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Abstract In this paper a class of N-dimensional second-order linear elliptic equations with
a drift is studied. When the drift belongs to L? the existence of a renormalized solution is
proved. There is also uniqueness in the class of the renormalized solutions modulo L*°,
but the uniqueness is violated when the drift equation is regarded in the distributions sense.
Then, considering a sequence of oscillating drifts which converges weakly in L? to a limit
driftin L9, with ¢ > N, the homogenization process makes appear an extra zero-order term
involving a non-negative Radon measure which does not load the zero capacity sets. This
extends the homogenization result obtained in [3] by relaxing the equi-integrability of the
drifts in L.

Keywords Second-order linear elliptic equation - Drift - Renormalized solution -
Homogenization

Mathematics Subject Classification (2010) 35B27 - 35B51 - 35J15

< Marc Briane
mbriane @insa-rennes.fr

Juan Casado-Diaz
jcasadod@us.es

Institut de Recherche Mathématique de Rennes & INSA de Rennes, Rennes, France

Departamento de Ecuaciones Diferenciales y Andlisis Numérico,
Universidad de Sevilla, Sevilla, Spain

@ Springer


mailto:mbriane@insa-rennes.fr
mailto:jcasadod@us.es

400 M. Briane, J. Casado-Diaz

1 Introduction

This paper deals with the drift equation

{ueHol(Q)

—Au+b-Vu+div(bu) = f in Q. a.D

where Q is a bounded domain of R¥, the drift b is a function valued in RV and the right-
hand side f is in H~!(£2). As shown in [3], for N = 3, Eq. 1.1 can be regarded as the scalar
version of the Stokes equation

U e H}(Q)?
divU =0 in (1.2)
— AU + (curl By x U+ VP = F in Q,

which was studied by Tartar [14, 15] in the context of homogenization in hydrodynamics.
Indeed, noting that

(curl By x U = (DU)'B+Div(BQU) —V (B -U),

and inserting the last term in the pressure term of Eq. 1.2, the analogy between the two drift
terms:

(DU)TB+Div(B®@U) in(1.2) and b-Vu+div(bu) in(1.1),

is clear.

It is well known that Eq. 1.1 admits a unique solution when the drift » belongs
to L®(Q)N (see, e.g., [13]). The question is much more delicate when b is only in
L*()VN. In this case Eq. 1.1 is comparable to a second-order elliptic equation with a
right-hand side in L!(2). This naturally suggests to study the existence and the unique-
ness of solutions to Eq. 1.1 in the framework of renormalized solutions independently
introduced by P.-L. Lions, F. Murat [9, 11], and P. Bénilan ef al. [1]. In this perspec-
tive, we show (see Theorem 2.1) the existence of a renormalized solution u to the Eq. 1.1
for any b € L*(Q)VN. In particular, any renormalized solution u to Eq. 1.1 satisfies the
inequalities

lim (k/ b-Vu dx) >0, lim <k/ b-Vu dx) <0, (1.3)
k—>00 {k<u) k—o0 {u<—k}

involving explicitly the drift term. The question of the uniqueness is much more intricate
as for the nonlinear elliptic equations (see, e.g., [7]). On the one hand, we show (see Theo-
rem 2.5) that two renormalized solutions of Eq. 1.1 are equal if their difference is in L*°(2).
On the other hand, we construct (see Theorem 2.6) a drift b € L2(2)" and a right-hand side
f € H~1(Q), such that there are at least two solutions of Eqg. 1.1 in the distributions sense.
The first one is a non-explicit renormalized solution of Eq. 1.1, while the second one is an
explicit solution of Eq. 1.1 which does not satisfy property Eq. 1.3 contrary to the renor-
malized solutions. This example is new and is quite different from Serrin’s counter-example
[12] for second-order linear elliptic equations with anisotropic discontinuous coefficients,
but without first-order term. Here, the anisotropy and the discontinuity are given by the drift
term.
The second part of the paper is devoted to the homogenization of the drift equation

{u,, € H}(Q)

— Auy, + by, - Vuy, +div (byuy,) = f, in 2, (14)
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where b, is a sequence in L2(€)N which converges weakly to some b in L2V, and fa
converges strongly to some f in H~!(. This problem has been studied in [3] assuming
that b, is equi-integrable in L>(€2)", and in [2] assuming that b,, is a periodically oscillating
sequence. In both cases the homogenized equation is a drift equation with an extra zero-
order term of type

—Au+b-Vu+div(bu) +pu= f in Q, (15)

{ u € H}(Q)
where © is a non-negative Radon measure independent of the right-hand side f. In the
present case, assuming that the limit drift b is in L? ()N for some qg > N,with N € {2, 3},
we obtain (see Theorem 3.1) the same homogenized Eq. 1.5 in which the measure wu is
absolutely continuous with respect to the default measure induced by the limit of |b, — b|>.
The general case with b € L2()N and N > 2, remains open.

Following the famous Tartar method [14] of the oscillating test functions, and its adap-
tation by Dal Maso and Garroni [5] to perforated domains, the starting point of the proof is
the use of the solution w, to the dual equation of Eq. 1.4 with right-hand side 1. However,
due to the drift term and contrary to [5], it is not immediate that the limit w of w,, satisfies
the inequality

—Aw+b-Vw+divibw) <1 inQ,

which is a crucial step to build the measure p. To this end, we first obtain an inequality
satisfied by w2, and we need the maximum principle of Lemma 3.3. Because of Serrin’s
counter-example [12], this lemma turns out to be false if the Laplace operator is replaced
by a second-order operator with discontinuous coefficients, except in dimension two with
a Sobolev exponent close to 2 (see the final Remark 3.4). Note that the restriction to the
Laplace operator is not present in the approach of [5], which shows that the drift problem
is of different nature. Finally, to prove that w is absolutely continuous with respect to the
limit of |b, — b|?, we need to introduce a completely different battery of test functions,
with a double index k, n, which are close to 1, considering the drift Eq. 1.4 penalized by a
zero-order term weighted by large k > 0.

Therefore, taking into account the notion of renormalized solution combined with the
question of uniqueness, and the restriction on the limit drift arising in the homogenization
problem, the present contribution shows the delicate analysis in terms of well-posedness
and homogenization, for a specific class of second-order linear elliptic equations with a
first-order term.

Notations

For any u € R, ut = + max(=£u, 0).
For k > 0, T denotes the truncation at height k defined by Ti(r) :=
max (—k, min(k, t)), for t € R.

e For any f € H'Y(Q) and u € H(}(Q), (f,u) simply denotes the duality

(fs u)H*‘(Q),HO' Q-

@ Springer



402 M. Briane, J. Casado-Diaz

2 Renormalized Solution of the Drift Equation

2.1 Ecxistence of a Renormalized Solution

Along this section €2 is a bounded regular open set of RY, for N > 2, b, is sequence in
L>® ()N which converges strongly to b in L2()N, and fn 1s a sequence in H~Y(Q) which

strongly converges to f in H~ ().

Theorem 2.1 The solution u,, to the drift Eq. 1.4 converges weakly in HOl (2), up to a
subsequence, to a renormalized solution u of the problem

1
u € Hy () . . @.1)
—Au+b-Vu+div(bu) = f in Q,
in the following sense:
u € Hj (Q)
Vu-Vvdx +/ b- (wVu —uVv)dx = (f,v), 2.2)
Q Q
Vv e HH(Q)NL®(Q), with ub-Vve L'(Q),
/ \VutPdx < (f.ut) and / \Vu~|Pdx < —(fiu"). (2.3)
Q Q

Moreover, any renormalized solution u of Eq. 2.2 satisfies

lim <k/ b-Vu dx) >0, lim (k/ b-Vu dx) <0 2.4
k— 00 {k<u} k—o0 {u<—k}

Remark 2.2 Note that, since a solution of Eq. 2.2 clearly exists if b € L®(Q)V, the
existence of a solution of Eq. 2.2 for any b € L*(Q)" follows from Theorem 2.1 tak-
ing a sequence b, € L>(Q)" which converges strongly to b in L%(2)"N. Moreover, if
be L1(Q)?>withg > 2if N = 2,0orb € LN(Q)V if N > 2, then there exists a unique
renormalized solution of the problem Eq. 2.2 which is also the unique solution of Eq. 2.1 in
the distributions sense (see [3], Theorem 2.4 ii)).

Proof of Theorem 2.1 The proof uses truncation techniques for renormalized solutions (see,

e.g., [7]), which are adapted to the drift Eq. 1.4.
First Step. Putting u, in Eq. 1.4 we have

/ Vit P dx = (f. n). 2.5)
Q

which implies that u, is bounded in H(} (2). Hence, we can assume that, up to a
subsequence, u, converges weakly to some function u in H(} ().

Denote
1 if |s] < m,
Ru() =2 Vit m < 15| < 2m.
0 if 2m < |s|.
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A Class of Second-Order Linear Elliptic Equations 403

Consider a function v € Hj () N L>®(Q) such thatu b - Vv € L' (). Taking the function
Ry (uy,) v as test function in Eq. 1.4, we have

1
/ Vu, - Vv R, (u,) dx — f sgn(uy,) \Vunl2 vdx + f by - Vu, v R, (u,) dx
Q] m Jim<|u,|<2m} Q (26)
+ / uy by - Vuy, sgn(u,) vdx — f Uy by - Vo Ry (uy)dx = (f, R (u,,)).
m Jim<|u,|<2m) Q

Using the weak convergence of u,, in H'(£2), the Rellich-Kondrachov compactness theo-
rem, the boundedness of u,, R, (u,,) in L°>°(2), and the strong convergences of b, in L2()N
and f,, in H=1(), it follows that

/ Vu, - Vv R, (u,) dx — / Vu - Vv Ry, (u)dx,
Q Q
/ by - Vu, v R, (u,)dx — / b-VuvRy,(u)dx,
Q Q
/ Uy by - Vo Ry, (uy,) dx — / ub-Vu Ry, (u)dx,
Q Q

(f Run(un)) = (f2 Rin ().

On the other hand, using that u, is bounded in H{(S2), b, converges strongly in L*(Q)"
and v € L*(2), we have

1 C
' / sgn(uy) |[Vup|>vdx| <, VneN,
m Jim<|u,|<2m) m
1
lim sup / up by - Vu, sgn(uy) vdx | < Clim sup/ |by||Vuy, | dx
n—oo | M Jim<|u,|<2m} n—00 J{m<lu,|<2m}

>
<C ( / |b|2dx) )
{m<|u|<2m}

Therefore, passing to the limit as n — oo in Eq. 2.6 we get that

/Vu'Vva(u)dx—i—/ vb~VuRm(u)dx—/ub~VuRm(u)dx—(f,Rm(u))
Q Q

. Q
C 2
< +C ( / |b|2dx)
m {m=<|u|<2m}

Since v € L®(Q) and ub - Vv € L'(Q), we can pass to the limit in this inequality as
m — oo to deduce that u satisfies Eq. 2.2.
On the other hand, putting u;" and u;; as test functions in Eq. 1.1 we get that

v ax =y and [ (9 P = = )

Hence, passing to the liminf in these equalities and using the lower semi-continuity of the
L?-norm of the gradient in H'(2), we deduce that u satisfies the inequalities Eq. 2.3.

Second step. Let us prove that any solution u of Eq. 2.2 satisfies inequality Eq. 2.4. Let
k > 0. Putting the admissible test function v = Ty (u)™ in Eq. 2.2, we have

/ |VTk(u)+|2+k/ b-Vudx = (f, Tew)™)
Q {k<u}
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Then, using the strong convergence of T (u)™ to u™ in H} () and the first inequality in
Eq. 2.3 we get that

3 lim (k/ h.vudx> =<f,u+>—/ |VuT|?dx > 0.
k—00 {k<u} Q

This proves the first inequality in Eq. 2.4. The second one can be proved analogously using
—T(u)~ as test function in Eq. 2.2.

Corollary 2.3 Let b, be a sequence in L® ()N which converges strongly to b in L*(2)V,
and let f,, be a sequence in H~'(Q) which converges strongly to f in H~Y(Q)N. Consider
the problem

uy € Hy(Q)

/ Vu, - Vvdx +/ by - WVu, —u,Vo)dx = (f,, v), 2.7
Q Q
Vv e Hy () NLX(Q), with u,b,-Vve L'(Q).

Then, Eq. 2.7 admits a renormalized solution u, which is bounded in HOI(Q). Moreover,
Eq. 2.7 is stable in the sense that any cluster point u of the sequence u, for the weak
topology of HOl (2) is a renormalized solution of Eq. 2.2 and satisfies Eq. 2.3.

Proof The existence of a renormalized solution u,, to Eq. 2.7 is a consequence of Theorem
2.1 approximating b,, for a fixed 1, by a sequence in L>°(£2)"¥ which strongly converges to
b, in L2($2)V. Moreover, the boundedness of u,, in HOl (R2) follows from estimates Eq. 2.3
applied with u,,. Finally, if u,, converges weakly to some u in HOl (2), then the second step
of the proof of Theorem 2.1 implies that u is a renormalized solution of Eq. 2.2 and satisfies
the inequalities Eq. 2.3.

2.2 Uniqueness of a Renormalized Solution Modulo L

The main difficulty with the definition of a renormalized solution u of Eq. 2.2 is the nonlin-
earity of u with respect to the right-hand side f. In particular, the uniqueness of a solution
cannot be deduced from the uniqueness with f = 0. This non-linearity is strongly connected
with inequalities Eq. 2.3 which turn out to be equalities when b € L>(2)". However, we
have the following result:

Lemma 2.4 If uy, uy are solutions of Eq. 2.2 with respective right-hand sides fi, f» €
H~Y(Q), then, for any ay, s € R, the function ayuy + onus is a solution of Eq. 2.2
associated with the right-hand side o f1 + a3 f>.

Proof Since Eq. 2.2 is clearly homogeneous with respect its right-hand side, it is enough
to prove the result for ¢y = ap = 1.

Letv € HOl (£2) N L>®(R) be such that (] 4+ u2) b - Vv € L1(Q). We may consider, for
a fixed ¢ > 0, the function

Ve 1= v
1+ & (luil + [uzl)
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as an admissible test function in the sum of the equations satisfied by u; and u», which
gives
/' V(ui +uz) - Vo d /' vV (uy +uz) - (Vuysgn(uy) + Vuy Sgn(uz))
x —&
o 1+e(ur] + |uzl) Q (1—|—g(|ul|+|u2|))
/‘ b- (V(m +uz)v—Vou(u + Mz))
+
Q 1+ & (lug| + luzl)
/‘ v(uy4+ur)b- (Vul sgn(uy) + Vuy sgn(uz))
—&
Q (14 & (Jui| + qul))

v
_<ﬁ + 2 1+e<|u1|+|uz|>>'

(2.8)
In this equality, thanks to the Lebesgue dominated convergence theorem we easily get as

g — 0,

v -V
/ (w1 +uz) - Vo dx — V(ui +us)-Vodx,
o I+ e(ui| + |uzl)

8/ vV (uy + us) - (Vu]sgn(u1)+Vu2 sgn(uz))
Q (1+8(Iu1|+|uzl))

v
2t ) = 0

and since v € L®(Q), (u; + uz)b- Vv € L1(Q),

/‘ b- (V(m +uz)v— Vo (u; +u2))
Q L+ & (Jui| + uzl)

In order to pass to the limit in the remaining term of Eq. 2.8, observe that

_>0’

dx —> / b (V(ui +u2)v— Vo (u + up)) dx
Q

e(uy +up)
(1+ & (] + lu2))’

e (uy +uz)

5| — 0 ae. in Q.
(1+ & (lur] + luz))

‘51 and

Then, we can again apply the Lebesgue dominated convergence theorem to get
/ v(uy +ux)b- (Vul sgn(uy) + Vuy sgn(uz))
&
Q (1 +8(|M1|+|M2|))

Therefore, passing to the limit as ¢ — 0 in Eq. 2.8 we obtain that u; + u> is a solution of
Eq. 2.2 with the right-hand side f1 + f>.

— 0.

Lemma 2.4 allows us to prove the uniqueness of a renormalized solution to Eq. 2.2
modulo L°:

Theorem 2.5 Assume that uy, uy are solutions of Eq. 2.2 such that uy — uy belongs to
L®(RQ), then u; = us a.e. in Q.
Proof 1t is enough to deduce from Lemma 2.4 that the difference u| — u3 is a solution of
uy —up € H) (Q)
/ V(uy —uy) - Vvdx+/ (V(m —uz)v— (u; —uz)Vv)dx:O,
Yve H0 (Q) N LX), with (u; —uz)b-Vve L'(Q).
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406 M. Briane, J. Casado-Diaz

Since by assumption u; — u3 is in L°°(2), we can take v = u; — uy as test function in
the previous equation, and thus conclude that u; — up = 0 a.e. in 2.

2.3 Non-uniqueness of a Solution of the Drift Equation
We have following result:

Theorem 2.6 Let Q@ = B(0, R) be the open ball of RN, for N € {2, 3}, centered at the
origin and of radius R € (0, 1). There exist b € L2(Q)N and f e H~Y(), such that the
drift Eq. 2.1 has at least two solutions in the distributions sense, which belong to HOl ().
Moreover, one of the two solutions is not a renormalized solution of Eq. 2.2.

Proof of Theorem 2.6. For a € ( }‘, ;), define the radial positive function & by (r = |x|)

|Inr|® if N =2

i(x) = 1 .
i(x) FN =3 forx € Q, 2.9)

and the vector-valued function b by
1

Sy [Nt o T ES (2.10)

b(x) =
where Sy_1 denotes the (N — 1)-dimensional sphere of RV .
The proof is divided in three steps:

e In the first step we prove that the function # satisfies

b-Vi+div(bd) =0 in 2/(Q), (2.11)

k/ b-Vidx=—1, Yk>1. (2.12)
{Gi>k)

e In the second step we build from the function & suitable u € HOl (Q)and f € H Q)
such that u is a solution of Eq. 2.1 in the distributions sense.
e The third step is devoted to the conclusion.

First step: It is easy to check that u € H'(Q)and b € L2 (Q)N. Passing in polar coordinates
and identifying abusively i (x) with i (r) (of derivative i’ (r)), we have for any r € (0, R),

ISn—11 (b - Vit + div(b i) w + ! N1 /
— - vu v u = r
N-1 FN-172 7 N-1 FN-172

o +1 1’_O
_erlﬁz PN=-1\ g -

Then, integrating by parts and using Eq. 2.13 we have for any ¢ € C°(2) and any ¢ €
0, R),

/c,ob-Vﬂd.r—/ﬂthpdxz/ @b-V?ldx—/ b Vedr+o(1)
Q Q {e<r<R} {e<r<R}

/ ¢b'vadx+/ godiv(ﬂb)dx—/ pib- = do+o(l)
{e<r<R} {e<r<R} {r=¢} r

—¢(0) ]é]vl % N ldo + o(1) = f

(2.13)
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A Class of Second-Order Linear Elliptic Equations 407

Therefore, # satisfies Eq. 2.11 in 2/(Q).
On the other hand, # is a continuous one-to-one decreasing function from (0, R) into
(0, 00). Hence, by passing in polar coordinates we have for any k > 1,

1 . a1
/ b- Vudxf][ / " NuiA N_ldrda——{})y ’ UC):—E_.,
{a>k} Sn-1 r *(r) a(r) | ,—o k
that is Eq. 2.12.
Second step: Let ¥ be a function in W!-*°(£) such that

Y =0 inQ\ B(,2R/3) and ¢ =1 in B(0, R/3), (2.14)

and define the function
w:i=yie HH(Q). (2.15)

Using Eq. 2.11 we have
—Au+b-Vu+divibu) = —Au+ ¢ (b- Vi +div(bi))+2ib-Vy (2.16)

=—Au+2ib-Vy = f.

Since u € H} () andiib-Vyr € LN'(Q) € H~'() (recall that N < 3), the right-hand
side f of Eq. 2.16 belongs to H~!(2). Therefore, u € HOI(Q) is a solution of Eq. 2.1 in the
distributions sense.

Third step: On the one hand, by virtue of Theorem 2.1 there exists a renormalized
solution of Eq. 2.2 associated with b € L?(2) and f € H~1() above defined,
and thus in particular a solution in HOI(Q) of Eq. 2.1 in the distributions sense. On
the other hand, combining Eq. 2.12 with the equality © = & in B(0, R/3), we
get that

k/ b-Vudx =—1, forany large enoughk > 1,
{u>k}

which contradicts inequality Eq. 2.4. Therefore, again by Theorem 2.1 the function u
defined by Eq. 2.15 is a solution of Eq. 2.1 in the distributions sense, but is not a
renormalized solution of Eq. 2.2. The proof of Theorem 2.6 is now complete.

3 Homogenization of the Drift Equation
Along this section € is a bounded regular open set of RV, for N e {2,3}, and b, is
a sequence in L>®°(2)". Assuming a better integrability of the limit drift we obtain the

following result:

Theorem 3.1 Assume that

by, — b weakly in L>(Q)N, withb € LY(R, for some g > N, (3.1

by —b|> =~ O weakly- in# (). (3.2)

Then, there exist a subsequence of n, still denoted by n, and a non-negative Radon mea-
sure v which does not load the zero capacity sets and is absolutely continuous with respect
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to O, such that for any sequence f, converging strongly to f in H~'(Q), the solution u,, of
the drift problem Eq. 1.4 converges weakly in H'(2) to the solution u of the problem

u € Hy(Q)NLL(KQ)

/Vu~Vg0dx+/<pb~Vudx—/ub~Vg0dx+/g0udu=(f,<p), (3.3)
Q Q Q Q
Vo € Hy(Q) N L(Q).

In the sequel we will often use the following comparison principle:

Lemma 3.2 Let c € L®(Q)V, let v be a non-negative Borel measure on Q which does not
load the zero capacity sets, and let g be a non-negative distribution in H~'(2). Consider
the solution v of the equation

{ ve HN(Q)NLIQ)

—Av+c-Vo+divicv)+vv=g inQ 34

Then, v > 0 a.e. and v-a.e. in Q.

Proof Putting v~ € HOI(Q) N L2(R) as test function in Eq. 3.13 and integrating by parts
we get that

/Vv~Vv_dx+/v_c~Vvdx—/vc-Vv_dx+/v_vdv
Q Q Q Q

=— [ Vv Pdx — [q(v7)?dv = (g,v7) > 0,

which implies that v~ = 0 a.e. and v-a.e. in Q2. Therefore, v > 0 a.e. in Q.

Proof of Theorem 3.1 First of all, writing

— Aty + (by = b) - Vity +div ((by — b)uy) = f — b - Vup —div (bu,) =: Fp, (3.5)

and due to the integrability Eq. 3.1 of b combined with the compact embedding of HOl ()

2N

N_p» the right-hand side F, of Eq. 3.5 satisfies, up to a

into LP(2) for any p <
subsequence,

F,— F:=f—b-Vu—div(bu) stronglyin H '(Q). (3.6)

We can thus replace b, by b, — b, and f,, by F,. Moreover, using a density argument
we can replace the right-hand side F,, by a fixed function f in L®°(£2). On the other hand,
let u, 4 (resp. u,, —) be the solution of the Eq. 1.4 associated with the non-negative (resp.
non-positive) parts of f. By linearity we have u,, = u, 4+ — u, . Moreover, applying the
comparison principle (Lemma 3.2) to u, +, we get that u, + > 0 a.e. in Q. Therefore, from
now on we assume that the limit b is zero, the right-side f;, is a fixed non-negative function
fin L®°(2). As a consequence u,, and u are non-negative a.e. in .

Consider the solution w,, € HO1 (R2) of the dual equation

{wn € H}(Q)

— Aw, — b, - Vw,, —div(b,w,) =1 in 2, (7

which converges weakly (up to a subsequence) to some function w in H'(£2). By the com-
parison principle (Lemma 3.2) the function w, is non-negative a.e. in €2, so does its limit w.
The proof is then divided in three steps:
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A Class of Second-Order Linear Elliptic Equations 409

In the first step we prove that w € L®°(Q) and — Aw < 1 in 2'(Q).
In the second step we follow the approach used by Dal Maso and Garroni [5] for an
equation without drift term, to derive the limit problem Eq. 3.3 with a non-negative
Borel measure .

¢ In the third step we prove, thanks to alternative test functions, that u is actually a Radon
measure which is absolutely continuous with respect to the measure ¢ of Eq. 3.2.

First step: Lety € C2°(2), ¥ > 0. Putting ¥ w, in Eq. 3.7 and using the weak convergence

of b, to zero combined with the strong convergence of w,, in L?(2) for p < ]372, we have

/|an|2¢dx+/ anwn-wder/bn-wwﬁdx
Q Q Q
=/ |an|21pdx—|—/ wVw - Vi dx + o(1)

Q Q

=/ Y wdx 4+ o(1).
Q

Hence, by the lower semi-continuity of the L2-norm of the gradient in H'(2), we deduce
that

/qulepdx §/Vw~V(1//w)dx
Q

Q
§liminf(/ |an|21/fdx+/ wVw-wdx> (3.8)
n—oo Q Q

=/ Y wdx,
Q

which implies that
— A(w?) <2w in 2/ (Q). (3.9)

Let y be the solution of the equation

y € Hy(Q)
—Ay—2w=0inQ

The function w? — y is in WOI’3/2(§2), and satisfies — A(w? — y) < 0in 2'(Q). Then,
thanks to Lemma 3.3 below we get that w? — y < 0 a.e. in Q. Therefore, by the regularity
results for the Laplace equation the function y belongs to L*°(£2), so does w.

Lemma 3.3 Let Q be a regular open bounded set of RN. Let v be a function in Wol’p(Q)
with p > 1, such that — Av < 0in 9'(Q2). Then, v is non-negative a.e. in SQ.

Let us now prove that — Aw < 1in 2'(2). Let ¢ € C(2), ¢ > 0,and § > 0. Consider
a non-negative and uniformly bounded sequence ¥ in C2°(£2) which converges strongly
to the function ¢ (w + 8)~lin H(} (£2). Such a sequence can be obtained by using a smooth
truncation of a sequence in C2°(€2) which converges strongly in H(} Q) top(w+ 5~ le
L>®(£2). Now, since w € L®(£2), the sequence 1 w converges weakly to ¢ w (w + §)~!
in HO1 (€2). Then, passing to the limit as k — oo in the second inequality of Eq. 3.8 with the
test function ¥ = ¢, we get that

w w
Vw -V dx < dx < dx. 3.10
fvwv(e, )= o, o= [0 310
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Noting that

w w Vw
Vw- -V | dx = [ Q Vw- -Veodx+ | ¢
Q w+34 w438 o |w+$é

we deduce from Eq. 3.10 that

/Q v Vw-Vgodxf/wdx. G.11)
w+8 Q

2
dx,

Finally, by the Lebesgue dominated convergence theorem the sequence w (w + 8)~! Vw
converges strongly to Vw I(y~qy in L'(Q)" as § — 0, and Vw 1{y=0) = V(wT) = Vw
a.e. in Q. Therefore, passing to the limit as § — 0 in Eq. 3.11 we obtain the inequality

/Vw'Vgode/(pdx, Vo e CX(Q), ¢ >0, (3.12)
Q Q

which yields the result.
Second step: First of all, the sequence v, solution of the equation

vy € H} (Q)
— Av, + by, - Vv, + div(b,yv,) = 1 in Q,

satisfies the same properties as the sequence w, defined by Eq. 3.7. In particular, by the
first step the weak limit v of v, in H'() belongs to L>°(£2). Then, by the comparison
principle (Lemma 3.2) applied to the function u, — || f|lL=~ @) vn € HO1 (2), we have 0 <
up < | fllize(@) vp a.e. in 2, so that u € L(£2).

Now, apply the Tartar oscillating test functions method with the Eqs. 1.4 and 3.7. Let
¢ € C°(), putting ¢ wy, in Eq. 1.4, ¢ u, in Eq. 3.7, and equating the two formulas we get
that

/ Vun-V(pwndx—/ Vw, - Vou, —2/ by, ~V(punwndx=/ f(pwndx—/ Qupdx.
Q Q Q Q Q 3.14)

(3.13)

By virtue of the Sobolev embedding theorem, u, w, converges strongly to u w in L? (2) for
any p < Nliz’ thus in particular in L?(Q) since N < 3. Hence, byu,wp, converges to 0 in
2/(Q)? (recall that b = 0). Therefore, passing to the limit in Eq. 3.14 we obtain the limit
variational problem
ue HY(Q)NL®Q)
wVu-Vodx — | Vw-Vou =/ fowdx —f pudx, Y¢eCX(Q). 3.15)
Q Q Q

Q

From now on we may follow the Dal Maso and Garroni approach [5]. By the first step
above and by Proposition 3.4 of [5], there exists a non-negative Borel measure p which
does not load the zero capacity sets, such that w is the unique solution in H(} Q)N Li(Q)
of the problem

/Vw-Vgodx-l—/(pwdpL:/ pdx, Ve¢e Hy(Q) NL(Q). (3.16)
Q Q Q

On the other hand, by virtue of the Lax-Milgram theorem problem Eq. 3.3 (with b = 0)
admits a unique solution & in HOl ()N Li(Q). Since f is non-negative a.e. in €2, so is
u by the comparison principle (Lemma 3.2). Then, the function # satisfies the inequality
— A < fin 2'(Q), with f € L% (). Hence, again using the comparison principle
with the function (—A)~'(f) € HJ(Q) N L™(Q), we get that & belongs to L™(L).
Following Lemma 3.5 of [5] thanks to inequality Eq. 3.12, & is also the unique solution
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in HO1 (2) N L*®(R2) of the variational problem Eq. 3.15. Since u is such a solution, the
functions u# and # thus agree. We have just proved that u is the solution of the problem
Eq. 3.3 with the non-negative Borel measure u defined from the function w according to
[5] (Lemma 3.5).

Third step: We will prove that u is actually a Radon measure which is absolutely con-
tinuous with respect to the measure ¢ of Eq. 3.2. To this end consider the double index
function zfl, for k > 1 and n € N, solution of

—AZK b, VE 4 div, )+ k-1 =0inQ
8 (3.17)
z, =1 on9dL2.
For ¢ € C®(), putting ¢ (zln‘ — 1) as test function in Eq. 3.17 we have
/ |Vz,’;|2<pdx+/(z’,j—1)Vz’,§.wdx—/ @by - Vkdx
2 2 2 (3.18)
—/ zﬁ (zﬁ - Db, - V(pdx-l—k/(zﬁ — 1)2<pdx =0.
Q Q
In particular for ¢ = 1, this yields
f |Vz{§|2dx+kf(z,’§—1)2dx=/ by - VZ¥dx,
Q Q Q
hence
: 1 k2 kg2 . 24, 146
lim sup IVz|“dx +k | (z, —1)"dx ) < lim |byl“dx = _ 9(R2) < oo.
n—00 2 Q Q n—oo 2 Q 2

Using a diagonal argument we then deduce the existence of a subsequence of n, still
denoted by n, such that for any k£ > 1, zf, converges weakly to some function z¥in H! (),
and by, - Vz],‘l converges weakly-x to some Radon measure p* in . (€2). Moreover, as k —
oo the sequence P converges weakly to 1in H'(2), and up to a subsequence uk converges
weakly-* to some measure 1> in .# ($2). Passing to the limit as n — oo in Eq. 3.18, we
easily get that for any ¢ € C*®(Q),

limsup/ |Vz,’;|2<pdx+/(z’<—1)Vzk-vwdx—fwdu"+kf(z’<—1)2<pdx=0. (3.19)
Q Q Q Q

n—00

Hence, passing to the limit as k — oo it follows that

lim |:limsup </ |Vz’,j|2¢dx+k/(z"— 1)2¢dx)] :/ odp™. (3.20)
k—o0o | n—oo Q Q Q

In particular, 4 is a non-negative Radon measure on . Moreover, by the Cauchy-Schwarz
inequality and convergence Eq. 3.2 we have for any non-negative ¢ € C*°(2),

f(pd;t’o: lim lim fwbn-w’;dx
O k—oon—00 Jo I I

1 1
. P 2 . . k2 2 2 oS 2
<[ lim | @|b,)?dx lim lim | ¢|Vz|“dx) < o dv pdp ,
n—oo Jo k— 00 n—>00 Q Q Q

which implies that

/_fﬂduwsf_vﬂdﬂ, Vo e C®(Q), ¢ > 0. (3.21)
Q Q
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Taking into account Eq. 3.21 it thus remains to compare the measures p and p® in
M (). Let ¢ € C2°(R2). The function (pzfl is the solution in H(} (R2) of the equation

— A(pz}) + by - V(pz}) + div(b, pzk)

in 2'(Q),
=ko(1—z5) —2Veh . vo -k Ap+22Kb, Vo =: ok )

where del clearly converges strongly in H~!(€2) as n — oc. Then, by virtue of the second
step the limit @z* is the solution in HOl ()N Lik (R2) of the following equation:

— A+ u=ko(1-75-2VF . Vo—7XA¢ in Z2(Q). (3.22)
On the other hand, passing to the limit as » — oo in Eq. 3.17 we have
A+ k- 1D=0 in2(@Q),
which implies that

— A+t =ke1 -5 —2VF . Vo—FAp in 2 (Q). (3.23)

Equating Eqgs. 3.22 and 3.23 we get that ok = ozF u in A (S2). Moreover, since p
is a non-negative Borel measure which does not load the zero capacity sets, and since z*
converges weakly to 1 in H'(2), by virtue of Propositions 3.3 and 3.5 of [4], z¥ converges,
up to a subsequence, to 1 p-a.e. in 2. Then, from the Fatou Lemma and Eq. 3.21 we deduce
that for any non-negative function ¢ € C°(2),

/(pdugliminf/ (pzkdu=liminf/ (pduk=/<pdu°°§/<pd19.
Q k—oo Jq k—oo Jo Q Q

Therefore, 1 is a non-negative Radon measure which is absolutely continuous with respect
to the measure ¥ of Eq. 3.2, which concludes the proof of Theorem 3.1.

Proof of Lemma 3.3. Using a partition of the unity (6;)o<j<m for €2, with supp (fp) C 2,
and the regularity of d$2, we can construct a non-positive sequence g, in C*($2) which
converges strongly to g := — Av in W=1LP(Q) (p > 1). This result is known, but for the
reader’s convenience we will give now a short proof.

To this end, let p., for ¢ > 0, be a non-negative mollifier the support of which is B(0, ¢).
The function 6y (o, * g) does the job for 6y g. On the other hand, if w; is a suitable open set
containing supp (9 j), for j = 1, ..., m, there exists a regular function v/; which maps w;
onto the open ball B(0, R), and w; N 2 onto the half-ball BT (0, R) := B(0, R)N{yn > 0},
such that (0 g) o wj_l = 0 on a neighborhood of dB(0, R) N {yy > 0}. Here, g o 1///._] is
the distribution defined by the duality

(g0 v; Lo v 1>W—1vl’(B(O,R)+),Wol”’,(B(O,R)*') = (8 ‘p)w—lvn(w,-m),w()‘-”’(w_,-nsz)’
forp € Wol’p/ (w;NS2). Then, the “translated” distribution g ; , : x (gm//j_])(y’, YN —|—g),
where y := 1/ (x), is defined in the enlarged domain w; N {; (x)y > — &} beyond w; N Q2.
Therefore, the sequence

m
e =00(pex8)+ Y 0j(pe*2je)
j=1
has the desired properties.

Now, consider the solution v, € HOl (R2) of the equation — Av, = g, < 0in 2/'(Q).
By the maximum principle, v, < 0 a.e. in Q2. Moreover, thanks to the Calderon-Zygmund
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regularity for the Laplace operator (see, e.g., [8]) and the regularity of €2, the operator — A is
an isomorphism from WOl "7(R) onto W17 (Q). Hence, the sequence v, converges strongly
to v in W(;’p(Q), which implies that v < 0 a.e. in Q.

Remark 3.4 Assume that the dimension is N = 2, and consider an equi-coercive matrix-
valued function A in L>(£2)>*2. By virtue of Meyers’ theorem [10] (Theorem 1), for any
p close enough to 2, div(AV-) is an isomorphism from WOI"D(Q) onto W~1-7(Q). On the
other hand, note that for any v € H (), the function v? belongs to whr(Q) for any
p < 2. Then, Lemma 3.3, for p close to 2, and Theorem 3.1 — involving the function w
satisfying the inequality (3.9), i.e. — A(w?) < 2w — can be easily extended to the case
where the Laplace operator is replaced by the operator div(AV-)in Eq. 1.4. So, for example
the inequality (3.9) becomes — div(AV(wz)) < 2w, which still implies that w belongs to
L>®(Q).
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