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Abstract We develop a potential theory for a Riesz type kernel in a homogeneous space and
characterize the compact sets K with capacity zero as the sets K for which every continous
function f on K is the restriction to K of a continuous potential U: 7 of an absolutely
continuous measure oy supported in an arbitrarily small neighbourhood of K. The measure
of can be choosen as a suitable restriction of a single measure o that only depends on the
set K and the kernel k.
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1 Introduction

A classical result of G. C Evans [8] characterizes the compact sets K in R" of «—capacity
zero as the sets for which there is a nonnegative measure o such that the «—potential
U¢ (x) is infinite precisely on K. H. Wallin [21] proved a different characterization: K has
k—capacity zero if and only if every continuous function on K is the restriction to K of a
continuous potential in R", for suitable kernels k. Later, S. Ja Havinson [12] gave a unified
treatment of both these results, removed some restrictions on the kernel and showed that it
is sufficient to consider restrictions of a single measure that only depends on the set K and
the kernel k. T. Sjodin generalized the problem described above to nonlinear L” —potential
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theory and solved the extension problem for Bessel potentials [18] and Sobolev functions
[19]. It is the purpose of this paper to extend the results described above from the Euclidean
space R" to an abstract space. A suitable setting for this is the homogeneous spaces of Coif-
man and Weiss [5] consisting of a quasimetric space (X, d) equipped with a nonnegative
doubling measure p. For more on such spaces, see [6] and the references contained there.

Let (X, d, u) be a homogeneous space in the sense of [5], let k(x, y) be a kernel and
define the k—potential of a nonnegative Borel measure v on X by

Uy (x) = /k(x,y)dv(yy (1.1

B. Fuglede [9] developed a potential theory for U;’ and its related capacity Cy in a locally
compact space and proved the basic existence theorem for capacitary measures and capac-
itary potentials. We show how [5] and [9] can be combined into a potential theory that
extends the classical potential theory in R" to the homogeneous spaces (X, d, i). A natural
analog of a Riesz type kernel in R" is defined by

K opu(x,y) = K(uB(x,d(x,y)) + uB(y,d(x, y))),

where K (r), r > 0, is a positive, continuous and nonincreasing function and uB(x, a) =
uly € X;d(y, x) < a}, cf. [4] and [20]. See Section 3 for the exact definitions. The main
tools in the proofs are our adoption of an approximation of the identity in Carleson [3] to
the present setting and the construction of families of dyadic nets in M. Christ [4] and T.
Hytonen, H. Kairema [13]. It allows us to mollify measures and potentials uniformly in
X and build continuous potentials of measures that are absolutely continuous with respect
to the measure p. Theorems 2.1 and 2.2 are our principal results that give sufficient and
necessary conditions, respectively, for every continuous function on K to be the restriction
to K of a continous potential. Our main result (Theorems 2.3) extends the results of H.
Wallin [21] and Ya. Havinson [12] described above to the homogeneous spaces (X, d, i)
and gives our characterization of compact sets with capacity zero. See Section 2 for details.

The plan of the paper is as follows. Section 2 states our results, that are proved in
Sections 5 and 6. Our notation and definitions of the spaces (X, d, u) are given in Section 3.
We describe the potential theory in Section 4 and construct the potentials that will be our
building blocks in the proofs of Theorems 2.1 and 2.2.

2 Main Results

We start with the extension theorem, which roughly states that if K is a compact subset of
X with Cx(K) = 0 and f € C(K) then there is a nonnegative measure oy on X and a
continuous potential U Z ! (x) in X such that U ,f 4 (x) = f(x),x € K,and o is the restriction
of a single measure o on X. The theorem extends and unites results by H. Wallin [21],
Theorem 1, and S. Ja Havinson [12], Theorem 1, to homogeneous spaces. More exactly, we
have the following result.

Theorem 2.1 Let (X, d, i) be a complete homogeneous space of order y, 0 < o < 1,
satisfying (DC), and assume that | satisfies (3.7). Let K o i be a doubling kernel satisfying
(4.6). Let K be a compact subset of X such that Cx(K) = 0, G an open set containing K
and € > 0. Then there is 0 € M (X) with the following properties:

(@) supp(o) C G, |lo|l1 < € and o is absolutely continuous with respect to |1,

@ Springer



Continuous Functions and Riesz Type Potentials in Homogeneous... 497

(b) Ug(x) =00, x € K, UZ(x) is finite and continuous outside K and liminf Ug (x) =
X—>X0

oo, xg € K,
(c) Let F(x) be a positive and lower semicontinuous function in a neighbourhood of K
and let f(x) be the restriction of F(x) to K. Then there exists a Borel subset E ¢ of

supp(o) such that if oy is the restriction of o to Ey then the potential U;f (x) is
continuous outside K, lower semicontinuous in X and

U (x) = f(x), x e K.

If f € C(K) then Ugf (x) is continuous in X.

For the converse of Theorem 2.1 we assume that K is a compact subset of X with
Ck (K) > 0. Then there exists a more singular kernel Ko o i such that Cg,(K) > 0 and the
potentials U (x) have a uniform continuity property outside a small subset of K (Lemma
6.1). However, this property fails in general for functions in C(K) (Lemma 6.2), which
proves Theorem 2.2. The Euclidean case was proved in H. Wallin [21], Theorem 2.

Theorem 2.2 Let (X, d, ) and K o u be as in Theorem 2.1. Let K be a compact subset of
X with Cx(K) > 0. Then there is f € C(K) that is not the restriction to K of a potential
UZ (x) for any o € M, (X) with ||o ||y finite.

Combining Theorems 2.1 and 2.2 we get the following characterization of compact sets in
X with Cg —capacity zero, which is our main result.

Theorem 2.3 Let (X, d, i) and K o  be as in Theorem 2.1 and let K be a compact subset
of X. Then the following statements (i)—(iii) are equivalent:

i) Ck(K)=0,
(ii) There exists 0 € M (X) such that Ug (x) = oo exactly for x € K,
(iii) For every f € C(K) there is a continuous potential UZ (x), o € M, (X), such that
fx)=Ugx), x € K.

In statements (ii) and (iii) we may require o to have arbitrarily small total mass ||o || and
support in an arbitrary neighbourhood of K.

Remark Sets {x; UI% (x) = oo}, for some 0 € M4 (X), are usually refered to as polar sets,
see [15], Ch. III, §1. Theorem 2.3 (ii) says thet K is a polar set relative to the kernel K o .

3 Notations and Definitions
A homogeneous space is a triple (X, d, 1), where (X, d) is a quasi—metric space satisfying
dx,y) <K -(d(x,2)+d(z, ), x,y,z € X, (3.1

for some constant K > 1, and p is a nonnegative and nonatomic measure on the o —algebra
generated by all balls B(x, r) = {y € X; d(y, x) < r} and satisfies the doubling condition

0<uB(x,2r) <M -uB(x,r), xe X, r>0. 3.2)
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The constant M is called the doubling constant of w. It is an easy consequence of Eq. 3.2
that

WB(x.r) > C- (%)a ‘uB(x,R), xe€X,0<r<R, (3.3)
where the constants C > 0 and o > 0 only depend on M. A relation which holds except in
a set of u—measure zero is said to hold — a.e. See [5, 6, 16] for the basic properties of the
homogeneous spaces (X, d, ).

We give X the topology induced by the balls B(x, r) = {y € X;d(y, x) < r} and denote
the closure and complement of a set E C X by E and E€ respectively. Let B(x,r) = {y €
X;d(y,x) <r}and S(x,r) = {y € X;d(y,x) = r}. It is a consequence of the doubling
property of p that there exists a positive integer N such that the following holds:

Foreverym = 1,2, ... and x € X, r > O there are at most N™ points x; € B(x, r) such
that for all i # j we have d(x;,x;) > r-27",

c.f. [5], Ch. IIL. It follows that bounded sets are totally bounded. If (X, d) is complete then
(X, d) is alocally compact and separable Hausdorff space, see [17], Ch. 4, Sec. 25, Theorem
A. Every open set is a countable union of balls B(x, r) and is therefore y—measurable.
Hence p is a regular Borel measure on X.

A homogeneous space (X, d, ) is of order y, 0 < y < 1, if there is a constant C such
that

ld(x,2z) —d(z,y)| < C- RV -d(x,y)", (3.4)

forall x, y € B(z, R),z € X and R > 0. Every homogeneous space has an equivalent quasi-
norm satisfying (3.4), c.f. [16] Theorem 2. In that case all sets B(x, r) and {y; d(y, x) > r}
are open sets in X. We say that a homogeneous space satisfies a density condition (DC) if
there are constants N > 2 and A > 1 such that DC

uBx,r)y>A-uB(x,r/N), xeX,r>0. (DC)
The condition (DC) implies that
uB(x.r) < NP . (r/R)? - uB(x,R), xe€X,0<r<R, (3.5)

where § > 0 only depends on A and N, in analogy with Eq. 3.3.

A kernel k(x, y) is a symmetric, k(x, y) = k(y, x), and lower semicontinuous function
k : X x X — [0, co]. We will mostly consider kernels of the type K o u(x, y), where
K : (0, 00) — [0, 00) is non—increasing and continuous and

K opu(x,y) = K(uB(x,d(x,y)) + uB(y,d(x, y))), (3.6)

c.f. [20]. It is easy to see, assuming (3.4), that K o u is symmetric and lower semicontinuous
and hence is a kernel in our sense. We say that K (r) is doubling if there is B > 0, the
doubling constant, such that K(r) < B - K(2r), r > 0. Then also K o u is doubling in the
sense that d(x, y) < 2-d(x, z) implies K o u(x,z) < C- K o u(x, y),where C depends on
the doubling constants for p and K (r). See Section 4 for more on the various properties of
our kernels.

In some of our results below we need the following continuity property for the measure
s

uSx,r)=uf{ye X;d(y,x) =r}=0, forx e X, r > 0. 3.7

The following lemma is then an easy consequence of Eq. 3.7.
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Lemma 3.1 Let (X, d, i) be a complete homogeneous space of order y, 0 < y < 1, where
Eq. (3.7) holds. Let S be a closed ball and a > 0, then

|uB(x,r +h) — uB(x,r)| < g(h), forx € Sand0 <r <a, 3.8)

where g is independent of x and r and g(h) — 0, as h — 0.

Proof Define g(h) as the supremum of |uB(x,r +h) — uB(x,r)|overx € S,0<r <a
and r + h > 0. We first show that g(h) — 0as h — 0, h > 0. If this is not the case there
are hj >0,0<r; <aandx; € S,i=1,2,...,suchthat h; — 0,asi — oo, and

¢ < uBQ,ri +hi) —puB(x;,r), i=1,2,...,

for some positive constant ¢. By compactness we may assume that x; — xg and r; — ro,
as i — oo. Let ro > 0, then the right hand side of the last expression is at most

pLB(xo,ri+h;+C-diy)—pLB(xo,ri—C~diy),i:l,2,...,

by Eq. 3.4, where d; = d(x;, xp). This expression tends to zero as i — oo by Eq. 3.6,
a contradiction. The cases rp = 0 and & < 0 are proved in the same way. Lemma 3.1 is
proved. O

The assumptions of Lemma 3.1 also imply that K o w(x, y) is continuous for x # y,
which allows us to use continuous potentials as building blocks in the proof of Theorem 2.1.

Lemma 3.2 Let (X, d, ) be a homogeneous space of order y, 0 < y < 1, where i
satisfies (3.7) and let K o  be a kernel. Then K o pu(x, y) is continuous for x # y.

Proof Since K (r) is continuous and K o wu(x, y) is symmetric it suffices to prove that
g(x,y) = uB(x,d(x,y)) is continuous. Let xo,yo € X be fixed, then g(x,y) <
WwB(xg, d(xg, yo) + R(x,y)), where R(x,y) = C - (d(x, x0)” + d(y, yo)¥), and hence
limsupg(x,y) =< g(xo,y0), as (x,y) — (xo,yo). Conversely, uB(xo,d(x0, y0) —
R(x,y)) < g(x,y) gives g(xo, yo) < liminf g(x, y), as (x, y) — (xo0, yo), by Eq. 3.6. This
proves Lemma 3.2. O

When (X, d, 1) is the Euclidean space R" with Lebesgue measure and K (r) = poe/n,
0 < a < n, we recover the usual Riesz kernel K o u(x, y) = ¢, - |x — y|7%, c.f. [3]. We use
standard notation for measures and integrals. M (X) denotes the class of Borel measures v
on a X, with finite mass on bounded sets, and M, (X) is the subclass of positive measures. If
E is a Borel set M (E) is the class of v € M (X) that are concentrated on E and analogously
for M (E). The closed support and total variation of a measure v in M (X) are denoted
by supp(v) and ||v]|1, respectively. The class of all continuous functions on a set E is
denoted by C(E). Various constants, that may vary from one instance to another, are written
C,Ci,Cy,....

4 Some Potential Theory
The potential theory for the Riesz kernel |x|*~", 0 < p < n, in R" has a long history that
goes back at least to O. Frostman’s thesis [10] from 1935. For its later development see for

example N. S. Landkof’s classical treatment [15], J. L. Doob [7], L. Carleson [3] and D. R.
Adams, L-I Hedberg [1]. B. Fuglede [9] developed a potential theory in a locally compact
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Hausdorff space in the 1960’s. For the more recent harmonic analysis and potential theory
in abstract spaces, see D. Deng, Y Han [6] and A. Bjorn, J. Bjorn [2] and the references
contained there. Continuity properties of potentials on homogeneous spaces were studied in
[11].

Let (X, d, i) be a complete homogeneous space of order y, 0 < y < 1, let k(x, y) be
any kernel and define the k—potential U}’ of a measure v € M, (X) by Eq. 1.1. We define
the k—energy I; (v) of v by

I (v) =/U,f(x)dv(x) =//k(x,y)dv(x)dv(y)
and the k—capacity of a compact set K is defined by
Cr(K)™" = inf{Ir(v); v € My.(K) and [[v]|; = 1}.

For an arbitrary set A we define the inner capacity C,(A) and outer capacity Cx(A) by
C(A) = sup{Cx(K); K C A} and Cr(A) = inf{C; (G); A C G}, where G and K denote
open and compact sets, respectively. A set A is called capacitable if C; (A) = Cr(A).
This common value is (with a slight abuse of notation) also denoted by Ci(A). Open
and compact sets are capacitable and we have C;(A) = sup{Cy(K); K C A} and
Ci(A) = inf{Cy(G); A C G}, for arbitrary sets A. A relation which holds except in a set
with Cy—capacity zero is said to hold Cy —quasi everywhere (Cy —qg.e.) and analogously for
Cy and Cy, see [9] Ch. 1. Clearly, Cy(K) > 0 if and only if there exists a nonzero measure
v € M (K) with ||v||1 < oo and finite energy I} (v). The following basic existence theo-
rem for the capacitary measure and the capacitary potential of a compact set K is proved in
[9], Theorem 2.4.

Theorem 4.1 Let (X, d, i) be a complete homogeneous space of order y, 0 < y < 1, and
let k(x, y) be a kernel. Then for every compact subset K of X with Cy(K) > 0 there exists
v = vg € M4 (K) such that

L) =C(K)™" and |||y =1, 4.1)
Ul(x) > C(K)™!, €, —qexeK, 4.2)
Ul (x) < Cu(K)7Y, x e supp(v). (4.3)

The measure v = vk and the potential U;’ in Theorem 4.1 are called the capacitary measure
and the capacitary potential for K, respectively. In the case of the kernels K o p, potentials,
energies and capacities are denoted by Uy, I (v) and Ck, respectively.

As in the Euclidean case, we need some basic compatibility between the capacity Cy and
the doubling measure w, see [21], p. 56. More exactly, we want the following to hold:

Cr({x}) =0, forall x € X, “4.4)

K a compact subset of X and p(K) > 0 implies that Cx(K) > 0. 4.5)
We show below that Eqs. 4.4 and 4.5 hold for the kernel K o u if K (r) satisfies
1
VEI&LK(r) =00 and /K(r) dr < o0, 4.6)
0

using the following technical lemma.
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Lemma 4.1 Let (X, d, u) be a homogeneous space satisfying (DC) and let K o u be a
doubling kernel. Then

/).E(x,r)
/ Koplx,y)du(y) ~ / K@)dt, x e X,r > 0,
d(y,x)<r 0

with constants only depending on the doubling constants for u and K (r) and the constants

A, N in the definition of (DC).

Proof Fixany x € X,r > 0, let N > 2 be the constant in (DC) and define circular sets
E,={y;N7"-r<d(y,x) < NI-v -r}, v integer.

Then wE, ~ B (x, N'7"r) and for the integral in the left hand side of Eq. 4.2 we get

Zf K op@,y)du(y) ~ )  KuB(x,N"-r)- pBx, N 7).

V:1Ev v=1

Put b, = uB(x, N~V - r), then for the integral on the right hand side of Eq. 4.2 we have

by
St 00
> [ K@i~ KB N ) BN ) - BN )
v=l1 by v=1
o0
~ ZK(ME(X, N7V-r) - uB(x, N7V .r),
v=1
with constants depending on the doubling constants of i and K (r) and the constants A, N
in (DC). o

Lemma 4.2 Let (X,d, i) be a homogeneous space satisfying (DC) and let K o u be a
doubling kernel, where K (r) satisfies (4.6). Then Eqs. 4.4 and 4.5 hold.

Proof The Dirac measure §, at x has infinite energy by Eq. 4.6, which implies that
Ck({x}) = 0, x € X. To prove Eq. 4.5 we let K be a compact set with u(K) > 0 and
let v be the restriction of u to K. If we show that Ug v is bounded it follows that /g (v)
is finite and hence Cg(K) > 0. It is sufficient to consider the case K = B(xo, ro). If
d(x,x0) <4- K2 - ro we have

u(K)
vk = [ Keuwydum=c: [ koar
B(x,5K3r0) 0
by Lemma 4.1. When d(x, xg) > 4 - K% ry we get Up (x) < K(u(K)) - u(K), which
completes the proof of Lemma 4.2. O

We will also need the following standard maximum principle, c.f. [3], § III, Theorem 1.

Lemma 4.3 Let (X, d, i) be a homogeneous space and let K o pu be a doubling kernel. If
F is closed and v € M, (F) then

sup Ug (x) < C - sup Ug (x),

xeX xeF
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where C depends on the doubling constants of i and K (r).

Proof Letx € X \ F and let d be the distance between x and F. Take xo € F such that
d(x,x9) <2dthen2-d(y,x)>d(x,xp),forall y € F, and

Ug(x) = / Kop(x,y)dv(y) =C- / K o p(xg, y) dv(y) = C - Ug (x0),
where C depends on the doubling constants of ¢ and K (r). O

The capacitary potential U;’ of a compact set K has a lower bound C; —q.e. in K (Theorem
4.1). In the classical case this lower bound holds everywhere in K, provided that K satisfies
a cone condition, c.f. [3], Sec. III, Theorem 3. We next use the same idea to get a lower
bound for U} (x) in the interiour points of K also in the present case, see also [1] Proposition
2.6.7.

Lemma 4.4 Let (X, d, 1) be a homogeneous space of order y, 0 < y < 1, satisfying (DC)
and let K o wu be a doubling kernel. Let K be a compact set with nonempty interiour K°
and capacitary measure v. Then

Up(x) >m-Cx(K)™', xeK°,

where 0 < m < 1 depends on the doubling constants of u and K (r).

Proof The exceptional setin (4.2) is a F;, set E such that Cx (K) = 0 and hence w(K) = 0,
for all compact subsets of E, by Lemma 4.2. Thus (4.2) holds p—a.e. by the regularity of
. Define

K o u(z, x)

q(z,x) = 7

0<d(w,x)<d(z,x)

K op(w, x)du(w)’

for0 < a < d(z,x) < b,and q(z, x) = 0 elsewhere, c.f. [3], Sec. III. For every b > O there
is0O <a < bsuchthatl < fq(z, x)du(z) < C, where C only depends on p and K (r). To
see this we note that fq(z, x)du(z) > 1, if a is small enough, and fq(z, x)du(z) < C,if
a =b/N and N is the number in (DC).

Assume that B(x, b) C K?, then we get

Cx(G)™! S/UF((Z) q(z,x)du(z) =/dV(y)[Kou(z,y)'q(z,X)du(z)-

Denote the inner integral by I (x, y). It is enough to show that I (x, y) < C - K o u(x, y).
Fix any y # x. If d(z,x) < 2Kd(z,y) then K o u(z,y) < C - K o u(x,y) by the
doubling property of k. Otherwise, d(z, y) < d(z, x)/2K which implies thatd (x, y)/2K <
d(z,x) <2Kd(x,y)and I(x,y) < C-K ou(x,y), by Lemma4.1. O

By Lemma 4.4 and 4.5 the capacitary potential of a compact set with positive capacity
and interiour points is approximately constant on that set. We will sharpen this result and
construct continuous potentials with suitable properties. The key step to do this is the fol-
lowing construction of an approximate identity ¢(z, x) x € X, acting uniformly in x € X,
inspired by the proof of [3], Theorem 3. We will need the following property on K (r),

% ~/K(z)dt <C-K@), r>0, 4.7)
0
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for some positive constant C, c.f. [C], Section IV. The converse inequality holds trivially.

Lemma 4.5 Let (X, d, ) be a homogeneous space satisfying (DC) and let K o wu be a
doubling kernel, where K (r) satisfies (4.7). Define q(z, x) as in Lemma 4.4 witha = b/ N,
where b > 0 and N is the constant in (DC). Then

4z x) ~ uBx. b and /q(z,xmu(z)w,

forb/N < d(z, x) < b, with constants that only depend on the doubling constants of u and
K(r).

Proof Letb > 0,b/N < d(z,x) < b and define d = d(z, x). Then

1B (x.d) !

q(z,x) ~ Kopu(z, x)- / K(t)dt ~
0

~ K ou(z,x) - uBGr.d)” - K(uB(x,d)™ ~ uB(x, b)~!
by Lemma 4.1, (4,7) and the doubling properties of i and K (r). This proves the lemma. [

We are now ready to construct the potentials that will be our building blocks in the proof of
Theorem 2.1, c.f. [21], p. 58 and [12], Lemma 1. We do this in three steps. In the first step
(Lemma 4.6) we construct a measure v with arbitrary small total mass ||v||; and support
in an arbitrary neighbourhood of a compact set K with Cg (K) = 0, such that Uy (x) is
approximately constant near K. In the second step (Lemma 4.7) we use a smoothing method
built on the function ¢ (z, x) in Lemma 4.5 to get a continuous potential with these properties
and construct the approximating potentials in the third step (Lemma 4.8).

Lemma 4.6 Let (X, d, 1) be a complete homogeneous space of order y, 0 <y < 1, and
let K o ¢ be a doubling kernel. Let K C X be a compact set with Cx(K) = 0, G an
open set containing K, a > 0 and § > 0, Then there is v € M (X) such that ||v||1 < §,
supp(v) C G, UI”((x) >a,x € K and UI"((x) < D -a, x € X, where D only depends on
wand K (r).

Proof By the outer regularity of Cx we can choose a finite union V' of open balls such that
K CV,V C Gand Cg(V) = t arbitrarily small. Let v; be the capacitary measure of V.
Then Uy (x) > m/t, x € V, by Lemma 4.4 and U' (x) < C/t, x € X, by Lemma 4.3.
Define v = a - t/m - v;. Then U}é'(x) >a,x €V, U}Q(x) <Ca/m =D -a,x € X,
supp(v) C G and ||v||; = at/m < §, provided 0 < t < dm/a. O

Lemma 4.7 Let (X,d, ), K ou, K, G,a > 0and § > 0 be as in Lemma 4.6. Further,
assume that u satisfies (3.7) and that K (r) satisfies (4.7). Then there is 0 € M, (X),
absolutely continuous with respect to w, such that UZ is continuous in X and o has the
same properties as v in Lemma 4.6, possibly with another constant D.

Proof Let K, G, a and § be as in Lemma 4.7. For every ¢ > 0 there are open sets W and
Vsuchthat K c W cCV CG,WcCV,V C G,V is a finite union of open balls and the
measure v constructed for V in Lemma 4.6 satisfies ||v||; < ¢. There is by > 0 such that
B(w, by) C V, for all w € W. Define g(z) = fq(z, x)dv(x) and do (z) = g(z) du(z),
where g(z, x) is the function in the proof of Lemma 4.5 with 0 < b < bg. Then o is
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absolutely continuous with respect to p and ||o||; = ||g]l1 < C - ||v|l1 < C -t < § by
Lemma 4.5, if ¢ is small enough. Further, U7 (x) > a,x € K,and Ug (x) < C-D-a = Dy-a
in X. The continuity of UZ in X follows from the continuity of the kernel K o p. O

The following lemma constructs the approximating potentials, c.f. [21] and [12], Lemma
2. The standard net of dyadic cubes in R" will here be replaced by the dyadic sets in [4],
Theorem 2. See also [13] and [14] for similar constructions.

Lemma 4.8 Let (X, d, 1) be a complete homogeneous space of order y, 0 < y < 1,
satisfying (DC) and let K op be a doubling kernel and assume that u satisfies (3.7). Let K be
a compact set contained in the interiour of a closed ball S and let f be a positiv continuous
function on S. Then for every open set G containing K and every € > 0 there is a measure
o € M, (X), absolutely continuous with respect to |, such that UI% is continuous in X,

(@ Ugx) < f(x),xeS b) Ugx)> f(x)—¢€, x €K, 4.8)
and supp(o) C G, ||o]|]1 < €.

Proof We will use the standard collection of dyadic sets from [4], Theorem 11. For every
k € Z, I is an index set and Dy, is a collection of open sets (called dyadic cubes in the
following) ng, a € Ii, in X with the following properties:

(@ w(X\UBK) =0, foreveryk € Z,
o

(b) Ifl > k then either By C B or By () Bk = ¢,
(¢) Foreach (k, ) and ! < k there is a unique S such that Bf; C Bé,
(d) Diameter of Bg is at most C - 8%,
(e) UEI;:X, forevery k € Z.
o

Here 0 < § < 1 and C > 0 are constants only depending on K and M in Section 3. Cubes

in Dy, are called cubes of generation k. If BEH C Bg we say that BEH is a child of Béj

and Béj is a parent of Bg“. Cubes in Dj are called ancestors or descendents of cubes in Dy,
depending on if [ < k or/ > k. Each cube has at least one child and at most a fixed number
of childs, depending on K, M and §. Two cubes B and B, in Dy are called neighbours if
B N B> # ¢. There exists a positive integer L such that any dyadic cube in Dy has at most
L neighbours.

Let f be a positive and continuous function on § and let € > 0 be arbitrary. Put ¢ =
€/M,where M = L - D 4+ 4 and D is the constant in Lemma 4.7. Take k € Z such that the

oscillation of f is less than € for all cubes E’; that intersect S and choose § > 0 such that
f(x) > & on all such cubes. Let 5 denote the collection of these cubes. We divide B into
three subclasses. Let

Blz{BeB;supf(x)>e},
B

B, = {B € B; B ¢ B but B has a neighbour in 3}

and B3 = B\ (B |J By). If B; is empty then o = 0 has the properties in the lemma and we
are done. Otherwise, let 31 = {Bj, Ba, ..., By} and take B; € B;. Since Cx(B; N K) =0
there is v; € M (X), absolutely continuous with respect to p, such that U,U(" (x) > €] on
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BiNK,UZ(x) <D-€in X, Uy is continuous in X, supp(v;) C G and [|v; ||, is arbitrary
small. We can further choose v; such that

U}g (x) < min(8/2s, €;/s),
on every cube in B3 that is not a neighbour of B;, since all such cubes have a positive distance

to B;. Finally we assume that ||v; || < €/2s.
N

Now define 7; = Y v; and consider the potential U,?. Clearly, U,? (x) is continuous in
i=1
X, supp(t;) C G and ||11]||1 < €/2. It remains to compare UI? (x) and f(x) and we begin
with the upper bound for U ,T(‘ (x). If x belongs to a cube in B or 3, we have

f(x)>e€e—2¢;=(LD+2); and Uy (x) <LDe; +e€ = (LD + Dey,

since any cube in B has at most L neighbours in 3;. On the other hand, if x belongs to a
cube in B3 then
fx)>8 and Ug(x) <s-8/2s =6/2.
We get the upper bound UI? (x) < f(x) in both cases.
Now we turn to the lower bound of UI? (x)on K.If x belongsto B; N K, 1 <i <s,then
UI? (x) > € and if x belongs to a cube B in B\ Bj then f(x) < € = M - €|, which gives
U;(" (x) > f(x) —€ > min(f(x) — €, €1). Summing up, we have proved that

Ug(x) < f(x), x €S, and Ug(x)>min(f(x) —¢€,€1), x € K.
If 7, satisfies (4.8) we stop and put ¢ = t1. Otherwise we repeat the construction above
with f(x) replaced by f(x) — UIT(' (x). This gives 1 € M1 (X), absolutely continous with
respect to w, such that supp(r2) C G, ||n2l|1 < €/4, UI? (x) is continuous in X and
UR@) < f(x) —UR (), x€S,
UZ(x) > min(f(x) — U (x) —€,€1), x€K.

It follows that

U™ (x) < f(x), x €S and URZ™™(x) > min(f(x) —¢,2€1), x € K.

If 71 + 17 satisfies (4.8) we stop and put 0 = 11 + 13. Otherwise we repeat the construction
such that supp(ty) C G and ||7x||1 < €/2F in step k. Put N = sup{f(x); x € S} and let
n be the smallest positive integer such that n - €; > N. If the construction has not stopped
n
before the n—th step we define o = Y _ 7;. Then supp(c) C G, ||o||1 <€,
i=1
UZ(x) < f(x), x €S and Ug(x) > min(f(x) —€,ne;) = f(x) —€, x € K,

and o satisfies (4.8) by the construction. O

We conclude this section with a technical lemma, c.f. [12], Lemma 3. It states roughly that
the potential of 1 p (the restriction of w to D) is uniformly small in X, if only (D) is small
enough, and makes it possible to construct measures with disjoint support in the proof of
Theorem 2.1.

Lemma 4.9 Let (X, d, n) be a homogeneous space satisfying (DC) and let K o  be a
doubling kernel. Then for every € > 0 there is § > 0 such that if D is u—measurable and
w(D) < & then

/K ou(x,y)du(y) <e, forall x € X.
D
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Proof Let (D) = q. For every g > O there is Q > O such that K (r) < 1/,/q, forr > Q.
Let x € X and consider

/Kou(x,y)du(y)z / + / =I1+11

D D B(x,R) D\B(x,R)
Define R = R(g,x) = supir; uE(x, r)} < Q}, then I is at most a constant times
0 _
fK(t)dt, by Lemma 4.1, and I < fK(B(x, R)du(y) < K(Q) - n(D) < /q. The
0 D

lemma now follows, since ¢ — 0 implies Q — 0 and K (¢) satisfies (4.6). O

5 Proof of Theorem 2.1

Let K be a compact set with Cx (K) = 0. We are going to define the measure 0 € M (X) in
o0

Theorem 2.1 asasum o = Y o; of measures with disjoint support, where each measure o;
i=0

is constructed as in Lemma 4.8. Let S be a fixed closed ball containing K in its interior. The
space C(S) of continuous and real valued functions on S with supremum norm is separable
[x.x]. Let {¢; (x)}:2, be a sequence of positive functions in C(S) such that for every positive
continuous function f(x) in C(S) there is a subsequence {¢,~j (x)}{° that satisfies ¢i;(x) <
f(x),x € S, and {fi’i, (x)}3° converges uniformly to f(x) on S, as j — oo. Define a new
sequence {fi}{° by fi = é1, 2 = 2. f3 = &1, fa = 2, 5 = ¢3, fo = ¢1 and so
on, where every ¢; appears infinitely often. Now we use Lemma 4.8 to construct measures
o; € My (X),i > 1, absolutely continuous with respect to u, such that

supp(o;) C G and ||oill1 < €/2', (5.1)

supp(oi) NK =¢ and supp(o;) Nsupp(o;) =, i # J, (5.2)
Ul?(x)<f,-(x),xeS and U?(x)>ﬁ(x)—l/2i,xeK. (5.3)

The construction is done step by step. Since Egs. 5.1 and 5.3 follow directly from Lemma
4.8 it is sufficient to describe how to get Eq. 5.2. Assume that o1, 09, ..., ox have been
defined such that Eq. 5.2 holds for 1 < i, j < k. There is an open set V containing K
that does not intersect supp(o;j), 1 < i < k. Find o9 by Lemma 4.8 such that Egs. 5.1
and 5.3 hold and supp(og) C V. Put dog = godu, where go > 0, supp(go) C V and
[ godp < €/2K+1. Let W be another open set with K € W C V and let g| be the restriction
of go to W. Then the potential U Ig(‘ an (x) can be made arbitrarily small in X by taking u W
small enough, by Lemma 4.9, since g; is bounded. This is possible, since Cx(K) = 0
implies £ (K) = 0 by Lemma 4.2. Now define doy+1 = (go — g1)d i, then we can make
o1 satisfy (5.1)—(5.3). We can also choose (0;){° such that the distance between supp(o;)
and K tends to zero as i — oo.

Define 0 = )_ oy, then o is absolutely continuous with respect to u, supp(o) C G and

i=1

[lo1ll1 < €, which proves (a). The potential Uy (x) is finite outside K by our construction. If
x € K we choose f(x) = N+ 1and fi(x) > N on K. Then U (x) > Uy (x) > N — 27,
x € K. Letting N — oo gives that Ug (x) = 0o, x € K, which proves (b).

Let F(x) be a positive and upper semicontinuous function in a neighbourhood of K.

o
Then there are positive continuous functions {3;}7° such that F(x) = > ¥i(x). Choose
i=1
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fn, (x) such that yr x)-2"1< fu, (x) < ¥1(x),x € S, and consider the potential U;"l (x).
Put g1(x) = ¥1(x) and g2(x) = ¥1(x) + Y2 (x) — U;’” (x). Now choose fp, (x), na > ni,
such that

©(0) =272 < fi,(x) < g2(x), x €S,

and consider the potential Uy (x). Put g3(x) = ¥ (x)+¢2(x)+¥3(x) —Ug' (x)=Up™ (x)
and continue this process. After k steps we have measures oy, Op,, . .., Oy, such that

Ugh (x) 4+ U (x) < Y1(x) + -+ + Y (x), x € S, (5.4)
and

Y1)+ ) — 27K =27 < UT () 4+ USR (). x € K. (5.5)

o .
Define oy = Y 0y,, then o is absolutely continuous with respect to u and UI? (x)

i=
o0
> U;’i (x). It follows from Egs. 5.4 and 5.5 and the definition of F(x) that U;f (x)
i=1
F(x),x € S, and U;f (x) = f(x),x € K. Also, U;f (x) is continuous outside K by the
construction of o. It remains to prove that U;f (x) is continuous in X if f € C(K). Let
xo € K then

IA

liminf U/ (x) > Uy (x0) = F(x0) = £ (x0),
X—> X0
since U;f is lower semicontinuous, and

limsup Uy’ (x) < limsup F(x) = F(x0) = f(x0).

X—>X0 X—>X0

Hence U,C;f is continuous also in K. This proves (c) and completes the proof of
Theorem 2.1.

6 Proof of Theorem 2.2

We show that if a compact set K has positive capacity Cx (K), then there is f € C(K)
that is not the restriction to K of a continuous potential Uy, for any v € M, (X). Our proof
follows the idea in [21], Theorem 2. The main part of the proof is done in Lemma 6.1 and
Lemma 6.2, that correspond to Lemma 2 and Lemma 3 in [21], respectively. The proof
of Lemma 6.1 is fairly straight forward. To prove Lemma 6.2 we use recent results of T.
Hyvonen, H. Martikainen [14] and T. Hyvonen, H. Kairema [13] for classes of dyadic nets
in homogeneous spaces.

Lemma 6.1 Let K(r) and Ko(r), r > 0, be positive, continuous and nonincreasing
Sfunctions such that lim K (r) = lim Ko(r) = oo and
r—0 r—0

lim Ko(r)/K (r) = 00

and let S be a closed ball with radius R. Then there exists a positive function t(r), r > 0,
with lin(l)t(r) = 0, depending on K (r), Ko(r) and p, such that if v € M, (X) has support
t—

inS, ||Ivlh < My and UI"(O(xi) <M x; €S,i=1,2, then
|Ug (x1) = Ug (x2)| < (M1 + Mp) - t(d(x1, x2)).
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ProofiLet X1, X2 € S be as in the lemma and put ro = d(x1, x2). Define E = B(x1,ro +
r1) U B(xp, ro + r1), where r; > 0 will be defined below. Then

U1”<(x1)—U}é(xz)Z/(Kou(xuy)—Kou(m,y))dv(y):/+f =1+1I

S E S\E
Define #1(r) = K(r)/Ko(r), r > 0, then t;(r) — 0, as r — 0, and

1] < / (K o u(x1, y) + K o pu(xz, y)) dv(y) <
E

< My -sup (n(p(x1,y) +11(p(x2,y)) <2- My - sup n(r),
yeE 0=<r=<2Kg(ro+r1)

where ¢(x, v) = wB(x,d(x, y)) + uB(y, d(x, y)) and g is the function in Lemma 3.1.
Next we turn to the term /1 and note that, by Eq. 3.4 and set inclusion, ¢(x1, y) is greater
than or equal to

WB(x2, d(x2,y) — C1 - d(x1, x2)") + uB(y, d(x2,y) — C1 - d(x1, x2)7)
> ¢(x2,y) —2-g(Cy - d(x1, x2)7),
which gives
Il < / [K(p(x2,y) —2-g(Cy - d(x1,x2)7) — K(p(x2, )] dv(y).
S\E
Now ¢(x2,y) > Cy - u(8) - R™ - (ro +r1)* = C2 - (S) - R~ - r¥ by Eq. 3.3 and

1
P(x2,y) —2-8(Cr-d(x1, x2))" = 5 G2 (8- R -1,

since we, without loss of generality, may assume that r; >> rg. As in [21], p. 63, there is a
function #,(r), r > 0, such that ©(r) — 0, as r — 0, and

K(r) — K(r+p) <), forr 2 nn(m)and0 < p <.
Now put
Y 1 —o o
n=2~g(C1-ro)andE-Cz-u(S)-R -ri =n),

which defines r; = t3(rg) such thatr3(r) — 0,asr — O,then /1 < M- % -Co-u(S)-R~*-
13(ro)*. Interchanging the roles of x| and x combined with the estimate above for I gives

|Ug (x1) = Ug (x2)] <

1
<4M; - suap 1 (r)+ M- 3 Co-u(S) - R™ - 13(ro)® < (M1 + M>) - t(ro),

0<r<ro+t3(rg)
where t(r) — 0, as r — 0. Clearly, #(r) only depends on K (r), Ko(r), n and S. Lemma
6.1 is proved. O

In our last lemma we construct, given a nonatomic measure v and a function t*(r) — 0,
as r — 0, a continuous function with a bad continuity property outside every set with
sufficiently small v—measure. The novelty in the proof is the construction in [14] and [13]
of dyadic nets D in a homogeneous space having the property that, for a given measure v,
v(dB) = 0 for every B in D, [13], Corollary 6.4. The construction of such dyadic nets is
done with a probabilistic method as well as with a deterministic method. The corresponding
problem in [21] Lemma 3 was solved by induction over the dimension of the space R",
which is clearly not applicable here.
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Lemma 6.2 Let (X, d, u) be a homogeneous space of order vy, 0 < y < 1, and let v €
My (X) be a nonatomic measure with support in a compact K. Let t*(r), r > 0, be a
positive and nondecreasing function such that t*(r) — 0, as r — 0. Then there is f €
C(K) such that for every sufficiently small € > 0 and every Borel set E with v(E) < €
there are points x1 and xy in K \ E with d(x1, x2) arbitrary small and such that

| f(x1) — f(x2)| = 1*(d(x1, x2)).

Proof Letv € M (X) have support in a compact set K contained in the interiour of a
closed ball S. By [13], Corollary 6.4 there exists a dyadic net D in X, with the properties
(a)—(e) in the proof of Lemma 4.8, such that v(d B) = 0 for every B in D. Without loss of
generality we may assume that every dyadic cube in Dy contains at least two cubes from

Di+1. We follow the proof in [21], Lemma 3 and use two sequences {a,-}‘l>O and {b,~}‘1>O of
[e.°]
positive numbers to construct the function f(x) = fi(x) in the lemma. Let i > 1 be

i=1

fixed and cover K with closed dyadic cubes from D with diameter less than a;. Let B; s
1 < j < n;, denote the cubes with v(K |JB;;) > 0 and fix any such cube B;;. We
now divide Eij intoaclass £ = {Eq, Ea, ..., E )} of closed dyadic subcubes, of different
sizes, that covers K ﬂEij and satisfies 0 < v(K [ E}) < U(Ej)/él, 1 <! < p.This is
possible since B;; has infinitely many childs and v has no atoms. Divide £ into two disjoint
subclasses £ and & such that the sum )_ v(E;) over each of the classes £ and & lies
between v(E,-j)/4 and 3v(§,-j)/4. For each cube E; there is an open set A; containing d E;
such that E; \ A; has a positive distance to d E; and

(K N Bij)/4 <D v(K [ (E\A)) <3-v(K[)Bip/4 i=12
&

If we define A;; = (JA; and A = [J A; we can choose A; such that v(A) < 7, for any
1 i,j
given n > 0. !

Now define f;(x) on B;jj, 1 < j <n;,by fi(x) =2-1*(a;),x € E; \ A;, when Ej € &
and f;(x) = 0,x € E; \ A;, when E; € &, and extend f;(x) to a continuous function in
Ssuch that 0 < f;(x) < 2-1*(a;), x € S. It remains to prove that f(x) = Y_ fi(x) has
the desired properties. Clearly, f is continuous of S, if the sequence (a;){° is choosen small
enough. Define b;; as the minimal distance between Ey\ Ay and # [, and b; = min{b;;, 1 <
j<ni}.Letx; € Ej\ A, for E; € £ and x{ € E; \ A, for E; € &, then

[fitx)) = i) =2-1"(a;) = 2-t*(d(x;, yi) and b; <d(x;,y) <a;.

Now assume, without loss of generality, that a;+1 < b;, i = 1,2,... to get f;(x;) —
fi(i)=0,j <i,and |f;(x;) — fj(yi)] <4 -1t*(a;), j > i. This gives

|fG) = fOD = @i yi) - [ 2= 47" Y @) | = £7(@d(xi, y),
Jj>i
ifonly > t*(a;) < t*(b))/4,i =1,2, ..., which holds if (g; {° is choosen small enough.
Jj>i
We finish the proof by showing that we can find such pairs x;, y;, with d(x;, y;) arbitraly
small, outside any Borel set with sufficiently small measure. More exactly we show that
if € > 0 is small enough then for any Borel set E C K with v(E) < € and for every

n
i=1,2,... therearex; and y; in | |J Bi; () K) \ (A | E) belonging to different cubes
j=l1
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Er € & and E; € &. This implies | f(x;) — f(yi)| = t*(d(x;, y;)) and the lemma follows.
Assume to the contrary that there isi > 1 such that for every 1 < j < n; the set (B; | N K\
(A |J E) does not contain such a pair x;, y;. Then either all sets K ((Ex \ Ax), Ex € &1
orall sets K ((E; \ A;), E; € &, are contained in E | J A. In the first case we get for each
such j

%'V(EijmK)f D v(K((Ex\ Ar) < v(Bi [ JEJ A

Ek€§,'j

Summing over 1 < j < n; then gives v(K)/4 < v(E|J A) < € + n, which is a contradic-
tion if € < v(K)/4 and 1 is small enough. The second case is handled in the same way. The
proof of Lemma 6.2 is complete. O

Proof of Theorem 2.2 Let K be a compact set with Cx (K) > 0, then there is v € M (K)
such that ||v||; = 1 and

Ix(v) = //K ou(x,y)dv(x)dv(y) < oo.

A standard argument proves that there is Ko(r), r > 0, with the same properties as K (),
such that Ig,(v) < oo and Ko(r)/K(r) — oo, as r — 0. Then also Cg,(K) > 0. Let
o € M, (X) be a measure with ||o||; = M finite, then Ugo (x) < oo except in a set of
QKO—capacity zero. It follows that U;go (x) is finite v—a.e., since Ik, (v) < oo, c.f. [15] Ch.
III. Let £ (r), r > 0, be the function constructed in Lemma 6.1 and choose t*(r), r > 0, such
that t*(r)/t (r) — 00, as r — 0. Define E = {x; UI%O (x) > M>}, then by Lemma 6.1

|Ug () = Ug W < (M1 + Mp) - t(d(x, y)),

for x,yin K \ E. Let € > 0 and choose M, such that v(E) < €. Then there are arbitrarily
close points x and y in K \ E such that

Lf ) = fODI =17 (d(x, ),

provided only € > 0 is small enough, by Lemma 6.2. We conclude that there is no such
measure o for which f(x) and UZ(x) coincide everywhere on K and Theorem 2.2 is
proved. O
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