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Abstract The classical Riesz Decomposition Theorem is a powerful tool describing super-
harmonic functions on compact subsets of R”. There is also the global version of this
result dealing with functions superharmonic in R” and satisfying an additional condi-
tion. Recently, a generalization of this result for superbiharmonic functions in R” was
obtained by (J. Anal. Math. 60, 113-133 2006). We consider its further generalization for
m-superharmonic functions.
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1 Introduction and Main Results

Subharmonic and superharmonic functions are very important classes of functions since
they enjoy many properties of harmonic functions, but unlike the latter, they are more flexi-
ble. There are several equivalent definitions of a superharmonic function on an open subset
Q C R" (see, e.g., [5, Ch. 2], [1, Ch. 3], [7, Ch. III]). The class of subharmonic functions in
Q is denoted by S (€2). For superharmonic functions, we use SH (£2).

Let us note that if s € C? (), then it is subharmonic if and only if its Laplacian As is
non-negative in Q2. Moreover, for an arbitrary s € S (2), and an open subset @ such that
w C , there exists a decreasing sequence of functions s, € S(w) N C*°(w) convergent to
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s pointwise on w (see, e.g., [1, Th. 3.3.3]). This result and Green’s formula suggest to con-
sider Laplacian in the distributional sense to give an equivalent definition of a subharmonic
function (see, e.g., [1, § 4.3]).

Definition 1.1 For an open set 2 C R”, we use Cy (£2) to denote the vector space (over
R) of all real-valued functions continuous and compactly supported in €2. Furthermore,
CP Q) :=Co(NC®(Q). Ifu : @ — [—00, 00] is locally integrable on €2, then the
linear functional

Lu(p) = /Q U Ap() dx, g e C(9), 1

is called the distributional Laplacian of «.

Using Green’s formula, it is easy to conclude (see, e.g., [1, § 4.3]) thatif u € Cc? (2), then
L,(p) = fQ @(x)Au(x)dx. In general, if s € S (2), then Ly is a positive linear functional
on Cg° (£2), and there is a unique measure (g on €2, such that

a,;‘Ls(w):fszga(x)dus(x), peCF (),

where a, = 0, max{1l, n — 2}, and o, is the surface measure of the unit sphere in R", i.e.,

2nn/2
o, = .

r(3)

The measure w; is called the Riesz measure associated with s. For a superharmonic function
u, the Riesz measure is defined to be the one associated with the subharmonic function —u.
In both cases, Riesz measure is a non-negative measure, which characterizes the function.
Namely, if u, v € S (), (or SH ()) are such that L,, = L, on C§° (), then u — v is
harmonic in €2 (see, e.g., [5, Ch. 3, Lemma 3.7]).

The Riesz Decomposition Theorem gives even more. This theorem in various forms and
for various 2 could be found in any book on Potential Theory (see, e.g., [1, Th. 4.4.1],
or [11, Th. 3.7.9]). The most classical ones (see, e.g., [5S, Ch. 3, Th. 3.9]) describes
superharmonic functions on compact subsets of 2.

There are several versions of the Riesz Decomposition Theorem for functions superhar-
monic in a ball, half-space, etc. (see, e.g., [1, Ch. 4, § 4.4]). However, we are interested in
generalizations of the following global type of result (see, e.g., [9, Ch. 1, § 5, Ths. 1.24 and
1.25)).

Theorem 1.1 (Riesz Decomposition Theorem, ”Global Version”) Suppose u is superhar-
monic in R", n > 3. Then, there is a harmonic function h in R" such that

u(x) = (@ (n —2))"" /R Ka (= v) dia(y) + h(x),

if and only if
lim M (r,u) > —oo.
r—00

Here and in what follows we use the following notations.

For a measurable function g, the spherical mean over the sphere S(0, r) of radius r > 0
centered at the origin is defined by

1
M(r, g)zm/ gx)do (x),
n S(0,r)

@ Springer



On Riesz Decomposition for Super-Polyharmonic 343

where do is the surface measure in R”.
The Riesz Kernels are given by:

Ko(x) = x|*", a>0.

As a corollary of Theorem 1.1, one can obtain (see [1, Cor. 4.4.2]) that if u is superharmonic
inR", n>3,u>0,and u # oo, then

u(x)z(an(n—zn”/ Ky (x —y) duu(y) +¢, xeR",
Rn

where c is a non-negative constant.

We are interested in a generalization of the Riesz Decomposition Theorem for m-
superharmonic functions (see Definition 1.3 below). Recently, for m = 2 (superbiharmonic
functions) the generalization we are looking for was obtained by K. Kitaura and Y. Mizuta
[8]. Let us introduce precise definitions first.

Definition 1.2 Let ©2 be an open subset of R”, n > 2. A function # : Q@ — R is called
m — harmonic (m € N), or polyharmonic of order m, in Q if u € C*" (), and A"u =0
in Q. The set of all functions m-harmonic in 2 is denoted by H™ (£2).

Polyharmonic functions have many interesting properties. The monograph [2] is an excel-
lent source of information about them.

Definition 1.3 Let 2 be an open subset of R"”, n > 2. A function u : Q — (—o00, 00] is
called m-superharmonic if

(i) u is locally integrable on €2;

(i1) u is lower semicontinuous in £2;

(iii) py = (—A)™ u is a positive Radon measure in €2 in the sense of distributions, i.e.,

/me At (x) = /Quoo (—A)" p(x)dx 2 0, Vg e C5(Q). ¢ = 0;

(iv) Every point of 2 is the Lebesgue point of u.
The class of all m-superharmonic functions in 2 is denoted by SH™ (). If m = 2, we
have the class of superbiharmonic functions;

The generalization of the Riesz Decomposition Theorem for superbiharmonic functions
is given by the following theorem

Theorem 1.2 (K. Kitaura, Y. Mizuta [8, Th. 1.2]) Letn > 5, u € SH2(R"), and p, =
A%u. Then M (2r, u) — 4M (r, u) is bounded when r > 1 if and only if u is of the form

u(x) = 2oy (n — 4) (n — 2))"" /R Ka(x — ) dita(y) + h(x),
where h € H? (R"), and

[ a0t ) < oe.

Moreover, in [8], the authors consider the case of lower dimensions too. However, they use
some modification of the Riesz kernels in that case.

The main point is that the possibility for a superbiharmonic function to possess a Riesz
decomposition is given in terms of boundedness of a linear combination of spherical means.

@ Springer



344 A. V. Tovstolis

For the m-superharmonic case, the appropriate linear combination of spherical means is
more complicated. It is defined in the following proposition.

Proposition 1.1 Letm € N, m > 2, and let oyy,1 = 1. Then there are unique real constants
.2, - - -, Cm,m Such that for every polynomial of the form
m—1

Fu(r) = Zakr2k,
k=0
we have
m m
> b (2770 ) = a0 Y emj. rER. )
j=1 j=1

The constants are given by

1_[ (Qm,j,k - em,l,k)
m—1 _ m _1)— L l§l<j§m71
a — (=1 k+%5=(m 2)42(111 1H)—(m—k—1) :
m,k+1 (=D l—[ (4/ _ 4[)

1<l<j<m-—1

) 3

where ]
am=i 1< j<k,
9'"’“‘_{4’”*1*f,k+15j§m—1, Psk=m=1
To formulate the main result, we need to introduce R — the class of functions ¢ €
Cg° (R) satistying:

(i) @) =1in B (0, 1) (as usual, B (0, r) denotes the ball in R" of radius r centered at
the origin);
(i)  supp ¢ C B (0,2);
(i) O0<ekx)<l1,xeR".
Such functions are often used for regularization purposes.

Our main result is given by the following theorem.

Theorem 1.3 Let m,n € N,2m < n,u € SH™R"), uy, = (—A)"u, and ¢ € R is
chosen arbitrarily. Furthermore, let a,, ; be the absolute constants from Proposition 1.1.
Then

r>1 r>1

sup Zam iM (Zm_jr, u) < oo and sup/ u@rt) (A" p)dt < oo (4)
o 1<lt<2

if and only if
L a0 ) < o )
and u is of the form
u(x) = cm,n[R Kopm (x — y) dpu(y) + h(x), (6)
where h € H™ (R"), and
-1
emn = | 2" Hm — 1)lay, I m—2m+2j)| . (7

0<j<m-—1, j#m—n/2
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Note that (5) is the condition for existence of the potential in (6). Furthermore, the nor-
malizing coefficients ¢, , are chosen so that ¢, , (—A)™ Koy is the delta-function §g (see
[6] and [4, § 3])).

Comparing Theorems 1.2 and 1.3, one can observe that the first condition in (4) is exactly
the condition on the boundedness of M (2r, u) —4M (r, u) used in Theorem 1.2. The second
one is an extra condition. However, for m = 2, the second condition in (4) follows from the
first one. This seems to be false for m > 3.

Moreover, for the case 2m > n, one needs to consider different kernels. For example,
K. Kitaura and Y. Mizuta [8] considered special kernels wich are products of the Riesz ker-
nels and In |71‘ It was shown that if u € SH?2 (R™) and n < 4, then the linear combination of

spherical means M (2r, u) —4M (r, u) is bounded on r > 1 if and only if u € H2 (R"). The
authors investigate the case for each n between 2 and 4 separately. The Riesz decomposition
for superharmonic functions in R” (m = 1) is also proven in [8].

The following corollary gives an easy to use sufficient condition for an m-superharmonic
function to have the representation (6).

Corollary 1.1 Letm,n € N,2m < n, u € SH™ (R"), wy = (—A)" u. If

r>1

m
sup Z(xm,jM (2’"*/;’, u) < 00,
j=1

and one of the conditions

(@) sup,-, ,Ln [ lu@)|? dt < oo, for some p € [1, 00);
r<|x|<2r

(b) 0 € LP (R"\ B(0, 1)), for some p € [1. o],

|x|n/P

is satisfied, then (5) and (6) hold.

Let us also note that there is a generalization of the Riesz Decomposition Theorem for
a-superharmonic functions (fractional @ € (1, 2)) obtained by N. S. Landkof [9, Ch. I,
§ 6, Th. 1.30]. It would be very interesting to get an analogous result for fractional o« > 2.
However, the method developed by N. S. Landkof seems to be non-applicable in the latter
case.

2 Lemmas on Riesz Kernels
We will assume that x, y are vectors in R”, m,n, L € N,n > 2, and that 2m < n or2m —n

is a positive odd integer.
Following [8], we consider the generalized Riesz kernels

Kom(x —y), ; Iyl <1,
K2m,L(xa y) = Kop(x —y) — Z % (D"Kam) (=), Iyl =1, LeZy.
[vI<L
Here and in the sequel, for a multi-index v = (vy, ..., v,), v; € Z4,
xv = xvl ..... xv” v' =V | I | = e v — 8|v|f
=X n =! vl vl=vi+- v, DY f(x)= P

1 Vp
1 - 0x,"
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We will also use A, to denote the n-dimentional Laplace operator applied with respect to
the variable x € R”.

Lemma 2.1 If2m < n or 2m — n is a positive odd integer, then for any k € Z.,

AkK2m(x) = Cm,n,kKZ(mfk)(x)» (8)
AN Ko 2m—1)(x, ¥) = Cmn ik Kam—k) 20m—k—1) (X, ¥), )
where
1, k=0,
k—1
emni =14 2 T1(@m—j)=n)y(m—j—1), 1 <k<m—1,
j=0
0, k>m.

In particular, Ky, (x) and Kowm 2im—1)(x,y) (with y as a parameter) are m-harmonic
Sfunctions in R" \ {0}.

Proof First, assume k = 1. Since 2m < n or 2m — n is a positive odd integer, we obtain
82 2m—n 2m—n—2 2 2m—n—4
ﬁ(|x| ):(2m—n) <|x| +x2@m —n —2) x| ) (10)
J
Hence,

Ay (|x|2m—n> = 2m —n)2m — 2)|x|2m—n—2.

This gives (8) for k = 1. Now, for |y| > 1, we get
92 xV
ﬁ Z B (DVKZm) (=)

J \Iv|<2m=-2

1 v
= Z o (D" Kam) (=y)vj(vj — 1xVi~? l_[ X

[v|<2m—2 ’ k=Ln, k#j
v Vi vj—2 Vitl Un
_ Z E Xj_l xj xj+1 'xL (Dvl...vnK2 )(_y)
v1!'“vj,ll(v~—2)!vj+1!'“vn! " ’
Vit <20m—1), v =2 I
Replacing the multi-index v by v = (V1, ..., V,) with
C_[we k#)
=i -2 k=,
we obtain
32 x’
@ Z F (D KZm) (_y)
J lv|<2m—2
v
— Z '{7' (D‘jlv--‘jjfl(a_i+2)‘7j+1»--ﬁn sz) (_y) (11)
[V]<2(m—2)
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From (10), it is clear that

o - - Y
(D”““”-"’l("f+2)”-"“‘“”” sz) (=y) =D" <8y2K2m> (=y)

J
= @m = D" (Kan-1) + y}@m =1 = 2 Ko ) ().

Setting v := v in the right-hand side of (11), and taking the sum over j = 1,...,n, we
deduce

xV
|

(D KZm)( y)

AXZ

[v|<2m—2
xl)
=Qm-m@2m-2) Yy — (D" Kagm—1) (=) (12)
[v[=<2(m—-2)
Thus, considering (8), we obtain (9) for k = 1.
For k > 1, the statement follows by applying (8) and (9) with k = 1 repeatedly. O

Lemma 2.2 [f2m < n or 2m — n is a positive odd integer, then for any r > 0,

8]

( )m_l N ek 20m—k)
F n Z (7) m,n, r m—kKk)—n |y| <r
2 ! n ) =17,
= KT (5+k)
m—1

2k o, 2(m—k)—
F(%) kEO (%) kllﬁ(%jk)b)' (m—k) "oyl >

M (r, Ko (- — y)) =

where ¢y are defined in Lemma 2.1.
Moreover, for any y ;é Oandr > 0,

xV
L / Y L (D" Kan) (-1 o)
on? SO y1<om—2 7

F(n>m21( >2k ok n b (13)
= —_ —_ > y - .

2/ &=R\2) KT (k+5)

Proof We will use formula (7.11) from [12, Ch. 1.7]:

m—1 _p/2 2k+n (Akf) (
ey y)

fx+y)dx = - , (14)

/B(O,r) ];0 22k T (k + 7 + 1)

which is valid for any function f € H™ () for some domain U, y € U, and any r €
(0, dist (y, oU)).

Assume |y| > r. Applying (14) with f = K»,,, { = R" \ {0}, and using Lemma 2.1, we
get

m—1 _ /2 2ktn
T r

/ Ko (x —y)dx = }

B(0,r) k=0

Cmon k Kom—i)(=y)
22K (k+ 5+ 1)

-1 k) —
m nn/2r2k+ncmnk|y|2(m k)—n

= - . (15)
,; 22KKIC (k+ 5 +1)
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If we fix y and let » < |y| to be arbitrary, then differentiating the last equality with respect
to ¥, we obtain

m—1 ok

_ E r Cm,n,k|y
M (r, Koy, (.—y))_l"<2>l§ 22kk!1"(k+%)

|2(m—k)—n
(16)

Now, let 0 < |y| < r. We cannot apply the above approach since we have a singularity
in B(0, r). To get rid of it, we will use the reflection technique as in Kelvin transform,
described in [1, Ch. 1, § 1.6]. For w # 0, we will consider its inverse with respect to the
unit sphere S(0, 1):

1
* .__
= |w|2w.
Ifx € $(0, 1), and y # O, then
Iyl — y*| = lx = yl. (17)
Using (17) and making a simple change of variable, we obtain
*
M Ko (= 3) = P M (1 Ko (= (2) )
Since |(%)*| = \%I > 1, we can apply (16) with r = 1 to get
s (I
M K- =T(5) 2 (5 mak _ 2m—b-n, 18
(r, Kom (=) =T (3 ,;0(2) o+ ) (18)

For |y| = r, let y; := (1 + %) vy, 1 € N. Note that |[x — y| < |x — y;| provided |x| = r.

Thus, if 2m < n, we obtain |x — y1|2’"_” < |x-— ylz’"_”. Since the function |x — y|[?"~"
(as a function of x) is in L (S (0, r)), we can apply the Lebesgue Dominated Convergence
Theorem to get
M (r, Ko (- — y)) = im M (r, Kop (- — Y1) -
[—o00

If 2m — n > 0, then |x — y;|*"~" converges to |x — y|?”~" uniformly on S(0, ), and the

last equality is obviously justified. Therefore, in either case, applying (16) with y = y;, we
deduce
m—=1 ok 2(m—k)—n
. n Cmn, k) Vil
M, Ko (- = ) = lim T (%) u
 Kom G =D = I T3 1;0 22KKIT (k + 2)

ny S ()
=T (*)Z(*) Ty
2/ =\ 2] kI (5+k)

If y = 0, then (18) is obvious.
To obtain (13), we shall use (12) to conclude that

v

v
AfC Z x*' (DUKZm) (—)’) = Cm,n,k Z x*' (DVKQ(mfk)) (_y)s
v|<2m—2 Ve lv|<2(m—k—1)

and then apply (14) withif = R", y =0, and f(x) = Z|v\§2m—2 );—V, (DY K2, (—y), where
y is considered as a constant. Thus, we get

m—1 /2y 2k4n

%
/B Y S (D" Ka) (3)dx =) Sy =,

2k
©Or) 1 Sam—2 Pt 22KEIT (k + % + 1)
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This equality is valid for any y # 0 and r > 0. Differentiation on r gives (13). O

Note. There is even more general result on spherical means of the Riesz kernels due to
J. S. Brauchart, P. D. Dragnev, E. B. Saff [3, Th. 2]. Their statement covers fractional powers
of |[x — y|, but the answer is given in terms of a hypergeometric function, which makes it
more complicated to apply in our proofs.

Integrating the formula for spherical means in Lemma 2.2 on r, we arrive at the following
statement.

Lemma 2.3 If2m < n or 2m — n is a positive odd integer, then for any R > 0,

/ K2m (.X - )’) dx
B(0,R)
|2k RZ(mfk)

m—1
2 Cm,n.k 2 1 1 ly
2"/ Z FLT (5 +k) <|y| " <2k+n - 2(m—k)) + 20m—k) )7 Iyl <R,

Cm,n.k 2(m—k)— 2k
Z kT (% +k+1)|y| (n=h=n g2k, [yl > R,

where ¢y p i are as in Lemma 2.1.

3 Proof of Proposition 1.1

Proof of Proposition 1.1. Note that for o, | = 1 and any o, j, j > 2, we have
m m—1 m
DB (277 ) = 3 a4 TDE L Y 4k, ] (19)
Jj=1 k=0 j=2
Let us show that there is a unique set of o, 2, . . ., @ m, such that

m
40Dk L N gDk, s =0, k=1,....m—1,
j=2

which is equivalent to (2) holding for every r and ao, ..., a,. As we will also see, these
ap, ;s satisfy (3).
We can rewrite the last system as

m
24(m—j)kam’j — _4(m—1)k’ k=1,...,m—1. (20)

This is a linear system of (m — 1) equations for (m — 1) unknowns, whose matrix is

4m=2 gm=3 o o4mmlml 4| -4t
42(m=2) 2m=3)  g2m-1-j) g2 | _g2m-1
41@72) 41(}7;73) 4l(m;17j) 41 1 _41(}”71) (21)
4(m—1.)(m—2) 4(m—1.)(m—3) 4(m—1)(.m—1—j) 4m.—1 1 _4(m—.1)(m—1)
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350 A. V. Tovstolis

To evaluate the main determinant of this matrix, let us make a reflection in horizontal
direction, so that the last column becomes first, next to the last becomes second, etc.:

1 4 ... 4J-1 . 4m=3 4m—2

1 42 ... 420-bD = 42m=3) 42(m=2)
A | :l [_:_ :_ ;_

1 4 .. 4G=b o gl 4l(m=2)

i 4n{—1 4(m—1.)(j—1) 4(m—13(m—3) 4(m—]')(m—2)
The main determinant D of system (21) and the determinant of A are related by
—1

D = (=1)"T ™2 det(A),

and the matrix A is a Vandermonde matrix, whose determinant is well known. Thus, we

obtain 1
D=(1"T"> T] (4/‘ —4’). 22)
I<i<j<m-—1
Since D # 0, system (20) has a solution oy 2, . . . , ¢tm, m, and this solution is unique.
Now, for k = 1, ..., m — 1, let us evaluate the determinant of the left-hand side of the
matrix in (21) with k-th column replaced by the right-hand side:
gm=2 o 4mk —4m-1 gm—k=2 4
42m=2) o g2m—k)_g2m=D) g2m—k=2) 42
Dy = 4l(rr;—2) 4l(n;—k) _41(;11—1) 4l(m;k—2) 41 1
4m=D0m=2)  gm=1)m—k) _gm=1)(m=1) gm—1)m—k=2)  gm—1 |

Multiplying the k-th column by —1 and then each column by the reciprocal of its first entry
(i.e., multiplying j-th column by the reciprocal of (1, j)-entry), we get

Dy = —4m 2 qmhgmlgmoke2 g

1 o 1 1 1
4m—2 . 4m—k 4m—1 4m—k—2

o=
—_

4(1—1)'(m—2) 4(1—1).(m—k) 4(1—1)'(m—1) 4(1—1)(7}1—1(—2) 41;1 1

4(m—2.)(m—2) 4(m—2')(m—k) 4(m—2.)(m—1) 4(m—2)(.m—k—2) 4m.—2 1

Taking the transposition and moving the k-th row to the first place, we again arrive at a
Vandermonde matrix, whence

Dy = (—1f4Zm=D=m=kml T (g, — k) - (23)
I<l<j<m-—1
Finally, using Kramer’s rule, we conclude that
—k, k=1,...,m—1,
D
whence (3) follows immediately from (22) and (23).

Om k+1 =
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Conversely, if ay, 2, . .., am,m satisfy (20), representation (19) yields
) m m
Zam, (2’ 7/r):ao l—l—Z(xm,j :aoZ(xm,j.
j=2 j=1
O
Note. We can give an explicit representation in (2) for some values of m:
m=2: F,(2r) — 4F,(r) = —3ag;
m=3: F3(4r) — 20F3(2r) + 64 F3(r) = 45ao;

m=4: F48r) — 84F4(4r) + 1344 F4(2r) — 4096 F4(r) = —2835ay.

4 Spherical Means of m-Superharmonic Functions
The key ingredient to the proof of Theorem 1.3 is the following formula for spherical means.

Lemma 4.1 Letu € SH™ (R"), and let 1y = (—A)" u. Then forr > 1,

m—1

Moo = [ i+ Y art
B(O.r) Pt

where ay’s are constants independent of r,

f@r,y) = Cm,nF (g)

"N e 2m—k)
x () memr i< 1.
O 2% 2m—K)—n 2k 2(m—n)—k
Z 4kk'1”("+k) (|y| r ==yl ) 1<yl <,
0, Iyl =r,

Cm.n.k are as in Lemma 2.1, and cy, ,, are given by (7), so that
Cm,n (_A)m Kom,L ¢,y = 5y- 24)

Proof 1t follows from the Riesz decomposition that (see [4, Representation (3.1)]) if v €
SH™ (R™), then

v(x) = Cm,n/ Komom-1(x, y)duy(y) +hgr(x), x € B(O,R),
B(O,R)

where hg € H™ (B(0, R)). (For (24), see [4, § 3].) Indeed, let us consider the following
positive linear functional on Cgo (B0, R)):

Ly(p) = /B(o R)p(x) (=N)"g(x)dx, ¢eC5(BO,R)),

where

p(x) = Cm,nf Komom—1)(x, y) dpy(y).
B(O,R)
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352 A. V. Tovstolis

Using Fubini’s theorem and (24), we have

Lp(@) = / (Cm,n/ K2m,2(m—1)(x, y) dﬂv()’)) (=A™ @(x)dx
B(0,R) B(0,R)

=/ 6 dity(y) = Ly(p).
B(0,R)

This implies that for a.e. x € B (0, R), v(x) — p(x) coincides with a function from
H™ (B(0, R)). Let us call it hAg(x). Thus, v(x) = p(x) + hr(x), a.e. Since two m-
superharmonic functions, which are equal a.e., are equal identically, we conclude that
v(x) = p(x) + hgr(x) in B (0, R).

Therefore, since u € SH™ (R"), then for any r, > r; > 0

u(x) = Cm,nf K2m,2(m—1)(xa v du, (y) + hr_,» (x), xeB (0! rj) ., J=12,
B(0,r

0.r;
(25)
where h,; € H™ (B (0, rj)).
Let us fix two arbitrary r| and r, (assume r; < r7), and take an arbitrary » with 1 < r <
r1 < rp. Integrating the last equality over the sphere of radius r, we obtain

Cm,n

Mo = =2 [ K ) di () do )
Onl $(0,r) JB(0,r})

1

On yn—1

4 [ ) () do (). (26)
S(0,r)

Since h,;, € H™ (B (0,r;)), the Almansi expansion (see, e.g., [2, Ch. I, Prop. 1.3]) implies
that there exist functions g j, .. ., gm—1,; harmonic in B (0, r;), such that

m—1
hey(x) =Y |x[*grj(x). xeB(0.r)). (27)
k=0

The mean-value property for harmonic functions yields

m—1

/ he (x)do(x) = Y r* g j(0). (28)
$(@0,r) k=0

1
o]
Changing the order of integration in the first summand of (26) using Fubini’s theorem, and
applying (28) we get

m—1

MO0 =G [ M Kamain o) dita)+ Y 10,00
B(0.r}) k=0

Now, Lemma 2.2 implies

m—1
Moo= [ )+ Y 0,

k=0
Since f(r, y) = 0 when |y| > r, the last equality can be rewritten as

m—1

M- [ o SOV =3 0 29)

k=0
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Since the left-hand side is independent of j € {1, 2}, so is the right-hand side. But for each
J € {1, 2}, the expression in the right-hand side is a polynomial in r. Thus, we can rewrite
(29) as

m—1

M B - s d u + Zk,
(r, u) /B oy OV A > ar

k=0
where
ar = gr1(0), k=0,...,m—1, (30)

and r; > 1 is taken arbitrarily. O

Corollary 4.1 Letu € SH™ (R"), 2m < n, and let 1, = (—A)™ u. Then for any r > 1,

m m
m—1 m—I ) m
ns /B S e f <2m—1r, y> dpa(y) +ao Y .. @31
=1

(0,2'1)\B(0,2!~1r) = =
where f(r,y) is defined in Lemma 4.1, a1 = 1, o2, ..., 00, are given by (3) in

Proposition 1.1, and ayg is from the proof of Lemma 4.1.
Furthermore, if u(0) # oo, then

ao = u(0) = ey / P d (), (32)
B(0,1)

where ¢y, 5, are given by (7).

Proof Since f(R,y) = 0 when |y| > R, then (31) follows immediately from Lemma 4.1

and Proposition 1.1.

To get ag, we need to refer the proof of Lemma 4.1. Assume that #(0) # oco. Using (25)
with some r; > 1, we conclude that

u(0) = Cm,n / KZm,Z(m—])(Os »du,(y) + hr| 0).
B(0,r1)

Since
PPyl < 1,
Kom2m-1)(0,y) = { 0. v > 1.
we obtain
4(0) = e / Y1 () + B, 0).
B(0,1)
Now, (32) follows from (27) and (30). O

Note. It is clear that if 7 € H™ (R"), then uy is a zero measure. Moreover, using the
same reasoning as in the proof of Lemma 4.1, we obtain that for any r > 0, M (r, h) =
kaz_ol axr?*. Therefore, Proposition 1.1 and (32) imply

m m
> M (27 h) = hO) Y a7 >0, (33)
j=1 j=1
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5 Proof of the Riesz Decomposition
The following statement is straightforward.

Lemma 5.1 Letm,n e N,2m <n,u € SH" R"), uy = (A" u, k =0,...,m — 1,
and
sup r2" " 11, (B(0, r)) < oo. (34)

r>1
Letalsol <a < band

1By rm,n k) = / Y PERIR G (),
B(0,br)\B(0,1)

e, b rom,n, k) = / Y PER20 g (),
B(0,br)\B(0,ar)

cs(a,b,r,m,n, k) = / Iy P =012k gy, ().
B(0,br)\B(0,ar)

Then

sup |c1 (b, r,m,n, k)| < oo, suplcala, b, r,m,n, k)| < oo, suplc3(a,b,r,m,n, k)| < oo.
r>1 r>1 r>1

Lemma 5.2 Letm,n € N, 2m < n, u € SH™ R"), and pu,, = (—A)" u. If

m
sup Zam,jM (2"’_jr, u) <00 and supr¥"u, (B(0,r)) < oo, (35)
j=1

r>1 r>1

then
SUP/ V12" d () < oo.
r>1JB0,r)\B,1)

Proof Corollary 4.1 implies that

m m
> amiM (2”"-’r, u) =/ D amif (2’"_"7, y) dpu(y)+
o BOr) =

m—1

m—l m
Z/B > amf (2’”‘jr, y) i (y) +ao Y om ;-
=1

(0,21r)\B(0,21*1r) =1 =1

Let us denote

I’l) Cm,n,k (36)

ﬂm,n,k =T (5 m,

where ¢y, x are defined in Lemma 2.1.
According to (20), ZT:I 4Dk =0,k =1,...,m — 1. Hence,

m m—1 2% m
Dt 3 B (2770) T RO = Y . (37)
j=1 k=0 j=1

Using the representation of f(r, y) given by Lemma 4.1, and (37), we get

= m—i = g, ok fam i \2m—R)=n
Zam,jM (2 er u) = / Zam,j Zlgm,n,k|y| (2 jr) d//«u(y)
j=1 k=0

B(0,1) /=1
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k)—n

v Zam,ZﬁmnuyPk(sz)W dpia(y)

B(0,r\B(,1) /=!

m
- [ P ;) Y,
B(0,r)\B(0,1) j=1

m—1
(m—k)—n
+Z / Zam/Z,ankb"%(zm J ) duy(y)
=L p0.2r)\B(0.2-17) /7!
m—1 m—1

- Z / Zam J Z Bum.n.k <2m J ) * |y|2(m_k)_" dpy (y)

=l p0.2r)\B(0.2-17) /7!

m
+ao ) am,j. (38)
It is easy to see that
(m—k)—n
Zamj Zﬂmnk|y|2k (2 ) dp(y)
o1 /=t

m—1

2(m—k)—n
P10, (BO) Y. | 3 [ (2m) ~0, 1o
j=1 k=0

Hence

m—1

n . \2(m—k)—n
co (r.m, n) = / Zam,jZﬁm.n,klyIZk(Z’"”r) dp(y)
B(©,1) /=1 k=0

is bounded as a function of r for r > 1.
In terms of Lemma 5.1, we can rewrite (38) as

m
Zam,]’M (Zm_jr, u) =co (r,m, n)
j=1
+ Zam j Z Bonn k2O (1 m, n, k)
j=1

m
S LR ) S

B(O,m\B(,1) j=1
m—1m—I
+Zzam12ﬂmnk2(m NEm—k)—n),, (21*1,21,r,m,n,k)
=1 j=1
m—1m—I
_Zzalanﬁmnk‘]' (m— 1)63(21 1 2 r,m,n, k>+aOZamJ
=1 j=1 k=0
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Thus, Lemma 5.1 and boundedness of cq (r, m, n) imply that

m m
> am M (2'"—1';», u) =c(r,m,n)— / P d ()Y et
j=1 BO./\B(O.1) J=1

where sup,_ |c (r,m, n)| < oo. It is clear from (3) that for any fixed m, a,;, ;’s alternate
in sign and grow in absolute value when j increases. Hence ZZ-":] ap,j # 0. Therefore, if

SUp,~ | ‘Z’}’Zl am, ;M (2", u)‘ < 00, we obtain that

Supf VP dpay (y) < oo,
r>1JB(0,r)\B(0,1)

As a corollary, we immediately get the following lemma.

Lemma 5.3 Letm,n € N, 2m < n, u € SH™ R"), and p,, = (—A)" u. If (35) holds,
then

/Rn (L4 1yD*™ ™" dpy(y) < oo.

Theorem 5.1 Letm,n € N, 2m < n, u € SH™ (R"), and v, = (—A)™ u. Then (35) holds
if and only if

L a7 ) < o, (39)

and u is of the form
u(x) = cmn /Rn Kom(x —y)dpu(y) + h(x), x eR", (40
where h € H™ (R"), and cy, ,, are given by (7).
Proof Suppose that (35) holds. Consider the following function
U (x) 1= /R =y P d g ().

Let us show that UZ‘L,Z is locally integrable in R". Indeed, choose an arbitrary R > 0. It
follows from Lemma 2.3 that f B(O.R) [x — y|2m_" dx is continuous on R”, and

m—1
2 2 |Cm.n.k| 1 1
R mzn.n/ Z 4"k!1"(%+k) (mfk - 2k+n> ’ |y| <R,
/ |.X' _y|2m—n dx S k=0
B(0,R)

Lemma 5.3 also implies that

m—1
2m—n pn.n/2 lem k|
IyI* " R /;0 AR (3 +k+ 1) yl> R

L a0 dua) <o

Hence, for any R > 0,
/ (/ x — y|m" dX) dpu(y) < oo. 4D
n \JB(0,R)
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Now, Tonelli-Fubini’s Theorem yields that Uy € L.

Uﬁ‘m“ (x) # oo a.e. (in the Lebesgue measure sense) in R”.

Theorem 1.2 of [10, Ch. 2, S 2.1] implies that Ué‘"‘; is lower semicontinuous in R”.

Furthermore, since |- — y|?" " inSH™ (R"), we conclude that (—A)" Uz’t"; is a positive
Radon measure in R”. It is also clear that every point of R” is the Lebesgue point of Uzﬂn;‘
Thus, Us"inSH™ (R").

Let ¢ € C3° (R"). Since ¢.n (—A)" Ko = 8o (see, e.g., [4]), we may apply Tonelli-
Fubini’s Theorem (justified by (41)) to get

Cm.n /Rn Uy () (=)™ p(x) dx = fRn p(y)dpa(y) = fRn u(x) (—=A)" p(x)dx.

(R™). In particular, we have that

Thus, we have two functions, Uy and u, from the class SH™ (R"), such that
(=A)" [emnUpt] = (—=A)™ u in distributional sense. Using the same reasoning as in the
proof of Lemma 4.1, we conclude that & := u — ¢y Uéf:; e H™ (R™). Thus, (40) follows.

Conversely, let u € SH™ (R") be of the form (40), where p,, satisfies (39). Applying
Tonelli-Fubini’s Theorem, and Lemma 2.2, we obtain that

M (r,Upyn) = /R M (. Ko (= ) dpa()

S (Y ek
= r <7) (7> __Cmnk  2m—b)-n gy
/;?(O,r) 2 X(:) 2 ) kI (3+k) u

k=l
/ r(3 mZ_l PV Gk ponebn gy )
+ G) X argig bt dno
'O 2/ SN2/ KD (5 +k) !
m—1 m—1
< pHm=n Z |,3m,n,k|/ duy(y) + Z |,3m,n,k|/ |Y|2m_n duy (y),
Pt B(O.r) Pt " B(0,r)

where B, .« are defined by (36). Now, if r > 1, we get

/ P i (y) < f P ().
B(0,r)\B(0,1) B(0,r)\B(0,1)

Therefore,
m—1
M (r,Upt) < (r”"*”uu (B0, 1)) + / |y dmy)) D Bunil-
R™"\B(0,1) =0
Since (39) holds, we conclude that sup,. ; M (r, U;n‘;) < 00, whence
m .
sup Zam’jM <2m_/r, Uﬁ‘m“) < 0. 42)
r>1 i=1
Now, from (40), (42) and (33), we deduce that
m .
sup Z(xm,jM (Zm_’r, u) < 00.
r>1 17
j=1
Finally, for any r > 1 we have
[ ) < o) 27 | U+ 1D dpr ().
B(0,r) B(0,r)\B(0,1)
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Hence,
Sup "~y (BO0.1) =t (BO.1D)+27 [ (1 5D dpa () < oo,

r>1

To prove Theorem 1.3, it remains to replace the condition

sup r2" " 11, (B(0, 1)) < 00

r>1
by another one which would be easier to check having a particular function u € SH™ (R").
The replacement is given by the following lemma.

Lemma 54 Letm,n € N, 2m < n, u € SH™ (R"), and n, = (—A)™ u. The following
are equivalent:
(@ supr®™ ", (B(0, 1)) < 00;
r>1

(b) sup [ u@rt) (—A)" @(t)dt < oo, for some ¢ € R;

r>11<t<2

(¢) sup [ u@rt) (—A)"¢(t)dt < oo, forany ¢ € R.

r>11<<2

Proof Sinceu € SH™ (R"), itis locally integrable, and d i, (x) is a positive Borel measure
onR". Take any ¢ € R, r > 0,and let ®(x) := ¢(x/r). Since ® € C§° (R") and ®(x) = 1
in B(0, r), we obtain that

u (B, 1)) = /

®(x) dptu (x) < / () iy (x)
B(0,r)

B(0,2r)

_ / U(x) (= A" d(x)dx = r_z'"/ u(x) [(=A)" o] (f) dx.
R~ r<|x|<2r r
Making the substitution # := x/r in the last integral, we get
P B0 = [ w0 A pwdr 120, 3)
1<|t|=<2

Analogously, since 0 < ®(x) <1,

#u (B, 2r)) = / @) dpuy(x) = r =" /

B(0,2r) r<|x|<2r

X
u(x) [(—A)m go] (;) dx.
Using the substitution ¢ := x/r in the last integral, we arrive at

2r)*™ ™" wy, (B(0, 2r)) > 2% " / u(rt) (A" p(t)dt, r>0. (44)

I<[r|<2
Now, assume (a) holds. Taking an arbitrary ¢ € R, we conclude from (44) that
sup / u(rt) (=A™ @) dt < 2" 2" sup r>" " 11, (B(0, r)) < 00,
r>1/2J1<|t|<2 r>1

which implies (c), and then, trivially, (b).
If (b) holds with some ¢ € R, then (43) yields (a) immediately. (|

Thus, Theorem 1.3 follows from Theorem 5.1 and Lemma 5.4.

Furthermore, we may use (43) to get easy-to-check sufficient conditions on u to have
Riesz representation (6).
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Proof of Corollary 1.1. Applying Holder’s inequality to the right-hand side of (43), and
using the substitution x = r¢, we conclude that for any p € [1, co) and ¢, such that 1/p +

1/q =1,

1 1/p
2m—n A 7 P
A BO.9) = [0 L 00) (rn / i 1) dr)
1/p
n/p |l aAym |u(x)|P
< 2"7 | (=n) 9"”Lq(3(0,2)\3(0,1)) (/xlzl x| dr .
If p = oo, then clearly,
2m—n m
r pu (B(O, 1)) < ||(—=A) §0||L1(m\8(0’1)> :3<s|sxs‘l<lg lu(x)] .

Thus, if either condition, (a) or (b) is satisfied, then sup,_ ; 21 (B0, 1)) < oo
Applying Theorem 5.1, we get relation (5), and representation (6). [J

Open Problem. It would be interesting to generalize Theorem 1.3 to the case of o-
superharmonic functions in R”. We have already mentioned a formula for spherical means
of Riesz kernels obtained in [3], which could be a good starting point. Although it is unclear
what should be a condition replacing the boundedness of the linear combination of spherical
means Z;”:] am, M (Zm_j 7, u) in the case of a fractional power of Laplacian «/2 instead
of m.
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