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Abstract We study curvature dimension inequalities for the sub-Laplacian on con-
tact Riemannian manifolds. This new curvature dimension condition is then used to
obtain:

e Geometric conditions ensuring the compactness of the underlying manifold
(Bonnet-Myers type results);
Volume estimates of metric balls;
Gradient bounds and stochastic completeness for the heat semigroup generated
by the sub-Laplacian;

e Spectral gap estimates.
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1 Introduction

Let (M, @, g) be a 2n+ 1 smooth contact Riemannian manifold. On M, there is
a canonical diffusion operator L: The contact sub-Laplacian. This operator is not
elliptic but only subelliptic in the sense of Fefferman—Phong [15] (see also [20] for a
survey on subelliptic diffusion operators).

This lack of ellipticity makes the study of the geometrically relevant functional
inequalities associated to L particularly delicate. Some methods have been devel-

First author was supported in part by NSF Grant DMS 0907326.

F. Baudoin (<) - J. Wang
Department of Mathematics, Purdue University, West Lafayette, IN, USA
e-mail: fbaudoin@math.purdue.edu

@ Springer



164 F. Baudoin, J. Wang

oped in the literature but are local in nature (see [12, 19, 26, 27]) and no global
methods were known before the work by Baudoin—Garofalo [2], except in the three
dimensional case (see [1, 25]). One of the main obstacles is the complexity of the
theory of Jacobi vector fields (see [24]).

In the work [2], instead of dealing with Jacobi fields, the authors use the Bochner’s
method and proved that, if M is Sasakian, then under some geometric conditions
(a lower bound on the Ricci curvature tensor of the Tanaka—Webster connection),
the operator L satisfies a generalized curvature dimension inequality that we now
describe. On M, there is a canonical vector field, the Reeb vector field Z of the
contact form @, it is transverse to the kernel of 4.

Given the sub-Laplacian L and the first-order bilinear forms

L= (L(F) - 2fLf),
and
T“(f)=(Zf),

we can introduce the following second-order differential forms:

La(fi) = JILI(f 8~ T(f Lg) ~ (g, L)) (11)

1
T{(fg = 2[LFZ(ﬁ g) —T#(f, Lg) — T (g Lf)]. (1.2)

The following basic result connecting the geometry of the contact manifold M
to the analysis of its sub-Laplacian was then proved in [2]. It requires the contact
structure on M to be of Sasakian type: A class of contact manifolds that contain very
interesting examples (see [10, 34]) but that is somehow restrictive.

Theorem 1.1 Let (M, 0) be a complete Sasakian contact manifold with dimension
2n + 1. The Tanaka—Webster Ricci tensor satisfies the bound
Ric,(v,0) > pilv]?, x € M, v € Ker(9),

if and only if for every smooth and compactly supported function f,
1
L+ 2T (D 2 WP +al (D + 517 (13)

Observe that by linearization, the inequality 1.3 is equivalent to the fact that for
everyv > 0,

1 1
Do) +vIf (= ) (L) + (m - )r(f) + 4. )
n v 2

Theorem 1.1 opened the door to the study of global functional inequalities on
Sasakian manifolds, like the log-Sobolev inequalities (see [7]), the Sobolev and
isoperimetric inequalities (see [9]), the Li-Yau type gradient bounds for the heat
kernel (see [2]) and the Gaussian upper and lower bounds for the heat kernel (see
[8]). These inequalities were obtained through a systematic use of the heat semigroup
associated to L and Bakry—Emery type computations [3, 4].
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Our goal in this paper is to remove the assumption that M is a Sasakian manifold.
The Sasakian condition is equivalent to the fact that the contact manifold carries a
CR structure and that the Reeb vector field acts isometrically on the kernel of 6.
This condition is equivalent to the fact that the forms I and I'# are intertwined in
the sense that

(£, TZ(f) =T4(£, T(f)). (1.5)

The condition is restrictive and many interesting examples of contact manifolds are
not Sasakian. It is thus interesting to see if the Sasakian condition can be dropped.
Our main result in that direction is the following theorem that shows the structure of
the curvature dimension condition in the most general class of contact manifolds:

Theorem 1.2 (see Theorem 3.6) Let (M,0,g) be a 2n+ 1-dimensional contact
Riemannian manifold. If some geometric conditions are satisfied, then there exist
constants py, p, and p3 such that for every v > 0 and smooth and compactly supported
function f:

1 1
Do(f) +vIf(f) = 2n(Lf)z + (P1 - v) () + (p2 — p3v?) TZ (). (1.6)

The main difference with the Sasakian curvature dimension condition 1.4 is
therefore the appearance of the strongly nonlinear term —p3v>I'Z ( f). It is noticeable
that this new curvature dimension inequality appears as a special case of a general
class of inequalities that was recently proposed in an abstract setting by F.Y. Wang
in [33]. Our approach here is more of geometric nature, in the sense that our goal
is to precisely understand what are the geometric bounds that imply a curvature
dimension condition. As a consequence we get a very explicit curvature dimension
condition.

As we will see, the new term makes the curvature dimension condition much more
difficult to exploit. However, we can still address the following questions by using our
new curvature dimension inequality:

1. Bonnet-Myers type results (See Theorem 4.2). We provide geometric conditions
ensuring the compactness of M

2. Volume estimate (See Proposition 4.4) We prove that under suitable geometric
conditions the volume of balls has at most an exponential growth;

3. Stochastic completeness of the heat semigroup associated to the contact sub-
Laplacian (see Proposition 4.4). We prove that if the curvature dimension
inequality 1.6 and an additional condition are satisfied, then the semigroup is
stochastically complete.

4. Poincaré inequality (see Theorem 5.6). By using the generalized curvature
dimension inequality to prove gradient bounds for the heat semigroup, we
show that if Eq. 1.6 is satisfied with p; — “Y”* > 0, then for every smooth and

VP2
compactly supported function f on M:

2
2y — d Pt du.
/Mf “ (/Mf 'u) = P1p2 — K/ p2p3 /Ml"(f) “

P1P2—K/P2p3

As a consequence, — L has a spectral gap of size bigger than P
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The paper is organized as follows. In Section 2, we introduce the geometric
prerequisites that are needed in this work. Section 3 is devoted to a careful analysis
of the Bochner’s type formulas that are needed to establish the generalized curvature
dimension condition 1.6. Bochner’s type formulas on CR manfolds have been exten-
sively studied in the literature (see for instance [5, 12, 14, 16, 18, 23]). The horizontal
Bochner’s formula we obtain in Theorem 3.3 is an extension of the CR Bochner
fomula of the above mentioned works since we work in the more general framework
of an abritary Riemannian contact manifold for which Tanno’s tensor is not necessary
zero. As it is well-known in the CR case, this Bochner’s formula makes appear a
second order differential term involving a differentiation in the vertical direction of
the Reeb vector field. This term is the main source of difficulties, since it may not
be bounded in terms of the horizontal gradient. The main idea is then to prove a
vertical Bochner’s formula: This is our Theorem 3.4. Computations show then that
the annoying second order differential term of the horizontal Bochner’s formula also
appears in the vertical Bochner’s formula. As a consequence, the horizontal and the
vertical Bochner’s formulas perfectly match together and a linear combination of
them produces the curvature-dimension inequality 1.6.

In Section 4, we apply the generalized curvature dimension inequality to the study
of the stochastic completeness of the subelliptic heat semigroup and to the problem
of the compactness of the manifold under suitable geometric conditions. The main
idea is that the generalized curvature dimension inequality 1.6 implies that the Ricci
curvature of the rescaled Riemannian metric dé(-, J-) + 1~262 satisfies itself a lower
bound for some values of the scaling parameter 1. The compactness result we obtain
(see Theorem 4.2) is then a consequence of the classical Bonnet-Myers theorem
on Riemannian manifolds. We believe Theorem 4.2 is not optimal and we actually
conjecture:

Conjecture 1.3 If p; — ij’i * > 0, then the manifold M is compact.

The conjecture is strongly supported by the fact that we prove in Section 5 that
if p; — Kfp ’: ° > 0, then the volume of M is finite and the sub-Laplacian has a spectral
gap, which for instance proves the conjecture in the case where M is a Lie group.
We can observe that in the case of Sasakian manifolds, for which p; =0 and p; is
precisely a lower bound for the Ricci curvature of the Webster-Tanaka connection,
the conjecture has been proved in [2].

In Section 5 we prove that if p; —
gap of size

K\/p3

N/ 0, then the operator — L has a spectral

1> pLp2 — K\/P2p3.
p2tx

This result can be seen as a Lichnerowicz type estimate on contact Riemannian
manifolds. We should mention that such estimates have already been obtained on
CR manifolds (see for instance [5, 14, 16, 23]) and that our result is not sharp since the
lower bound does not involve the dimension of the manifold (in the Riemannian case
our bound writes 1| > p where p is a lower bound on the Ricci curvature). However,
the main point here, is that we do not assume the compactness of the manifold.
Therefore the methods of the above mentioned papers which consist to integrate
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over the manifold Bochner’s identity, can not be used in our framework. Instead,
we need to use heat semigroup methods which are perfectly adapted to “integrate”
Bochner’s identity in non compact frameworks.

To conclude, let us stress that the existence of a spectral gap does not imply
compactness of M but is clearly a first important step toward the proof of our
Conjecture 1.3. The missing ingredient here is an ultracontractivity property of the
heat semigroup. More precisely, if we could establish that, under the condition

p1— Kjﬂ’: > 0, the heat kernel p,(x, y) satisfies for some constants C > 0 and D > 0,

the global small time estimate
C
pt(x’y)EtD/Z’ xsyEMa 0<t§l,

then we would have a Sobolev inequality, that could then be improved into a tight
Sobolev inequality by using the existence of a spectral gap for L. It is then known
by using the Moser’s iteration technique that a tight Sobolev inequality implies the
compactness of the underlying space. This strategy is essentially the one that proved
to be succesful in the Sasakian case (see [2] for more details) and we hope to adapt it
to the present framework in a future work.

2 The Sub-Laplacian of a Contact Riemannian Manifold

Let (M, 0) be a 2n + 1-dimensional smooth contact manifold. On M there is a unique
smooth vector field Z, the Reeb vector field, that satisfies

0(Z)=1, Lz(0)=0,

where L7 denotes the Lie derivative with respect to Z. The kernel of 8 defines a
2n dimensional subbundle of M which shall be referred to as the set of horizontal
directions and denoted H(M). The vector field Z is transverse to H (M) and will be
referred to as the vertical direction.

According to [32], it is always possible to find a Riemannian metric g and a (1, 1)-
tensor field J on M so that for every vector fields X, Y

gX,Z2)=0(X), JF=—-14+0®Z, g(X,JY)=(d9)(X,Y).

The triple (M, 0, g) is called a contact Riemannian manifold, a geometric structure
well studied by Tanno in [32]. On a contact Riemannian manifold, the Riemannian
structure of M is actually often confined to the background whereas the sub-
Riemannian structure of M carries more fundamental informations about the contact
structure (see [6, 25, 32]).

If f:M — R is a smooth function, we denote by Vy f the horizontal gradient
of f which is defined as the projection of the Riemannian gradient of f onto the
horizontal space H(M). The sub-Laplacian L of the contact Riemannian manifold
(M, 0, g) is then defined as the generator of the symmetric Dirichlet form

E(f.g) = /M (Vo f, Vagddp,
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where u is the Borel measure given the 2n + 1 volume form 6 A (d6)". The diffusion
operator L is not elliptic but subelliptic of order 1/2 (see [6]). We can observe that,
as a direct consequence of the definition of L, we have

L=A-272

where A is the Laplace-Beltrami of the Riemannian structure (M, g). The following
lemma will be useful:

Lemma 2.1 If the Riemannian manifold (M, g) is complete, then L is essentially self-
adjoint on the space C3° (M) of smooth and compactly supported functions..

Proof 1f (M, g) is complete, then from [28], there exists a sequence 4, in C° (M)
such that |V flleo + | Z flloo = 0 When n — oo. In particular ||V fllcc — 0, and
thus from [29], L is essentially self-adjoint on the space C{°(M). O

In the sequel of the paper we always assume that (M, g) is complete.
We denote by VR the Levi-Civita connection on M. The following (1,2) tensor
field Q on (M, g) that was introduced by Tanno in [32] as follows:

OX,Y)= (VRN Y +[(VE0)IX] Z +0(X)J (V§ Z)

will play a pervasive role in this paper. A fundamental result due to Tanno is that
(M, 8, Jl1awy) is a strongly pseudo convex CR manifold if and only if Q =0

Besides the Riemannian connection VX, there is a canonical sub-Riemannian
connection that was introduced by Tanno in [32] and which generalizes the Tanaka—
Webster connection of the CR manifolds. This connection denoted by V in the
sequel, is much more naturally associated with the study of the sub-Laplacian L. In
terms of the Riemannian connection, the Tanno’s connection writes for every vector
fields X, Y,

VxY = VY +0(X)JY —0(Y)VRZ +[(V§0) Y] Z.

This connection V is more intrinsically characterized as follows:

Proposition 2.2 [32] The connection V on (M, 0, g) is the unique linear connection

that satisfies:

1. V=0

2. VZ =0

3. Vg=0

4. T(X,Y)=do(X,Y)Z forany X,Y € H(M),

5. T(Z,JX)=-JT(Z, X) for any vector field X;
6. (VxJ))Y = Q(Y, X) for any vector fields X, Y.

where T(-,-) is the torsion tensor with respect to V.

If X is a horizontal vector field, so is 7(Z, X). As a consequence if we define
7(X) = T(Z, X), t is a symmetric horizontal endomorphism which satisfies 7 o J +
J o 7 =0. In the context of CR manifolds, 7 is referred to as the pseudo-Hermitian
torsion. We can observe that © = 0 is equivalent to the fact that the contact structure
is of K type (see [32]).
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For our purpose, it will be expedient to work in local frames that are adapted to
the contact structure. If X, X5, -+, X5, is a local orthonormal frame of H (M), all
the local geometry of the contact manifold is contained into the structure coefficients
that are defined by

2n 2n
(X X] =D wiXi+94Z, X, Z1= D 0/X, (2.1)
k=1 j=1

where wf‘j, Vij» 5{ are smooth functions. It is easy to see that

wlkj = —u)lj?l-, vij=—vji. Lik=1--2n. (2.2)
In the local frame { X}, - - - , X»,, Z} as above, the sub-Laplacian L can be written
2n
L=-> XX,
i=1

where X/ is the formal adjoint of X; with respect to the volume measure x. From
Eq. 2.1, we obtain

2n
X ==X+ 2 wi
k=1

Hence, we can write locally

2n
L=> X]+X.

i=1

where

2n
X() = — Z U)sch (23)
i,k=1

By Eq. 2.1, one can then easily calculate the Christoffel’s symbols of the sub-
Riemannian connection:

2n 2n
1 .
inX]':Zrl!;Xk’ VZ)(IZZZ(é;c_élk)Xk
k=1 k=1

where 1"{‘]- = ;(u)f‘j + u),{i + wij). It is also easy to see that

1 2n ) 2n
T(X) =, D+ X T(X,Xi)=-yixZ and JX;= D y;X;
k=1 =1

In the case of CR Sasakian manifolds, in addition to the relations in Eq. 2.2, we
also have the skew-symmetry of the d/s, i.e., 5/ = —¢' for all i, j= 1, -- -, 2n, which
implies that the torsion r vanishes (see [2]).

In our general case, though the skew-symmetry is no more satisfied, we can still
always find a basis such that the diagonal entries of 7 vanish. i.e., 6! = 0, for all i =
1,---,2n. Indeed, let 1 be an eigenvalue of r and X a corresponding eigenvector.
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Since 7 o J + J o 7 = 0, this implies that —1 is also an eigenvalue of z. Hence 7 is
similar to the diagonal matrix

Ay
A= e , m:(gj),izh~m.
A, !
0 A ~ A
Since we have A; ~ (ii Ol) := A;, thus A ~ )
An
In the sequel, we thus always choose the local frame such that 51? =0,i=1,---,2n.

3 The Generalized Curvature Dimension Inequality
3.1 Bochner’s Formulas
Our first goal will be to work out the Bochner’s type formulas for the sub-Laplacian

L. We follow the methods of [2] and use the I'; formalism introduced in [4].
Let us consider the first order differential bilinear form:

1
I'(f,g= 2(L(fg) — fLg—gLf), fgeC*M),
and observe that

I'(f,8) = (Vrf Vug,

where Vy is the horizontal gradient. I'(f) = I'(f, f) is known as le carré du champ.
Similarly we define for every f, g € C*(M),

T%(f,8) = (Vv f, Vvg),

where V), is the vertical gradient of M. We also introduce the second order
differential bilinear forms:

1
Na(f.8) = ,(LT(f ) = T(f. Lg) = T'(g. L)) (€AY

and
M7 (fg) = ) (LT7(f.g) ~T7(f, Lg) ~ T%(g, L)) (32)

Throughout the section, we work in a local frame that satisfies
2n 2n )
[Xi, X1 =D wiXe+y,Z, [Xi,Z1=) /X,
k=1 =1

with &/ = 0.
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The following tensorial quantity will play a crucial role in our discussion.

Definition 3.1 Let Ric(.,-) and 7(-,-) respectively denote the Ricci and torsion
tensors of the sub-Riemannian connection V. For f € C*(M) we define:

R(S. f) = Rie(Va f, Vi f) + IV fI°

— z (Vx, T) (X1, Xi) f( Xk ) + T (X1, T (X1, X0) fXif). (3.3)
Lk=1

From its definition, it is obvious that R is an intrinsic first order differential
bilinear form on M. The following proposition provides its computations in terms
of the structure constants of the local frame.

Lemma 3.2 We have:

2n
R ) =D RuXefXif

k=1

2n 2n
2 2wt D wh- ZX,yk, ZfXef + ) (ZfP
k=1 \l,j=1 1=<l<j<2n

with

2n 2n
Rkl = Z ij5§ + z (Xlwqu‘ — ij;;) z wﬂwk]

Jj=1 =1 i,j=1

2n
S 1 . . ) .
i i 1k i ] i ]
— E Wy, + > E (u)l]u)l] (u),j + u)h.) (wkj + u)ki)) .
j=1

1<i<j<2n
Proof We write R(f, f) as follows

R 1) =Ri(f. /) +Rul(f, /) +Ru(f. [),

where
2n
Ri(f, )= (Rie(X;, Xo) Xif Xe f+ T (Xi, T (X0, X)) fXe ), (34)
Lk=1
2n
Ru(f. /) == (VxT) (X1, Xe) f (Xif)) . (3.5)
k=1
Rin(f, )= S (Z*. (3.6)
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Straightforward but tedious calculations show that

2n 2n 5 +5k
X
Z T(X;, T(X;, Xp) fXif =— Z 5 "y iXifXi f
L= L =1
2n 2n ) ) ) ) . )
> Rie(Xi, X0 X fXef = > (T = Thl) = wiTh) Xif X f
L= i k=1

-3 () - (ord)) v

k=1

- Z Vi j Xzkaf (3.7)

Lk, j=1

which implies that

2n
Rilf, /)= D RuXefXif.

k=1

We also calculate in a direct way that

2n 2n
Ru(f =D D why+ D wfyj— Z Xjyw | Zf X f.
k=1 \l,j=1 1<l<j<2n
By combining the above terms we have the lemma. O

With these preliminary results in hands, we can now turn to the proof of the
horizontal Bochner’s formula:

Theorem 3.3 For every f e C*(M), the following Horizontal Bochner formula
holds:

2n
Lo(f) = | V3 I+ RUE H =2 0 (X;Zf) (Xif). (3.8)

ij=1
Proof Our method is close to the method used in [2] to obtain a horizontal Bochner’s
formula, so we refer to this paper for further details and only give the mains steps in
the calculations.

It is of course enough to prove Eq. 3.8 in the local frame { X}, ..., X,,, Z}. Observe
that

1
XiX;f=fi+ 5 [Xi, Xj] f.

where we have let

fii= ; (XiX;+ X, X)) f. (3.9)
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Using Eq. 2.1, we find
1 & 1
XiXif=fi+ : > ohX f+ 2VijZf- (3.10)
=1
Now, starting from the definition 3.1 of I';( f), we obtain

2n 2n
D(f)= > Xif[Xo. Xil f =2 Xif[Xi. X;] X; f

i=1 i j=1
ZXf [[X: X)] f+z XX f)
i,j=1 i,j=1

where X is defined by Eq. 2.3. From Eq. 3.10 we have

2n 2n 2
(XX f) Zf Z (wa;Xff) +; > (zf)
1 =1

i,j= i,j=1 1<i<j§2n 1<i<j<2n

2n
+ 2 Do ZfXe,
I<i<j<2n (=1
and therefore,

2n 2n
Ia(f) = Z =2 Xif[ X X)) X f+ > X f[[Xx. X)), X)) f

ij=1 ij=1 ij=1

2n 2n 2
+2Xif[X0,Xi] f—l—; Z (zwijef) +; Z (VijZf)2
=1

i=1 1<i<j<2n 1<i<j<2n

2n
+ D Do ZfXf. 3.11)

I<i<j<2n (=1

By plugging in Eq. 2.1 and completing the square, we obtain

2, of 4.
Ia(f) = Z fff—zwlef +2 > N\ fie-2 , Xif

(=1 1<t<j<2n i=1

2n
2> X, Zf Xif + R(),

ij=1
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where we used the fact that 3°,_;_,_,, (75Zf)? = n(Zf)2. At last, we complete the
proof of Eq. 3.8 by realizing that the square of the Hilbert-Schmidt norm of the

horizontal Hessian V72{ f is given by

2n 2n 2
V3, fII* = Z(f,ﬁ — wafxif)

=1 i=1

2 ol 4 o :
+2 Z (f,je—zwljgwaif). (3.12)

1<t<j<2n i=1

Our next goal is to derive a vertical Bochner’s formula. We first give the formula in
terms of the structure constants and will provide the tensorial expressions afterwards.

Theorem 3.4 For every f € C*°(M),
2n 2n

P20 = SUZFY 4+ ) D (04 00) (KXo f + XiXi ) Zf

i=1 il=1

2n 2n 2n
+Z(X,—5§ =D whd+ > Zw,’jc) X fZf. (3.13)

il=1 k=1 k=1

Proof From Eq. 3.2, we know that
{(f)=T(Zf)+IL, ZIfZ]. (3.14)

Moreover, since

2n
(L, Z]f = [Xo, Z] f+Z(Xi[X;, Z] f+1Xi, Z1X:f)

i=1
we can easily compute that

2n 2n 2n

(L. Z1f == > whdiXif+ D (Zwj) Xif + D (X)) Xi f

ik,I=1 Lk=1 il=1

1 2n .
Ty D (G +9) (XX + X X)) f (3.15)

il=1

Plug this expression back in Eq. 3.14, we have the expression for 'Y (f). O
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To stress that the formula, of course does not depend on the local frame, we can

rewrite it as follows:

Theorem 3.5 For any smooth function f € C*°(M), we have

TZ(f) = IV Vv fII* 4 Rie (Vo f, Vy f)

+2Z <X>Xfo+Z V. T)(Z, X0) fZf - 2ZVT<Xk>kaZf

il=1 k=1 k=1

Proof Since
(Vx. T)(Z, X)) = Vx, (r (X)) — 7 (Vx, X)),

we have that

2n 2n

1 1 :
(Vo T)(Z, X) = ) D X (0 +) X+ ) D (G +0f) Iy X

=1 1j=1
DN ACE: %) X;.

and simple calculations give us

. 1 NS
Ric(Z, X) = ) > X; (8= ol) + , D w) (6 — )
j=1 k=1

2n
—ZZw ) Tk (o —ol) = >

k Jj=1 k,j=1
As a consequence, we obtain

ZRIC(Z X)Xfo—i—z Vx, T)(Z, X)) fZf

i=1 k=1
2n 2n 2n
=D XSXfZf+ D whaXifZf =D (zw;,.) X.fZf
i j=1 i k=1 ij=1

2n 2n

2n
+ ; > (ol +0) r;;jX,-f—; k(o =a)) xir - X o)X,

ijk=1 ijk=1 ijk=1

By taking into account

k _ i _ [,k I i i J o i
rk =i, (wi]-—i—wik) —wj—Ti,  T=-Ti,

Zf
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we have that

1 2n 1 2n

3 (5,{+5j?)r;;jX,-f—2 > rk(ok-ol) xif

i, k=1 i, k=1

2n

- 3 it = 3 (vhewd) (14f) X1

i, k=1 i, k=1
Moreover, notice that

2n

; Z (51{4'5?) (w +wy )szf ZZVr(XA)kaZf (3.16)

ijk=1 k=1

so that we can write

2n 2n 2n
S XOXSZf+ D whAXifZf =D (zwjfl.) X fZf

ij=1 ijk=1 ij=1

2n
—ZR-c<z X)Xfo+Z (Y1) (Z. X0) [Zf =2 Ve XifZF.
i=1 k=1 k=1

(3.17)

At the end we conclude the proposition by comparing with the expression in
Eq.3.13. ]

3.2 Generalized Curvature Dimension Bounds

With the two Bochner’s formulas in hands, we are now ready to give the suitable
curvature dimension conditions on contact manifolds. To this purpose, we introduce
the relevant geometric quantities. As in the previous subsection, we work in a local
frame.

The vector field

2n
V= ZRic(Z, X)X+ (VxT)(Z, X)),

i=1

obviously does not depend on the choice of the local frame and is therefore an
intrinsic invariant of the manifold. In terms of the structure constants, we compute

2n I ] n 2n
VZZ(éj_lz—él)(u)ll—i-w)X—i—Z ZX&’ Zw/kél—i—ZZw X;.

i, jl=1 i=1 =1 Jik=1

We then consider the first-order quadratic differential form defined for f € C>*(M)
by

2n

o(f) = > T(Xi, T(X1, X)) fXi [,

Lk=1
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and the horizontal trace of the Tanno tensor Q which is the vector field given by
Try Q = 21221 (X, X)) = IZQI(VX,J)XI . Our main result is the following:

Theorem 3.6 Assume there exist constants ¢; € R, ¢; >0, ¢3 > 0 and 1 > 0 such that
for every f e C*(M),

Ric (Vi f) + ©2(f) = et IVa FI7, I(Tr Q) FI* < 2 IV fII7, (3.18)

IVEAP <es Vi fIP, e (Y HIP < IV FIP.
Then for allv > 0 and f € C*(M),

Rap+rE () = ) @p+ (e - )T
— @+ e T2 + (5 = ) rEon.

Proof To derive the generalized curvature-dimension inequality, let us first intro-
duce the first-order differential forms I/ and 7 in the local frame { X}, --- , X»,} such
that

2n 2n
T(h = |T (X, UL H =Dl XIF(ZH (319)
k=1 k=1

A simple computation shows that

Ut f)= fj(éﬁw{ )2 ZfR. TP = i(z Xf) (3.20)
5 = 5 s s Vij .

ji=1 j=1 \i=

Let us also consider S(f) = VfZ f so that

2n

S(f)=Ric(Vw [,V )+ D (VxT)(Z, X)) fZf. (3:21)

i=1
From Egs. 3.8 and 3.13, by using the fact that 5! = 0, we have that

2 2n

2n 2n
Lo(f, /) +vIZ(f f) = Z(Xff— wa,Xif) =2 yi(X;Z (X f)

I=1 i=1 i j=1

2n 5[.+5j XX+ X X;
TV XZNH 2w D) (’2 l)( e ])fzf

i=1 1<l<j<2n
2
X/Xj + X]'X/ 2 wl[ + w
+2 Z ( 5 ) Z Xif
1<l<j<2n i=1

2n 2n 2n 2n
0 <ZXI~5§ -2 w5€5£+zzw§c) XifZf+R(f ).
=1 \i=1

i,k=1 k=1
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We write the above equation as follows:

Lo(f )+ TS )

2n 2n 2n 2n
=Bi+Bu+Bur+v | (in(sf - > whd+>] Zwl’j{) XifZf+ R, ),

=1 i=1 i,k=1 k=1

where

2n 2n 2
B = Z(Xff - wa,X,-f) ,
i=1

=1

By = -2 Z yi(X;Z )X f) +v Z<X Zf),

i,j=1 i=1

2
Bu—2 ((XIX +XX1)f Z(w,l;rw)xif)
i=1

1<l<j<2n

S+ 0\ (X X+ XiX;
2 J 1 jAl 1A j 7
+2v Z ( 5 )( 5 fzf

I<l<j<2n

Hence from Cauchy-Schwartz inequality we obtain
1
> (Lf)*-
o (L)
Also we can easily see that

B = _1 Z(ZVl}Xf)

=1 \i=1

and

! ]
Bz 3 2(5”)(””;“’ )Xfo

1<l<j<2n i=1

b2 5+ ’

- > . )#f) -
1<l<j<2n

U2
L DAL D 2 ) (L7 = U S+ RO - L T(),

Hence we have

and the conclusion easily follows from the fact that

2n
T(f) =D UV f, Xi)> = [TV fIP =T(f).

k=1
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In the case of Sasakian manifolds, we have V =0, Q = 0, ¢ = 0 and we recover
the curvature dimension inequality introduced in [2].
In view of Theorem 3.6, it is then natural to set the following definition:

Definition 3.7 We say that M satisfies the generalized curvature-dimension inequal-
ity CD(p1, pa, p3, &, m) with respect to L and T'Z if there exist constants p;, p, € R,
p3 > 0,k > 0,0 < m < oo such that the inequality

o(f) +vIf(f) > nlq(Lf)2 + (pl - :) T(f)+ (p2 — p3v?) T4 (f)

holds for all f € C*(M) and every v > 0.

In particular, under the assumptions of Theorem 3.6 we easily see that the

curvature-dimension inequality CD(p, p2, p3, 1, 2n) holds for every z > 0, w > 0,
where py = =% =9 =5 — ;=g +y '
It is very interesting to observe that Theorem 3.6 admits a partial converse.

Theorem 3.8 Assume that there exist constants ¢, c,, c3 and 1 such that for everyv > 0

and f € C*(M),
)+ () 2 (LY + (c1 - i) i)

@ +emJrinrzn + (5 - ) rE,

then, we have for every f € C*(M),

Ric(Vy f) + 2 (f) = c1l| Vo fII?

and
e (Vo FIF < 2l Ve fII

Proof We first observe that under our assumptions the curvature-dimension in-
equality CD(py, p2, p3, 1,2n) holds for every z > 0,w > 0, where p; = ¢; — 5 — 9,
P2=5 = 5P = gty

For a fixed xo € M, u € Hy,(M), v € V,,,(M), let { X, Xo, -+, Xon, Z} be a local
adapted frame around x,. First we claim that for v > 0, we can find a function f €
C>*(M) satisfying:

(i) Vuflxo) =u,
(i) Vv f(x0) = Z f(xo) =0,
&+

(i) (%5 ), = 4 (757 o
(V) X;Zf(xo) = !> yi(xo)us, forall j=1,--- ,2n.
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To prove this, let (U, ¢) be a local chart at x,, such that ¢ (0) = x, and in U we have

Xj= S .j=1,..,2n, Z = . Then the existence of f follows immediately by the
O j o’
existence of functions f; € C*° (M) such that

VE fixo) =u+o,

VEVE fi(x0) = 0.
and f, € C*°(M) such that

VE f(x0) = 0,

&+
(VEVR h(x0), ;= ;( j , l)(xO)u,

1 2n
X;Z fr(xo) = ; Z vij(xo)u; — X;Z fi(xo).
i1

where V¥ is the Levi-Civita connection of the Riemannian metric on M. As in [2],
we can easily see the existence of such fi. Also we can write f, in local coordinates
(x1, -+, X2u, 2) such that

2n 1 2n . 2 (sl + 5f
f(x,2) = Z(v Z Vi (Xo)u; — XjZfl(xo))ij +, Z( ! ) l)(xo)l)xlxj-

=1 i=1 Lj=1
We then chose f = f; + f,. Now we divide the rest of the proof into two parts.

(1) First we derive the bounds for Ric(Vy f) + 72( f). From the above claim we can
find a function f € C*°(M) such that (i), (ii), (iii), (iv) are satisfied with v = 0.
Moreover, by Egs. 3.8 and 3.13 we have that

Do(f) +vIF(f) = Rie(Vi f) + w(f)

Hence we have that forallv > 0,z > 0, w > 0,

Ric(Vr¢ f) (x0) + 2(H0x0) = (p1 = ) llul?

where p; = ¢; — 9° — 9", By lettingv — 00, z — 0, w — 0, we obtain that

Ric(Vy f)(x0) + 12(f)(x0) > cillull.
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(2) To derive the bound for ||z||>, we notice that the existence of the function f €
C>* (M) satisfying (1)—(iv) implies

1 2n 2n 2
D)+ (N =R H = Z(Z y,-/X,-f)

j=1 \i=1
x5+ 5{ wl]l + wl;
+u2(f2 ) VX fZf
ijl=1

2n 2n

2n 2n
+v > Xioh = D wkd + > Zwi | XifZf
i=1

=1 ik=1 k=1
v? A\, 0\
2 Z 2 )
1=<l<j<2n

1
Lo(f, 1) +vTE (1) = (o= DIl + (2 = psv)lo 2,

Since

by comparing the coefficients of v terms we have that

; 2
i 53+5;) ) o
> 21) = 51+
21<1<j<2n(( 2 w4

for all w > 0. Let w — oo we obtain
2n 51‘ + 51 2
2 J !
T = Z <1.
=l l,§j=1 (( ’ ) =

4 Stochastic Completeness and Bonnet Myers Type Theorem

Throughout this section we assume that L satisfies the generalized curvature dimen-
sion condition CD(py, p2, p3, k, 00) with p; € R, po > 0, p3 > 0, k > 0. Our purpose
here is to study the stochastic completeness property of the heat semigroup and the
compactness properties of the manifold M.

Let us introduce the rescaled Riemannian metric

g =do(,J)+170%,
where J > 0. The associated Laplacian A* is given by
A =L+227*
and the associated first order bilinear form is

() =T(H+212(Zf)
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Lemma 4.1 If there exists a,1 > 0 such that for every f € C*(M),
(VZO) (Vi ), Y ) < all Ve fIP, e (Ve HIP < Ve fIP, (41)
then we have

T5(f) = Ta(f) + 2T (f) = 22 2+ o) T(f), (42)

and consequently
T3(f) = cHT (),
K

where c(A) = min {p1 2 +22Q2i+a), ji — p3/12}.

Proof Some easy computations show that
205 (f) = A'TH(f) = 2T (£ AY(f))
= 2T5(f) + 22 (Z°T(f) = 2T (£, Z7 f) + 2T2 () + 22 (22 ),

and, in a local orthonormal frame,

2n 2n 2
ZT(f)=20(f, 2% f) = 2Z(zxkf - Zéfx,-f)

k=1 i=1
2n ) 2n
—2 3 (o) Xir X, f =23 (Z00) Xif X f
i, k=1 ik=1
Since
2n )
ZXif=XeZf =D S Xif
i=1
and

2n

2n 2n
1 o
D (V20 (X0) FXif = D Z (@) Xif Xef + ) D (ohk = 0l0]) Xif X,
i=1 ik=1 ijk=1
we can conclude that

2n
2T T 22 ) = G Zf ~ 2 (X f)

k=1
=20 (Y NI = (V20 (VY ), Vi f), (4.3)
and thus

1
2Z2F(f) —T(£Z%f) = =2llt (Ve HIP = ((V20) (Vi ), Vi f).

At the end we obtain Eq. 4.2 by plugging in Eq. 4.1. The inequality 4.2 is obtained by
using the generalized curvature condition CD(py, p2, p3, &, 00). O

This lemma has a very interesting first corollary.
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Theorem 4.2 Assume that there exist o,1 > 0 such that for every f € C*(M),
(Vz0) (Vi ), Vi ) < alIVe fIP. e (Ve HIP <11V fI1P,

and moreover that p, > \/ﬁ: K+ \/ﬁz (21 + @), then the manifold M is compact.

Proof If p; > \/ZSK + \/ﬁs (21 + a), then we can chose 4 > 0 such that ¢(4) > 0. It

implies that the Ricci curvature of the Riemannian metric g* is bounded from
below by a positive number and thus M is compact from the classical Bonnet-Myers
theorem. O

Remark 4.3 In the Sasakian case, a =1 = p3 = 0 and we recover the result from [2].
However, in [2] the compactness result came with an upper bound for the Carnot-
Carathéodory diameter of M.

A second corollary is the following volume estimate of the metric balls and the
stochastic completeness of the heat semigroup generated by L (see the next Section
for a definition). Let us first remind that the distance d associated to L is defined by:

d(x, y) = sup { f(x) = f(y), f € C*M), [T(Hlloo < 1}
It also coincides with the usual Carnot-Carathéodory distance.
Theorem 4.4 Assume that there exist a,1 > 0 such that for every f € C*(M),
(V2O) (Vi ). Ve ) < all Vi fIIP, iz (Ve DIP < eV 11
There exist constants C; > 0 and C, > 0 such that for every x € M and everyr > 0
p(B(x,r) < C1e. (44)

As a consequence, the heat semigroup P, generated by the sub-Laplacian is stochasti-
cally complete, that is for every t > 0, P;1 = 1.

Proof Let B;(x,r) denote the g* Riemannian ball in M centered at x with radius r.
It is easy to see that

B(x,r) C B,(x,r).

By Lemma 4.1, the Ricci curvature of the Riemannian metric g* is bounded from
below. From the Riemannian volume comparison theorem, we deduce then that
w(B(x,r)) < Cie®’. Asa consequence, we conclude that for every x € M,

/+°° rdr =
o logu(B(x,r))

Thanks to a theorem by K.T. Sturm [31], we deduce that P, is stochastically complete.
]
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5 Gradient Bounds for the Heat Semigroup and Spectral Gap Estimates

In the whole section, we assume again that the sub-Laplacian of L satisfies the
generalized CD(py, p2, p3, k, 00) for some constants p; € R, pr > 0, p3 > 0, > 0.

The previous section has shown how to deduce some interesting geometric conse-
quences of the generalized curvature dimension condition. However an additional
bound is required on the tensor Vzt and the techniques are not intrinsically
associated to L in the sense that we introduced the rescaled Riemannian metric g*
and used results from Riemannian geometry. In this section, we develop tools to
exploit in an intrinsic way the generalized curvature dimension inequality. These
methods rely on the study of gradient bounds for the subelliptic heat semigroup
which is generated by L.

We first remind the construction of the heat semigroup associated to L. From
Lemma 2.1, the operator L is essentially self-adjoint. Let us denote by L =
— 0+°° JdE, the spectral decomposition of L in L?>(M, x). By definition, the heat
semigroup (P;);so is given by P, = 0+°° e *dE;. It is a one-parameter family of
bounded operators on L*(M, i) which transforms positive functions into positive
functions and satisfies

P1<1. (5.1)
This property implies in particular
1P flpiony < W flany,  NPcfllpoqny < I fllam, (5:2)
and therefore by the Riesz—Thorin interpolation theorem

1P fll ey < 1 fllr@n, 1= p <oo. (5.3)

Moreover, it can be shown as in [22] that P, is the unique solution in L? of the
parabolic Cauchy problem:

Proposition 5.1 The unique solution of the Cauchy problem

ou —Lu=0,
ot
ux,0) = f(x), feLP(M),1<p<+o0,

that satisfies ||u(-, t)||, < 400 is given by u(x, t) = P, f(x).

Due to the hypoellipticity of L, the function (¢, x) — P, f(x) is smooth on M x
(0, 00) and

P, f(x) = /M Py, 0 f)du(y), f e CPQD,

where p(x, y,t) > 0 is the so-called heat kernel associated to P;. Such function is
smooth and it is symmetric, i.e.,

px, y,t) = p(y,x,1).
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By the semi-group property for every x, y € M and s, r > 0 we have
Pyt = [ plez0p(y )

- /M P, 2, 0P 2, )du (D) = Py(ple DB, (54)

In order to use heat semigroup gradient bounds techniques, we will need the
following hypothesis throughout this section.

Hypothesis 5.2 The semigroup P, is stochastically complete, i.e., for t > 0,
P[l = l,
and for all f e C;°(M) and T > 0, one has

sup [T (PPl + |07 (P, < +oo.
t€[0,T]

The Hypothesis 5.2 is not very strong. It is obviously satisfied if M is compact. In
the non compact case, a general criterion is given in the Appendix. From now on, in
this section, we assume that that Hypothesis 5.2 is satisfied.

The raison d’étre of Hypothesis 5.2 is the following theorem that was proved in

(2].

Theorem 5.3 Assume that Hypothesis 5.2 is satisfied. Let T > 0. Suppose that
u,v: M x [0, T] = R are smooth functions such that sup,cpo, 7y 1eC, Dlloo < 00 and
sup,o. 7y 10 ¢, Dllow < 00. Suppose

ou

L >
u—l—at >0

on M x [0, T]. Then for all x € M,
T
Pru(-, @) > u(x, 0) + / Py(o(-5))(x)ds.
0

We can now prove the main gradient bound for the heat semigroup.

Proposition 5.4 Let us assume p, — K\/Iff > 0. For f € C¥(M) and t > 0, we have

o+ /o2 +16pp3

rZ (p,
4ps (P f)

L)+

o+ o2+ 16p2p3

<e” (Pt(l"(f)) + 49,

Pt<rz(f)))

2p1p2=2K/p2p3

where c = (o)
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Proof Let us fix ¢t > 0 once time for all in the following proof. For 0 < s <, let
¢1(x,5) = T (P f)(x),
$a(x,5) = T7 (P ) (x),

be defined on M x [0, 7]. A simple computation shows that

Lo+ O =arup ),
Lor+ O =arZ (P f),

Now consider the function

d(x,8) = a(s)pi(x,s) + b (s)p(x,s)

Applying the generalized curvature-dimension inequality CD(py, p2, p3, k, 00), one
obtains

Lo+ ‘Z‘f =dT (P f) +b'T?(Pi_sf) 4+ 2aT2(Pis f) +2bT5 (Pi f)

2
> (a'+2pla—21€2 ) L(Pi—sf)

b2
+ (b’ +2pa—2ps ) % (Pi_sf). (5.5)

Let us chose

=2p1p2 + 2K, /p2p3
s
b(s)=e (p2 + %)

and
++o?+ 16
o) = ° Vo P23y ).
4pr
where ¢ = zplpi;ﬁ{;)/mm , and denote § = ”+‘/”42/:16”2’73 . It is easy to observe that

b'(s) = —ob(s), da(s)=—ca(s)=—adb(s).

We now claim that a(s), b (s) satisfy

2
a +2ap, — ZK?) >0, (5.6)

b2
b’ + 2ap2 — 2pz a = 0. (57)

Indeed, Eq. 5.7 writes as
—00 + 252,02 —2p3 =0,

and follows immediately by the expressions of J. To see Eq. 5.6, similarly, we only
need to prove that

—00 +2p10 — 2K0° > 0,
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which is equivalent to prove
2p1 = 2Kkd+ 0.
We can obtain it by observing that
KN 02 + 16paps < dic/paps + Ko,

thus we have claim proved. Plug Egs. 5.6 and 5.7 into Eq. 5.5, we get

0
Lo + ¢ >0
os

and by the comparison result of Theorem 5.3, we have that

Pi@(,0)(x) = ¢(x,0).
We complete the proof by realizing that

¢ (x,0) = a(O)T (P, f)(x) + b (O)T# (P, f)(x),

and

Pi(¢(, 0)(x) = a(®) PAT () (x) + b (0) PATZ (£)) (x).

A direct application of the above inequality is the fact p; — ij " > 0 implies that
the invariant measure is finite.

Corollary 5.5 If p, — ij’: * > 0 then M has a finite volume, i.e.,

1) < +oo0.

Proof Let f, g € C5°(M), and write
"o(Psf)
f — du = dsd
/M(Pf fgdp /M/O o gdsdp
= LP,fgdud
/O/M< Fgduds

- _/Ot/M (P, f, g)duds

By Cauchy-Schwartz inequality, we have

I/M(Ptf—f)gdﬂ S/OI/M(F(PSf)ér(g)Q)d#dS_
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Applying Proposition 5.4, we obtain then

b pim-2cynars s 1
=< / e () ds/ I'(g)2du
0 M

o + /o2 + 16pps
4p2

‘ / (P.f — Fgdp
M

X\/”r(f)”oo + ITZ ()l

2 -2,
where ¢ = P1p2—2K/p2p3

Moreover, f(rpcz)rl’{)the spectral theorem we know that P, f converges to Py f in
L*>(M) and L P, f = 0, where P, f is in the domain of L. Hence I'( P4, f) = 0, which
implies that P, f is a constant.

We then prove the measure is finite by contradiction. Assume (M) = +o0, then
we have P, f = 0, thus when t — +o0,

T -2 ypars s |
[ g = ([ s [ rtan)
M 0 M

o +/02 4+ 16p2ps
4pr

X\/”r(f)”oo + ITZ () lloo-

Let g > 0, g # 0, and we chose for f an increasing sequence {h;} € C5°(M) such that
hy /1 on M and

IT (Ai) oo + ITZ (Bi) oo —> ks 00 O.

By letting k — 400, we obtain
/ gdu <0,
M
which is a contradiction. Hence (M) < 4o0. O
Another corollary is the following Poincaré inequality.

Corollary 5.6 If p, — " Jp/: * > 0, then for all f € CF(M),

/Mdeﬂ - (/M fdﬂ)2 < Plpzpj:5p2P3 /Mr(f)dﬂ. (5:8)

Proof By Proposition 5.4, we have

2p1p2=2K/P2P3 2
/ C(Pfydp <™ / (P,<r<f>>+ "””4“6’)2’)3 Pz(rz(f)))d#
M M P2

2p1p2—2KYp2pP3 2 16
<"l / r(n+ O YTz Y (s9)
M 4p,
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where the last inequality is due to the contractivity of P,. Let dE, be the spectral
resolution of — L. Then by the spectral theorem we have

+o00
[ repdu= [ i e (5.10)
M 0

and

| rinan= [ T E ().

Thus for 0 < s < ¢, by Holder inequality,

+00
/ TPy f)du = / 4e B dE, (f)
M 0

< ( / " e PdE( f)) l' ( / " dE( f)) " (5.11)
0 0

We denote C(f) = i, (r( £) 4 V6 bz f)) dy, then by Egs. 5.9, 5.10 and

4pa
5.11 we have

t—s

/ PP frdu e m s cf): (/ T<f)dﬂ)t‘
M M

By letting t — +00, we obtain

2p1P2=2%/P2P3

[ reppn < e [ wpan.
M M

At the end, we obtain the desired Poincaré inequality by observing

/Mfzdﬂ— (/M fdu)2 = —/0oo SS/M(PSf)Qd/zds:/MF(PSf)dﬂ.

[m}

This result naturally raises the conjecture that if p; — KJ\//JZ > 0, then M is compact.
This would be a stronger result than Theorem 4.2.

Acknowledgement The authors thank an anonymous referee for pointing out several references.

Appendix: Gradient Bounds by Stochastic Analysis

The goal of the section is to study some general conditions ensuring that Hypothesis
5.2 is true.

Let M be a n + m dimensional smooth manifold. We assume given n 4+ m smooth
vector fields { X1, - -+ , X4} on M such that for every x € M, { X (x), -+, Xy1m(x)}
is a basis of 7M. This global basis of vector fields induce on M a Riemannian metric
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g that we assume to be complete. There exist smooth functions wl’j M- R, j k=
1,---,n+ m,such that:

n+m

(X X;] =D of X
k=1

We assume that the vector fields {Xi,--, X} satisfy the Hormander’s bracket
generating condition.
Let us consider the symmetric and subelliptic operator

1 n
L=-, > XX,
i=1

where X = — X; + div.X; is the formal adjoint of X; with respect to the Riemannian
measure u. By using a similar argument as in the proof of Lemma 2.1, it is seen that
the assumed completeness of g implies that L is essentially self-adjoint on the space
C*(M). As a consequence, L is the generator of sub-Markov semigroup (P;)=o. Let
us observe that L can also be written as

l n
L=Xo+2kZ_;Xi,

where Xo=—1>" divX)X;=—)>" >3 ok Xi. We thus can find some
smooth functions wyf;’s such that

n+m

[Xo, Xi] = D ofi Xk
k=1

Let now (B,)>0 be a n-dimensional Brownian motion.
If we consider the stochastic differential equation on M,

n
dYF =" X (Y})odBf, Yj=x,
k=0

with the notation BY = 1, it has a unique solution defined up to an explosion time
e(x). If fis a bounded Borel function on M, we then have the representation

Pf) =E(f(Y5) Licew) -

Our goal is to prove the following theorem:

Theorem A.1 Let us assume that the functions a)f‘j, X;w{‘]—, i, jk,l=1,--- ,n+mare
bounded, then the semigroup P, is stochastically complete and there exist constants
Ci, Cy = O such that for every f e C°(M), t > 0and x e M

n+m n+m
> (XePf)P () < cleczf(z ||ka||§0).

k=1 k=1
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Proof We adapt some ideas from Kusuoka [21]. Let x, y € M and let O be a bounded
open set that contains the Riemannian geodesic connecting x to y. Let R > 0 such
that the ball B(x, R) with center x and radius R contains O. We denote

Tr = inf mf{t >0,Y} ¢ B(x, R)}
z€0

Let us then consider for f € C5°(M), and z € O,
PR f@) =E(f (Yir,))-
By using the chain rule, and the triangle inequality, we see that for z € O,
n+m 5 5 n+m
> (XPf ) @ <E (10, @V F (Vi) ) < E (170, @) (Z ||ka||io).
k=1 k=1

where J;(z) = GY‘Z ,t < Tg, is the first variation process of the stochastic differential
equation and J* the adjoint matrix. We thus want to find a bound for E (|| e (2) ||)

that does not depend on R and z. Since {X, - -+, X1} form a basis at each point,
we can find processes f¥(t,z),k = 1,--- ,m+n,i = 1,---nsuch that for t < Tk,
m+n
I7H(X(YF)) = D BR 2) Xi(2).
k=1

By using the chain rule, we have for ¢t < Tk,
A1 (X (YF) = DI ([Xk X1 (YF)) 0 dBf

n m+n

= > > ol (Y7) I7 (Xi (Y)) 0 dBE.

k=0 I=1

As a consequence the matrix valued process (¢, z),¢ < Tg solves the matrix stochas-
tic differential equation,

dAp(t,2) = > o (Y{) B(1,2) 0 dBY.

k=0
The inverse matrix process a(t, z) = f(t,z)~" will then solve the linear stochastic
differential equation for t < Tk,

n

da(t,z) = = Y alt, 2o (Y7) o dB}.
k=0

From our assumption, all the coefficients of the equation are bounded. We therefore
obtain a bound E(||a(t, z)|) < C1e%!, where C,, C, are independent from R and z.
As a conclusion, we get

n+m n+m
> (XPR) () < cleczf(z ||ka||§0).

k=1 k=1
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By integrating the inequality over the geodesic between x and y, we obtain

n+m
[(PRF) @) — (PR )] < cleCZf(Z ||ka||io)d<x, >

k=1

We can then let R — 400 to conclude

n—+m
[(Pf) (¥) = (P ) )P < Cre™ (Z ||ka||io)d<x, >

k=1

Since this is true for every x, y € M, we conclude

n+m n+m
> (XiP ) () < cleczf(z ||ka||io)-

k=1 k=1

We now prove the stochastic completeness. Let f, g € C5°(M), we have

[ Comr)etin= [ [t

—/OI/MF(PSf,g)dﬂds.

By means of Cauchy-Schwarz inequality we find

s( /0 cleCﬂds) IV fllae /M I'(g)*dp. (512)

We now apply Eq. 5.12 with f = hy, where Ay is a sequence such that i; 7 1, b > 0
and >\ | Xhy |2, — 0 when [ — +oo.

By Beppo Levi’s monotone convergence theorem we have P (x) / P;1(x) for
every x € M. We conclude that the left-hand side of Eq. 5.12 converges to [;,(P,1 —
1)gdu. Since the right-hand side converges to zero, we reach the conclusion

/ (Pof — f) gdu
M

‘/ (P.f - ) gdn
M

/M<Pt1—1)gdﬂ —0, geCRM).

It follows that P,;1 = 1. O
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