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Abstract In this article, we consider a stochastic PDE of parabolic type, driven by a
space-time white-noise, and its numerical discretization in time with a semi-implicit
Euler scheme. When the nonlinearity is assumed to be bounded, then a dissipativity
assumption is satisfied, which ensures that the SDPE admits a unique invariant
probability measure, which is ergodic and strongly mixing—with exponential con-
vergence to equilibrium. Considering test functions of class C2, bounded and with
bounded derivatives, we prove that we can approximate this invariant measure using
the numerical scheme, with order 1/2 with respect to the time step.
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1 Introduction

In this paper, we are interested in the discretization in time of the following stochastic
reaction-diffusion equation

Iy(t, &) _ 3*y(t,&) do(t, &)
= t 1
iy ber | TEE YO+ T (1)
for t>0,& € (0,1), with the initial condition y(0,&) = y(§), and homogeneous
Dirichlet boundary conditions y(#,0) = y(t,1) = 0. The stochastic perturbation

B”g‘f) is a space-time white noise: the rigorous interpretation of Eq. 1 is given by

an abstract evolution (2)—in the sense of [3]—in the Hilbert space H = L*(0, 1),
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2 C.E. Bréhier

driven by a Wiener cylindrical process—see Section 2.3. We assume that g is of class
C? with respect to y and measurable with respect to £. Moreover we assume uniform
bounds on g and on its derivatives, uniformly with respect to §; more details are given
in Example 2.7.

The numerical approximation of stochastic equations has been extensively studied
during the last thirty years. First we recall that one can look at strong approximation
results—when the trajectories of the continuous and the discrete-time processes are
compared—or at weak approximation results—when the laws at a fixed time are
compared. The simplest method in the case of SDEs is the Euler-Maruyama scheme;
it is built as a straightforward extension of the well-known explicit Euler method for
ODBEs, which is of order 1: if we consider in R? a SDE with regular coefficients

dX, = f(X)dt+o(X)dB,;, Xy = x,
its numerical approximation is defined for a given step-size At by
Xy = x,
Xor1 = X+ f(XW)At+0(X,)(B,,,, — B;).

Due to the regularity properties of the Brownian Motion, this scheme is in gen-
eral only of order 1/2 in the strong sense—i.e. for nAt < T we have E|X,r, —
X,|> < C(T)At—while it is of order 1 in the weak sense—i.e. for test functions
¢ of class C3, with bounded derivatives, we have a bound [E¢(X,a) — E¢(X,)| <
C(T, ¢)At. The idea for proving that weak order is 1 and not 1/2 is to consider the
Kolmogorov equation associated with the process X;, which is satified by the function
(t, x) > E¢p (X (t, x))—see [28, 30]. The books [14] and [22]—see also [21]—contain
various numerical schemes—Ilike the well-known Milstein scheme, some implicit
schemes, and methods based on stochastic Taylor expansions—with their order of
convergence in both strong and weak senses.

Numerical methods for SPDEs like (Eq. 1) need discretization both in time and
in space. For example, time discretization leads to explicit or implicit methods, while
discretization in space can be done with finite difference or finite element methods.
Basically, the result for space-time white noise driven equations is convergence with
strong order 1/2 in space and only 1/4 in time—under some Courant-Friedrichs-
Lewy conditions when necessary: see [5, 10-13, 31].

If we look at the abstract formulation of Eq. 1 in the Hilbert space H, results have
also been proved for the time discretization using semi-implicit Euler schemes: the
strong order of convergence is 1/4—see [25]—while the weak order of convergence
is 1/2—see [6]. Moreover in [§8], the authors have studied weak convergence in the
case of linear equations when using a finite element method in space. We follow here
the framework of [6]: we consider the stochastic evolution equation in H and we
use a time discretization with a semi-implicit Euler scheme, with no discretization in
space.

In this work, we are interested in the behaviour of the weak convergence estimates
when the final time T goes to infinity: can we replace constants C(7, ¢) by a constant
C(¢) independent from 7? Passing to the limit, we thus ask the more general
following question: can we use a numerical scheme to approximate the invariant
probability measure of the continuous time process—which is assumed to be unique,
ergodic and with exponential convergence to equilibrium? The SDE case has been
studied with various methods: in [29], the weak error analysis is made by showing that
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 3

the time derivatives of the solution of the Kolmogorov equation are exponentially
decreasing in time; in [17], some general conditions are given for the ergodicity of the
numerical scheme, thanks to the theory of geometric ergodicity of Markov Chains.
In [19], the approximation result is shown thanks to the use of a Poisson equation.

In the case of SPDEs, general ergodicity results have only been obtained
recently—see Section 4.3—and the problem of approximation of invariant measures
by numerical schemes has not been studied yet.

We prove the following result:

Theorem 1.1 For any 0 < k < 1/2, 1y > 0 and for any C} function ¢, there exists a
constant C > 0 such that foranym > 2, ye Hand0 <t < 19

IE[¢ (Y (mz, y))] — E[¢p (Y (z, )1 < C(1+ |yP)(((m — D7)~/ 4 1)gl/2*,

The continuous process Y is defined by Eq. 2 below, and the numerical approxi-
mation (Y,,(z, y)) with time step r and initial condition y is defined by Eq. 8.

We notice that the right-hand side of the previous estimate contains a singu-
larity when m = 1, which is due to a lack of regularity of the infinite-dimensional
processes—details are given in Section 6.1 below. However, if we look at the error
at a fixed time T = mr, if t is small enough we just need to change the constant
C = C(T); moreover since we are interested in the behaviour when m goes to infinity,
this term plays no role.

With the assumptions precised below, we show in Section 4.3 that the SPDE
admits a unique invariant probability measure w, which is ergodic and strongly
mixing, with exponential convergence to equilibrium; nevertheless we can in general
only show the existence, not the uniqueness, of invariant measures for the numerical
approximation, and we can prove the following result:

Corollary 1.2 For any 0 <« < 1/2, 19 > 0 and for any C} function ¢, there exists
constants ¢ > 0, C > 0 such that for any 0 < t < 1y, any initial condition y € H and

anym > 1

1
IELp (Yon(z, y))] — fHasdm < C+IyP) (ml/z_x + f‘”‘”) +C(+ lyPe .

Moreover, if u* is an ergodic invariant probability measure of the numerical scheme

(Ym(tv ~))meN; we have
/ pdu’ — / pdu
H H

all the ergodic invariant measures of the numerical approximation are then close to the
unique invariant probability measure of the continuous process.

< Gt/

Up to our knowledge, this is the first result of this kind for SPDEs.

The key point, like in [29], for obtaining bounds independent from the time
T = mr, is to prove that derivatives of the solution u of the underlying Kolomogorov
equation—mentioned above—decrease exponentially in time: this is done in
Section 5.2, using a coupling method.

Moreover, an essential tool in [6] is the use of Malliavin calculus and of an
integration by parts formula in order to transform a stochastic integral—which is
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4 C.E. Bréhier

not regular enough in space in the infinite dimensional setting—into an expression
which can be controlled; in Lemma 4.5, we see that the involved Malliavin derivatives
may increase exponentially fast with respect to time. The solution is to separate the
lack of regularity problem and this badly controlled growth with a decomposition of
the interval into two parts: in the first one we need the integration by parts formula,
and we can control the Malliavin derivatives, while in the other one we can directly
give an appropriate bound. We also provide an improvement with respect to [6]: we
can consider a more general nonlinear coefficient G—like a Nemytskii operator, see
Example 2.7.

We also notice that some more general equations, with additive noise which is
white in time but colored in space, can be studied with our method, with suitable
assumptions on the coefficients. For a very smooth noise, the numerical analysis on
finite time is easier to treat, but then ergodic properties and long-time behaviour
require different techniques; this will be treated elsewhere.

The case of some equations with multiplicative noise which satisfy the Strong
Feller Property is also covered by our technique of proof, but with some additional
difficulties—see for instance the restrictive condition on the diffusion coefficient in
[6]. Since all the necessary ideas are contained here and in [6], we only focus on the
additive noise case.

The paper is organized as follows: in Section 2, we precise the assumptions
made on the coefficients of the equations, and we define the numerical method in
Section 3. In Section 4, we give some bounds on the solutions of the continuous and
discrete equations, and we study their asymptotic behaviour: existence of invariant
measures, and uniqueness for the continuous equation, following from Proposition
4.7. In Section 5, we explain the proof of Theorem 1.1, and we give a proof of
Corollary 1.2; more precisely, in Section 5.2 we prove the exponential decreasing
in time of the derivatives of the function u. Eventually Section 6 contains the proofs
of the remaining estimates

2 Notations and Assumptions

Let H be a separable Hilbert space, with norm denoted by |.| or simply |.|. We
consider equations of the form

dY(t,y) = (BY(t,y) + G(Y (¢, y)dt + dW(t)
Y. y) =y. 2)
In the next paragraphs, we explain the assumptions on the linear operator B and on

the nonlinear coefficient G; we also recall how the cylindrical Wiener process W is
defined, and how we can construct solutions of this equation.

2.1 Test Functions
To quantify the weak approximation, we use test functions ¢ in the space C; (H, R)

of functions from H to R that are twice continuously differentiable, bounded, with
first and second order bounded derivatives.
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 5

Remark 2.1 In the sequel, we often identify the first derivative D¢ (x) € L(H, R)
with the gradient in the Hilbert space H, and the second derivative D*¢ (x) with a
linear operator on H, via the formulas:

<D¢(x),h > = D¢(x).hforeveryh € H
< D2¢(x).h, k>= D2¢(x).(h, k) forevery h, k € H.

In the sequel, we use the following notations:

[@loc = sup |®(x)] 5
xeH

@[l = sup |DP(x)|p
xeH

@2 = sup [D*®(X)|2(m)-

xeH

2.2 Assumptions on the Coefficients

2.2.1 The Linear Operator

We denote by N = {0, 1, 2, ...} the set of nonnegative integers.
We suppose that the following properties are satisfied:

Assumptions 2.2

1. We assume that there exists a complete orthonormal system of elements of H
denoted by (fi)ren, and a non-decreasing sequence of real positive numbers
(k) ken Such that:

Bfi = —pi fr forall k € N.

2. The sequence (i) goes to +o0o0 and

+00
Z oy < to0o S a>1/2.
i=o Mk

The smallest eigenvalue of — B is then puo.

Example 2.3 The Eq. 1 enters in this framework: we can choose B = (f;, with
the domain H*(0, 1) N H}(0, 1) € L*(0, 1)—corresponding to homogeneous Dirich-
let boundary conditions. In this case for any k € N u; = n2(k + 1)%, and fi(€) =
V2sin((k + 1)7&)—see [2].

Fora N € {1,2, ...}, we denote by Hy the subspace of H spanned by f, ..., fn-1,
and by Py the orthogonal projection of H onto H y.
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6 C.E. Bréhier
The domain D(B) of B is equal to D(B)= {y = Z;ﬁ‘a vifr € H,

S0 )Pyl < +00}. We can more generally define fractional powers of
—B,forb €0, 1]:

(=B)y=7) wiyfieH,

k=0
with the domains
+00 +oo
DB ={y=Y yfee H. |y} =) (u)®Iyl* <+oo}.
k=0 k=0

When b € [0, 1], we can also define the spaces D(—B)~" and operators (—B)~?,
with norm denoted by |.|_5; when y = ZZ:S yifc € H, we have (—B)’y=

>iSo i v fieand 112, = 3020 (i) 7 |yl
The semi-group (e'®),~( can be defined by the Hille-Yosida Theorem—see [2]. We
use the following spectral formula: if y = 3"/ i fx € H, then for any ¢ > 0

+00

(B — it

By =23 eyt
k=0

For any ¢t > 0, ¢'8 is a continuous linear operator in H, with operator norm e o,
The semi-group (¢'®) is used to define the solution Z (f) = ¢'®z of the linear Cauchy
problem

dZ
dt() =BZ(@) with Z(0) =z

To define solutions of more general PDEs of parabolic type, we use mild formu-
lation, and Duhamel principle.

This semi-group enjoys some smoothing properties that we often use in this work.
Basically we need the following properties, which are easily proved using the above
spectral properties.

Proposition 2.4 Under Assumption 2.2, for any o € [0, 1], there exists C, > 0 such
that we have:

(1) foranyt>O0andy e H,

eyl < Cot™e™ 2 yly.
(2) foranyO<s<tandye H,
(t—s)

e
B B _ Mo
Py = yln =G T e yla

(3) forany0<s <tandy e D(—A)°,

By —eByly < Cot—s5)7e 2 ¥ |yl,.
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 7

2.2.2 The Nonlinear Operator

The nonlinear operator G is assumed to satisfy some general assumptions. In
Example 2.7, we give the two main kind of operators that can be used in our
framework.

Assumptions 2.5 The function G : H — H is assumed to be bounded and Lipschitz
continuous. We denote by L the Lipschitz constant of G

We also define for each N > 1 a function Gy : Hy — Hn, with Gy(y) = PyG(y)
forany y € Hy. We assume that each Gy is twice dif ferentiable, and that we have the
following bounds on the derivatives, uniformly with respect to N:

e There exists a constant Cy such that forany N > 1,y € Hyandh € Hy
IDGN(y).hlg < Cilhly.

e Thereexists 1 € [0, 1) and a constant C, such that for any N > 1, y € Hy and any
h, k € Hy we have

|(=B)"D*Gn(y).(h, k)| < Calh|ulklu.

e Moreover, there exists a constant C3 such that for any N > 1, y € Hy and any
/’l, ke HN

ID*GN()-(h, k)| < Cslhl -y lkl -
Since G is bounded, the following property is easily satisfied:

Proposition 2.6 (Dissipativity) There exist ¢ >0 and C >0 such that for any
y € D(B)

< By+G(y),y >< —clyl* + C. 3)

We remark that we have uniform control with respect to the dimension N of the
bounds on Gy and on its derivatives, and that Eq. 3 is also satisfied for Gy, with
constants ¢ and C independent from N.

Example 2.7 We give some fundamental examples of nonlinearities for which the
previous assumptions are satisfied:

e A function G : H — H of class C?, bounded and with bounded derivatives, fits
in the framework, with the choice n = 0.

e The function G can be a Nemytskii operator: let g: (0,1) x R — R be a mea-
surable, bounded, function such that for almost every & € (0, 1) g(&, .) is twice
continuously differentiable, with uniformly bounded derivatives. Then G(y) is
defined for every y € H = L?(0, 1) by

G(y)(E) =g, y(&)).
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8 C.E. Bréhier

In general, such functions are not Fréchet differentiable in H, but only Gateaux
differentiable, with the following expressions:

a
[DG(y).hl(E) = ai . yENh(E)

82
[D*G(y).(h, k)1(§) = 8;(5, YENh(E)K(E).

We assume first that the linear coefficient B is given like in Example 2.3,
with H = L?(0, 1). We remark that the finite dimensional subspaces Hy of H
spanned by N eigenvectors of —B, withfork=0,..., N —1

f1(€) = V2sin((k + D7§),

are subspaces of the space of continuous functions C([0, 1], R).

Then Gy is of class C?> on the finite dimensional space Hy. The required
estimates—holding uniformly with respect to N—on the second derivative are
consequences of a Sobolev inequality: D(—B)" is continuously embedded into
L>(0, 1) assoon as n > 1/4. For any 4, k, £, we have as a consequence of Holder
inequality

| < D*’Gn(y).(h. k), £ > | < Cllhke]| 11,1y

< Csup (11l 20,0 1kl 20,0 1€ 20,1y, 172l 20,1y 1kl L 0,1 1€l £20,19)
< Csup (|hlulklzlel -y, |hl gkl —py €l H) -
See also [26] (Chapter 4).

2.3 The Cylindrical Wiener Process and Stochastic Integration in H

In this section, we recall the definition of the cylindrical Wiener process and of
stochastic integral on a separable Hilbert space H with norm |.| . For more details,
see [3].

We first fix a filtered probability space (22, F, (Fy)=0, P). A cylindrical Wiener
process on H is defined with two elements:

e a complete orthonormal system of H, denoted by (g,);c;, where [ is a subset of
N;

e afamily (B;);c; of independent real Wiener processes with respect to the filtration
((F)=0);

then W is defined by
Wt =) Bing: (4)
iel

When [ is a finite set, we recover the usual definition of Wiener processes in
the finite dimensional space R!/l. However the subject here is the study of some
Stochastic Partial Differential Equations, so that in the sequel the underlying Hilbert
space H is infinite dimensional; for instance when H = L*(0, 1), an example of
complete orthonormal system is (qx) = (v/2sin(kr.)) k>1—see Example 2.3.
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 9

A fundamental remark is that the series in Eq. 4 does not converge in H; but if a
linear operator ¥ : H — K is Hilbert-Schmidt, then ¥ W(¢) converges in L*(Q, H)
for any t > 0.

We recall that a bounded linear operator ¥ : H — K is said to be Hilbert-Schmidt
when

+00

W17k = D W (@Rl < 400,
k=0

where the definition is independent of the choice of the orthonormal basis (gx) of H.
The space of Hilbert-Schmidt operators from H to K is denoted £,(H, K); endowed
with the norm |.|z,(u k) it is an Hilbert space.

The stochastic integral f(f W (s)dW (s) is defined in K for predictible processes W

with values in £,(H, K) such that f(f |\IJ(s)|2£2(H,K)ds < +00 a.s; moreover when W €
L2(Q x [0, t]; L2(H, K)), the following two properties hold:

E| [y ¥ ©dW ()% =E [ 19 ($)|%, 1 g ds (It6 isometry),
E [, @ (s)dW(s) = 0.

A generalization of 1t6 formula also holds—see [3].
For instance, if v = )", y vkgx € H, we can define

t
<W,v>= / <v,dW(s) >= Z,Bk(t)vk;
0 keN
we then have the following space-time white noise property
E<W@,vi>< W), 00 >=tAS < v,y > .

Therefore to be able to integrate a process with respect to W requires some strong
properties on the integrand; in our SPDE setting, the Hilbert-Schmidt properties
follow from the assumptions made on the linear coefficients of the equations.

Thanks to Assumption 2.2, it is easy to show that the following stochastic integral
is well-defined in H, for any ¢ > 0:

t
WB@) = / eTIBAW (s). (5)
0
It is called a stochastic convolution, and it is the unique mild solution of
dZ(t)=BZ@t)dt+dW(@) with Z(0)=0.

Under the second condition of Assumption 2.2, there exists § > 0 such that for any
t > 0 we have fot SleBl2 (myds < 003 it can then be proved that W5 has continuous
trajectories—via the factorization method, see [3]—and that for any 1 < p < 400

Esup |WE()|%, < +o0. (6)

>0

We can now define solutions to Eq. 2, thanks to the assumptions made on the
coefficients: the following result is classical—see [3]:
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10 C.E. Bréhier

Proposition 2.8 Forevery T > 0, y € H, the Eq. 2 admits a unique mild solution Y €
L*(Q,C((0, T1, H)):

t t
Y(t) =ePy+ / eIBG(Y (5))ds + / eIBaW (s). (7)
0 0

3 Definition of the Numerical Scheme

We now define the numerical approximation of Y: denoting by t the time step, we
have

Yiri1(t,y) = Yi(t, y) + 1BY i1 (7, ¥) + tG(Yi(T, ¥)) + VT Xkt
YO(T» J’) = J’»

where yii1 = jT(W((k—k 1) — W(kr)).
To simplify the equations, we omit the dependence of Y on the time-step t and
on the initial condition y.
This expression does not make sense in H. Defining R, = (I — tB)~', this last

equation can be replaced by
Vi1 = R Yi + TR G(Yy) + VT R Xkt 1 (8)

which is valid, since R; is a Hilbert-Schmidt operator on H.

Remark 3.1 Later, we often use the following expression for Yy:

k-1 k-1
Yi=Riy+1tY RIGY)+Vr ) R 9)
1=0 1=0
The following expression is also useful:
k-1 fe
VT Z Ry = / REEdW (s), (10)
1=0 0

where [; = | 7 | —with the notation |.| for the integer part.

We need the following technical estimates:

Lemma 3.2 ForanyO <k <land j>1,

1 1

—_B)!"*“RI <c o
(B Releun =€ i (1 4 gy

Moreover, for any B > 1 there exists a constant cg such that if j € N with j > B, then

. 1
|(—B)ﬂR£|£(H) <C .. ,-
(jo)#
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 11

Proof For any z € H,

| 2

1—k pj |2 2(1—x)
|(=B)' " Rlzl} = Zu U4 oyl
L 20,0 1 1
— (=)
(jr)20-0 ; i () (14 )20 (1 + pyr)2ie
< 1 +Z°° Mijt 2170 1 | .|2
= o S ge) (g
1 1
< clzly

(O (14 pot) e

The proof of the second inequality is similar: if j > 8

(=B Riz|y =) u; |zi|? I |zi]?
" Z ’ (1+u 20 X(; (1+Mr)2ﬂﬂ :
p
2/9 2 ﬂ 2
|zi|” < F4)72
; 1)2,3 Zi ( 7)p H

4 Preliminary Results

We warn the reader that constants may vary from line to line during the proofs, and
that in order to use lighter notations we usually forget to mention dependence on the
parameters. We use the generic notation C for such constants.

We fix the time step 7, as well as m € N; we then introduce the notation
T = mt. We also define #, = kt. « > 0 is a parameter, which is be supposed to be
small enough. We also control t: for some 7y > 0, 7 < 1.

4.1 Galerkin Approximation

The first step of the proof is to consider finite dimensional approximations of the
H-valued processes (Y (£))er+ and (Yi)ken: if we fix N > 1, we define (Y™ (£))er+
and (Y,EN )) keN by the equations

dYM @) = BYM 0 dt + Gy(YNM (@) dt + dWN (1)

and
Y\ =YY +BYY) + tGn(YY) + VT Prisr,
with the initial conditions Yfivo) = Y,({N ()) = Pny.

The projection Py and the nonlinear coefficient G have been defined above.
WWM = PyW is a N-dimensional Wiener process on the subspace Hy. We remark
that the above equations are well-defined on Hy—which is a stable subspace of B.
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12 C.E. Bréhier

It is not difficult to prove the following convergence results: for any fixed t € R+
and k € N, when N — +oo we have

ElY®) - YM@))? -0 and E|Y,-YVP? = o0.

For this, we use the following inequality—where I denotes the identity map on H:
forany0 < g <1

1
(=B) P = PN)lcm < P
MN+1

Given 0 < r < 1/2, we then obtain for any ¢t > 0,k € Nand t > 0

t
E| f B = Py)dW(s)I?
0
t
— / Tr ((1 _ PN)e(tfs)B(_B)fl/Zfr(_B)17}’(_3)71/24»276(!73‘)3(1 _ PN)) ds
0

t
G,
< Tr((— B) (=B V(I — Polean f P
o

and the last expression goes to 0 when N — +00.To conclude, it remains to use the
Gronwall lemma. The proof for the discrete-time process is similar.

We need test functions @y adapted to the finite-dimensional approximation: for
any N > 1, by restriction we define ®y(y) = ®(y) for any y € Hy; we obtain the
following decomposition

E® (Y (mr)) — E®(Y,,) = E®(Y (mr)) — E®(YN (1))
+Eo (YN (mr)) — Edy(Y M)
+ED(YM) — Ed(Y,);

the first and the third terms converge to 0 when N — +oc0. In the sequel, we prove
an estimate of the second term, which is uniform with respect to dimension N; letting
N — +o0 then yields an estimate on the left hand side.

Hence we work with the finite dimensional approximation, but we omit the
parameter N. The constants appearing below are independent of N.

In Section 4.2, we prove some estimates on Y (¢) and Y, and in Section 4.3 we
focus on the asymptotic behaviour of the processes.

4.2 Some Useful Estimates
Bounds on moments of Y, and Y} can be proved, uniformly with respect to time.

Lemma 4.1 Forany p > 1, there exists a constant C,, > 0 such that for every t > 0 and
ve H

E|Y(, )I? < Cp(1+ |yIP).

Proof If we define Z (t) = Y (t) — WE(¢), we have Z(0) = Y(0) = y, and

dZ (1)

g = BZO+GY M),
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 13

and by Proposition 2.6

1d|Z )

o gy =% BZt)+GXY®), Z@) >

<BZW)+G(Z@),Z(t) >+ <GXY@®)—G(Z@®),Z(t) >
—c|ZOF + C+ |Gl Z @)
—d1Z0 +C,

IA

A

for some new constants ¢/, C'.
Then almost surely we have for any ¢ > 0

1 Z(0] = CA+|yD.

Thanks to Eq. 6, the conclusion easily follows. O

Lemma 4.2 For any p > 1, 1y > 0, there exists a constant C > 0 such that for every
O<t<t,keNandye H

ElYi|? < C(1 + |ylP).
Proof As in the proof of Lemma 4.1 above, we introduce Z,, = Y,,, — w,,, where the

process (w,,) is the numerical approximation of W# with the numerical scheme (8)—
with G = 0; it is defined by

Wiyl = Rewy, + «/TRsz+1-

Using Theorem 3.2 of [25], giving the strong order 1/4 for the numerical scheme—
when the initial condition is 0, with no nonlinear coefficient, with a constant diffusion
term and under the assumptions made here—we obtain the following estimate: for
any p > 1,79 > 0and 0 < r < 1/2 there exists C > 0 such that for any 0 < v < 7y and
m=>0

Elw, — WB(mo)|?P < Cc1/>p, (11)

Thanks to Egs. 6 and 11, we get that for any 7y > 0, there exists C > 0 such that for
O<t<tandm >0

4E|w,,|? < C. (12)
Now Z,, defined above satisfies Zo = Yy = y and
Zm+1 = Rz Zm + TRZ G(Ym)»
since | Rl < MIW , we obtain the almost sure estimates
| Zmr1] < ! | Z |+ C
T
m+1l = 1 + Lot m
and
[ Zml = CA + |yD).

Thanks to Eq. 12, we therefore obtain the result. O
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14 C.E. Bréhier
We now introduce the following process: for 0 <k <m — land tx <t < fy4;

t t
Y(0) =Yy +/ [B: Yy + R.G(Yy)lds —i—/ R dW(s), (13)
173

Ik

where B, = BR;. The process Y is a natural interpolation of the numerical solution
(Y) defined by Eq. 8: Y(#x) = Yk.
Thanks to Lemma 4.2, we get

Lemma 4.3 For any p > 1, 1y > 0, there exists C > 0 such that for any 0 < t < 1y,
t>0andy e H

EIY@®)” < C(1+ |ylP).

In the next Lemma, we give a control on Malliavin derivatives of Y used in the
proof. For an introduction to Malliavin calculus, see [24, 27]. We take the notation D
for the Malliavin derivative, and we follow the presentation given in [6], where the
following useful integration by parts formula is given—see Lemma 2.1 therein:

Lemma 4.4 For any F e D“2(H), u e C*(H) with bounded derivatives and W €
L*(Q x [0, T, Ly (H)) an adapted process,

T T
E |:Du(F)./ \I/(S)dW(s)] =E |:/ Tr(\IJ(s)*Dzu(F)DSF)dS] , (14)

0 0
where DyF : h € H — D!'F € H stands for the Malliavin derivative of F, and D' (H)
is the set of H-valued random variables F =7,  F;fi, with F; € D2 the do-
main of the Malliavin derivative for R-valued random variables for any i, and
Yien Jy EIDyFiPds < +oo.

Without any stronger dissipativity assumption, we are not able to give a uniform
control with respect to time of the Malliavin derivative of Y. In the proof below, we
take care of this problem by using these derivatives only at times #;, = k7 and s such
that tey, < L.

Lemma 4.5 Forany 0 < 8 < 1 and ty > 0, there exists a constant C > 0 such that for
everyhe H k>1,0<rt <tyands € [0, ]

1
ID!Yilp < C(1 4 Lot)* ™ [ 1+ |h|.
y a+ MOT)(l—ﬂ)(k—ls)[;fle

Forany k > 1,h € H and s € [0, #], using the chain rule for Malliavin calculus and
expressions (9) and (10), we have

k—1
D!Y,=Rh+t Y REIDG(Y).DEY).
I=l+1

Indeed, recall that /; denotes the integer part of [, so that when [ </; we have
Dy, =o0.
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 15

As a consequence, for k > [, + 1
DY < (1 + Let) " n|.

Now using Lemma 3.2, we have
1

(=B)'D{Yil < RPN |

(1 + pot) A=A —A)tk_[\

k—1

14+ Lgt)s
+Lot Y ( 6t Ihl.

e (I poT) =KL

To conclude, we see that

k—1 1 1

+00
T 5 = C/ tF Ly dt
L (U o) =p=d 0 (1 + o) =P+

< C < 400,

when 0 < 7 < 1.
4.3 Asymptotic Behaviour of the Processes

The results of this section are obtained for the initial H-valued processes, and for
their finite dimensional approximations.

First, we focus on the existence of invariant measures for the continuous and
discrete time processes. We use the well-known Krylov-Bogoliubov criterion—see
[4]. Tightness comes from two facts: D(—B)? is compactly embedded in H when
y > 0, and when y < 1/4 we can control moments:

Lemma 4.6 For any 0 <y < 1/4, © >0 and any y € H, there exists C(y,1,Yy),
C(y,y) > Osuch that foranym > 1 andt > 1

E|Y,u(z, Y, < Cly,t,y) and EIY( )l < Cly, y)

Uniqueness of the invariant probability measure for the continuous time process
(Y (®))er+ can be deduced from the well-known Doob Theorem—see [4]. Indeed,
since in Eq. 2 noise is additive and non-degenerate, the Strong Feller property—
see also Lemma 5.6 below—and irreducibility can be easily proved. In the proof
of the main Theorem 1.1, we also need speed of convergence, and thanks to a
coupling argument we get the following exponential convergence result—for a proof
see Theorem 2.4 and Section 6.1 in [7]:

Proposition 4.7 There exist c > 0, C > 0 such that for any bounded test function ¢,
anyt> 0andany y,, y, € H

IEp (Y (2, 1)) = ES(Y(t, y2))| < Cliglloo (1 + [y1l* + [y2]*)e™". (15)

The idea of coupling relies on the following formula: if v, and v, are two
probability measures on a state space S, their total variation distance satisfies

dry(vi, 1) = inf {P(X; # X5)},
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16 C.E. Bréhier

which is an infimum over random variables (X, X,) defined on a same probability
space, and such that X; ~ v; and X, ~ v,.

Roughly speaking, the principle is to define a coupling (Z;(, yi, y2),
Z,(t, y1. y2))=0 for the processes (Y (¢, y1)=0 and Y ((t, y2)):=0 such that the coupling
time 7 of Z, and Z,—i.e. the first time the processes are equal—has an exponen-
tially decreasing tail.

This technique was first used in the study of the asymptotic behaviour of Markov
chains—see [1, 9, 16, 20]—and was later adapted for SDEs and more recently for
SPDEs—see for instance [15, 18, 23].

In fact, uniqueness of an invariant probability measure p is an easy consequence
of this Proposition, and moreover we get for any y € H and any ¢ > 0

< Cllglloo(1 + [y[He . (16)

@mnmm—ﬂwm

In general, we do not know whether uniqueness also holds for the numerical
approximation (Y (z, .))keN-

Remark 4.8 A sufficient condition for the uniqueness of the invariant probability
measure of the discrete time process (Yi)ken is the strict dissipativity assumption

Lg < o,

where we recall that L denotes the Lipschitz constant of G.

Then trajectories of the processes (Y;)scr+ and (Yi)ien issued from different initial
conditions y; and y, and driven by the same noise process are exponentially close
when time increases: for any 7y > 0, there exists ¢ > 0 such that for any 0 < 7 < 1,
k > 0and ¢t > 0 we have almost surely

1Y (t, y1) = Y(t, yo)| < e oLy, — y,|
|Yi(z, y1) — Yi(z, y2)| < ek |y; — yal.

Proof of uniqueness is then straightforward—and we do not need Proposition 4.7
above.

5 Presentation of the Proof of the Weak Approximation Result
The proof of Theorem 1.1 is very technical, so for pedagogy we first introDuce the
decomposition of the error, and identify the term which we control later in Section 6.

Some crucial estimates on the derivatives of the semi-group with respect to the initial
conditions—regularization, long-time behaviour—are proved below in Section 5.2.

5.1 Strategy
We define

u(t, y) =Elp(Y (1, y)l, (17)
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 17

which is solution of a finite dimensional Kolmogorov equation associated with the
finite dimensional approximation of Eq. 2:

du 1 s
dr (t,y) = Lu(t, y) = 2Tr (D*u(t, y))+ < By + G(y), Du(t, y) > .

As explained in the introduction, this is one of the essential tools in the proof of the
weak approximation result.

The weak error at time 7 = mrt can be decomposed with a telescoping sum—
where to simplify the dependence of the numerical approximation in t and y is not
written:

Elgp(Y(T, yN1 = El¢p(Yn)] = u(T, y) — E[u(0, Y;n)]

m—1
=) Eu(T —tx, Yi)l = Elu(T — tiey1, Yir)])
k=0
m—1
=u(T,y) = E(T — 7, Yi(r, YD1+ Y _(ax + b + ).
k=1
(18)
whereforl <k <m-—1
et - -
ay = IE/ < BY(t) — B Yy, Du(T —t, Y (t)) > dt,
173
et - -
by = IE/ <GY®)— R.G(Yy), Du(T —t, Y () > dt,
173
1 et -
Cr = ZE/ Tr((I — R, R)D*u(T —t, Y(1)))dt. (19)
173

This follows from the use of the Kolmogorov equation and of the Itd formula. We
recall that Y is defined in Eq. 13.

5.2 Bounds on the Derivatives of the Transition Semi-group

By Eq. 17, u(t, y) = E[¢(Y (1, ¥))]; since ¢ is of class C?, bounded and with bounded
derivatives, we are able to prove that with respect to y the function u is twice
differentiable, and that the derivatives can be calculated in the following way:

e Foranyh € H, we have
Du(t, y).h = E[D¢(Y (¢, y).n"* ()], (20)
where 7™ is the solution of
O — By @)+ DG(Y (1, ) (1),
n™¥(0) = h.
e Foranyh, k € H,we have

D*u(t, y).(h, k) = EID*¢ (Y (t, y)).(0"* (), n** ) + Dp(Y (¢, y)).c "5 (1)1, (21)
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18 C.E. Bréhier

where 7% is the solution of

A0 — Bk () 4 DGY (1, )-8 (1) + D*G(Y (1, ). 01" (), 0 (1),
¢k (0) = 0.

In [6], the key point for obtaining the weak order 1/2 is to control the derivatives
|Du(t, y)|s and |(—B)?D*u(t, y)(— B)” |z, With B < 1/2 and y < 1/2—with the
identifications of Remark 2.1. Moreover, to obtain a long-time weak estimate we
need to prove some exponential decreasing of such quantities when time ¢ goes to
infinity. The two Propositions below are the essential results we thus need.

Proposition 5.1 There exists a constant i > 0 such that for any 0 < B < 1, for any
t>0andye H

[Du(t, y)lg < Cp <1 + ;) e—ﬁf(l + |y|2), (22)

Proposition 5.2 There exists a constant i > 0 such that for any 0 < B,y < 1/2, for
anyt>0andy e H

1 1 ~
(=B’ Du(t, y)(=B) |y =< Cp.y (1 Tt tﬂ+y>e_m(1 +yP. (23)

Remark 5.3 According to the identifications made in Remark 2.1, Proposition 5.1 is
a bound on the norm of Du(t, y) € H, with respect to the norm |.|4.

Proposition 5.2 is a bound on the linear operator (=B D?u(t, y)(—B)”, defined
such that for any h, k € H

< (=B)D*u(t,y)(—B)'h,k > = < D*u(t, y) (-B)")h), (-B)"k >
= D’u(t, y). (= B)")h, (=B)")k) ,

where in the last equality we just rewrite the identification of the second-order
derivative with a linear operator.

The singularity =7 in Eq. 23 is a consequence of the regularity properties satisfied
by G. Since in general during the proof of Theorem 1.1, we need 8 + y to be close to
1, and therefore greater than 7, only the second singularity t =7 plays a role.

The proofs require several steps. First in Lemma 5.4 below we prove estimates for
a finite horizon and general 0 < 8, y < 1/2; then in Lemma 5.6 we study the long-
time behaviour in the particular case 8 = y = 0; we finally conclude with the proofs
of Propositions 5.1 and 5.2.

First, we prove estimates of these quantities for 0 < ¢ < I—see Lemmas 4.4 and
4.5 in [6], with a difference coming from the assumptions made on the nonlinear
coefficient G:
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 19

Lemma 5.4 Forany0 < p < 1/2,0 <y < 1/2, there exist constants Cg and Cg,, such
that forany y € Hand any 0 <t <1

Cp

1B

1 1
Cpy <ﬂl + tﬂﬂ/) ’

Remark 5.5 If we take another time interval ]0, T« ] instead of ]0, 1], the constants
Cg and Cg, are a priori exponentially increasing in 7.
The estimate on Du is valid for 8 < 1, and not only for g < 1/2.

IA

[Dul(t, y)lg

|(=B)’D*u(t, y)(—=B)” | zcmy

IA

Proof Owing to Eqgs. 20 and 21, we only need to prove the following almost sure
estimates, for some constants Cg and Cg ,—which may vary from line to line below:
forany0 <t <1

Cs
Ol g1kl
C
j"Ex o) < 0 Vg Kl -y (24)
where the parameter 7 is defined in Assumption 2.5.

We use mild formulations, and the regularization properties of the semi-group
given in Proposition 2.4:

In™ (0] =

t
eBh —I—/ eIBDG(Y (s, y).n" (s)ds
0

Cs o
< Jlhl_g+C | In"Y(s)lds,
th 0
and by the Gronwall Lemma we get the result.

For the second-order derivative, we moreover use the properties of G in Assump-
tion 2.5 to get

t
01 =1 [ EIPDGI ) 50ds
0
t
+ / e IED2G(Y (s, y))- (" (5), 0" (5))ds|
0

t t
<C f |chkY (s)|ds + / Cor In™Y ()| 10" (s)|ds
0 o =90

1

t 1
h.k,y I-n—B-y
< C/o s (s)|ds + C,gyy |h|,5|k|,yt /0 (1 — s)1sb+v ds

To conclude, it remains to use the Gronwall Lemma, since for any 0 < ¢ < 1 we get
t'=1=B=v < ¢ thanks to the assumption 8 +y < 1. u]

Thanks to the dissipativity property expressed in Proposition 2.6, we can prove

the result in the case p = y = 0. We notice that the proof would be straightforward
under a strict dissipativity assumption—since then 1"¥ (¢) and %Y () would decrease
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20 C.E. Bréhier

exponentially in #; in the general case n¥(¢) and ¢%¥ (¢) are exponentially increasing
in time so that we can not work directly. Here the result comes from the estimate (15)
of Proposition 4.7.

Lemma 5.6 There exist constants C and ¢ > 0 such that for any t > 0 and any y € H

1
IDu(t, y)| < Ce™ (1 + |y and |D*u(t, y)| e < Ce™ (1+t,,)<1+|y|2). (25)

Proof The Bismut-Elworthy-Li formula states that if ® : H — R is a function of
class C? with bounded derivatives and with at most quadratic growth—i.e. there exists
M(®) > 0 such that for any y € H we have |®(y)] < M(®)(1 + |y|*)—then we can
calculate the first and the second order derivatives of (¢, y) — v(t, y) := E®(Y(t, y))
with respect to y. First, we have forany y € Handh € H

t
Du(t, y).h = 1]E [/ <"V (s), dW(s) > (Y (L, y))]
0

2

t/2
= [IE[/ < " (s), dW(s) > v(t/2, Y(t/2, y))]; (26)
0

the second equality is a consequence of the identity v(¢, y) = Ev(¢/2, Y(¢/2, y))
obtained with the Markov property, and of the first equality applied with the function
v(t/2,.).

Using the second formula of Eq. 26, we obtain a formula for the second order
derivative: forany y € Hand h, k € H,

02
D*v(t, y).(h, k) = fE [/ < Mk (s), dW(s) > v(t/2, Y(T)2, J’))]
0

/2
+3E [/ < ™ (s), dW(s) > Dv(t/2, Y(t/2)).nk*y(t/2)] .(27)
0

We then see, using Lemmas 4.1 and 5.4—with g = y = 0—that there exists C > 0
such that foranyO0 <t <1,ye H,h,ke H

IDv(t, y).hl < =, M(®)(1+[y[)|Al,

C

Vit
C

ID*v(t, y).(h, k)| < M@+ PRIk (28)

Now when ¢ > 1 the Markov property implies that u(¢, y) = Eu(t — 1, Y(1, y)), and
by Eq. 16 we have

e - Ly)—/ pdul < Ce V(1 + [y,
H

If we choose @,(y)=u(t—1,y)— fH ¢du, we have u(t,y) =Ed,(Y(1,y)) +
[y ddp, with M(®,) < Ce=“~V_ With Eq. 28 at time 1, we obtain for r > 1

|Du(t, y).h| < Ce=*“" (1 4 |y|*)|hl
|D?u(t, y).(h, k)| < Ce™“"D (1 + |yI*) |h|K|.
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Approximation of the Invariant Law of SPDEs with the Euler Scheme 21

Moreover by Lemma 5.4 we have a control when 0 < ¢ < 1, so that with a change of
constants we get the result. O

We can finally prove the Propositions 5.1 and 5.2. The key tool is the Markov
property of the process Y which yields the following formula: for any ¢ > 1

u(t, y) = Elu@t = 1, Y1(y)]. (29)

To get the exponential decreasing, we use Lemma 5.6 at time ¢ — 1 when ¢ > 1,
while |h|_g appears from 7y, , (1), and with estimates coming from Lemma 5.4.

Proof of Propositions 5.1 and 5.2 Using Eq.29 and Lemma 5.6, for any ¢ > 1 we have
|Dut, y).h| < Ce=““"DE[(1 + Y (L ))P)In" (D[] < Ce™ V(L + [y)Ih]p.,

where the last estimate comes from Lemmas 4.1 and 5.4. Combining this estimate
with the result of Lemma 5.4, which gives an estimate for ¢ < 1, we obtain Eq. 22. For
the second order derivatives, Lemma 5.4 gives an estimate for t < 1, and for r > 1 we
use Eq. 29 to see that

D?u(t, y).(h, k) = E[D*[u(t — 1, Y(1, y)].(h, k)]
=ED*u(t—1,Y(1, y).(f" (1), n* ¥ (1) +EDu(t — 1,Y (1, y)).c"*(1).

Using Lemma 5.6, we get an exponential decreasing; thanks to Lemma 4.1 and to the
estimates in the proof of Lemma 5.4 at time 1, we obtain

ID?u(t, y).(h, k)| < Ce™ D1 + y|P)|h]|_glk| .

Then Eq. 23 easily follows. O

5.3 Proof of Corollary 1.2

The first estimate is a simple consequence of Theorem 1.1, and of the exponential
convergence to equilibrium of the continuous-time process—see Eq. 16. We then get

1
IELp (Yon(z, y))] — fHasdm < C+IyP) (ml/z_x + f‘”‘”) +C(+ lyPe .

If 4”7 is an ergodic invariant probability measure of (Y, (7, .)),, then since ¢ is
bounded for p*-almost any y € H we have by the ergodic Theorem the following
convergence when M — +o0:

1 ¥ .
M;Ewm(r, Wl — /H SOILE(dy).

To conclude, it remains to choose a initial condition y in this non-empty set, and to
use Cesaro Lemma on the right-hand side of the estimate.

We notice that if u* is an invariant probability measure, not necessarily ergodic,
having a finite moment of order 3, then it is enough to integrate the inequality above
with respect to u*.
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22 C.E. Bréhier

6 Proof of the Estimates

We need to control the terms given in Eq. 19, according to the decomposition (18).
We recall that constants C must be independent from the dimension N and the final
time 7 = mr.

6.1 Estimate of u(7, x) — E[u(T — z, Y})]

The Markov property gives
w(T, y) =Elp(Y(T, y)] = Elu(T — 7, Y(z, »)].
If 0 < ¥ < 1/2, using Lemma 4.2 and Proposition 5.1 we get
lu(T, y) = Elu(T — 7, YD
< CA+ (T — ) ) MDY (x, y) = Vi 2000 A+ ).

We can write

Y(r,y) =Y =("® - R)y+ / e"IEG(Y (s, y))ds — TR, G(y)
0

—l—/ eTIBAW (s) — VTR x1.
0

We use the following properties to estimate the first line in this equality:
|(=B) "2 (e"? — Ro)|eomy < et'/*7*,
1e*B|ccuy < 1 fors >0,
|R:|zemy <1,
[(=B)~"*** | < cl.l;

therefore the first line in the last expression is almost surely bounded by C(r!/?>~* +

A+ 1yD.
For the second line, we have

r 2 T
IE'(—B)_I/HK / TIBAW ()| = E / (=B 2By ds
0 0

—-1/2 2
<tl-B7" +K|52(H)
=cT;

the last term is controlled in the same way: E|(—B)~"/>** /Tt R, x1|> < ct. Therefore
we have

lu(T, x) — E[u(T — 7, YD1 < C(1 + [yP)(1 + (T — 1) /2)e HT=Dg1/276 - (30)

We thus understand that to obtain weak order 1/2 requires to be careful in the
estimate. Here we used Lemma 4.2 instead of Lemma 5.6; otherwise looking at
E|Y(r, y) — Y, |?> would have not been sufficient. The control of the other terms must
be done in the same spirit.
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6.2 Estimate of ay,

We have
lie1 - -
a; = E/ < BY(t) — B, Y, Du(T —t,Y(t)) > dt
173
et 1 -
= E/ < (B—B)Yi, Du(T —1t,Y(t)) > dt
173
/28] - -
+IE/ < BY® =Yy, Du(T —t,Y(®) > dt
73
= a}{ + ai.

6.2.1 Estimate of aj,

We use the equality B, — B = t R, B>. We also decompose a;, using expression (9):

th+1 ~
ay! = —TE/ < R.B*R¥y, Du(T —1, Y (1)) > dt
173

/98] k=1 ~
ay? = _T]E/ < R.B’t Y REIG(Y), Du(T — 1. Y (1)) > dt
te =0

et k=1 -
ay’ = _T]E/ <R.B*1 Y Ry, Du(T — 1. Y (1) > d;
Ik =0

L bl g2y 13
thena, =a, +a,” +a;".

1. Estimate of a}{’l
The idea is to “share” B? between different factors—thanks to regularization
properties of the semi-group (R¥);cy and to Lemma 4.2—in order to increase
the order of convergence.

/28] -
lay'| <R / |R:(—=B)" > 211y | (= B)' ™ R¥| £y |y | 1| (=B) />~ Du( T—1, Y (1)) |dt
Ik

et 1 5 -
< C|y|n*1/2*2Kz,;1+K/ (14 (T = )~ 2)e MTDEN 4+ Y (0P dt,

173

thanks to Lemma 3.2 and Proposition 5.1.
By taking expectation, thanks to Lemma 4.3 we have

1.1 P = B 1 (T 2
la'| < Clyle'#7 > H/ (1+ - I/Z_K)e‘*“ (1 + |y P)dr
k=1 = e (T-9

T
Co(l+ |y|3>r“”/
0

m—1

1
dt
tl—K(T _ [)1/2—:(

1
1
—(1/2—2«) 3y 1/2=2¢
T CK(1+|}’| )T /0 Slfk(l _S)l/kadS’

IA

IA
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and we obtain

-1

3

jag'| = CA |yP)T- 1220122, (31)
1

=~
I

2. Estimate of a}{’z
First we write

et
a}?| < C1E / IR, (— B)/272% |z gy |2 (— B)
173

k—1

x 3 RGO B2 Du(T — 1, Y wplar
1=0

Using Lemma 3.2, we can prove the following useful inequality: for ¢ < 7 and
any k > 1

k

1 1
! ; (Io)* (1 + porye = (32)

Indeed,

k

TZ 1 1 - C/[k 1 1 dr
)= (A +por) =~ Jo 17 (1 4 por)*=

=1

* 1 «
< / e v log(l+hoT) gy
- 0 tl—K

| T «
< / e ds
0 s K log(l + po7)

< C,.

Since G is supposed to be bounded, the estimate (32) yields

k—1 k

[T(=B)' ™ Y " REIG(Y)| < ClGllwt Y

1=0 =1

! =
(1) (1 + o)

With Lemma 4.3 and Proposition 5.2, we can now write

/38 1 .
o= cappre [ (e e

173
and we get

-1

la,?l < CA+ [yPyr! 272, (33)
1

3

=~
I

3. Estimate of u,l('3
The analysis of this term is more complicated. We recall that since noise is
white in space, for any ¢ > 0, E|(—B) W8(#)|> < +occ if and only if y < 1/4; as
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a consequence, the strategy used above to control a}{’l can not be used directly—
otherwise we could only obtain order 1/4.

In [6], an integration by parts formula is used to deal with the lack of regularity
of the stochastic integral appearing in the definition of u,l('3. An additionnal
difficulty arises in our situation because the estimate given in Lemma 4.5 is not
uniform with respect to time. Instead, we remark that the two problems—Ilack of
regularity and bad time dependence—do not occur at the same time; therefore
a decomposition of the interval [0, #] into [0, #x — 1] and [tx — 1, tx]—for k large
enough—can help to treat the problems separately.

Let us explain more concretely the situation at the continuous time level: we
have to treat—at the finite dimensional approximation level, but with a bound
independent from dimension—an expression involving B2 [; e“5dW (s). The
idea to get rid of this expression is to use an integration by parts formula on the
whole interval. We can also see that we can do this integration by parts only on
a subinterval of size independent from #: indeed given T, > 0,if t > T, we have a
decomposition

t t*To t
/ e(t—s)BdW(s) — / e(l—S)BdW(s) + / e(t_S)BdW(S).
0 0 !

=Ty

The first term is equal to e08 fOt_T“ e=To=9BqW (s), so that thanks to regulariza-
tion properties of the semi-group (e'®)—see Proposition 2.4—multiplication by
B? is possible—in other words we do not require an integration by parts to get
a bound independent from the dimension; to treat the second term, the lack of
regularity remains but can still be treated by the integration by parts, with the
advantage of involving a smaller interval—of size T), where at the discrete time
level below we can use a uniform control of all quantities, thanks to Lemma 4.5.
Then the same idea of “sharing” B? can be used again to get order 1/2.

For the discrete-time setting, the choice of 7} is important: below, we need to
use the second estimate of Lemma 3.2 with 8 =4+ 1/2+«, with 0 <« < 1/2.
Given 19 > 0, we then choose Ty = 57.

Let us now explain develop this program for the discrete time situation: by using
Eq. 10, we make the decomposition

et k=1 o
@’ —tE/ < R Bty Ry, Du(T — 1, Y (1)) > dt
I =0

[/ 173 ~
— / < / R, B*R<5dW (s), Du(T —t, Y (0)) > dt
17 0

7 (tx—To)VO -
—E / < / R, B*R"5dW (s), Du(T — ¢, Y (1)) > dt
t 0

Tit+1 173 ~
—E / < / R, B>R"5dW (s), Du(T — 1, Y (1)) > dt.
I (tr—=To)VO
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26 C.E. Bréhier

For the first term—which is equal to 0 when # < Ty—we use the Cauchy-
Schwarz inequality and we directly get

(tx—To)VO B
IE < / R, B>R1dW (s), Du(T — 1, Y (1)) > |
0

(tx—To)VO 1/2 .
< (E|/ RZBZR’;*’SdW(s)F) (E|Du(T —t, Y(0))|H'/?
0

< C(L+ [yPHe 0,

thanks to Lemmas 5.6 and 4.3, and to the following inequality—we remark that
in the integral below #;_;, > To:

(tx—To)VO
E| / R, B*Rldw (s)?
0
(tx—To)VO Skl
:/O R, BREZ ,y ds

(tx—To)VO
_ / Tr(R2 B* R2%)ds
0

(tx—To)VO
< / |R%+(kfls) |£(H) | (_B)4+l/2+}( R‘([kfls) |L(H)dSTr((_B)7l/27K)
0

(tx—To)VO 1
<C / ds
0 1+ MOf)k_l“ titllx/z_w

(te—To)VO 1
< C/ o ds
0 (I + por)*5

+00 1
< C/ ds
o (14 pen)"

<C,

when 7 < 1y, where we have used the two inequalities of Lemma 3.2. Indeed,
T <7tpand ty_, > Ty imply k — I, > Zg =5>4+1/2+4«.Then

Tt 1 (tx—To)VO ~
TE / < / R, B>R"1dW (s), Du(T —t, Y (1)) > dt
7 0

/28] -
< C/ e MT=Ddr(1 + |yH)r.
173

For the second term, we use the integration by parts formula of Lemma 4.4 to
get

Tit+1 173 ~
tE / < / R, B>R*"dW (s), Du(T —t, Y (1)) > dt
175 (tx—To)VO

738} 173 - ~
— <E / / Tr (R’;—’s B*R,D*u(T — 1, Y(t))DSY(t)> dsdt.
I (tr—=To)VO
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Ifthe H,(tx — Top) VO <s <ty <t < tyy1, with Eq. 13 we see that
t
DY () = D'y, +f (B. DY) + R, G(Y)D"Y})dxr
173
+ R D} (W (1) — W)
=D"Yy + (t — t)(B. DYy + R, G(Y)D'Yy).
Therefore, since |t B |z < C
DY (1)|p < c|DEYilp,
and taking supremum over /4 with |#] < 1 we get
|(=B)’ DY (1)l ey < cl(=B) Dy Yil - (34)

The last quantity is estimated thanks to Lemma 4.5:

DYl < C(1+ Lot) 5 [ 1+ |h|.
’ (1 + por) =Pk,

When 7 <19 and (tx — To) VO <s <t <t < ts1, we see that (1 4+ LgT)F b is
bounded by a constant.
We can then control the second term of a;* with

et 173
(E / / |Re (= B)">*| 21| (— BY ™5 R | Tr((— B) ™25
tx (tx—To)VO

x [(=B)'*PD*u(T — £, Y () (= B)"* ™| ()| (— BY Dy Y ()| £y dsdt

/28] Ik « 1
_ —143%
< CTI/Z 2/(/ / tk—/ - (k—1)3%
t  Ju-tovo T (L4 pT) T

1
—K
X <1 + 65, (14 pL()‘C)(k_lA)(I_K)> ds

1 1 ;
g <1 T - t)l—fc> eI+ Iy,

using Proposition 5.2 and Lemmas 4.5 and 3.2.
On the one hand, we have

b C1pa 1 o 1
/ tk—1/+32 k13~ds§/ 1-3% 3045 = € < +o0,
G=Tovo (1 + por) k32 0 ST (14 per)®¥T

for v < 1, thanks to Eq. 32.
On the other hand,

m=1 g 1 1 (Tt
1+ + )e‘” “dt
kz;:/zk ( (T—om  (T—n'*

+o00 1 1 -
< / <1 + o+ )e*“’dt < +o0.
0 I tl*l(
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Therefore

-1

la,®| < C(1 4 |y|P)T!/22. (35)
1

3

~
Il

6.2.2 Estimate of a3,

We decompose a; using the definition of Y—see Eq. 13:

Tkl ~
ay' = E/ (t—t) < BB Yy, Du(T — 1, Y (1)) > dt
173
Tkl ~
a’ = E/ (t—1t) < BR,G(Yy), Du(T —t,Y(t)) > dt
173

/28] t -
a’ =E / < / BR.dW(s), Du(T — 1, Y (1)) > dt;
172 Ik

2 21 2.2 2.3
thena, = a; +ay” +a;”.

1.

. 2,1
Estimate of a;,

Since BB; = R, B?, ai’l is bounded by the same expression as “/lé by Egs. 31, 33,
35 we have

1

|a2’1| < C(1+ |yP)(1 4 T-1/2-20) 122 36
k
1

3

~
Il

Estimate of ai’z
We have

2,2
|ak |

IA

/98] ~
rE/ |(=B)' "™ Re | £ |G(YOI (= B) >~ Du(T — 1, Y (1)) |dt
173

(Lo / T T gt
o0 " (T_t)l/Z—K .

We then have

IA

-1
lap?| < Ct'/2*, (37)
1

3

~
Il

Estimate of ai’3
We again use the integration by parts formula (14) to rewrite ai’3:

th+1 t ~
”12{3 = IE/ < / BR.dAW(s), Du(T —t, Y (1)) > dt
173 173

lie+1 t . -
—E / / Tr(R, BD*u(T — t, Y (£))D, Y (¢t))dsdt.
17 17

From Eq. 13, for tx <s <t < ;4 we have fo’(t) = R.h; as a consequence, we
do not need to use the same trick as in the control of u,l('3.
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Then we have

/98] ~
;| < ]E/ (t — ) Tr(R, BD*u(T — t, Y(t)) R, )dt
173

/98]
< cr/ |Re (—B)' > £y Tr((— B) )| (= B R (m)

Ik

x |(=B) > PD*u(T —t, Y(0))(— B)'>~?| .yt

et 1 1 .
< 1 2 1/2—3/(/2/ 1 _M(T_t)dt.
_C( +|y| )T " + (T—t)" + (T_t)lfk €

Therefore

—1
lap?| < C(+ |y /232, (38)
1

3

~
Il

With the previous estimates on a' and a?, we get

-1
lag] < C(1+ |yP)(1 4 T~1/2720)g1/22c (39)
1

3

=~
I

6.3 Estimate of b

We have

by = ]E/ttk“ < G(Y(t) — R.G(Yy), Du(T — 1, Y(t)) > dt
- E/ttk“ <(U=R)GY),Du(T —1,Y (1)) > dt
+E/t[k+l < GY®) = G(Yr), Du(T —t, Y (1)) > dt
=b, + li,{.

6.3.1 Estimate of b}

This term is easy to treat: we have

/98] ~
byl < ]E/ |(=B)""*"(I = R)| | GYO (=B > *Du(T — 1, Y (1)) |dt
173

/98] 1 -
<ca 2 1/2*/(/ 1 ~A(T=0 gy
= CA+yDI)r ; + (T — 12—+ ) €

where we have used Proposition 5.1, and the following inequality for 0 < g < 1:

|(=B) (I = Ro)l ey < Cpr?. (40)
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Then we see that
m—1
bl < C+yhH > (41)
k=1

6.3.2 Estimate of b3

To estimate [b7|, we write the scalar product in coordinates with respect to the
orthonormal basis ( f;), and then we expand the terms thanks to the Itd formula.
If we note G; =< G, f; > and 9; =< D., f; >, we have

< GY®) - GYR), DT — 1, Y(0) >= Y (Gi(Y (1)) — Gi(Yi)ou(T — 1, Y (1)).

The above sum is finite, because we work with finite dimensional approximations.
1t6 formula gives for #y <t < 341

GV @)~ Gi(¥io = / Tr(R, R*D>Gy(Y(s)))ds

Ik

t
+/ < B, Yy, DG:(Y(s)) > ds

Ik

t
+/ < R.G(Yy), DG(Y(s)) > ds

Ik

t
n / < DGi(¥(5)), RdW(s) > .

173
We naturally define b,zc'j ,for j e {1,2, 3,4}, and we now control each term.

1. Estimate of b i‘l
By definition, we have

/98] t - ~
by :/ ' E;/ ZTr(RTR’;DZG,-(Y(S)))dsa,-u(T—t, Y (1))dt.
173 173

i

Using the orthonormal basis ( fx)x given by Assumption 2.2, and recalling that
the sums are finite, we can calculate:

> Tr(R. RiD*Gi(Y () du(T — 1, Y (1))

L

=Y Tr(D*Gi(Y(5)) R R})ou(T — 1, Y (1))
- 1 -
- Z‘ ; < D*Gi(Y (5)) (A 4 oy fis fi > du(T — 1, Y (0))

—_— 1 2 . V . . . — %
= ZZJ; L Gi(Y(8).(fj, (T —1, Y (0)).
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Using the Cauchy-Schwarz inequality (where jis fixed), we get

'21)2 Gi(Y(s).(fj, [T — 1, Y ()

_ (102G P\ (= .
<(X 2 S uMou(T -t Yo)lP) .

i Hi i

The second factor of this expression is |(—B)"Du(T —t, f’(t))l . we control it
thanks to Proposition 5.1. The first factor is controlled thanks to Assumption 2.5:

(Z ID>G(Y(9).(fjr f)I?

1/2
, 2 ) = (=B)"D* G (5)-(f;, f

< Clfilulfila < C,

since ( f;);is an orthonormal system.
Therefore

Gi(Y())du(T —t, Y (1))

2 1 —i(T—1)
SC(HM)(I (T - )” Z(1+Mﬂ)2

1 e (M '1)1/24*1( 1
2 AT —1) —1/2-x j
= C(1+1yl ><1 + (T_t),,)e v ; 1+ w2 1

1 _
< C(+ |y (l + (7 — t)n) o~ A(T—=0) L —1/2—k

Then
/28] 1 N
by'l < C+ ]| |2)r1/2*”/ <1+ )e*“(T*’)dt,
k Y A (T -1y

and

m—1

by'l < €A+ |yPe' . (42)
k=1

2. Estimate of b i‘z
Thanks to Egs. 9 and 10, we have

biZ_E/ /Z<B Rfy+B, tZRk 'G(Y)), DG(Y (5)) > du(T—t, Y ())dsdt
1=0

/28] 3 ~ ~
+E / / Z < B, / RNl dW (r), DGi(Y (5)) > diu(T — t, Y (¢))dsdt
7 72 0

1221 2,2,2
= b2 4 p222,
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(i) For the first term, recalling that B, = BR, and that G is bounded, we have

/28] t ~ =
6221 = ']E/ / < DG(Y (s)). (BT Rfy+ Bty R’E’G(YD) »
173 179

1=0

Du(T —t, Y1) > dsdt

/28] t
< IE/ / (= BY* Re | (1(— B) ™ Rty
173 173

k—1

+1Y (=B R ) |GV
=0

x |Du(T —t, Y(t))|dsdt

Ikt1 .
< Crl_"/ (1 +1yPe T dr

Ik

=1 1
—14«
t

X (k NEXDD =0 (1 4+ Mor)(kl);(>

1=0 “k—I

1 /98] .
E Ctl_K(l + |y|3) . + l / e_ﬂ(T—f)dt,
173

1
L

if T < rp—see Eq. 32.
Therefore

3

-1 m—1 l tk+l B
Btz cd i n Y (Lot) [ e ar
k 2

1 k=1

~
Il

T
1 -
<Ct'™f(1+ |y|3)/ (rw + 1) e M0y
0

< Ct"*U1 +yP /T ! ¢ dt+1
— y 0 tl—K (T _ t)l/Z—K

b
< Ct' (1 + 1y (T*“/HK)/ N dt+l)
0

sl—« (1 _ S)l/ka

< Ct'7 A + |y (T~ V20 ).
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(i) For the second term, we again use an integration by parts, after a decom-
position of the time interval—as in the estimates for a}f. We introduce the
same parameter Ty = 5t¢. First,

et t 3
b;*? =E / / > <B / REHAW (),
172 Ik i 0

DGi(Y(s) > au(T — t, Y (t))dsdt

et t (tx—Tp)VO
=E / / > <B / R<raw ),
172 Ik i 0

DGi(Y () > au(T —t, Y (t))dsdt

et t Ik ot
+E/ /Z<BT/ R £,
174 e ; (te—To)VO

i, j,m
fi > dBn(r)d;Gi(Y (s))duu(T — t, Y (t))dsdt

L2221 2,2,2,2
= p22T g 2222

For b;>*', we can work directly and see that

yoa1 leyr pt (tx—To)VO
b>*!| < |E/ / o< B,/O R AW (r),
172 17 i

DGi(Y(s)) > du(T —t, Y(t))dsdt|

tet1 pt " (tx—To)VO
5/ / E| <DG(Y(s)).BT/ RNl dw (r),
7 0

Ik

Du(T —t, Y(t)) > |dsdt

172

tir1 pt (tx—To)VO B
5/ /<E|Bf/ R’;”’dW(r)F) (E|Du(T—1t, Y (1) > 1) *dsdt
7 7 0

/28] N
<t / T (1 4y,

173
thanks to Lemmas 4.3, 5.6 and to the following estimate for 7 < 7

(tx—To)VO

(tx—To)VO
E|B, / Rl dw (r)? < E|B*R, / R awn)? < C,
0 0

thanks to the estimate proved to control u,l('3.
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34 C.E. Bréhier

For bi’z’z’z, we can write thanks to the Malliavin integration by parts (14) and
with the chain rule

et 1 -
b**? =E / / f R ) £ > dBm(r)9;Gi(Y (s))
Ik (tx—To)VO

i, jm

x(T —t, Y(t))dsdt

th+1 ~
/ / / < B RSV £, > 02,Gi(Y(s)
(tx—Tp)VO -

zjmn

< D"Y(s), fu > du(T — t, Y (t))drdsdt

/28] -
+E/ / / < B:RET f, fi > 0;Gi(Y (5))37,u
(tx—To)VO ;

l]mn

x(T—1, Y1) < D;”Y(t), fn > drdsdt
lie+1 [ - -
B[ [ [ Y DGTENBRE f D V(s
173 tx J(tx—To)v0 im
x(T — t, Y (t))drdsdt

/28] 7 )
T / / / Z < Bi(s, ) B R £, DY (1) > drdsdt
Lk (tx—To)VO

et 1
/ / / (D Y(5)* D*Gi(V(s)) B, R~ ’») ,
(te— T())\/O
x(T —t, Y(t))drdsdt
/28]
+E/ / / (D Y (1) Bi(s. t) B R~ 1')drdsdt
(tk— TQ)VO

where we define a linear operator on H by

+00
< Bi(s,)h, k > = < DG(Y(s)), h>282 w(T -1, Y1) <k, fn >

n=0

= < DGi(Y(s)),h >< D*u(T —t,Y(0)). fi. k > .

We have Y, < Bi(s, Oh, k >= D*u(T — t, Y (£)).(DG(Y (5)).h, k), and

IZ Bi(s, 0| ccmy <| DGY )| can|D*u(T — 1, Y ()| £y
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so we can write, for (ty — To) VO <r <t

ST (DY 0 Bits. 0B RE)

<D, YOl |(=B)! =R £y

> Bis.1)

1

L(H)
X | R (—=B)/*2| £ Tr((— B) /2712

< Cp—1/2-2 —143k/2 1

t —(T—t)
k—I, (1 + Mor)(kfl,)3k/2 ?

using Proposition 5.2, Lemma 4.5—since (1 + Lg7)¥™* < C—Lemma 3.2 and
estimate (34).

The other term is a little more complicated, because we are not able to control
DZG(}N’(S)) in H. We proceed as in the estimate of bi'l, and we directly calculate
the trace.

'Z Tr ((D,l?(s))*DZG,-(l?(s))BZR’;*’r) du(T —t, Y (1))

<D, YY) cm

> Tr (D*Gi¥ () B R ) (T — 1, ¥ (1)

ID>*Gi(Y (s)).(f}, [ Wi

<|D,Y
<IDYS)can Y W (1 + o)tk

ij

< IDY ) 2l (=B)'Du(T = 1, Y(O)|u Y_ (=B "D*G(Y(5)).(f}. £
j

1 10u(T =1, Y (1))

X MI
(14 /,Lj‘f)1+k_l’ ?

thanks to the Cauchy-Schwarz inequality.
By using the same analysis as in the estimation of bi'l, we see that the above
expression is bounded by

Hj

CID,Y (5)| can|(—B)'Du(T — £, Y ()i Y (4 payiht’
]

i

but the last sum is equal to Tr(B, R’T‘*"‘), so that we see that indeed the two
expressions in b}z{.z.z are bounded by the same expression.
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Therefore
22,22
[y =™

=T

/58] t 173 143/
< ]E/ / / CT_1/2_2Kt1:7;— i/ k32
u Ju Ja—1o)vo T (1A por) k3

1 2
X <1 + (T - t)’l) (1 4 |y|*)drdsdt

/98] 1 . 1
< Ca 2 1/2—2K/ 1 —;/.(T—t)dl/ [—1+3K/2 d
=Ca+yHr ) tr_g)e R AL

/28] 1 .
(I+1y1") 5 (T — 1y

as already proved—see Eq. 32.
Now gathering estimates for bi'z'z'l and b,2('2'2'2, we obtain

—1
Ib7*? < CA + |y, (43)
1

5

~
I

3. Estimate of b;® We have
tepr pt - -
b2 = E/ / Y < R.G(Y)), DGi(Y(s)) > duu(T — 1, Y (1)) dsd
173 173 i
ter pt - -
= E/ / < Du(T — 1, Y(), DG(Y(5)).(R. G(Yy)) > dsdt.

Using that G and DG are bounded, we easily see that
lit1 .
b= cast iy [ et
173
and that
-1

b7 < CA + yP)r. (44)
1

S

~
Il
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4. Estimate of b i’4
We use the integration by parts formula of Lemma 4.4 to get

/28] t - -
b4 = Y < DGi(Y(5)). RedW(s) > du(T — 1, Y (1))dl
k 172 17 i
/28] t - - -
= IE/ / Tr ((DSY(I))*DZu(T —1 Y(t))DG(Y(s))RT) dsdt
173 173

—F / / Tr (RZDQu(T —1 f’(t))DG(f/(s))Rr) dsdt,

using the identity Dﬁ' Y@ = R,hwhent <s<t< tx11, as in the estimate of ai’3 .

Now
24 /28] t -
624 <E f f (Re(—B)' 2| 2 DGV () i | Rel
172 Ik
X|D*u(T —t, Y(0))| £y Tr((— B) ™2~ dsdt
ca 2\.1/2 flnt 1 1 a(T-n g4
< K —rE=Ddg,
scarpmer [T e
k
and
m—1
byt < CA+|yPrl/r~. (45)
k=1

6.3.3 Estimate of b conclusion

With Eqgs. 41, 42, 43, 44 and 45, we get

m—1
|bi| < Ct'/72¢. (46)
k=1
6.4 Estimate of ¢
We have, using the symmetry of R,
1 1 . L 1 .
21— ZRTRZ =R —R)" + 2(1— R)(I - R.)",

and

738} ~
Ik

/28] -
;E/ Tr((I — R,)(I — R,)*D*u(T —t, Y (1)))dt
173

/28] ~
+]E/ Tr(R,(I — R)*D*uw(T —t, Y()))dt
173
= c}< + c,zc.
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6.4.1 Estimate of c}
We have, using inequality (40)
1 liev1
|C/Ic| < Q,E/ Tr((—B)—1/2+K(I _ RZ)Z(_B)—I/Q-H()
73
x|(=B)' P D*u(T — 1, Y (0) (= B) > | canydt

et
<Cd+ |Y|2)/ |(=B)""*7*(U = R) | canl = Rel ey Tr((=B)™'27)
173

1 1 .
1 *M(T*t)d[
8 ( Ty T <T—t>H)e

et 1 1 -
< C(1 2 1/2*3)(‘/ 1 7u(T7t)dt'
= CAd+ e " +(T—t)n+(T—t)17K ¢

Then

m—1
el < CU+ [y /27, (47)

k=1
6.4.2 Estimate of c;

We have, using inequality (40)
k1

ekl < E/ Tr((—B)""**R.(I = R.)(—=B)™"/*™)
173

X |(=B)">D*u(T —t, Y (t))(— B)' > ™| £y dt

/28]
< CU+1yP) f (=B = R (= BY* | e Tr(— B)27%)
73

1 1 .
1 —A(T=1) gy
x < +(T—r>ﬂ+<T—t>H)e

Tkl 1 1 -
<ca 2 1/273;(/ 1 —a(T=1) 4.
= ( +|)’| )T " +(T—[)77+(T—t)171( €
Then
m—1
lcp| < C(1+ |y|)T!/23, (48)
k=1

6.4.3 Estimate of cy: conclusion

With Eq. 47 and 48, we get

3
L

lek] < CA + [y|HT!/2, (49)
1

~
I
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6.5 Conclusion

We put together estimates (39), (46), (49) and (30); then passing to the limit with
respect to dimension, we get the result.
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