,y € X.

Notice that in [28, Lemma 3.3], by using an elementary argument, Mondino and Naber
obtained sharp lower and upper bounds of heat kernels p;(x, y) for x,y € X for x,y
satisfying d(x, y) < 104/7, and an upper bound for the quantity fX\B(x’r) pr(x, y)du(y).

In a forthcoming paper, the second named author will use a dimensional free Harnack
inequality (cf. [23, 38]) to investigate heat kernel bounds on RC D(K, 0o) spaces (cf. [1, 3,
5D.

The following result generalizes the large time behavior of heat kernels in the Rieman-
nian manifold established by Li [24, Theorem 1] to the present setting with also sharp
form.
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604 R. Jiang et al.

Theorem 1.3 Let (X, d, ) be a RCD*(0, N) space with N € Nand N > 2. Let xg € X.
If there exists 0 € (0, 00) such that liminfg_, w = 0, then for any x,y € X, it
holds that

Jim p(B(xo. Vi) pi(x, y) = o (N) @) =2,

where w(N) is the volume of the unit ball in RN

According to Xu [39], on an N-dimensional Riemannian manifold with non-negative
Ricci curvature, if the volume is not maximal growth (i.e., liminfg—_ oo % = 0),

then the limit of 1(B(xq, +/1)) p: (x, y) as t — oo does not necessarily exist.

For applications of the bounds on the heat kernel and its gradient, we shall consider
stability of solutions to the heat equation, and the boundedness of (local) Riesz transforms.

The paper is organized as follows. In Section 2, we give some basic notations and notions
for Sobolev spaces, differential structures, curvature-dimension conditions and heat kernels,
and recall some known results. In Section 3, we will provide the proofs of heat kernel and
its gradient estimates.

In Section 4, we will prove Theorem 1.3. Stability of solutions to the heat equation
will be studied there as well. Notice that, since the approach depends on the comparison
results between a RC D*(0, N) space and the Euclidean space RY, we can only obtain
the result when N € N and N > 2. The arguments essentially follows from Li [24] with
some necessary modifications to our non-smooth context, since e.g. there seems no effective
Gauss—Green type formula available so far.

In Section 5, we will establish the boundedness of the Riesz transform |V(—A)~
and its local version on LP(X) for all p € (1,00), where A is the Laplacian (see
Definition 2.5 below). The approach follows from the known one in Riemannian manifolds.
In the smooth setting, since the Riesz transform of smooth functions with compact supports
is well defined, and this class of functions is dense in L?” (X) for each p € (1, 00), one only
needs to deal with smooth functions with compact support. However, in our non-smooth
setting, by applying the results from [9, 14], the main issue left should be to find a suitable
acting class for the Riesz transform.

We should mention that, all the results we get generalize the known ones in the Rieman-
nian manifold with Ricci curvature bounded below, and hold in the Alexandrov space with
Ricci curvature bounded from below; see [41].

Finally, we make some conventions on notation. Throughout the work, we denote by
C, c positive constants which are independent of the main parameters, but which may vary
from line to line. The symbol B(x, R) denotes an open ball with center x and radius R with
respect to the distance d, and CB(x, R) = B(x, CR). The space Lip (X) denotes the set of
all Lipschitz functions on X.

1/2|

2 Preliminaries
In this section, we recall some basic notions and several auxiliary results.
2.1 Sobolev Spaces and Differential Structures

Let (X, d) be a complete and separable metric space and let C ([0, 1], X) be the space
of continuous curves on [0, 1] with values in X equipped with the sup norm. For
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Heat Kernel Bounds 605

t € [0,1], the map ¢, : C([0,1], X) — X is the evaluation at time ¢ defined
by
e (y) = .
A curve y : [0, 1] — X is in the absolutely continuous class AC?([0, 1], X) for some
q € [1, o0], if there exists g € L4([0, 1]) such that,

t
d(ys, 1) < / g(r)ydr, foranys,t € [0, 1] satisfying s < 7. 2.1)

S

It is true that, if y € ACP ([0, 1]; X), then the metric slope

d(Vr+s, vr)
8—0 3] ’
denoted by |y |, exists for Llae. r €[0,1], belongs to L? ([0, 1]), and it is the minimal
function g such that Eq. 2.1 holds (see Theorem 1.1.2 in [2]). The length of the absolutely

continuous curve y : [0, 1] — X is defined by f01|)}r| dr. We call that (X, d) is a length
space if

1
d(xg, x1) =inf{f |Vrldr: y € ACl([O, 11,X), yi=x;,i=0,13, Vxp,x1 € X.
0

Let u be a locally finite (i.e., finite on bounded sets) Borel regular measure on (X, d)
with support the whole space X. Throughout the work, we call the triple (X, d, ) the metric
measure space.

Definition 2.1 (Test Plan). Let 1 € P(C([0, 1], X)). We say that 7 is a test plan if there
exists a constant C > 0 such that

(e)gn < Cp, forallz €0, 1],

1
// 74l dt dny) < oo.
0

Definition 2.2 (Sobolev Space). The Sobolev class S2(X) (resp. Slzoc(X )) is the space of
all Borel functions f : X — IR, for which there exists a non-negative function G € L2(X)
(resp. G € L? (X)) such that, for each test plan =, it holds

loc

and

1
/I.f()/l)—.f()/o)ldn(y) 5//0 G(y)ly,|dt dn(y). 2.2

It then follows from a compactness argument that, for each f € S%(X) there exists a
unique minimal G in the p-a.e. sense such that Eq. 2.2 holds. We then denote the minimal
G by |V f] and call it the minimal weak upper gradient following [6].

The inhomogeneous Sobolev space WL2(X) is defined as S2(X) N L2(X) equipped with
the norm

2 5 1/2
1 hwrzcn = (112 + IV £ 1) -

The local Sobolev space WIL’CZ(SZ) for an open set £ C X, and the Sobolev space with

compact support WCI’Z(X ) can be defined in an obvious manner. The relevant Sobolev
spaces have been studied in [6, 12, 30].
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606 R. Jiang et al.

The following terminologies and results are mainly taken from [5, 19].

Definition 2.3 (Infinitesimally Hilbertian Space). Let (X, d, ;) be a metric measure space.
We say that it is infinitesimally Hilbertian, provided W' 2(X) is a Hilbert space.

Notice that, from the definition, it follows that (X, d, u) is infinitesimally Hilbertian if
and only if, for any f, g € S2(X), it holds

IV + @ + IV = D20y =2 (VA1) + 11981122y, ) -

Definition 2.4 Let (X, d, 1) be an infinitesimally Hilbertian space, Q2 C X an open set and
f.g€ SIZOC(Q). The map (V f, Vg) : @ — Ris p-a.e. defined as

v 2 _vel?
(V. Vg) = inf V(g + €N —IVg]
e>0 2¢

’

with the infimum being intended as p-essential infimum.

We shall sometimes write (V f, Vg) as Vf - Vg for convenience. The inner product
(V f, Vg) is linear, and satisfies the Cauchy—Schwarz inequality, the chain rule and the
Leibniz rule (see e.g. [19]).

With the aid of the inner product, we can define the Laplacian operator as below. Notice
that the Laplacian operator is linear due to (X, d, i) being infinitesimally Hilbertian.

Definition 2.5 (Laplacian). Let (X, d, u) be an infinitesimally Hilbertian space. Let f €
Wﬁ)’cz(X). We call f € Dipc(A), if there exists h € LIIOC(X) such that, for each ¢ €
W2 2(X), it holds

f<Vf,w>du - —/ hy dp.
X X
We will write Af = h. If f € WL2(X) and h € L2(X), we then call f € D(A).

From the Leibniz rule, it follows that if f, g € Dioc(A) N L3 (X) (resp. f, g € D(A) N
Ly (X) N Lip (X)), then fg € Dioc(A) (resp. fg € D(A)) satisties A(fg) = gAf +

fAg+2Vf-Vg.
2.2 Curvature-dimension Conditions and Consequences

Let (X,d, ) be an infinitesimally Hilbertian space. Denote by H; the heat flow e'®
corresponding to the Dirichlet form (€, W!-2(X)), defined by

Ef.g) = /X (V£ Vg)du, f.geWhi(X).

From (X, d, t) being infinitesimally Hilbertian, it follows that H, is linear and the Dirichlet
form (£, W12(X)) is strongly local.

Now we recall the definition of RC D*(K, N) spaces. See e.g. [17, Sections 3 and 4] for
other equivalent characterizations. Here and in what follows, for K = 0, K/ (e2K —1):=
limg_0 K/(e*X" — 1) = 1/(21).
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Heat Kernel Bounds 607

Definition 2.6 Let K € R and N € [1, 00), and let (X, d, i) be a length, infinitesimally
Hilbertian space satisfying:

(a) for some constants C, ¢ > 0 and some pointo € X,
w(B(o,r)) < Ce”z, for every r > 0,
(b) each function f € Wh2(X) with |V f1 < 1 admits a continuous representative,

(c) forevery f € Wh2(X) and every t > 0,

2

Kt _ .
\VH, fI* + 1)|AHtf|25e2K’H,(|Vf|2>, p-aeinX.  (2.3)

N(eZKt _
Then we call (X, d, u) a RCD*(K, N) space.

On the RCD*(K, N) space (X, d, ), the measure p satisfies the local doubling (global
doubling, provided K > 0) property, which we present in the next lemma (see e.g. [17,
Section 3]).

Lemma 2.1 Let (X, d, n) be a RCD*(K, N) space with K < 0 and N € [1, 00), and let
xeXand0 <r <R < o0.

(i) IfK =0, then
RA\N
n(B(x, R)) < (7) w(B(x,r)).

(ii) IfK <O, then

Ik N(R)
lg N(r)
where (0, 00) > t +— Ik n(t) is a continuous function depending on K and N, and

Ik N(@) = 0 CK-N)y gs 1 tends o oo for some constant C(K, N) depending on K
and N.

w(B(x, R)) <

w(B(x,r)),

From the definition of the RC D*(K, N) space, we know that (X, d) is a length space.
The (local) doubling property immediately implies that every bounded closed ball in (X, d)
is totally bounded. Since (X, d) is also complete, it is then proper and geodesic. Recall that
a metric space (X, d) is proper if every bounded closed subset is compact. The properness
also implies that the Dirichlet form (£, W12(X)) is indeed regular.

By [5, Theorem 3.9], we see that the intrinsic metric induced by the Dirichlet form
(€, WI2(X)), defined as

dg(x,y) = sup{r(x) — ¥ (y) : ¥ € WA(X) N C(X), VY| < 1 p-ae. in X},
for every x, y € X, coincides with the original one, i.e.,
de(x,y)=d(x,y), Vx,yelX.

Hence, we can work indifferently with either the distance d or d¢.

Recently, Rajala [29] proved that an L' weak local Poincaré inequality holds on
RCD*(K, N) spaces, and hence also an L' strong local Poincaré inequality holds by the
doubling and geodesic properties and by applying [21, Theorem 1]. By using the Holder
inequality, we know that the L?” weak local Poincaré inequality holds for all p € (1, c0).
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608 R. Jiang et al.

Lemma 2.2 Let (X, d, u) be a RCD*(K, N) space with K < 0and N € [1, c0). Then for
every x € X and every R > 0, there exists a positive constant C .= C(K, N, R) such that
foranyr € (0, R),

f |f — fal*dp < Crzf \VfIdu, forall f e W'(X), (2.4)
B(x,r) B(x,r)

where fp = m fB(x,r) fdu. Inparticular, if K = 0, then Eq. 2.4 holds with constant
C := C(K, N) independent of R.

Now we can apply the results from Sturm [34, Proposition 2.3] to immediately deduce
that there exists a heat kernel, i.e., a measurable map (0,00) x X x X > (f,x,y) +—
p:(x,y) € [0, 0co) such that, forany r > 0, f € L'(X) 4+ L°°(X) and each x € X,

H f(x) = /X FOYPer, ) du(y):

forall s, > Oandallx,y € X,

DPr+s(x,y) = fX pi(x, 2)ps(z, y) diu(2);

the function u : (¢, y) — p;(x, y) is a solution of the equation Au = (%u on (0,00) x X

in the weak sense. By the symmetry of the semi-group, p; is also symmetric, i.e., for every
t >0, pi(x,y) = p;(y, x) for all (x,y) € X x X. The doubling property and the local L?
Poincaré inequality imply that the function x — p,(x, y) is Holder continuous for every
(t,y) € (0,00) x X, by a standard argument; see e.g. [35, Section 3]. Moreover, H; is
stochastically complete (see e.g. [33, Theorem 4]), i.e.,

/ pr(x,y)du(y) =1, Vt>0and Vx € X.
X

3 Heat Kernel Bounds

In this section, we shall prove the main results on the heat kernel bounds. We shall follow
the approach of Sturm [32], by applying the Laplacian comparison principle established by
Gigli [19] (see Lemma 3.1 below) and the parabolic Harnack inequality in [18, 22] as our
main tools.

In what follows, let dy, (x) := d(xo, x) be the distance function for each xy.

Lemma 3.1 Let (X, d, ) bea RCD*(K, N) space with K < 0and N € [1, 00). Then the
distance function dy, € Dioc (A, X \ x0), and

N‘L'K’N(d ) —1
Ad)C()'X\)C() S 0 .
dy,

Above, tx y = 1 if K =0, and 1 n(0) = 0/—K/Ncotanh (6 /=K /N) for 6 € [0, o0).
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Heat Kernel Bounds 609

The following parabolic Harnack inequalities are established in [18, 22].

Lemma 3.2 (Parabolic Harnack Inequality). Let (X, d, u) be a RCD*(K, N) space with
K e Rand N € [1, 00). Then for each 0 < f € Uj<g<col9(X), all0 < 5 <t < 00 and
x,y € X, it holds that

@ ifk =0

d(x. y)2 N/2
H; f(x) < H; f(y) exp [ 43_)2) ] (g) .

(i) ifK <0,

d(x,y)? 12K\
H; f(x) < H; f(y) exp : 4(1 — 5)e2K173 } (1 _ esz/3> '

Now we begin to prove Theorem 1.1.

Proof of Theorem 1.1 (i) The inequality

gy < GO _dP(x.y)
ST By, VD) 4+ ey

follows from Sturm [34, Corollary 2.5], by using the doubling property in Lemma 2.1 and
the L? Poincaré inequality in Lemma 2.2.

To prove the reverse inequality, we set N := min{m € N| m > N}. Since N <
N1, the space (X, d, u) satisfies also RC D*(0, N1). By applying the same argument in
[32, p158-p159] with Lemma 3.1, we conclude that there exists a constant C(N;) such
that

d*(x,y)  1+e!
/B(y,\/f) Pr(x, Z)d/J-(Z) = C(Nl) - exp <_4(1 — e)t — > , (31)

for all #+ > 0 and all x, y € X. Indeed, the argument only used the Laplacian comparison
principle for X in Lemma 3.1 and an explicit calculation for the heat kernel on Euclidean
space RN of dimension N (see [32, (3.1)]).

Fix any € > 0. According to Lemma 3.2 (i), we have

1
Paten(x,y) = p! (B(y,ﬁ))- /B pz(x,z)du(z)ﬁXp(—E)-(l+6)’N‘/2

(1)
3.1) d*(x, y)
> C(e,Ny) -} (B Nz ) . )
(€. ND) - (B(y, V1)) -exp 20— or
forall # > 0 and all x, y € X. This implies the desired estimate. O

Proof of Corollary 1.1 1t follows from the Li—Yau inequality

d N
IV log py (x, )2 (y) — S logpie.y) < 2. forprae x.y € X,
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610 R. Jiang et al.

in [18, 22] and Theorem 1.1 that, for each € > 0,

N
IVpe(x, )P () < o P W2+ pe(x, ) [Ape(x, )

. G0@ oy
T ti(B(y, /1))? @+eor)’

as desired. O

We now turn to prove Theorem 1.2. To this end, in particular, we derive a parabolic
Harnack inequality for the heat kernel p, from Lemma 3.2 (ii).

Lemma 3.3 Let (X,d, i) be a RCD*(K, N) space with K < 0 and N € [1, c0). For any
O<s<s+1<t<ooandx,y,z € X, it holds

/ K N/2 N/2
> (y,Z)z 1 —ek/3 / 1 — ¢2Ks/3 /
pi(x,y) = ps(x,z)exp § — K3 e e .

Proof Write py(x,y) = Hi(pi—1(x,-))(y). Then it follows, from Lemma 3.2 (ii) that
pi(x,y) = Hi(pr—1(x, )()

N/2
d(y,2)? 1— ek \ Y
= Hip(pia @)@ expy = o 1\ 1=
N/2
_ dey, 27| (1=K \Y
= Pi=1/25, D) eXp Y == (| T2 g2K73

d(y, 2)? 1 — k3 \ V2 | — o2Ks/3 N/2
Z s exp = Sp s (\ T2k | — 2KG—1/2)/3 ’

as desired. O

The following lemma is a particular case of Sturm [34, Lemma 1.7].

Lemma 3.4 Let (X, d, ) bea RCD*(K, N) space with K € Rand N € [1, 00). Suppose
that ¢ € WH2(X) N L®(X) with |Vy|? < )/2, and u is a solution to the heat equation

3%” = Auon X x [0, 00). Then forall )0 < s <t < oo, it holds

204
leVul. Dl 2y < € VeV ul, $)ll2x)-

We can prove Theorem 1.2 now. We should mention that the idea of the establishment of
the upper bound comes from [34, Theorem 2.4] and the lower bound from [32].

Proof of Theorem 1.2

(i) The upper bounds. Let € € (0, %), t > 0and x, y € X. By the parabolic Harnack
inequality (Lemma 3.2 (ii)), it follows that, for each z € B(y, +/1), it holds

d(y, 2)? | — 2Kkt \N?
Prx ¥) = Paron (X 2) exp 4ete?K1+e)/3 1 — e2Kt/3 ) 3.2)
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Heat Kernel Bounds 611

and, if 1 > 1/¢, then, by Lemma 3.3,
N/2 N2
< d(y, ) |[1—e*X/3 1 —2Kt(+e)/3 .
Pil: ) = Pyeuts, Dyexp 2e2K/3 |\ 1—eK/3 1 —e2K1/3 -(3.3)

LetBeR,0< feL*X)andlety bea Lipschitz cut-off function with VY |2 <
1 p-ae. in X. Setu(x, 1) := H,(e_ﬁ‘/’f).

Suppose at first that t < 1/¢. By Lemma 3.2 (ii), we find that, for all z € B(y, +/1),
it holds

—BY 2 —By 2
Hiyie(e ) < Higoer(e @) exp i dete2K(1+26)1/3 1 — 2K(1+e)t/3

a2 } <1 - ezwews)m

This implies that

Hiie(e PV )()? < C(K, e)e KN f Hyoe(e™ f)(2)* du(z)
)

BO, Vi
< C(K, €)e~KNet =280 0)+201 Ve f PO, (e () du(z)
B(y, Vi)
> 1
< C(K, e)e KNt g 2BVO2BNI 28— |12,
u(B(y, Vo)~ E® (3.4)

where in the last estimate we used Lemma 3.4.
On the other hand, since

2
Hipe PV H(»)? = [ /X Priie(n, 2)e PV f(z) du(z)]
2
> [/ Prite(y, 2)e PV f(2) du(z)]
B(x,\/1)

2
> ¢ HVE2PIVE [ / Prare (0, 2) £ (2) du(z)} :
B(x,+/1)

which, together with Eq. 3.4, and taking supremum with respect to || fll ;2(p 7)) =
1, yields that

e*2ﬁ¢(x)*2|ﬂ|\/;||pt+t€ (ys ) ”iZ(B(x’ﬁ))

< C(K, e)e  KNet g 2BV IT2ABIVI 26 )y (B(y, /1))™'. (3.5)

A similar argument as in Eq. 3.4, by applying the parabolic Harnack inequality (3.2),
yields,

pilx, y)2 < C(K,e€) Pr+er(2, y)2 d,U(Z)e_KNEt
B(x, V1)
—KNet
<C(K,e)

1P, I :
u(B(x, Vi) L2 (B Vi) (3.6)
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Let B = %;y), and choose v such that {(x) — ¥ (y) is sufficiently close

to —d(x, y). Combining the estimates (3.5) and (3.6), we find

exp {—2K Net +4B/1 + 2B (x) — ¥(y)) + 2%t}
1(B(x. VD) (B(y, V1)

- v )2
exp | —2K Ne + 24620 — dlsu |

(B, D) (B(y, V1)

pi(x,y)? < C(K,e)

<C(K,e)

On the other hand, by the local doubling property (Lemma 2.1 (ii)) and t < 1/€, we
have

1(B(y, V1)) < pu(B(x,~i+d(x,y))) < Cexp {C(K, N)(d(x,y) + «/?)} 1(B(x, V1))

d(x,y)
Jt

< C(e)eXp{C(K, N,e) }M(B(x,«ﬂ))-

Combining the above two estimates and the Young inequality, we conclude that

_ dx.y) _ d(x.y)* d(x.y)
exp{ KNet + NG T +C(K,N,¢) NG }

pi(x,y) <+C(K,¢)

1(B(y, V1))
1 _d,y)?
< Ci (G)M(B()h 7 exp {Cz(e)t @t o } . 3.7

For the case t > 1/e¢, by using the parabolic Harnack inequality (3.3) instead of
Eq. 3.2 in the proof of Eq. 3.6, we can conclude that Eq. 3.7 also holds. This completes
the proof of upper bounds.

(ii) The lower bounds. Set N; := min{m € N| m > N}. Since N < Nj, the met-
ric measure space (X, d, ) satisfies also RCD*(K, Ny). By applying the Laplacian
comparison theorem (Lemma 3.1), and the parabolic maximum principle, we conclude
that, there exists a constant C (N;) such that

d*(x,y)

i Cz(e)t> (3.8)

/;;(y,ﬁ) pr(x,2)du(z) > C(K, Ny, €) - exp (—4(1_6)

for all + > 0 and all x, y € X. Notice that, the argument only used the Laplacian
comparison theorem (Lemma 3.1), and an explicit calculation for heat kernel on the
hyperbolic space EXM of dimension N and constant sectional curvature k = %;
see [32, Corollary 3.6].

Fort < 1/e, by the parabolic Harnack inequality (3.2), we have

pi(x,y) = C(K, €) f pi(x, 2) du(z)e* N
B, V1)

1 d*(x,y)
>
CrOuBo. N T (

- ~ Ca(e)).
Sa ) (3.9)
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Suppose now ¢t > max{l, 1/€}. By the parabolic Harnack inequality (3.3), we
conclude that

/2
dy, 2)? 1 — 2Kt/3 N
Paran(x,y) = C(K,N) f Pi(x2) eXp{- 202575 | WO\ T axann

B(y, Vi)
t
> C(K,N,e) pi(x, 2) du(z) exp {—— - C(e)t}
BN 262K
d*(x,y)
> C(K,N, e)exp - 4(17—i)z - Cy(e)1).
The proof is completed. O

Proof of Corollary 1.2 Notice that by [22, Theorem 1.2], it holds for each f € L!(X) and
each ¢ > 0 that,

AH NK —4K1t/3
o2K1/3 of + ¢

ViegH, f|* < —_—,
| Og l‘f| = Htf 3 1_@_2]{,/3

u-a.e..

This gives, when 0 < ¢t < 1, that

IV pi e, )12 () < CE) AP (x, YW pi (x, y) + CK)E ™ py(x, ). (3.10)
Ift > 1, by writing p;(x, y) = Hi(p;—1(x, -))(y), we can also conclude that
IV pi(x, )P () = IVH (pr—1 (2, DIP0) < CR) AP (x, YD) (x, ) +C(K) py (x, 3),

Notice that, by using Davies [15, Theorem 4] and Theorem 1.2, we see that for each
t >0, and almost all x, y € X,

‘a (x )’<C(€)ex C(e)t—d(x’y)z (3.11)
T EPTTTO Rl RS Ty '
This, together with Theorem 1.2 again, yields
C(e) d(x, y)?
v ,- <—"— C - ,
Vi (x, )I(y) < Jin(BG. J0) eXp{ 2(e)t (4+€)t}
as desired. O

Gong and Wang [20] established a characterization of compactness of Riemannian man-
ifolds by using heat kernel bounds. Their arguments work also in our RC D*(K, N) setting.
We omit the details of the proof here, but just mention that the heat flow satisfies the
semi-group Poincaré inequality (see [5, Corollary 2.3]): for every f € W!2(X) and every

t >0,
_ _—2Kt

H (fY) — (H f)? < ETH,(Wﬂz), p-ae. in X,

and the mass preserving property (see [4, Section 4]): for every t+ > 0 and every f €

LY(X) N L3(X),
| mrdn= [ ran.
X X

and for every ball B(x,r) C X, the bottom of the spectrum of the operator —A in
L2(B(x, r)) is bounded above by a positive constant C(K, N, R) with R > r, independent
of x, by applying Lemma 2.1 (see [35, Proposition 2.1]).
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Theorem 3.1 Let (X, d, u) be a RCD*(K, N) space with K € Rand N € [1, 00). Then
the following conditions are equivalent.

(i) (X,d) is compact;
(i1) There exist x € X and ty > 0 such that fX Pro(x, W ldu(y) < co;
(iii) There exists tg > O such that fX Dip(x, x)dp(x) < oo.

4 Stability of Solutions to the Heat Equation

In this section, we apply the heat kernel bounds (Theorem 1.1) to the study of large time
behaviors of the heat kernel and stability of solutions to the heat equation. Our arguments
will be based on the method of Li [24] with some necessary modifications, due to lacking
of the Stokes’ formula (or the Gauss—Green formula).

Definition 4.1 (Boundary measure). For a fixed xg € X and r € [0, c0), define

1
s(xg, r) ;= limsup gp. (B(xg,r +6) \ B(xq,r)).

§—0F

We remark here that, in the Riemannian manifold M with u being the volume measure,
it is immediate to see that s(xg, r) is equal to the (n — 1)-dimensional Hausdorff measure
of dB(xo, r), for every B(xg, r) in M.

The first part in the next lemma is known (see e.g. [37, Theorem 2.3]), and the second
part is immediate from the last definition and the local Lipschitz continuity of the function
r — w(B(xp, r)) in (0, 00), for each xg € X (see e.g. [37, p.148]).

Lemma 4.1 Let (X, d, u) be a RCD*(0, N) spaces with N € (1, 00). Then for all xo € X

and 0 <r < R < o9, it holds
N-1
s(x0, R) _ (5) ’

s(xo,r) — \r

and

R
u(B(xo, R)) :/0 s(xo, r)dr.

Lemma 4.2 Let (X, d, ) be a RCD*(0, N) spaces with N € (1, 00). If there exists xo €
X, and 6 € (0, 00) such that

(B, R) _

RN 6.

lim inf
R— o0

Then for each R > 0, it holds
s(xo, R) = NORN ™!,

Proof From Lemma 4.1, it follows the function R 3(1:187’_1? is non-increasing on (0, 00).

Hence, if there exists Rg € (0, co) such that s(xg, Rg) < N6 R(’)V_l, then for all R > Ry, it
holds s(xg, R) < N ORN—1 This together with Lemma 4.1 implies that for each R > Ry,

R
1(B(xo, R) \ B(xo, Ro)) = / s(xo, 1) dr < 6 (RN - R{)V) ,

Ro
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and hence
B(xo, R 60 (RN — R} B(xo, R
lim inf% < liminf ( 0 ) + w(B(xo, Ro)) _

R—00 R—00 RN

0.

This contradicts with the assumption. Therefore, for each R > 0, we see that s(xg, R) >
NORN—L, as desired. O

Definition 4.2 (Boundary Integral). Let xo € X and r € [0, 00). Suppose f € L°. (X).
Define the integral of f on dB(p, r) as
1

| flaB(xy,r) = limsup —

/ FO0)dp),
50+ 6 JB(o.r+6)\Bxo.r)

Lemma 4.3 Let (X,d, u) be a RCD*(K, N) space with K € R and N € (1,00). Let
x0 € X and R € (0, o0). Then for each f € LS° (X)), it holds

loc

R
/ f@)dux) = / | f1oB(xo,r) dr-
B(x0.R) 0

Proof Notice that, for each fixed xo € X, the function r — w(B(xo, r)) is locally Lipschitz

continuous on (0, 0o). From this, we conclude that, for each f € L‘fgc (X), the function

r— fdu
B(xo,r)

is locally Lipschitz continuous on (0, 0o), and hence, the required equality holds. O

Proof of Theorem 1.3 1t is shown in [22, Theorem 1.4] that
Jim V2 pi(x, y) = CO), 1)
o0

for some constant C(0) € (0, o). Let us prove that 6C(0) = o (N)(@mr)=N/2,

Following [32, Proof of Theorem 4.5], by applying the Laplacian comparison theorem
(Lemma 3.1), and the parabolic maximum principle, it follows that, for all x € X and
t,r >0,

1 |z|*
pr(x, y)du(y) Z/ ———=exp{——— ¢ dz, 4.2)
/B<x,r) t Bx,.r) (4mt)N/2 4t
where x, = (,0, --- ,0) € RY. This, together with Eq. 4.1, implies that
N
T N/2 o(N)r
p(B(x,r)CO) = lim t /BW) (e, V) du(y) = s wTe

Letting r — oo, we find that
w(N)
(47.[)N /2"
Let us prove the upper bound of 6C(9). For any § > 0 and all x, y € X , the parabolic
Harnack inequality in Lemma 3.2 (i) yields

0C(6) > (4.3)

d(x, y)?
26t

Pr(x, %)% < pagsy(x, )% exp : } (1+8N,
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which implies that, for all r, € > 0,
s u(B(x,r +€)\ B(x,r))
€

2 1
< exp (r+e (1+8)N*/
25t € Ju(B(x,r+e)\B(x,r))

pr(x, x)

Pa+syn (X, ¥)2du(y).

Letting € — 0 and applying Lemma 4.2, we conclude that for a.e. r > 0,
2
N 2 r 2
I+ |pa+sy(x, ) oy > exp {—2&} s(x,r)pr(x, x)
2

_ r
> NorVN"lexp :_2&} pi(x, x)>. 4.4)

Integrating over (0, 00), and applying Lemma 4.1 and Lemma 4.3, we find that
A+ N2 prisy (e, x) = (1 +HN N2 / a1+ (%, )7 dp(y)
X

= +8)NtN/2/

(0,00

[Pa+o) (X, ) laBer) dr
)
2

o0
> tN/zNept(x,x)2/ rNlexp (—Zr&) dr
0

o1V N/2 2
:m@ﬂé) pr(x, x)7,

where in the last inequality, we used Eq. 4.4. With Eq. 4.1, letting t — oo, we derive that

1+8\""? 148\
(T) C@) = lim (T) @1+ 80" pay(x. 1)

> lim ij])v]:/zer%,(x, 0)? = (zﬁl)v]:ﬂecw)z,
and hence,
w(N) (1+8\N?
Letting 6 — oo and using Eq. 4.3, we have
oco) = )
4m)N/2

which implies that

im0 (B(xo, V) pr(x, y) = lim %‘};mﬂv/zpm ) =0C@O) = %
and hence, we complete the proof. (|

The existence of the large time limit of heat kernels yields the following stability property
of solutions to the heat equation. The proof is a slightly modification of the proof of [24,
Theorem 3] to our non-smooth context.
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Theorem 4.1 Let (X, d, ) be a RCD*(0, N) space with N € Nand N > 2. Let xo € X.
Suppose that there exists a constant 6 € (0, 00) such that liminfg_, % = 0. Then,
foreach f € L (X), and for any x € X, the limit lim,_, oo H;(f)(x) exists, if and only if,
the limit

lim J») du(y)

r—00 B(x,r)

exists; moreover, it holds

lim BP0 = Jim f 701 duy)

Proof 1t follows from Theorem 1.3 that for each x € X,
N/2 _ N

This, together with the parabolic Harnack inequality

d(x, 2 N/2
ps(x,x) < pt(x,y)exp{ (x, ¥) } (2) i

lim ¢
—00

4(t —s)

forall x,y € X and 0 < s < ¢, yields that there exists e(s) > 0 satisfying e(s) — 0 as
s — oo such that

d , 2

Forany 0 < g € L°°(X) and each x € X, it holds

d(x, y)?
4t —s)

Hi(g)(x) > (CO) —e(s)e N2 /X exp { } g du(y)

}"2
4(t — s)

> (C(0) — e(s))tN/? f ooexp [—
1

Let0<ge L*®(X)andletz e RN . We set for each x € X,

lglaB(x.1z)) N
Pt i EA 2), 7 € RY.
Neo (W) [z VT X(iz1>1}(2)

} lglaB,r dr.

8x(2) =
By Lemma 4.1, we have
) s(x, J2)) st D)
0 < < 0 e < 00 — oo
< 8@ < lgllzeon o ap R Aki=1@) < lglleoo oas <

Hence, 0 < g, € L®(RM).
Let #; be the heat semigroup on R¥. Then for each x € X, it follows that

4t —s)\V/? ;
H;(g)(x) E(C(G)—E(S))<f) H;—5(82)(0). 4.5)

For a function f € L°°(X), we may assume |f| < 1. By setting g; := 1+ f and
g2 =1 — f, we then conclude from Eq. 4.5 that

Aot (f — N/2 B B
1+Hz(f)(X)Z(C(9)—€(S))(y> [Hi—s (L)) +Hi— (f)O)], (4.6)
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and
4ot (f — N/2 . .
1= H(f)(x) = (CO) —e(s)) (M) [H:—s (1)) = H, s (F)©)].(47)

Using Lemma 4.2 and the definition of T, we find that

= s(x, [z 6 N

1 = > — , VzeR

x(2) Neo(N)[e[V-1 X{lz1=1(2) = (V) X{lz1=1)(2) 4
which, together with Eqs. 4.6 and 4.7, implies that

1 (CO)—€s) (11—

@] t

N/2
) Hi—s (X{jz1211)(0)

A (s — )\ V/2 )
= (C(0) — () (Q) Hi—s (fx)(O0) — Hi (f)(x)

Cc®) — _ o\ N2
= : (2(9)6(S)) ([ P s) Hi—s (X{1z1=1D(0) — 1.

Letting s = +/f and t — oo, we find that
lim [H(H(x) = COEDVH,_ 4(F)©)] =0,

since €(x/1) — 0 and H,_ /i(X(z1=1P(0) — 1, as t — oo. Hence, lim;— 0o H;(f)(x)
exists, if and only if, lim;_, oo H,_ ﬁ( fx)(O) exists. From the proof of [24, Theorem 3], it
follows that the limit lim;_, o Ht_ ﬁ( fx)(O) exists, if and only if,

lim fx(z) dz
R—c0 J B0,R)cRN

exists. Notice that, for R > 1,

_ 1 R
Flods = — f flapcer dr
Ji(O,R)CRN * w(N)RN Been

_ HB.R) FO)du(y) -

DR [ k) G dﬂ(y)] :

1
H(B(x, R)) Jpx)

Since limp oo LEGRY — . we find that, the limit HMgco fi o o g f3(2) d2 exists, if

and only if, limg_, Jg(x’ o OV du(y) exists.
Hence, we see that the limit lim;_ . H;/(f)(x) exists, if and only if,

lim; e J%(x’r) JF) du(y) exists. Similar arguments as in the proof of [24, Theorem 3]
imply that the two limits must equal, if they exist. The proof is therefore completed. O

5 Riesz Transforms
In this section, we consider the boundedness of the Riesz transform |V (—A)~'/2| and the

local version |V(—A + a)~ /2| for some a > 0. For simplicity, we only consider the case
u(X) = oo, the case w(X) < oo follows from minor modifications.
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In what follows, we shall let ax = 0 if K = 0, and let ag > 0 large enough for K < 0.
Since —A + ak is a non-negative self-adjoint operator, we can define fractional powers of
—A +ag as

_ WA A ds
—A+4a 1/2:7/ e IKS oS -
( K) > ), NG
and
o0 d
(—A+ag)'? = ? [ eI (A +ag)ed 2.
0 s

NG

We refer the readers to Yosida [40, Chapter 9.11] for more details.

In smooth settings, it is easy to see that (—A + ag)"2 f and (—A +ak) V2 f are well
defined if f is a smooth function with compact support; see, e.g., [9, 14]. In the non-smooth
cases, we need a bit work to show that these two operators are well-defined on some dense
spaces.

Definition 5.1 (Acting Class). The acting class V(X) of the Riesz transform |V(—A +
ak)’l/zl is defined as

VX):={f e L"\X)NL®X): (—A+ax) 2 f e D(A)}.
Remark 5.1 If u(X) < oo, we need to consider the subclass Lg(X) of L?(X), where the

elements f are required to satisfy f € LP(X) and [, fdpu = 0. In this case, we need to
redefine the acting class V(X) as

V(X) = {f e L®(X) : / fdu=0, (—A+ag) ?f e D(A)} .
X

Lemma 5.1 Let (X,d, ) bea RCD*(K, N) space with K € Rand N € [1, 00). For each
p € [1,00), V(X) is dense in LP (X).

To prove this lemma, let us recall the following mapping property established in [22].

Proposition 5.1 Let (X, d, u) be a RCD*(K, N) space, where K € Rand N € [1, c0).

(i) Foreacht > 0 and p € [1,00], the operator H; is bounded on LP(X) with
”Hr”p,p = L.

(i) If K = 0, then, for each t > 0, the operators «/t|V H;| and t AH; are bounded on
LP(X) forall p € [1, o). Moreover, there exists C > 0, such that, for all t > 0 and
all p € [1, o0],

max { VIV Hllpp, It AHilp.p} < €

(iii) If K < 0, then, for each t > 0, the operators /t|V H,| and t AH,; are bounded on
LP(X) for all p € [1, 00]. Moreover, there exists C > 0, such that, for all t > 0 and
all p € [1, 0],

max {[/@A DIV Hlllp.p 16 A DAH .} < €.

We can now prove Lemma 5.1.

Proof of Lemma 5.1 We only need to show that, for each f € L'(X)NL>(X), there exists
{filken C V(X) such that fy — fin LP(X) as k — oo.
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For each € > 0, define

fe 1= e K H(f) — e K Hy e (f).

From the property of the heat semi-group, it follows that f. € L'(X) N L>(X), and
e K¢ H.(f) — fin LP(X) as € — 0. From the heat kernel bounds in Theorems 1.1 and
1.2, it follows that for each x € X,

Creax/e d*(x, y)
| exp(-
w(B(x,/1/€)) Jx 5/€
Cre ok /et+Ca/e

=< m”f”y(xy

which tends to 0 as € — 0, where we choose ax > C, > 0if K < 0. This implies that
e /€ Hy,;c(f) — 0in LP(X), and hence, f. — f in LP(X), as € — 0.
Let us show that f. € V(X). By the analytic property of the heat semi-group, and the fact

le™ /< Hy je (£)](x)

+ C2/6> [fODdu(y)

1/€ d
(—A+ag) ' fe= / V3(=A +ag) e B0 () 2
‘ NG

we conclude that

I(=A+a) ™ fell 2y < CONFll2x)s

for some constant C(€) > 0.
To show that (—A + ag)~'/? f. € D(A), we write

oo prl/e
ata Vg = G [T [T a e e
0 €

ds
2 s

7
If K = 0, then by using Theorem 1.1, the Minkowski inequality and Proposition 5.1, we
find

oo pl/e ds
V(—A)~12 <ﬁ/ / V(—A)ebTIA dt—
IV fellzon =77 | | VRNl di 2
oo rl/e (5+0) 41 d
scfo / IVe 2 2(=A)e = 2 ()l 2x) dt —=
€

N
NG
o rl/e ds
<C — dt—
sc [ ot o ar
< CONf ey

and

3 T oo pl/e ;
IAG=A) T2 fell 2 ) E% /0 / IA(=2)eS TR 12 x) dt
€

A Sl A | ds
5£// Wl A

2 Jo Je (+D) NG
< CEINSNr2xys

for some constant C(¢) > 0. These show that f. € V(X) when K = 0.

ds
S
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Suppose now K < 0. Using Theorem 1.2, the Minkowski inequality and Proposition 5.1,
we find

_ ﬁ oo pl/e a ds
VA +a0) ™ 2 <5 / f V(= A+ag)e OO ()] 2y dr 2

5
1/e 7aK(t+\“)
dt
ff [(s+t)/\13/2”f”L2(X) f

< C(G’QK)”f”L?(X)’

and

~ JT [ Ve - ds
IAG=A +ag) ™" fell 2x) =5 f / JA(=A + ag)e“ VAT (F)| 15y dt—

Js
1/€ 7a1((t+v) ds
dt—
[ f oAl 7

< C(E’aK)”f”L?(X)’

for some constant C(€,ag) > 0. Hence, we can conclude now that f, € V(X) for each
€ > 0.
Therefore, V(X) is dense in L? (X) for each p € [1, 0co). The proof is completed. O

Now we present the main results of this section. The first theorem is on the L? bounded-
ness of the Riesz transform |V (—A)~!/2|. We recall that a sub-linear operator T is of weak
type (1, 1) if, forany f € L1(X), there exists a constant C > 0 such that

iul())ku({x €eX:|Tf)>2) =ClfliLix)-

Theorem 5.1 Let (X, d, ) be a RCD*(0, N) space with N € [1,00). Then, the Riesz
transform [V(—A)~172), initially defined on V(X), extends to a sub-linear operator of weak
type (1, 1) and it is also bounded on L? (X)), for each p € (1, 00).

The next one is the local version of Theorem 5.1.

Theorem 5.2 Let (X, d, ) be a RCD*(K, N) space with K < 0 and N € [1, 00). Then,
for large enough ax > 0, the local Riesz transform |V(—A + ag)~Y/2|, initially defined on
V(X), extends to a bounded sub-linear operator on LP (X)), for each p € (1, c0).

Notice that, as pointed out by [11, p.6], although the results from [9] were stated in
manifolds, their method of proofs indeeds work on metric measure spaces. Therefore,
Theorem 5.1 and Theorem 5.2 follow directly from [9, Theorem 1.4] and [9, Theorem 1.7]
by using Corollary 1.1 and Corollary 1.2, respectively.

In what follows, we outline two different proofs of these results, since the proofs are
basically identical to [9, 14].

5.1 Proofs by Using Heat Kernel Gradient Estimates

Now we begin the proof of the main results by combing the heat kernel gradient estimate in
Corollaries 1.1 and 1.2, and applying the original method of [14] and [9].
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Proof of Theorem 5.1 For each f € V(X), it follows from the definition of V(X) that,

1/2
IV 2Dl = [ EOTHO@EDH@ dp@) ) =1 200
X

Then by Lemma 5.1, we conclude that |[V(=A)~12| is bounded on L%(X). Following
the method in [14] and [9], we divide the proof into two cases, namely, p € (1,2) and
p € (2, 00).

Following the proofs in [14, Sections 2 and 3], by applying the Calderén—Zygmund
decomposition (see, e.g., [14, pp.1154—1155]) for functions and the Marcinckiewicz inter-
polation theorem, in order to show the boundedness of [V(=A)~Y2| on LP(X) for all
p € (1,2), we only need to prove that |V(=A)~12| is of weak type (1, 1). It will fol-
low from by using the heat kernel estimate in Theorem 1.1 and by showing that, there exist
constants C, ¢ > 0 such that for all s, 7 > 0 and n-a.e. x € X,

/ IV ps(x, () du(y) < Ce /55712,
d(x,y)=t1/?

Indeed, by using the gradient estimate (1.2) and the doubling property in Lemma 2.1 (i), we
see that

= O (B, 24V \ Bx, 271 V0)) 2%
Vps(x, - d < 2%
/l;()c,y)zl'/2 Vet D)= ; VS(B(x, \/5)) o 20s

t
Cexp {—E}S_l/z.

Hence, [V(—A)~/2| is bounded on L”(X), forall 1 < p <2

For the remaining case that p € (2, 00), combining the estimate of heat kernel in
Theorem 1.1 and its gradient estimate (1.2) and the real variable result on singular inte-
grals in [9, Theorem 2.1], and following the proof in [9, pp.936-938], we conclude that
|[V(—A)~1/2| is bounded on LP(X) for all p € (2, o), which completes the proof. O

IA

Now we begin to prove Theorem 5.2.

Proof of Theorem 5.2 For each f € V(X), it follows from the definition of V(X) that,
IV(=A +ar) ™ 2 (N7, + ax (=8 +a) (N2,
- /X«—A +ag) (A +a) (), (= +ax) V) du
= 1£1132x)-
Hence, [V(—A + ag)~'/?| is bounded on L2(X) with
IV(=A+a) 2 (Ol 2y < 1120

The rest of the proof follows from similar proofs in the cases p € (1,2) and p € (2, 00)
as in [9, 14], by noticing that

_ T [ _ dt

V(=2 +ag)"2f] < £f Ve B (f)]—,

2 Jo NG
and combining the estimates of the heat kernel and its gradient in Theorem 1.2 and in
Corollary 1.2, respectively. The proof is then finished. O
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5.2 Proofs Without Explicit Heat Kernel Gradient Estimates

In fact, also by the method in [9, 14], the L? boundedness of the Riesz transform
|[V(—=A)~'2| and the local Riesz transform |V(ax — A)~'/?| for every p € (1, 00) can
be shown without using the explicit heat kernel gradient estimates (1.2) and (1.4) . The
approach demands the following main ingredients: (1) doubling property, (2) stochastic
completeness, (3) L? version of the local weak Poincaré inequality, (4) Caccioppoli type
inequalities, (5) L? boundedness of +/¢|V H;|, (6) Davies—Gaffney type estimates, and (7)
L? boundedness of the Riesz transform.

Now we are going to establish the missing parts (4)—(6) one by one and then give another
proof of Theorems 5.1 and 5.2.

The Caccioppoli type estimate for the semi-group H; can be deduced from the following
inequality (see [5, Corollary 2.3]), for every > O and f € L*(X),

2Kt 2Kt _ ok

e —1 —1 .

— t —_— t = t - t 5 M-a.C. 1m .
— IVH P4 —— o (A )? < Hi () = (Hi f)? X(5.1)
Here and in the next proposition, N = oo is allowable.

Proposition 5.2 Let (X, d, ) be a RCD*(K, N) space with K € R and N € [1, 00) and
let p € [2, 00]. Foranyt > 0, it holds

K
IV H flllLrx) =/ 621«7_1“””(")’ forevery f € L> N LP(X); (5.2)

in particular, for K > 0, it holds

1
IVH; flllrx) < Ellfllu’(xy forevery f € L* N LP(X), (5.3)

7

and for K < 0, it holds

IIVH: flllLrx) < 5 I fllLrcxy, forevery f e L> N LP(X). (5.4)

1
V20t A

Proof By Eq. 5.1, it is immediate to get, for every t > 0 and f € L2(X),

VH, f|? < K H,(f> in X 5.5
IVH 1" = g —7 Hi(f7),  p-aeinX. (5.5)

Note that for + > 0, H, is a contraction in all L?(X) with p € [1, co]. For p = o0, the
proof of Eq. 5.2 is obvious by Eq. 5.5. Now take p € [2,00) and f € L> N L?(X). Then,
by Eq. 5.5, we have

1
K 5 » K
IV H; flllLex) Sﬁ@ZKli_l(/x (Htfz) dM) S‘/mnfnLP(X),

which is just Eq. 5.2. For K > 0, (5.3) is immediately implied by Eq. 5.2 and the elementary
inequality 2Kt > 1 4+ 2Kt. For K < 0, (5.4) follows from the fact that the function

2Kt . . . . .
t— % is decreasing in [0, co) with maximum value 2 at ¢ = 0. O

The first Davies—Gaffney type estimate can be established by the same proof of [10,
Lemma 3.6] with minor modifications. In fact, if we let

T(f.g) =(Vf, Vg), forevery f,g e W"(X),
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then I' : W2(X) x W'2(X) — LY(X) is a carré du champ. The second one can be
established by the general method since (H;);>¢ is an analytic semi-group in L?(X) for
every p € (1,00); see [10, Lemma 3.7]. We present them in the next lemma and omit the
details here.

Lemma 5.2 Let (X,d, u) be a RCD*(K, N) space with K € R and N € [1, 00). For
every closed subsets E, F of X, every t > 0 and every function f € L*(X) with support in
E, it holds

_ d*(E,F)
I fllary < €5 1 f 2 (5.6)
and there exists a constant C > 0, such that
(E,F)

_dXER)
IEAH fll2ey < Ce 6 (1 fll 2y

Remark 5.2 One may also use two side heat kernel bounds, Theorem 1.1 and Theorem 1.2,
and Phragmén-Lindelof theorem (cf. [13, Proposition 2.1]) to show that

_ d%(E.F)
IH: fllzry <€ 5 1 fllz2y-

Notice that in the above estimate the constant in the exponential term is larger than in
Eq. 5.6.

Applying the similar argument as the proof of Eq. 5.6, we can prove the following
corollary, which is in fact equivalent to Eq. 5.6.

Corollary 5.1 Let (X, d, u) be a RCD*(K, N) space with K € R and N € [1, o). For
everyt > 0 and f; € L2(B;) with support in two balls B; == B(x;,ri)in X,i = 1,2, it
holds

2(B.By)

d
/(Hffl)fzduse_ Al sy 121l L2 By)- (.7
b'¢

In order to establish the third Davies—Gaffney type estimates, we need to construct the
Lipschitz cut-off function with quantitative estimate on its gradient in X, which is possible
since for fixed x € X, the function y — d(x, y) is Lipschitz continuous in X with respect
to the distance d itself.

Lemma 5.3 Let € > 0. For a closed subset F of X, there exists a function y € Lip (X)
such that x € [0,1], x = Lon F/? and x = 0in X \ F©, and satisfying

2
Vx|l < -, p-ae inX,
€

where F(© = {x € X : d(x, F) < €} is the e-neighborhood of F with respect to d.

Proof Choose
(§ —d(x, Fe/2))"

x(x) = < Al xeX,
2
where d(x, A) :=infyca d(x, y) for a subset A in X. We complete the proof. O
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The third Davies—Gaffney type estimate is presented in the next lemma. The key
ingredient in the proof is the following inequality: for every ¢ > O,

r/xx2|VHtf|2du < eAH, £l 2o 1 He fll2x)

1 1
12 (r/ |VX|2(Hzf)2dM>2 (r/ x2|VHtf|2du)2,
X X

where F© is the closure of F(€) and y is the cut-off function constructed in Lemma 5.3, and
then apply the first two Davies—Gaffney type estimates in Lemma 5.2 (see [10, Lemma 3.10]
for the smooth manifold case). We also omit the details here.

Lemma 5.4 Let (X,d, ) be a RCD*(K, N) space with K € R and N € [1, o0). For
every closed sets E, F C X, everyt > 0 and every function f € L*(X) with support in E,
there exist constants C > 0 and B > 0 such that

d*(E

_ F)
VHIVH flll 2y < Ce P77 N fll 20

Now we are in position to present another proof of Theorem 5.1.

Proof of Theorem 5.1 for p € (1,2) As the proof given in Section 5.1, we only need to
show that |[V(—A)~1/2| is of weak type (1, 1), which is implied by combining Theorem
1.1, the doubling property in Lemma 2.1(i) and the third Davies—Gaffney type estimate in
Lemma 5.4. O

Remark 5.3 The result that the Riesz transform |V(—A)~1/2| is bounded in L? (X) for all
p € (1,2) is in fact can also be shown following the proof of [31, Theorem 5], once we let
o= %, L = A and A = |V -] in the aforementioned theorem and combine with Theorem 1.1
and Corollary 5.1.

Proof of Theorem 5.1 for p € (2, 00) Following the method in [9, Sections 2 and 3], we
only need to combine Lemma 2.1(i), the first part of Lemma 2.2, Proposition 5.2,
Lemma 5.2 and Lemma 5.4, and then complete the proof. O

As for Theorem 5.2, by the localization technique in [16, Section 5] (see also
[9, Section 4] in the Riemannian setting), the local case can be proved as in the global case.
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