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Abstract Suppose d > 2 and @ € (1, 2). Let D be a (not necessarily bounded) cl! open
setin R and u = (1!, ..., u¢) where each p/ is a signed measure on R4 belonging to a
certain Kato class of the rotationally symmetric «-stable process X. Let X* be an a-stable
process with drift ;4 in R and let X" be the subprocess of X/ in D. In this paper, we
derive sharp two-sided estimates for the transition density of X*-P.
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1 Introduction

Markov processes with discontinuous sample paths constitute an important family of
stochastic processes in probability theory. Recently there has been intense interest in obtain-
ing sharp two-sided estimates on the transition density pp(t, x, y) of Markov processes

Research of P. Kim was supported by the National Research Foundation of Korea(NRF) grant funded
by the Korea government(MEST) (2013004822)

Research of R. Song was supported by part by a grant from the Simons Foundation (208236)

P. Kim

Department of Mathematical Sciences and Research Institute of Mathematics,
Seoul National University, Building 27, 1 Gwanak-ro,

Gwanak-gu Seoul 151-747, Republic of Korea

e-mail: kpkim@snu.ac.kr

R. Song (<)

Department of Mathematics, University of Illinois, Urbana, IL 61801, USA
e-mail: rsong@math.uiuc.edu

@ Springer


mailto:kpkim@snu.ac.kr
mailto:rsong@math.uiuc.edu

556 P. Kim, R. Song

with discontinuous sample paths in open subset D of R¥. If the Markov process is a (rota-
tionally) symmetric a-stable process in R?, an explicit form of estimates in terms of ¢,
|x — y| and the distance to boundary of D was obtained in [7] when D is C':! open set, and
a Varopoulos type estimate in terms of surviving probabilities and the global transition den-
sity was obtained in [3] when D is a non-smooth x-fat open set. Very recently in [8, 9, 11],
sharp two-sided estimates on the transition density pp (¢, x, y) were established for several
symmetric Markov processes such as relativistic stable processes, mixed stable processes
and censored stable processes in C!:! open subsets of RY, respectively.

When b is an R?-valued function on R? belonging to a certain Kato class of the rotation-
ally symmetric «e-stable process, in [10], jointly with Zhen-Qing Chen, we showed that there
is a non-symmetric Feller process with generator A%/? 4+ b - V (called an a-stable process
with drift ») and derived sharp two-sided estimates on the transition density of such process
in a bounded C!! open set D in R?. Independently in [5], sharp estimates on the Green
functions of subprocesses, in bounded C!'! open sets in R?, of such process were investi-
gated. The purpose of this paper is, through a somewhat different approach, to extend the
main result of [10] to allow D being unbounded and the drift being a measure. This paper is
a natural continuation of [21] where the existence and uniqueness of a-stable process with
a singular measure-valued drift were established.

Throughout this paper we assume d > 2, « € (1,2) and that X is a (rotationally) sym-
metric a-stable process in RY. The infinitesimal generator of X is A%/? := —(—A)%/2. The
transition density of X is denoted by p(¢, x, y). We will use B(x,r) to denote the open
ball centered at x € R with radius » > 0. The space of continuous functions on R¢ will
be denoted as C(R?), while Coo(R?) and C o0 (R?) denote the space of continuous func-
tions on R? that vanish at infinity and the space of smooth functions with compact supports
respectively.

By a signed measure v we mean in this paper the difference of two nonnegative o -finite
measures v; and v7 in RY. Since there is an increasing sequence of subsets {Fj, k > 1} of
R such that |v] F, 1s a finite measure, the positive and negative parts of v are well defined
on each Fj and hence on R4, which will be denoted as v and v~ respectively. We use
[v] = vt 4 v~ to denote the total variation measure of v.

Definition 1.1 For any signed measure v on R?, we define for any r > 0,

lvi(dy)
MY (r) = sup/ .
' xerd JBGrr) X = y[4FIe

A signed measure v on R is said to belong to the Kato class Ky o1 if lim, o M (r) = 0.
We say that an R%-valued signed measure 1 = (!, --- , u%) on R? belongs to the Kato
class Kg,o—1 if each w belongs to the Kato class Ky o—1.

Since 1 < o < 2, using Holder’s inequality, it is easy to see that, if p > d /(o — 1), for
every function f € LR dx) + LP(RY; dx), f(x)dx is in the Kato class K, ,—1. Note
that any signed measure v on R¢ is Radon.

Throughout this paper we will assume that yu = (uh, -+, n?), where each p/ is a
signed measure on R4 belonging to Ky o—1. Recently, in [21], we proved the existence and
uniqueness of the -stable process X* with drift 44 in R?. Similar to [4], for small ¢ > 0, the
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transition density p* (¢, x, y) of X* can be expressed as an infinite series Y e p,‘: (t,x,y),
where pg(t,x, y) = p(t,x,y)and fork > 1,

t
JAGERY :=/0 /R P (5. x, DVap(t — 5.2, y) - u(d2). (L.1)

We will use { P/; 1 > 0} to denote the transition semigroup of X*.
The following result is shown in [21]. Here and in the sequel, we use := as a way of
definition. Fora, b € R, a A b := min{a, b} and a Vv b := max{a, b}.

Theorem 1.2

(i) There exist Ty > 0 and c; > 1 depending on u only via the rate at which Ml‘i‘ (r) goes
to zero such that Z/?io p,’: (t, x, y) converges locally uniformly on (0, Ty] x R? x R¢
to a positive jointly continuous function p*(t, x, y) and that on (0, Ty] x R? x R,

1 —dje ! n —d/a !
c <t /\|x—y|d+0‘>5p (t,x,y) <cp <t /\|x—y|d+0‘>' (1.2)

Moreover, [pa p*(t,x, y)dy =1 for everyt € (0, Tyl and x € R4,

(i)  The function p"(t, x, y) defined in (i) can be extended uniquely to a positive jointly
continuous function on (0, 00) x RY x R? 50 that for all s, t € (0, 00) and (x,y) €
RY x RY, Jga P*(t,x, y)dy =1 and

PP(s 1,3, y) = f P53, P 2, ). (13)
R

(iii) X" is a conservative Feller process with the strong Feller property admitting
pH(t, x, y) as its transition density. It is also the unique weak solution to the stochas-
tic differential equation dX;‘ = dX; + dA;, where, for j = 1,---,d, the j-th
component of A, is a continuous additive functional of finite variation with respect
to X* and with Revuz measure /.

(iv) Forany f € CSO(Rd) and g € Coo(RY),

1
lim (P#f(x)—.f(x))g(x)dx:f gAY f(x)dx + / gV f(x) - pu(dx).
=0t R4 R4 R4
(1.4)

Here and in the rest of this paper, the meaning of the phrase “depending on p only via
the rate at which M} (r) goes to zero” is that the statement is true for any R<-valued signed
measure v on R? with

My (r) < Mj(r) forallr > 0.

For any open subset D C RY, we define rg = inf{t >0: X' ¢ D}. We will use
XD to denote the subprocess of X* in D; that is, X"? (w) = X" (w) if < Th(w) and
X#’D(w) =difr > ‘L'g (w), where 0 is a cemetery state. The subprocess of X in D will
be denoted by X . Throughout this paper, we use the convention that, for any function f,
we extend its definition to d by setting £(d) = 0. The process X*'? has a transition den-
sity p%(r, x, y) with respect to the Lebesgue measure. (See Eq. 2.6 below.) The transition
density of XP is denoted by pp(t, x, y).

The purpose of this paper is to establish sharp two-sided estimates on p’[) (t,x,y) when D
is a (possibly unbounded) C!-! open subset of R?. To state the main result of this paper, we
first recall that an open set D in R is said to be a C!'! open set if there exist a localization
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radius Ry > O and a constant Ag > 0 such that for every z € 9D, there exist a Cl!-
function ¢ = ¢, : R 5 R satisfying ¢ (0) = 0, Vo (0) = (0,...,0), Vo]l
Ag, |[Vo(x) — Vop(w)| < Apg|lx — w], and an orthonormal coordinate system CS;: y
V1, > Yd—1, Ya) := (¥, yq) with its origin at z such that

1A

B(z, R))ND ={y € B(0,R)) inCS; : ys > (M)}

The pair (Ro, Ag) is called the characteristics of the C!'! open set D. We remark that
in some literature, the C'"! open set defined above is called a uniform C! open set as
(Ro, Ao) is universal for every z € dD. For x € D, let §p(x) denote the Euclidean distance
between x and 8 D. Note that a C!-! open set may be disconnected.

Define

N ‘SD(X)D(/Z ‘SD(}’)W2 —d/a t
fD(t,x,y)_(l/\ \/t )(1/\ Jt (t A |x—y|d+°‘)'

Theorem 1.3 Let D be a C"! open subset of R with CV! characteristics (R, Ag).
Suppose that X" is an a-stable process with drift ju in R,

(i) For each T > 0, there exists a constant ¢c; = ci1(T, Ry, Ao, d, o, ) > 1 with
the dependence on w only via the rate at which Mj(r) goes to zero such that on
0, T x D x D,

e fot,x,y) < ph(t,x, ) <cifplt,x,y).

(i)  Suppose in addition that D is bounded. For each T > O, there exists a constant
¢y = ca(diam(D), T, Ry, Ao, d, «, ;) > 1 with the dependence on w only via the
rate at which Ml‘i‘ (r) goes to zero so that for all (t, x,y) € [T, 00) x D x D,

;' eTMSp () e p (N < Pl x,y) < caeM Sp(0)P8p(1)*?,
where —11 = supRe(a(L|p)) < 0 and L|p is the generator of XP.

Sharp two-sided estimates for pp (¢, x, y), corresponding to the case © = 0 in Theorem
1.3, were first established in [7]. When D is a bounded C!-1 open set and u(dx) = b(x)dx
for some R¥-valued function b(x) on R? belonging to the Kato class Ky o—1, Theorem
1.3 was established in [10]. However, the argument of [10] used the boundedness of D
in an essential way and does not work when D is unbounded. Theorem 1.3 indicates that
short time Dirichlet heat kernel estimates for the fractional Laplacian in C!:! open sets are
stable under gradient perturbations. We also establish a boundary Harnack principle for X*
(Theorem 5.8), which extends the corresponding result in [10]. We remark here that, unlike
[10], the boundary Harnack principle will be used to prove Theorem 1.3

In the remainder of this paper, the constants C1, C2, C3, C4, 1o, 11, 2, 13, r4 Will be fixed
throughout this paper. The lower case constants ¢y, ¢3, . .. can change from one appearance
to another. The dependence of the constants on the dimension d > 2 and the stability index
a € (1, 2) will not be always mentioned explicitly. We will use dx to denote the Lebesgue
measure in RY. For a Borel set A C R?, we also use |A| to denote its Lebesgue measure.
For two non-negative functions f and g, the notation f < g means that there are positive
constants c¢; and ¢; so that c1g(x) < f(x) < c2g(x) in the common domain of definition
for f and g.
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2 Stable Process with Drift u

In this section we discuss some basic properties of the «-stable process X* with drift .
Recall that we always assume that d > 2 and @ € (1,2). A (rotationally) symmetric
a-stable process X = {Xt, t>0,P,x € Rd} inR? isa Lévy process such that

E, [eié'(x’_x‘))] = ¢ 1" for every x € R? and & € RY.
It is well-known that the symmetric stable process X has Lévy density
J(x,y) = Ad. —)x — y|7(F

where A(d, —a) := a2 1 —4/2T (sz”") r(1- 3)71 with " being the Gamma function
defined by I'(A) := fooo t*~le~!dt for every A > 0.

The Lévy density gives rise to a Lévy system (N, H) for X, where N(x,dy) =
J(x,y)dy and H; = t, which describes the jumps of the process X: for any x € RY
and any non-negative measurable function f on R} x R? x R vanishing on {(s, x, y) €
R, x R? x R? : x = y} and stopping time T (with respect to the filtration of X),

T
Ey Zf(svxs—vxs) :Ex[/ </df(s,Xs,y)J(Xs,y)dy)ds:I.
0 R

s<T

(See, for example, [13, Proof of Lemma 4.7] and [14, Appendix A].)
The infinitesimal generator of this process X is the fractional Laplacian A%/?, which is
a prototype of nonlocal operators. The fractional Laplacian can be written in the form

A*u(x) = lim @(y) = u@)J (x,y)dy. @1
€0 {yeR4: |y—x|>¢)}
Recall that p(t, x, y) stands for the transition density of X (or equivalently the heat kernel
of the fractional Laplacian A%2) 1t is well-known (see, e.g., [1, 13]) that

t
plt,x,y) <t~ A T on (0, 00) x RY x R4,

Recall that XP is the subprocess of X killed upon leaving an open set D. Denote the
Green function of X2 by G p. It is known that

d
IV:Gp(z, y)| = 2=y A(SD(Z)GD(Z’ y)- 2.2)

(See [6, Corollary 3.3].)
Recall that X* is the solution to the stochastic differential equation

de‘ =dX; +dA,, 2.3)
where X; is a symmetric a-stable process and, where, for j = 1, - - - , d, the j-th component

of A; is a continuous additive functional of finite variation with respect to X* and with
Revuz measure p/.
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By the semigroup property of p”(z, x, y) and Eq. 1.2 (which are proved in [21]), there
are constants ¢ > 1 and C; > 0 depending only on d, o and p with the dependence on u
only via the rate at which Ml‘j (r) goes to zero such that on (0, co) x R? x RY,

c e C1t <t7d/“ A ) <pt@,x,y) < ceCrt <t7d/“ A 2.4)

t
lx — y|d+a :

Recall that, for any open set D of R?, X*+? stands for the subprocess of X* killed upon
exiting D. Let

|x—y|d+o‘

kp(t,x,y) = Eq [p“ (t —rg,ng,y); T < t]
and
Pt x,y) = pH(t,x, y) — ki, x, y). (2.5)

Then p%(t, x,y) is the transition density of X*-P_ This is because by the strong Markov
property of X*, for every t > 0 and Borel set A C RY,

P, (x;“’ c A) - / Pl (. x, y)dy. 2.6)
A

Using the conservativeness of X* and Eq. 2.4, the proof of the next lemma is standard
(for example, see [18, Lemma 6.1] and [10, Lemma 3.7]). So we omit the proof.

Lemma 2.1 For any bounded open set D, there exist positive constants c1 and ¢y depending
only on d, «, diam(D) and p with the dependence on | only via the rate at which Mg (r)
goes to zero such that

p’g(t,x,y) <cie ™, (t,x,y) € (1,00) x D x D.

Combining the result above with Eq. 1.2 we know that for every bounded open set D,
there exists a positive constant ¢; = ¢j (diam(D), n) with the dependence on p only via the
rate at which ij (r) goes to zero such that for any (¢, x, y) € (0,00) x D x D,

u - L t
ppt,x,y) <c |t /\|x—y|d+°‘ .

Therefore for every bounded open set D the Green function G’f, (x,y):= fooo p‘[)(t, X, y)dt
is finite and continuous off the diagonal of D x D and

Glhx.y) < & @.7)

|x — y|d—«

for some positive constant ¢; = ¢z (diam(D), ) with the dependence on u only via the rate
at which Mg (r) goes to zero.

Let N (dt, dx) be the Poisson random measure describing the jumps of the stable process
X, that is, for any A C R and s > 0,

N(t,A) =#{s <1t: Xy — X;_ € A}.
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It is wgll-known that the intensity of the Poisson random measure N is J(x)dxdt. We
will use N to denote the compensator of N:

N(t, A) = N(t,A)—t/ J(x)dx.
A

Since X* is a solution of Eq. 2.3, by Ito’s formula, we have that, for any f € C2° R,
d_ ot ) ' N
PO =7 () =30 [ ar () daie [ [P ) - g (X)) R, )
i=1 H=

+ /0’ /|X|zl [£ (X +x) = f(x")] N(ds, dx)

+ /t/ [f (X! 4 x) = f (X)) —x - Vf (X2)] T (x)dxds.
0 Jx|<l
2.8)

The process
t ~
M = /O /| | (X A y) = S (X N @s. dy) 2.9)

is a P,-martingale for each x € R?. Thus, using Eq. 2.8, we easily get the following
Dynkin’s formula.

Proposition 2.2 Forany f € Cfo(Rd), any open subset U of RY and any x € U,

d " o
B, (Xi)]=re+ ZIEX/O Yot (x;‘_)dA§+Ex/ A2 f (XM ds. (2.10)
i=1

0

3 Process Killed at an Independent Exponential Time

For each ¢ > 0, we consider the subprocess X7 of X! killed at an independent expo-
nential time e of parameter g: Xﬁ’q = X;‘ when ¢t < e and Xﬂ’q = 0 whent > e,
where 0 is a cemetery point. By convention, an exponential random variable with param-
eter ¢ = 0 is identically infinite, and so X0 is simply X*. Let {P/"?;1 > 0} be the
transition semigroup of X*-4. The transition density of X*¢ is continuous and given by
p*a(t, x,y) = e 9" pH(t, x, y). Thus using the upper bound of p*(z, x, y), we have the
following proposition. Since the proof is almost identical to that of [10, Proposition 2.3],
we omit the proof.

Proposition 3.1 Foreach g > 0, the semigroup {P,”’q; t> 0} is a Feller semigroup. More-
over, it satisfies the strong Feller property; that is, for each t > 0, P/*? f maps bounded
measurable functions to continuous functions.

The following result gives the Lévy system of X*-7. In the case when ¢ = 0 and u(dx) =

b(x)dx for some R¢-valued function b on R? belonging to K4 o—1, the following result was
proved in [10] (see [10, Theorem 2.6]).
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Theorem 3.2 Foreach q > 0, the Lévy system of X***9 is given by (N, HY), where H =t
and for any x € R,

NY(x,dy) = J(x,y)dy on RY, N9(x,{d}) = q,

that is, for any x € R? and any non-negative measurable function f on Ry x R x R?
vanishing on {(s, x, y) € Ry x R x R? : x = y} and stopping time T (with respect to the
filtration of X*1),

Zf X xg¢?) =Ex|:/r</ f(s,Xé"q,y)Nq(Xf’q,y)dy)ds].
o~ 0o \Jrd ‘

s<T
3.1)

Proof We first consider the case ¢ = 0. The proof in this case is similar to that of [10,
Theorem 2.6]. For f € C(?O(Rd), define M/ as in Eq. 2.9. Suppose that U and V are two
compact subsets of R such that the distance between them is positive. Let f € C & (R9)

with f = Oon U and f = 1 on V. Then we know that N,f = f(; 1U(X§‘_)dMsf is a
martingale. Combining Eq. 2.8 with Eq. 2.1, we get that

=Y 1y (x%) £ (x4) - /0 1y (x4) (A"2 (x4)) ds

s<t

= Y1 () reey = [ 10 () [ pons (xt ) s,

s<t

By taking a sequence of functions f, € CZ° (Rd) with f, = O0on U, f, = 1 on V and
Jfa 4 1y, we get that, for any x € R4,

t
St () 1 (x2) = [ 1w () [ 7 (xt)avas
=<t 0 14
is a martingale with respect to P,.. Thus,
E, [Z 1y (X12) 1y ( } [/ / 1y (X¥) 1y ()T (X* )dyds].

sS<t
Using this and a routine measure theoretic arguments, we get

E, |:Zf X“ X“ :| = |:/ / (Xﬁ,y)dyds]

sS<t R?

for any non-negative measurable function f on R x R? vanishing on {(x, y) € R x R? :
x = y}. Finally following the same arguments as in [13, Lemma 4.7] and [14, Appendix
A], we get the theorem for g = 0. -

Now we assume ¢ > 0 and fix it. For any x € R¥, we will use P, to denote the product
of the probability Py with the probability measure for the independent random variable e,
and we will use [, to denote the expectation with respect to P,,. We will use Rd to denote
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R? U {3}. Suppose that F is a nonnegative function on R? x R‘g which vanishes on the
diagonal of R? x R? such that F(-, ) = 0. Then for any x € R and t > 0,

B, Y0 F (X, x0)

s<t

_ R, [ZF(xg‘_q,xM) } + B, [ZF (X149, x19Y tzei|

s<e

= 9'E [ZF (xk, } E. [ZF(X;‘"’,X;‘"’);Zzei|+[Ex[F(Xé“q,8);zze]

sS<t s<e

B t t
=E, e*‘”// F(Xy,y)J(Xg‘,y)dyds]Jr/ qe "By | Y F (XM XV) | ar
L 0 Jre 0 ot
t
+ / ge UE, [F (XIZ,9)]dr
0
r t t r
=E, ef‘”/ / F(X;‘,y)J(Xﬁ.‘,y)dyds]—ﬁ—Ex[/ qef‘"/‘/ F(Xé‘,y)J(X;‘,y)dydsdr]
L 0 JRd 0 0 JRY
t
+E, |:/ qe_qu (Xf?a)dr]
0
B t
=E, / / e TF (XE, y)J (X y) dyds] + E, |:/ qF (X!, 9 _qsds]
LJo JRd 0
- t t
// F (X5, y) T (x5, y dyds]+1E [/ qF (X5°7,9) ]
LJo JRd 0
B t
/ / F(Xé"",y)N(Xé"",dy)ds].
LJo JRd

Thus the assertion of the theorem is valid.

Il
SN
=

Il
SN
=

For any open set D of R?, we will use X*'9- to denote the subprocess of X/ killed
upon exiting D. It is easy to check from the definition that the process X*¢:? can also be
obtained by killing the process X/ at an independent exponential random variable e. Thus
the transition density p’é’q is related to p’g as follows:

“’q(t x,y)=e¢ ph,x, y) (t,x,y) €[0,00) x D x D. (3.2)

For any Borel set G C RY, we define 755 = inf{t > 0: X}"? ¢ G}. A point z on the
boundary G is said to be a regular boundary point with respect to X*-4 if P, (57 = 0) =
1. A Borel set G is said to be regular with respect to X*¢ if every point in dG is a regular
boundary point with respect to X*9.

The next result follows from Eq. 1.2 and Blumenthal’s zero-one law by a routine
argument so we omit the proof. See [19, Proposition 2.2].

Proposition 3.3 Suppose that ¢ > 0 and that G is a Borel set of R? and z € 3G. If there is
a cone A with vertex z such that int(A) N B(z,r) C G€ for some r > 0, then z is a regular

boundary point of G with respect to X*4.

This result implies that all Lipschitz open sets, and in particular, all C'-! open sets, are
regular with respect to X*4.
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Pu»q»D

We will use { t } to denote the semigroup of X*-4-P_ Using some standard argu-

ments (see [10, Theorem 3.4] and its proof), we can show the following. We omit the
proof.

Theorem 3.4 Let g > 0 and D be an open set in R%. The transition density Pp 9, x, y) is
Jjointly continuous on (0, 00) x D x D. Thus for every x,yin D andt,s > 0,

Pl +s,x,y) = / Pl x, 2Py (s, z, y)dz. (3.3)
D

The next result is a short time lower bound estimate for pj, "4(¢, x, ) near the diagonal.
The technique used in its proof is well-known and the full detail is given in the proof of
[10, Proposition 3.5].

Proposition 3.5 For any a; € (0,1), ay > 0, a3 > 0and R > O, there is a constant
¢ = c(ay, a2, a3, R, u) > 0 with the dependence on w only via the rate at which Ml‘j (r)
goes to zero such that for all xo € R, ¢ > O and r € (0, R],

plg&) r)(t, x,y) =ce rd/e forallx,y € B(xg,air)andt € [azr“, a3r0‘] . (3.4)
Corollary 3.6 For every g > 0 and open subset D C R4, pg’q (t, x, y) is strictly positive.

Proof See the proof of [10, Corollary 3.6].

4 Uniform Estimates on Green Functions

In this section we derive uniform sharp bounds on the Green function G’(j’q when U is some
small C!! open set. We first establish a Duhamel’s principle for G% when p|p has compact
support in D.

Proposition 4.1 If D is a bounded open set and |p has compact support in D, then G’g
satisfies

G‘g(x,w=GD(x,y>+/DG’5(x,z>szD<z, V) - uldz). @.1)

Proof The proof of this proposition is similar to that of [10, Proposition 4.2]. Since X* is
a solution of Eq. 2.3, by Ito’s formula, we know that for any f € C2° (Rd),

i t
M/ = = F (X" = F(x1) - Z/ % f (X dA’s—/O /|y|>1
[f( Yo+ y) = £ (XE)]Ns. dy)
/ /| ) = S (Xe) =3V (X) ] 0ddyds

is a P, -martingale for each x € RY, where N is the Poisson random measure describing the
jumps of the symmetric stable process X. Since u|p has compact support in D, in view of
Eqgs. 2.2, 2.7 and the fact that u € Ky 4—1, M IfA - is a uniformly integrable martingale.

D
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Define D; := {x € D : dist(x, D) > 1/j}. Let¢p € CZ (]Rd) with ¢ > 1, suppl¢] C
B(0, 1) and fRd d(x)dx = 1. Let ¢, (x) := n¢p(nx) and for any ¥ € C.(D), define
fu = ¢p x (Gpy). Clearly f, € C (Rd) and f, converges uniformly to Gpv. Fix
j = 1. Since E, [M({h] =E, [Mffﬁ ], and for every y € D; and sufficiently large n,

Dj

A2 £, (y) = ¢n % (AY2G p¥r) (y) = —n * ¥ (y), we have, by Dynkin’s formula (2.10),
that for sufficiently large n,

E, [fn (X’j;) )] — fu(x) =/D G’f,,.(x,y)A“/zfn(y)dy +/D G’f,,.(x,y)an(y) - u(dy)
J J ; J ;

=~ [ Ghene o
D:

J

+ /D Gl (x, Y)¢n * V(G DY) () - ().

J

Taking n — oo, we get, by Egs. 2.2, 2.7 and the fact that © € Ky 4—1,

E. [Gaw(x;‘g_)]—cnw)c):— /D G, (6, )Y (dy+ fD Gl (6, V(G ) ()-41(dy).

4.2)
Now using the fact that | p has compact support in D, taking j — oo, we have by Eqs.2.2,
2.7 and the fact that u € Ky o—1,

—Gpy(x) = —/DG’f,(x,y)W(y)dy-i-/DG’B(%y)V(GDl/f)(y)-M(dy)

and the continuity of G’f) off the diagonal of D x D that, for each x € D, Eq. 4.1 holds for
allx,y e D.

We derive the following two-sided estimates on the Green functions of subprocesses of
XH in certain nice open sets when the diameters of such open sets are less than or equal
to some constant depending on p only via the rate at which MJ (r) goes to zero. Using
Proposition 4.1, the proofs of Theorems 4.2 and 4.3 below are almost identical to those of
the corresponding results in [10]. Thus we omit the proof of Theorems 4.2 and only give a
sketch of the proof of Theorem 4.3.

Theorem 4.2 There exists a constant ri = r1(i) > 0 with the dependence on p only via
the rate at which Mg (r) goes to zero such that for any ball B = B(xg, r) of radius r < ry,

27'Gp(x,y) < Gl(x,y) <2Gp(x,y), x,y€B.

For any bounded cl! open set D with characteristic (Rg, Ag), it is well-known (see,
for instance [25, Lemma 2.2]) that there exists L = L(Rp, Ao, d) > 0 such that for every
ze€dDandr < Ry, onecanfindaC!! open set U(; ) with characteristic (r Ro/L, AoL/r)
such that D N B(z,r/2) C Ui C DN B(z,r). For the remainder of this paper, given a
bounded C!! open set D, U(;,r always refers to the C LT open set above.
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Theorem 4.3 For every C L1 open set D with the characteristic (Ry, Ag), there exists a
constant rp = r2(Ro, Ag, i) € (0, (Ro A 1)/8] with the dependence on . only via the rate
at which M (r) goes to zero such that for any z € 3D and r < ry, we have

Z’IGU(Z,,) (x,y) < G’é(z‘,) (x,y) <2Gy, (x,y), x,y€Ugr- 4.3)

Proof Let U := U(z,r) with r < Rp. Using Proposition 4.1 and Eq. 2.7, one can follow
the proof of [10, Proposition 4.4] and show that there exists r, = r2(Rg, Ao, 1) € (0, (Ro A
1)/8] such that Eq. 4.3 holds for » < r, when p is compactly supported in U.

Let

mn(x) = plye + plk, (4.4)

with K, being an increasing sequence of compact subsets of U such that U2 | K, = U.
Define

Ny, (1) _Z Sup/ /t (|w—z|*d*1As*d“)/“)ds‘m)(dz).
a Jo

=1 weRd

By following the proof of [4, Lemma 13] line by line, there exists a constant C2 > 0 such
that

d '
S [ pt = son iVeptsz ids [wl] @) < Coptrox M@ @)
VR4 JO

and so forevery n > 1,

4 !
Z/Rd/o pt —s,x,2)|V:p(s, z, y)lds
=1

Moreover, for every n > 1,

d t )
Z/ /p(r—s,x,z>|vzp(s,z,y>|ds\u/—uﬁ
o1 JRIJo

Cop(t, x, y)Nu /L,,(t)

)| (dz) < Cap(t,x, )N,(1).  (4.6)

(dz)

IA

Cop(t,x,y) sup Z/U\K / Iw—zl —d=l A g~ (‘Hl)/“)dsm [(dz). (4.7)

weRd

Recall that pj (¢, x, y), k > 0, was defined recursively by p (¢, x, y) := p(t, x, y) and
Eq. 1.1. We define p,‘:” (¢, x, y) similarly. By Egs. 4.5-4.6 and induction we have

FAGERIINY (supka”(t,x,y)|> < (CNL () p(t,x, ). (4.8)
n>1
Choose 71 > 0 small so that

1
CzNu([) < o t <T. (49)
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Then using Egs. 4.7-4.9 and induction, one can show as in [10, Lemma 4.5] that for all
k> 1land (¢t,x,y) € (0, T;] x R? x RY,

|pi(t, x, y) — pit, x, )|
d '
<kC2~ ¢V p(r,x, y) sup Y / / (1w = 271 A=) ds | (d2).
U\K, JO

weRd j=1
Using this and Theorem 1.2(i), by following the first part of the proof of [10, Theorem 4.6],
we see that p/= (¢, x, y) converges uniformly to p* (¢, x, y) on any [a, b] X RY x RY, where
0O<a<b<oo.

Now using Eq. 1.2, Proposition 3.3 and the Lévy system for X*, one can follow the
remainder part of the proof of [10, Theorem 4.6] and show that X*» converges to X" weakly
and the boundary of {t < rg} in Skorohod topology on D ([0, o0), R? ) is Py-null for every
x € U. Using these and Lemma 2.1 we finally can show that for any bounded continuous
function f on U,

lim B, Umf (X#")l{t«g;x}dt]: lim /OOIEX [ £ (Xt 1 gy e = [/Oof (Xﬁ‘)l{t<rg}dz:|,
0 0 0

n—00 n— 00

that is, lim, o0 G{" f = G, f. Since Eq. 4.3 holds for j,, this implies the theorem.

For the remainder of the paper we alway assume that go := 2C}, where C; is the constant
in Eq. 2.4. It follows from Eq. 2.4 that there exists a positive constant ¢; > 0 such that for
every (¢, x,y) € (0,00) x R x RY,

t
—1 -3Cyt —d s —Cqt —d
c e <t N ) < p"P(t,x,y) < cre” ! <t N )

|x_y|d+ot |x_y|d+ot
4.10)
Consequently we have that for every (¢, x, y) € (0, 00) x R x R4,
;e p(t,x, y) < ph Ot x,y) < cae” M p(t, x, y) @.11)

for some constant ¢ > 1.
It follows from Eq. 4.11 that, for any open subset D of R?, the Green function
Gy ™ (x,y) = [y° ply™(t, x, y)dt is finite and continuous off the diagonal of D x D and

Gp®(x,y) < GM(x,y) < ¢ 4.12)

|x — y|d—«

for some positive constant ¢ = ¢(u) with the dependence on p only via the rate at which
Mg (r) goes to zero.

Theorem 4.4 There exists a constant r3 = r3() > 0 with the dependence on p only via
the rate at which Ml‘j (r) goes to zero such that for any ball B = B(xg, r) of radius r < r3,

471G p(x,y) < Gl ™ (x,y) <2Gp(x,y), x,ye€B.
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Proof For any z € B(xo,r), let (IP’;, Xf"B(xo’r)> be the G‘g(xo‘r)(-,z)-transform of

(IP’X, X;"B(xo’r)), that is, for any nonnegative Borel functions f in B(xg, ),
GH

XMvB(XO»r) Z)
B(xo, ( ' 2
IE,ZV [f (X;L,B(xo,r)>i| —F, (xo rli

GBig 5 2)

f (xpenn)

It is well-known that the following 3G-inequality holds: for all » > 0, xo € R?, x,y,z €
B(xo, 1),

oo NGB0 o ¢ (1 yjedy gy — o) “.13)
GB(X(),r)(xv Z) -

Thus, by applying Theorem 4.2, we have the following 3G-inequality for all r < ry, xp €
RY, x,y.z € B(xo,r),

n u
GB(xo,r)(x’ y)GB(XO,,)(y, 2)

o < 8¢, (lx e gy — z|““’). (4.14)
X0,r ’

Using Eq. 4.14 we choose a positive constant 3 < ry such that for any r € (0, r3] and all
x,z € B(xo, 1),

u n
Eegh / Ghxo.n s V)G gz, (:2)
xTB(xo.r)

dy < qil In2.
B(xo,r) Glé(xo,r) (x’ Z) 0

By Jensen’s inequality this implies that for any r € (0, r3],

E2 [exp <—6]015(xo,,))] > exp (Ei [_qorg(xo,r)D > 2. (4.15)

Since
Glé’(igyr)(x, 7) = G’é(xoyr)(x, z) EX [exp (—qrg(xoyr)ﬂ , X,z € B(xo, 1),
by combining Theorem 4.2 with Eq. 4.15 we have proved theorem.
Theorem 4.5 For every C 11 open set D with the characteristic (Ry, Ag), there exists a

constant r4 = r4(Ro, Ao, L) € (0, (Ry A 1)/8] with the dependence on p only via the rate
at which Ml‘i‘ (r) goes to zero such that for any z € 0D and r < r4, we have

4Gy, (x,y) < G’(j’(jfj) (x,y) <2Gy,,, (x,y), x,y€Ugnr. (4.16)

Proof Using [20, Theorem 3.3] and Theorem 4.3 instead of Eq. 4.13 and Theorem 4.2
respectively, the proof of the theorem is the same as that of Theorem 4.4.

We will need the two results above later on.

5 Duality and Uniform Boundary Harnack Principle
Recall that g9 = 2Cy, where C; is the constant in Eq. 2.4. We will discuss some basic

properties of X 90 and its dual process with respect to some reference measure. The results
of this section will be used later in this paper.
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By Theorem 3.4 and Corollary 3.6, X*-9° has a jointly continuous and strictly positive
transition density p*90(t, x, y). Thanks to Eq. 4.10, we can define a reference measure as
follows.

h(x) := /d GHP(y, x)dy and &(dx) := h(x)dx.
R

The following result says that & is a reference measure for X490,

Proposition 5.1 & is an excessive measure with for X" i.e., for every Borel function
f=0,

/ FOOEdx) = / E, [ (X1%)] £(dx).
R4 R4

Moreover, h is a strictly positive, bounded continuous function on RY, in fact, there exists a
positive constant ¢ > 0 such that cl< h(x) <cforallx € RA.

Proof The proof of the first claim is the same as the corresponding one in the proof of
[10, Proposition 5.2]. So we only prove the second part.

By Eq. 4.11,
o 00
/ / plbeO([’x’ y)dydt < ¢ / e—C|t / p(t, x, y)dydt
0o Jrd 0 R
00

= c1/ e C1dy =c1/C1 <00
0

h(x)

and
oo oo
h(x) > ¢! / e3C1 / p(t,x, y)dydt = ¢! / ¢34t = 1/(3Cic1) > 0.
0 RY 0
The continuity of 4 now follows from the continuity of G*90.

We define a transition density with respect to the reference measure & by

pr(t, x, y)
h(y)
Since p*90(¢, x, y) is jointly continuous and strictly positive, p*9° (¢, x, y) is also jointly

continuous and strictly positive by Proposition 5.1.
Let

pM»QO(t’ X, y) =

GM»qO (_x7 y)
h(y)

Then G"° (x, y) is the Green function of X" 90 with respect to the reference measure .
Before we discuss properties of G (x, y), let us first recall some definitions.

o0
Gu’qo(x,y) = / pHO, x, y)dt =
0

Definition 5.2 Suppose that ¢ > 0 and that U is an open subset of R?. A Borel function u
on R? is said to be

(i) harmonic in U with respect to X*-9 if

E, [[u (x’;;f’q) |] <oo and u(x) = E, [u <xf,;f{,>], xeB, G.1)

for every bounded open set B with B C U;
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(i) excessive with respective to X*? if u is non-negative and

u(x) = Ex[u(X/"")] and u(x) = lim E [u(x")].,  t>0xeR%
t

(iii)  a potential with respect to X**¢ if it is excessive with respect to X*¢ and for every
sequence {Upy},>1 of open sets with U, C U,41 and U, U, = RY,

lim E, [u <X”ﬂ,>] =0 g-ae. x € RY;
n—o00 TUn
(iv) a pure potential with respect to X*7 if it is a potential with respect to X**¢ and
. IZAY d.
lim By [u (X;")] =0, £aexeR:

(v)  regular harmonic with respect to X*+¢ in U if u is harmonic with respect to X*¢ in
U and Eq. 5.1 is true for B = U.

The following properties of the Green function G""* (x, y) of X4 hold.

(A1) G (x,y) > Oforall (x,y) e RY x R?; G""*(x,y) = oo if and only if x = y €
RY;
(A2) Forevery x € R4, G (x, -) and G”'qo( -, x) are extended continuous in R?;
(A3)
sup ( / G" " (x, E(dy) + / G" "y, x)é(dy)> < o0,
xeRd \JR4 R4
Clearly (A3) follows from Eq. 4.11, and (A2) follows from the continuity of
p*(t, x, y) and Eq. 4.11. (A1) follows from Corollary 3.6, Proposition 5.1 and Eq. 4.11.
From (A1)-(A3), we know that the process X" satisfies the condition (R) on
[16, p. 211] and the conditions (a)—(b) of [16, Theorem 5.4]. It follows from [16, Theorem
5.4] that X“*q/o\ satisfies Hunt’s Hypothesis (B). Thus, by [16, Theorem 13.24], X**90 has a
dual process X*+90, which is a standard process.
Moreover, using Eqs. 4.12 and 3.1 and following the proof of (A4) in [10], we have the
following.

(A4) Foreachy, x — G (x, y) is excessive with respect to X***90 and harmonic with

respect to X490 in RY \ {y}. Moreover, for every open subset U of R¢, we have

U

E. [G""") (x‘;f?,o, y)] ="y o eRIxU, (52

where T(’j’qo :=inf{t > 0: X/ € U}. In particular, for every y € E and & > 0,
G“’qo( -, y) is regular harmonic in R4\ B(y, &) with respect to X" 490,

Using our (A1)-(A2), (A4), the proof of the next result is the same as that of
[10, Theorem 5.4]. We omit the proof.
Proposition 5.3 For each y € R?, x G (x,y) is a pure potential with respect to
X190, In fact, for every sequence {Uy,}>1 of open sets with U, C U,y1 and U,U, = R,
and every x # y in R%,

lim E, [G“"’” (X“,;f{?o, y)] —0.

n—o00o TUn

Moreover, for any x, y € R%, we have lim,_, o0 Ex [G“'qo (X7, y)] =0.
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Using (A1)—(A4), Eq. 2.7 and Proposition 5.3 we get from [22, 23] that X*90 has a
transient Hunt process as a dual.

Theorem 5.4 There exists a transient Hunt process X% in R? such that X% is a strong

dual of X490 with respect to the measure &, that is, the density of the semigroup {}?tu,qo }r>0
ofs(\“’qo is given by p*9°(¢t, y, x) and thus

f FOO PP (x)E(dx) = f gCOBM N f(0)E(dx) forall f,g € L2(RY ).
R4 R4

In Theorem 3.2, we have determined a Lévy system (N4, H?) for X*4 with respect to
the Lebesgue measure dx. To derive a Lévy system for X*90, we need to consider a Lévy
system for X*-490 with respect to the reference measure £(dx). One can easily check that, if

J(x,y)

Ng(x,dy) = h(y)

E(dy) for(x,y) e R xRY,  N{(x, {8) :==qo

and H ;10 = t, then (N B qo) is a Lévy system for X490 with respect to the reference

measure £(dx). It follows from [17] that a Lévy system (]/v\qo, ﬁqo) for X"40 satisfies
H” =t and

N (y, dx)E(dy) = N (x, dy)€(dx).

Therefore, using J (x, y) = J(y, x), we have for every stopping time 7 with respect to the
filtration of X490,

E Z ( 5(‘#»610 3(‘#»610) -F /T £( 3(‘#»610 )J)?g’qo»)’)s(d) dﬁ"o
x fls, X0, X =Bl o STy BRI y s
s<T
T = J(XE, y)h(y)
=E, , X0 § dy )ds| .
[/o (wm S gy V)
5.3)
That is,
~ J(x, y)h
N (x, dy) = (x.y) (y)dy.
h(x)

By the definition of & and p**%°, we have

P () = /R PO, ) FIEy).
Let

ﬁtlh%f(x) = /Rd prat, y, x) f(¥)Ey).

For any open subset U of R?, we use X140 to denote the subprocess of X*40 in U,
ie., XYY (0) = XI"(w) if 1 < T/ (w) and X! (0) = 9 if t > TP (w), where
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7" = inf{t > 0: X" ¢ U} and 3 is the cemetery state. Then by [24, Theorem 2 and
Remark 2], X*40-U and X*40:U are dual processes with respect to &. Now we let

P, y, x)h(y)

hx) (5.4)

phT(t,x,y) =
By the joint continuity of p’(j"’o (t, x,y) (Theorem 3.4) and the continuity and positivity of
h (Proposition 5.1), we know that p/"%(z, -, -) is jointly continuous on U x U. Thus we
have the following.

Theorem 5.5 For every open subset U, ﬁl’f D, x, y) is strictly positive and jointly con-
tinuous on U x U and is the transition density of X*9°U with respect to the Lebesgue
measure. Moreover,

Gy (y, x)h(y)

’G‘u,qo , =
v (x,y) hx)

(5.5)
is the Green function of X9V with respect to the Lebesgue measure so that for every
nonnegative Borel function f,

)
]EX /
0

In the remainder of this section, we will establish a uniform boundary Harnack principle
on D for certain harmonic functions of X*. Since the arguments are mostly similar to those
in [10]. We only give a sketch.

A real-valued function u on R? is said to be harmonic in an open set U C R? with
respect to X* 90 if for every relatively compact open subset B with B C U,

E, |:|u <)?’f,1f]q°0) |] <oo and u(x)=E, [()?thfo)] forevery x € B. (5.6)
Tp Tp

f(fff"“)dt} = /U Gl (x, y) f(y)dy.

A real-valued function u on R? is said to be regular harmonic in an open set U C R? with
respect to X0 if Eq. 5.6 is true with B = U. Clearly, a regular harmonic function in U is
harmonicin U.

For any open set U, define the Poisson kernel for X of U as

Ky(x,z) ;:/ Gy, y)J(y,2)dy, (x,2)eU x (Rd \ U), 5.7
U
the Poisson kernel for X4 of U as
KM (x, 2) ;:/ G (x, ) (y.2)dy,  (x.2) € U x (Rd \ U) (5.8)
U

and the Poisson kernel for X*:90 of U as

= h(z)
Ky®(x,2) =
v h(x) Ju
By Eqgs. 3.1 and 5.3, we have
Bl (xt ) a2 x| = [ kbeeo s
v U

U U

Gy, 0z, dy, (x,2) €U x (Rd \ U) - 69
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and
Ey [ f <X’fﬂ?0> Xﬁﬂ% # Xfﬁﬁfo] = / K5 (x,2) f(2)dz. (5.10)
i Ty U
Define
h(x)
M := M(u, qo) := sup 5.11)
X, yeRd h(y)

Note that, by Proposition 5.1, we have
1 < M(u, qo) < oo. (5.12)
By Eq. 5.12, Theorems 4.2 and 4.4, we have that for every r € (0, r3] and every x € R4,

B [thn | = Be [thilt | = B [Tl | < Be[mpen] . seBarn).  G13)

Since, using the results we have obtained so far, the proofs in the remainder of this
section are almost identical to those in [10], we give details only for parts that require extra
explanation.

Lemma 5.6 Suppose that U is a bounded C"' open set in R? with diam(U) < 3r3 where
r3 is the constant in Theorem 4.4. Then

P, (X‘:u € BU) =P, (Xl:,;f]fo € 8U> =P, <5(\l?ﬁ1?fo € 8U> =0 foreveryx € U.
U U U

Proof Using Eqgs. 5.12, 5.13 and 5.10, the proof of the lemma is the same as that of [10,
Lemma 6.1] and [2, Lemma 6]. We omit the proof.

By Egs. 5.12, 5.7-5.9, Lemmas 4.4 and 5.6, we have for every r € (0, r3] and every
x e R? and (y,2) € B(x, 1) x (Rd \ B(x, r)),

Kp.r(y,2)=< Kg(x’,)(y» 7)< K B(x ,)(y 7) < B(x ,)(y 2). (5.14)

Using Eq. 5.14, Lemma 5.6 and a standard chain argument, we get the following form of
Harnack inequality.

Theorem 5.7 For every R > 0 and a € (0, 1), there exists ¢ = c(a, R) > 0 such that for
every r € (0, R], xo € RY, and any function u which is nonnegative on R and harmonic
with respect to X* (or X490, or X*90) in B(xg, r), we have

u(x) < cu(y), forallx,y € B(xg,ar).

Let z € 3D. We will say that a function # : R — R vanishes continuously on D¢ N
B(z,r)if u = 0on D N B(z, r) and u is continuous at every point of 9D N B(z, r).

Note that, by the same proof as that of [12, Lemma 4.2], every nonnegative function u
in R that is harmonic with respect to X (or X*90, or XH-d0 , respectively) in D N B(0, r)
and vanishes continuously on D¢ is regular harmomc in D N B(0, r) with respect to X* (or
XH490 or X K0 , respectively).

Theorem 5.8 (Boundary Harnack principle) Suppose d > 2 and a € (1,2). Let D be a
(not necessarily bounded) chl open set in R? and p = (/,L], RN /,Ld) where each u/ is a
signed measure on RY belonging to the Kato class K4,a—1. There exists a positive constant
¢ = c(Rg, Ao, 1) with the dependence on w only via the rate at which Ml‘j(r) goes to
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zero such that for all z € 9D, r € (0, Ro] and all function u > 0 on R4 that is positive
harmonic with respect to X* (or X490, or X*-90) in D N B(z, r) and vanishes continuously
on D¢ N B(z, r) we have

u() _ Sp(el?
u(y) = Sp(y)¥/?*’

Proof Using Egs. 5.12, 5.3, Lemma 5.6, then using Theorems 4.3 and 4.5 and the boundary
Harnack principle for X in C!:! open sets (see [15, 26]), we obtain the conclusion of the
theorem for r < r3 A r4 by the same argument of [10, Theorem 6.2]. Using the fact that D
isacl! open set, now the theorem for all » < R follows from the result for r < r3 A r4,
Theorem 5.7 and a standard chain argument.

x,y € DN B(z,r/4).

6 Proof of Theorem 1.3

The strategy used in [7] to establish short time sharp two-sided heat kernel estimates is to
first establish sharp two-sided estimates on p’[)(t, x,y) attime ¢t = 1 and then use a scaling
argument to establish estimates forr < T.

Unfortunately due to the appearance of gg, one cannot use the scaling property of X*+4 to
deduce the sharp two-sided estimates on p%’qo (t,x,y) fort < T from these at time r = 1.
Our strategy is to establish sharp two-sided estimates on pg.,qo (t,x,y) fort < T directly
without using a scaling argument.

Recall that M > 1 is the constant defined in Eq. 5.11. The next result follows from
Proposition 3.5, Egs. 5.4 and 5.11.

Proposition 6.1 For all a; € (0,1), ar,a3,R > 0, there exists c¢; =
ci1(ay, az, a3, R, M, ) > 0 with the dependence on p only via the rate at which Ml‘j (r)

goes to zero such that for all open ball B(xq,r) C RP withr <R,

ﬁg%ﬁg’r)(t, Xx,y) > c /e forall x,y € B(xg,air)andt € [azr“, a3r“] .

Lemma 6.2 Suppose that Uy, Us, U are open subsets of R® with Uy, Us C U and
dist(U1, Uz) > 0. Let Uy := U \ (U U U3). If x € Uy and y € Us, then forallt > 0,

p’é’qO(t,x,y)flP’x(Xfffo€U2)~ sup p’é’qO(s,z,y)+(tAEx [r{j;‘“]) sup J(u,2),

U; s<t,zelUp uely, zeUs
6.1)
p’(j’qo(t,y,x) < MP, <X’;ﬁ9,0 € U2> - sup ﬁ:‘g(s,z,y)
Up s<t,zeUy

+M(AE 7)) sup T 6.2)

uely, zeUs

and
t

1490 1490 ~ 11,40 .

Pt x )z B (@ ) By (R0 > 1) b Jw). (63)

Proof For Eq. 6.1, see the proofs of [3, Lemma 2] and [7, Lemma 2.2]. For Egs. 6.2-6.3,
see the proof of [10, Lemma 7.3].
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Lemma 6.3 If T > O, then there is a constant ¢ = ¢(T, M, ;1) > 0 with the dependence on
W only via the rate at which Mg (r) goes to zero such that for everyt < T and u, v C RY,

t
5490 —d/a
pB(u,tl/‘X)UB(v,rl/”)(t/3’ u,v) = ¢ <t N lu — v|d+0¢) .

Proof If |u —v| < t'/% /2, by Proposition 3.5,
d/a

1,40 - 10 .
pB(u’tl/a)UB(vyrl/u)(t/3» u,v) > |u7v|121f'/a/2pB(”'rl/u)([/& u,v) > cit

On the other hand, by Propositions 3.5 and 6.1,

inf K40 t/3, x,z)dzA
(t,x)€(0,T1xRY </B(x,t'/°‘/16) pB("’tl/a/S)( / 2z

~ 4,40
P w e (/3,0 z)dz) >y > 0.
/B(u,rl/u/lﬁ) B(u,t'/%/8)

Thus, if |u — v| > £1/%/2, by Eq. 6.3,

t
540 540 = 1,40 :
pB(“ﬁtl/a)UB(Uv’l/u)([/3’ u,v) 2 3MPM (TUI = t/3) P (T Uy 7 [/3> weUllr,lgeUs TGw:2)

1
263t/ Pt (t/3,u,z)dz/ Pl e /3,0, 2)dz
Bse16) Bu,i\/%/8) Bo.rl/a/16) B(u,r1/2/8) u — vjd+e

t t
—d/a
>c >cq |t A .
=y — yjdte = 4( |u—v|d+°‘>

We now fix a C1-1 openset D C R? with characteristics (Rg, Ag). It is well-known that
any C1! open set D satisfies the uniform interior ball condition: there exists ro < R such
that for every x € D with §p(x) < rg there is zy € D so that |[x — z,| = ép(x) and that
B(xo, ro) C D for xg = zx 4+ ro(x — zyx)/|x — zx|. For the remainder of the paper, we fix
such rg and use z, as above. For x € D with §p(x) < rg, let

Ui(t) := B(zx,t) N D. (6.4)

Lemma 6.4 For every T > O, there is c = c(Ro, T, M, Ao, t) > O with the dependence
on W only via the rate at which Ml‘i‘ (r) goes to zero such that for all x € D andt € (0, T],

190 4 g0 40 Sp(x)%/?
Py (tp® > 1/4) < tEx I:tUx((t/T)l/arO/S):I+PX X o €D) =c|lA i
Ux ((t/T) /9

6.5)

and

o~ 4 P ~ SD(x)a/Z

H.q H.q g

P, ('L'D 0 >l/4) = tEx I:‘CU,X((?/T)'/WO/S)]-’_IPX ( ?n.eio € D) =<c <] A Ji .
Ux ((t/T) 1 /2y /8)

(6.6)

Proof Since the arguments of the proofs of Eqs. 6.5 and 6.6 are same, we only give the
proof of Eq. 6.6.
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Fix T > Oandt € (0, T]. Clearly we only need to show the theorem for x € D with
Sp(x) < (t/T)Y%y/(16) < ro/(16), which we will assume throughout the proof. Let
Uy := Uy ((t/T)Y%ro/8). Take xo € R? so that

B(xo, (t/T)"%ro/(16)) C B(zx, (t/ T)"/*ro/4) \ B(zx, (t/T)"/*ro/8).

Then, by the Lévy system in Eq. 5.10, we have

= 190

T i ?u,qo, h
P, (Xﬁ;’%o E D) > E, / ‘ / X2 DR
v, BGxo,(t/T)Verg/(16))  h(X™™)

> it BGxo, 1/ T) 1o/ A6 11t/ T 10/ (16) B, [/ = ear™ "B 7]
Thus

P, (L5 > 1/4) < P, ( WIO>[/4)+]P>X (Xﬁ,??,oeD>

I
< IE [ MO] + P, (}?ij;ﬁ?,o € D) < 3P, ()A(’Tj’,f_?,o € D).
Uy Uy

Now with x; = z,+1/%rg16~'T—1/*n(z,), where n(z,) is the unit inward nq\rmal to 0D at
the point z,, by applying our boundary Harnack principle (Theorem 5.8) for X*90, we get

o p(n)?

n,q .40
P (X145, € D) < euPy, (XA,“,O e D) soene S5,

vy

Lemma 6.5 Forevery T > 0, there is a positive constant ¢ = c¢(T, Ry, Ao, M, ) with the
dependence on  only via the rate at which Ml‘i‘ (r) goes to zero such that for all x, y € D,

8p(x)*/? _ t
K40 d/
pp (t/2,x,y) < ¢ (IA i 1N Ik — |- 6.7)
and
Sp(y)*/? _ t
K40 d/
rp /2, x,y) <c (1/\ i TN o yjia ) - (6.8)

Proof We only give the proof of Eq. 6.8.
When |x — y| < (¢/T)"/rg, by the semigroup property (3.3), (4.10), (5.4) and (6.6),

h(y)
d
h(z)

a2
< oMt VEP TN > 1/4) < o (1 A SDiy/) )z—d/“.
t

By this and Eq. 4.10, we only need to consider the case that |[x — y| > (¢/T)"/*rg and

y € D with §p(y) < (t/T)l/“ro/(l6) < ro/(16) which we assume throughout the proof.

LetUy = Uy ((t/T)Y%ry/8), Uz :={z € D : |z—x| > |x—y|/2}and U, := D\ (U1 UU3).
If u € U and z € Us, then

p%’q‘)(t/z,x,y)S/ P /4, x, Py " (t/4, ., 2)
D

1/a

1 1
lu—z| >z —x| —lzx — x| — |2z —ul > |z — x| — (t/T)/*ro/4 > Hle—xl= v =yl
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Thus,

sup  J(u,z) <cs sup lu—z|™7% < colx —y[77% (6.9)
uely. zels (w.2):lu—z|= ) [x—y]|

Since |z —y| > |x —y| — |x — z] = |x — y|/2 for z € U, by Eq. 4.10,

sup p*(s,z,y) <cy sup (sJ(z,¥)) < estlx — y| 797 (6.10)

s<t,zelUp s<t,|z—y|>|x—yl|/2

Using Eq. 6.2 and then applying Egs. 6.9, 6.10 and 6.6, we conclude that

540 E. [z Lp. (x40 _y|—d— <[] Sp(x)*/? _—d—a
pp(tx,y) <c9| Ey Ty, TP X?M,qo € U] Ix—y| ={A Jt lx—yl .
Uy

Lemma 6.6 Forevery T > 0, there is a positive constant ¢ = c¢(T, Ry, Ao, M, i) with the
dependence on  only via the rate at which Ml‘i‘ (r) goes to zero such that for all x, y € D,

, 8p(x)*/? Sp(»)*/? —d/a t
p%‘“’(t,x,y)sc(m s )(1/\ o <z d/ /\|x_y|d+a). 6.11)

Proof Using Eqgs. 6.7-6.8, the semigroup property (3.3) and the two-sided estimates of
pt,x, ),

PEB 1 x, ) /}R P/ D2, 2 v

a/2 /2
) (1 L o) ) (1 RS )/J p(t)2, %, 2)p(t)2, 2, y)dz
R

IA

Jt i
_ Sp(x)*/? Sp(y)*/?
= c(l A i ) (1 A i ) p@t, x,y)

o2\ (| S () '
1 1 o .
C( " V't )( " Vi )(t /\|x_)’|d+a>

Lemma 6.7 For every T > 0, there is a positive constant c; = c1(T, Ro, Ao, M, (1) with
the dependence on p only via the rate at which M} (r) goes to zero such that

8p(x)*/? Sp(y)*/? _ t
B0 x. vy>cr [ 1A 1A TEIAN .
o E ) 2l Vi Vi x — yld+e

Proof Assume first that r < Ty = (T%)a Since D satisfies the uniform interior ball
condition with radius rp and 0 < ¢ < T, we can choose & as follows: if §p(x) < 3rl/e et
£l =z, +(9/2)t"/"n(z,) (so that B (L, 3/2)t!/%) C B (zy + 3t'/*n(zx), 3¢"/*) \ {x} and
8p(z) > 3t1/% forevery z € B(EL, (3/2)t/)). If §p(x) > 3t'/%, choose &L € B(x, 8p(x))
so that |x — £!| = (3/2)t"/%. Note that in this case, B(&L, (3/2)t/%) C B(x,8p(x)) \ {x}
and 8p(z) > t'/% for every z € B(&L,271t1/%). We also define E; the same way.
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For every (u,v) € B (£, 27111/%) x B (5;, 2*%1/‘*), we have [u — v| < 21(]x — y| A
tl/o‘). Thus using Lemma 6.3, for such # and v we have
t

t
Hsq0 —d/a —d/a
P, 2111/ yuB (211 (/3 1, 0) Z €1 <|u —ypdta N ) z <t N = yjdte
6.12)

Now by the semigroup property (3.3),

PPt x, y)

t
—d/a .90 .90
Zcz(l A ) / pp /3, x, u)du / p@/3, v, y)dv ] .
|x — yld+e ( B(EL,2- 111/ D B(&}27111/%) b

“.q0 ".q0 .90
>/B(§‘ 2—‘1‘/0‘)./8:(5’ 211y pp /3, x, M)pB(u’z—ltl/a)UB(v’z—ltl/a)(t/37 u, v)pp " (t/3, v, y)dudv

(6.13)
We claim that
8 a/2
/ P @/3,x,wydu > c3 [ 1 A p(x) ’
B(gL,271tl/e) \/t
k) /2
/ Pp® /3, v, y)dv=c3 (1A p(¥) ’ 614
B(E;,Z_lfl/”) \/[

which, combined with Egs. 6.12-6.13, proves the theorem for r < Tj.
We only give the proof of the second inequality in Eq. 6.14. Recall that z, € 9D be such
that |y — zy| = 8p(y) and U, (¢) is defined in (6.4). Let

Uy (15¢1/%/4)  when §p(y) < 3t!/®
Vi=U, (13V/4) and Vo= y (I57%/4) - when bp(y) < 31°
B (y,t'/) when 8 (y) > 31/

By Eq. 6.3 and Proposition 3.5,
/ Py @/3,v,y)dv

B(&y.1'/e/2)

t
> I 3>va @re > 1/3) inf J(w,
Z3m (/B(g;A'r'/“) U(B(ﬁ;;,z 11/ / y\'v, / weB(EL 2 1/), zeVs (w, y)
e3Py (B4 > 1/3), 6.15)
which is bounded above by some positive constant if 8 (y) > 3t!/% by Proposition 6.1.
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We now assume 3p(y) < 3t'/% and let B (yo,cst'/®) be a ball in D N

(B (zy, 15¢ 1/ /4) \ B (zy,7tl/“/2)) where ¢4 = c4(Ao, Rp,d) > 0. By the strong
Markov property,

B = )2 (850 () €8 ()
(wEB(y;,Ilwa/z) w TaGmeutiars) > 13) | By ) € B o ar™/

Ey|:P)A<“"’0 (?V‘IMO> (ff\:(’;lqo (?vf.q0>vc4zl/a/2>> t/3> e ( Vu qo) €B (yo’ C4t1/a/2>i|

< E |:qu qo( ‘“’0) (TVz "> t/3> X (i\Vlll‘qo) €B (yo' C4tl/a/2>]

Py (?V‘z“"“ > 1/3, X140 (ﬂ,‘f‘"") €B (yo, C4zl/°‘/2)) <P, (’\“ a0 S z/3)

IA

A

Using Proposition 6.1, we get
P, (rv“ 0 o z/3) > csP, ()?MO (AV“ "0) €B (yo, c4t‘/a/z)). (6.16)

Let B (yl, cﬁt]/“) be a ball in V| where ¢ = ¢ (Ao, r1,d,13) € (0, r3/T01/a). Recall that
r3 is the constant from Theorem 4.4. Applying Theorem 5.8, we have

P, (j(\u.qo (?V‘]L‘q”)eB (yo, C4zl/°‘/2>> > 7Py, ( M40 ("V“ q")eB (yo 0411/0‘/2));;((;]);//22

Sp(x)*/?

> Cg]P’yl (S(\N"qo (?Vlll«,%) e B (y(), C4t1/a/2>> \/[

By the Lévy system in Eq. 5.10, we have

7,090 K40
~ Ty, X — h
Py, (Xﬂyqo (?Vl:’%) EB(YOs C4ll/a/2)) = E,, / 1 / | DU, q§|) ) dyds
B(yo,cat'//2) h(Xs™)

Ve | g <YO, C4tl/a/2)‘ 179 E,, [fvﬁl qo]

—1 = 1,90 -1 = K,q0
clot Ey] I:‘EVI ] > ciot ]E,\‘l I:IB(yl,c(,tl/“)] >cC11-

%

colt

%

In the last inequality we have used Eq. 5.13. Therefore
> S /2
P, (XMO (?V’j*%) cB (yo, cat'l? /2)) > e’ P (j) . 6.17)
t
Combining Eqgs. 6.15-6.17, we have proved Eq. 6.14.

To get the theorem for 7 > Ty, it is enough to handle the case T = 27y and the proof of
this case is the same as the one in [7, page 1323-1324].

Proof of Theorem 1.3

(i) follows immediately from the two lemmas above and Eq. 3.2.
(i) We need to redefine dual process as [10] without introducing gg. Since the argument
is same as that in [10]. here we provide the sketch of the proof.
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Choose a ball E large enough so that D C ‘]‘E . Define

he(x) = / G (y,x)dy and E&g(dx):=hg(x)dx.
E

Then hg(y) is strictly positive and continuous on E and &g is an excessive measure for
X" E We define a transition density with respect to the reference measure &z by
P, x,y)

he(y)

Then one can show that there exists a transient Hunt process X*E in E such that X*E isa
strong dual of X*£ with respect to the measure £z. Let

PEtx,y) =

n

w.E ppt, x,y)
(t,x,y):=

Pp Y hE(y)

which is strictly positive, bounded and continuous on (¢, x, y) € (0, 00) x D x D because
p’g (¢, x, y) is strictly positive, bounded and continuous on (¢, x, y) € (0,00) x D x D and

)

hEg(y) is strictly positive and continuous on E. For each x € D, (¢, y) — p%’E(t, x,y)1is
the transition density of (X D IF’X) with respect to the reference measure £ and, for each

y € D, (t,x) — p‘Z)’E(t, x,) is the transition density of ()A(“’E’D, PPy), the dual process
of X*P with respect to the reference measure £
By using the same argument as that in [10, Section 8], one can show that the semigroups

[Pt“’E’U} and [E“EU} of X*P and X*E-P with respect to the reference measure &g

are intrinsically ultracontractive. Using this, now (ii) follows from (i) and the argument in
the proof of [10, Theorem 1.3 (ii)].
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