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Abstract Analytic capacity is associated with the Cauchy kernel 1/z and the
L*>-norm. For n € N, one has likewise capacities related to the kernels K;(x) =
" 1x? 1 < i <2, x = (x5, x2) € R% The main result of this paper states that the
capacities associated with the vectorial kernel (K, K,) are comparable to analytic
capacity.
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914 V. Chousionis et al.

The analytic capacity of a compact subset E of the plane is defined by
v (E) = sup| f'(c0)|

where the supremum is taken over those analytic functions in C\ E such that
[f(z)] < 1forall zeC\ E and f'(c0) = lim,_, z2(f(z) — f(c0)). Sets of zero an-
alytic capacity are exactly the removable sets for bounded analytic functions, as
shown by Ahlfors, and thus y (E) quantifies the non-removability of E. Early work
on analytic capacity used basically one complex variable methods (see, e.g., [1, 10]
and [33]). Analytic capacity may be written as

y(E) = sup (T, 1)|, 1)

where the supremum is taken over all complex distributions 7" supported on E whose
Cauchy potential f = 1/z * T is in the closed unit ball of L>°(C). Expression 1 shows
that analytic capacity is formally an analogue of classical logarithmic capacity, in
which the logarithmic kernel has been replaced by the complex kernel 1/z. This
suggests that real variables techniques could help in studying analytic capacity, in
spite of the fact that the Cauchy kernel is complex. In fact, significant progress in the
understanding of analytic capacity was achieved when real variables methods were
systematically used ([3, 6, 16, 17, 27] and [30]), in particular the Calderén-Zygmund
theory of the Cauchy singular integral.

Recall that for a Borel set E with finite length, 0 < H!(E) < oo, David and Léger
(see [13]) proved that the L?(H'| E)—boundedness of the singular integral associated
with the Cauchy kernel (or even with one of its coordinate parts x;/|x|?, x2/|x|?, x =
(x1, X2) € R?)implies that E is rectifiable. We recall that a set in R? is rectifiable if it is
contained, up to an H'-negligible set, in a countable union of 1-dimensional Lipschitz
graphs. In [4] we extended this result to any kernel of the form x}"~'/|x|*", i = 1,2,
n € N, providing the first non-trivial examples of operators not directly related to the
Cauchy transform whose L?—boundedness implies rectifiability.

In this paper we introduce capacities associated with these kernels. For n > 1,
write x = (x1, x,) € R? and consider the kernels

Ki(x) = x3"""/|x" and Kp(x) = x3""" /|x]". ()
For compact sets E C R?, we define
v (E) =sup (T, 1),

the supremum taken over those real distributions 7" supported on E such that for
i = 1,2, the potentials K; * T are in the unit ball of L>®(R?).

We will show that the above defined capacity is comparable to analytic capacity,
that is,

Theorem 1 There exists some positive constant C such that for all compact sets
E cR?,

C'yu(E) < y(E) < Cy,(E).

The main motivation to study these capacities is getting a better understanding of
the relation between the operators whose L?—boundedness implies rectifiability and
the comparability of analytic capacity and the capacities related to the kernels of such
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Capacities Associated with Calderén-Zygmund Kernels 915

operators. It is worth to mention that if one considers the kernel k(x,, x;) = x1x§ /1%,
then the comparability result between analytic capacity and the capacity related to
the kernel k£ does not hold. See Section 1.1 for more details.

For our second main result, we turn to the higher dimensional setting. Motivated
by the paper [15], we set n = 1 and consider capacities in R¢, associated with the
kernels x;/|x|>, 1 <i < d.

For a compact E c R set

['(E) = sup {[(T’ )]},

where the supremum is taken over those real distributions 7" supported on E such

that the vector field % x T is in the unit ball of L (R4, R?). Notice that, for d = 2,
X

due to [27], ['(E) is comparable to the analytic capacity y (E) . Finally, for 1 < k < d,
set

Xi
— %
|x|2

[ (E) = sup {|(T, ] :

TH 51,1§i§d,i7&k}. 3)

o0
Thus we require the boundedness of d — 1 components of the vector valued poten-
tial x/|x|?> * T with Riesz kernel of homogeneity —1.

In the plane, an easy complex argument (see [15]) shows that

Y(E)~Ti(E), k=1,2. (4)

However in higher dimensions, this is an open question and indeed very little is
known about these capacities I';. The reason why I'; is difficult to understand in
higher dimensions is that boundedness of d — 1 potentials does not provide any linear
growth condition on the distribution 7. Concretely, it is not true that boundedness
of x;/|x|*> * T, 1 <i < d — 1, implies that for each cube Q one has

KT, 9o} = CI(Q), ®)

for each test function ¢ € C3°(Q) satisfying [l¢olls < 1 and |Veglle < 1(Q)7!. See
Section 5 of [15] for some examples of such phenomenon. Here /(Q) stands for the
side length of Q.

In [15] it was shown that the capacities T';(E) are finite. Moreover, the following
higher dimensional version of Eq. 4 was also shown: for d > 3,

M(E)~Ty(E), 1<k<d, 6)

assuming an extra growth condition on the definition of the capacities I';(E).
Naturally, the following open question appeared: is it true that Eq. 6 holds without
any growth condition on the definition of I';(E)?

Our next result deals with this question and answers it in the affirmative sense,
replacing the capacity I';, 1 < k < d, by the capacity I'; |, which is a version of I'; in
the sense that one replaces the real distributions in Eq. 3 by positive measures. It is
defined as follows, given a compact set E C R¢,

F,;,+(E) =sup u(E),

the supremum taken over those positive measures i supported on E such that the
potentials 1 * x;/|x|?, 1 <i < d,i # k, are in the unit ball of L>®°(R9).
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916 V. Chousionis et al.

Theorem 2 There exists some positive constant C such that for all compact sets
ECR?

C'T ,(E) <T(E) < CT; _(E).

The paper is organized as follows, Section 1.1 contains some examples of ca-
pacities that are not comparable to analytic capacity. In Section 1.2 we present a
sketch of the proof of Theorem 1. It becomes clear that the proof depends on two
facts: the close relationship between the quantities one obtains after symmetrization
of the kernels 1/z and xiz”_l/ |x[*", i = 1,2, and a localization L> estimate for the
scalar kernels xiz”_1 /|x|*". In Section 2 we deal with the symmetrization issue and in
Section 3 with the localization estimate. In Section 4 we show an exterior regularity
property of y, needed for the proof of Theorem 1. In Section 5 we prove Theorem 2.
Finally, in Section 6 we present various additional results.

1 Preliminaries
1.1 Some Capacities that are Not Comparable to Analytic Capacity

Let K be some Calderén-Zygmund kernel of homogeneity —1 and consider its
associated capacity yx which is defined as follows: for a compact set E C R?,

vk (E) = sup{|{T, 1)},

the supremum taken over all distributions supported on the set £ and such that K « T
is an L*°— function with ||K % T||» < 1.

As we already stated in the Introduction, we are interested in characterizing
which are the homogeneous Calderén-Zygmund kernels whose related capacity
is comparable to the analytic capacity y. We are as well interested in the open
problem of fully characterizing the homogeneous Calderén-Zygmund operators
whose boundedness in L2(H!|E) implies the rectifiability of E (see [13, 17] and
[4]). We think that both characterizations are deep problems in the area as even
the candidate classe of “reasonable” kernels for the problems is far from clear.
The relation between the two problems is illustrated in the Proposition 3 below.
As a consequence, Corollary 5 shows that for some Calderén-Zygmund kernels, the
capacities related to them are not comparable to analytic capacity.

Proposition 3 Let E C R? be a compact set with H'(E) < co. Let K be some
Calderon-Zygmund kernel of homogeneity —1 and Sk its associated Calderon-
Zygmund operator. If yx(E) ~ y(E) and Sk : L*(H'|E) — L*(H'|E), then E is not
purely unrectifiable.

Proof Let F C E be such that H'(F) > 0 and H{'|F has linear growth. Set i = H'| F.
From the L?(u)—boundedness of Sk, we get that each Sk is of weak type (1, 1)
with respect to w. This follows from the standard Calderén-Zygmund theory if
the measure is doubling and by an argument from [22] in the general case. By a
standard dualization process (see [7], [5, Theorem 23], [31] and [18]) we get that for
each compact set G C F with 0 < u(G) < oo, there exists a function & supported
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Capacities Associated with Calderén-Zygmund Kernels 917

on G, 0 <h <1, such that / hdp > Cu(G) and [|Sx(hdi)|leo = | K * hdit] oo < 1.

G
Therefore yx(E) > 0 and y(E) > 0 as well. Then by [6], E is not purely unrectifiable
(recall that a set E is purely unrectifiable if the intersection of E with any curve of
finite length has zero 1-dimensional Hausdorff measure). O

From Proposition 3 we obtain the following corollary:

Corollary 4 Let K be some Calderon-Zygmund kernel of homogeneity —1 and Sk its
associated Calderén-Zygmund operator. Suppose yx ~ y. If E C R? is a compact set
with H'(E) < oo and Sk is bounded in L*(H'|E), then E is rectifiable.

Proof If E were not rectifiable, then taking a purely unrectifiable compact subset
F c E with H'(F) > 0 and using that, by Proposition 3, yx (F) &~ y (F), we would get
that F is not purely unrectifiable, a contradiction. O

xlx%

T
x = (x1, X2) € R?, whose corresponding singular integrals are .>-bounded on purely
unrectifiable sets. We consider now the capacity related to this kernel H, namely y.

As a consequence of Proposition 3 we obtain the following corollary

In [12], it is shown that there exist homogeneous kernels, such as H(xy, x,) =

Corollary 5 There exists some compact set E C R? with y (E) = 0 and yg(E) > 0.

It is worth saying that Huovinen’s method does not work for the kernels we are
considering in Eq. 2, namely his construction does not give a purely unrectifiable set
when changing the kernel H by the kernels in Eq. 2.

1.2 Sketch of the Proof of Theorem 1

In this section we will sketch the proof of the two inequalities appearing in the
statement of Theorem 1. The first one is the following, for a compact set E C R?,

Y(E) < Cy(E). (7

For the proof of this inequality we need to introduce the Cauchy transform with
respect to an underlying positive Radon measure w satisfying the linear growth
condition

w(B(x,r) <Cr, xeR? r>0. (8)
Given € > 0 we define the truncated Cauchy transform at level € as

f (i")z du(w), zeR, ©)

C(fm)(2) =/

|lw—z|>€

for f € L*(u). For a finite measure p, the growth condition on 1 insures that each
C. is a bounded operator on L*(p) with operator norm || C || 12, possibly depending
on €. We say that the Cauchy transform is bounded on L?(u) when the truncated
Cauchy transforms are uniformly bounded on L?(u). Call L(E) the set of positive
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918 V. Chousionis et al.

Radon measures supported on E which satisfy Eq. 8 with C =1 . One defines the
capacities y,p(E) and y, (E) by

Yop(E) = sup{u(E) : p € L(E) and [|Cll2) = 1},

1
V4+(E) = sup{u(E) : p € L(E) and ”E * hfloo = 1}

Clearly y, (E) < y(E). The deep resultin [27] asserts that in fact y, (E) is comparable
to the anality capacity of E. In [26], it was proved that the capacitiy y;(E) is
comparable to y,,(E), that is, for some positive constant C one has

C™' Yop(E) < y1(E) < Cyop(E), (10)

for each compact set E C R%. We remind the reader that the first inequality in Eq. 10
depends on a simple but ingenious duality argument due to Davie and @ksendal
(see [7, p- 139], [5, Theorem 23, p. 107] and [32, Lemma 4.2]).

From the first inequality in Eq. 10 we get that for some constant C and all compact
sets E,

Yop(E) < Cy(E).

To prove Eq. 7 we will estimate y,,(E) by a constant times y,,(£). The natural way
to perform that is to introduce the capacity y, o, (E) and check the validity of the two
estimates

Ya(E) < Cypop(E) (11)

and

Ynop(E) < Cyop(E). (12)

To define y,, op, first we introduce the truncated transform S, ; (f 1) (x) associated
with the vectorial kernel K = (K, K,) with K;(x) = xf"_1/|x|2", i=1,2,asin Eq. 9,
but with the Cauchy kernel replaced by the vector valued kernel K just defined. We
also set

“Sn”Lz(u) = sup ||Sn,8||L2(;L)a

e>0

and
yn,op(E) = SUP{M(E) THE L(E) and ”Sn”Lz(p_) < 1}

One proves Eq. 12 by checking that the symmetrization of the Cauchy kernel is
controlled by the symmetrization of kernel K (see Lemma 6 and Corollary 9). In fact,
we prove in Corollary 8 that for a positive measure u having linear growth, the L? (1)
boundedness of the Cauchy transform is equivalent to the L?(x) boundedness of the
operators S,,. Therefore, the capacities y,, op (E) and y,,(E) are comparable. Here the
fact that we are dealing with kernels of homogeneity —1 plays a key role, because, as
it is shown by Farag in [9], they enjoy a special positivity property which is missing in
general. See Section 2 for complete details.

The proof of Eq. 11 depends on Tolsa’s proof of y(E) < Cy,p(E). One of the
technical points that we need to prove in our setting is a localization result for the
potentials we deal with in this case, namely for the potentials associated with the
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kernels K;, i = 1, 2. Specifically, in Section 3 we prove that there exists a positive
constant C such that, for each compactly supported distribution 7 and for each
2n—1

coordinate i, we have
X
T <C (‘ L T
o0

|x|2”

2n—1
i

|x|2” *%o

+ G(T)) (13)

o0

for each square Q and each g € C°(Q) satisfying [l¢gllec <1 and ||[Vplle <
[(Q)~'. Here G(T) is some constant related to the linear growth of T (see Section 3
for a definition).

Once Eq. 13 is at our disposition, we claim that inequality (Eq. 11) can be proved
by adapting the scheme of the proof of Theorems 1.1 in [27] and 7.1 in [28]. As
Lemma 16 shows, the capacities y,, n € N, enjoy the exterior regularity property.
This is also true for the capacities y,, +, defined by

2n—1

|)]C|2" L
just by the weak » compactness of the set of positive measures with total variation not
exceeding 1. Therefore we can approximate a general compact set E by sets which
are finite unions of squares of the same side length in such a way that the capacities y,
and y, ; of the approximating sets are as close as we wish to those of E. Asin Eq. 10,
one has, using the Davie-@ksendal Lemma for several operators [18, Lemma 4.2],

C™' Yuop(E) < Yn+(E) < Cynop(E).

Thus we can assume, without loss of generality, that E is a finite union of squares
of the same size. This will allow to implement an induction argument on the size of
certain rectangles. The first step involves rectangles of diameter comparable to the
side length of the squares whose union is E.

The starting point of the general inductive step in [27] and [28] consists in the
construction of a positive Radon measure u supported on a compact set F which
approximates E in an appropriate sense. The set F is defined as the union of a special
family of squares {Q;}Y, that cover the set E and approximate E at an appropriate
intermediate scale. One then sets

Yn+(E) = sup {M(E) : ‘

flvjzlaz}»

The construction of the approximating set F implies that y,, (F) < Cy, +(E). This
part of the proof extends without any obstruction to our case because of the positivity
properties of the symmetrization of our kernels (see Section 2). To construct the
measure u, observe that the definition of y,(E) gives us a real distribution Sy
supported on E such that

(1) v (E) < 2[(So, DI.

2n—1
@ |

7|_x|2” % S()

<1, l<j=<2.

[o¢]
Consider now functions ¢; € C°2Q), 0 < ¢ <1, [lgillo <1 and [[Vg;lle <

1(Q)~" and Zfi] ¢; = 1L on | J; Q;. We define now simultaneously the measure p and
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an auxiliary measure v, which should be viewed as a model for S, adapted to the
family of squares {Q;}Y,. For each square Q; take a concentric segment ¥; of length
a small fixed fraction of y,,(E N2Q;) and set

N
(So, @i)
_ 1 L ]
H= Z: H\Ei and Z HI(E)
We have dv = bdu, with b = ;_gff’(;?) on %;. At this point we need to show that our

function b is bounded, to apply laterla suitable 7'(b) Theorem. To estimate ||b ||, We
use the localization inequalities (Eq. 13). Thus, [(Sy, ;)| < Cy,20; N E), for 1 <
i < N.Itis now easy to see that y,(E) < C u(F):

N

> (S0 i)

i=1

N
<CY QN E)=Cu(p).

i=1

Yu(E) <2|(So, 1)] =2

Notice that the construction of F and p gives readily that y,,(E) < C u(F), and
Yn.+(F) < Cy, 4+ (E), which tells us that F is not too small but also not too big.
However, one cannot expect the operator S, to be bounded on L?(u). One has to
carefully look for a compact subset G of F such that u(F) < C u(G), the restriction
uc of 1 to G has linear growth and S, is bounded on L?(ug) with dimensional
constants. This completes the proof because then

(E) < Cp(F) < Cu(G) < Cynop(G) < Cypop(F)

S Cyn+(F) = Cyni(E) = Cnop(E).

We do not insist in summarizing the intricate details, which can be found in [27] and
[28], of the definition of the set G and of the application of the 7'(b) Theorem of [23].
The second inequality in Theorem 1 is

y(E) < Cyu(E). (14)
Since by [27], ¥ (E) = yo,(E), and as we mentioned above we have

Vop(E) =< Cyn,op(E), (15)

we get that y (E) < Cyop(E) < Cyyop(E). The duality arguments used to prove the
first inequality in Eq. 10 can also be used in our setting, therefore y, o,(E) <
Cyu.+(E) holds. Finally, by definition, y, 4+ (E) < y,(E). This shows how Eq. 14 in
Theorem 1 can be proved.

2 Symmetrization Process and L?—boundedness

The symmetrization process for the Cauchy kernel introduced in [20] has been
succesfully applied to many problems of analytic capacity and L? boundedness of
the Cauchy integral operator (see [17, 21, 27], and the book [24], for example). In
the recent paper [4], the symmetrization method was also used to give the first non-
trivial examples of operators not directly related to the Cauchy transform whose
L?—boundedness implies rectifiability.
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Given three distinct points in the plane, z;, z» and z3, one finds out, by an
elementary computation that

1
0(21,22,23)2 = Z P (16)

~ (Zo) — 203))(Zo2) — Z6(3))

where the sum is taken over the permutations of the set {1, 2, 3} and c(z, 22, 23) is
Menger curvature, that is, the inverse of the radius of the circle through z;, z, and z3.
In particular Eq. 16 shows that the sum on the right hand side is a non-negative
quantity.

In R? and for 1 <i < 2 the quantity

pi(z1, 22, 23) = Ki(z1 — 22) Ki(z1 — z3) + Ki(z2 — 1) Ki(22 — 23)
+Ki(z3 — z21) Ki(z3 — 22),

is the obvious analogue of the right hand side of Eq. 16 for the kernel K;(x) =
X7~ /|x[*". In [4] it was shown that for any three distinct points z1, 22, 23 € R?, the
quantities p;(zi, 22, 23), 1| <i <2, are also non negative and they vanish if and only
if the three points are colinear.

The relationship between the quantity p;(z, 22, 23), 1 <i <2, and the L? es-
timates of the operator with kernel x7"~'/|x|** is as follows. Take a compactly
supported positive Radon measure 1 in R? with linear growth. Given & > 0 consider
the truncated transform Té(u) of u associated with the kernel Kj, as in Section 1.2.
Then we have (see in [21] the argument for the Cauchy integral operator)

. 1
‘/ | T (1) () dpu(x) — gpi,g(u) < Cllpull,

C being a positive constant depending only on » and the linear growth constant of p,
and

Die() = ///pi(x, v, 2) du(x) du(y) du(z),
S

with

Se={x,y,0):|x—y|>¢ |x—z| >¢cand |y — z| > ¢€}.

1
It is worth saying now that for n = 1 and i = 1,2, pi(z1, 22, 23) = =c(21, 22, 23)°

For n > 1, it is in general not true that p;(zi, 22, z3), i = 1, 2, is comparable to
Menger curvature c¢(z;, 22, z3)>. The next two lemmas show that the sum of the
above defined permutations, p;(z1, 22, 23) + P2(21, 22, 23) is comparable to Menger
curvature, ¢(z1, 22, z3)2.

Lemma 6 There exists a constant ¢c; = c|(n), such that for all distinct points z,, z2,
2
z3 € R,

2
P1(z1, 22, 23) + pa(z21, 22, 23) = €1¢(21, 22, 23)°.
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922 V. Chousionis et al.

Proof Tt suffices to prove the claim for any triple (0, z, w), z # w € R?\ {0}. For any
line L denote by 6y(L) and 6y (L) the smallest angle that L forms with the vertical
and horizontal axes respectively. Then at least two of the angles,

Ov(Loz), Ov(Low), Ov(Lzw)

or at least two of the angles

Ou(Loz), Ou(Low), Ou(Lw)

are greater or equal than 7 /4. Without loss of generality we can assume that
b b
Oy (Lo,z) = Y and  Oy(Low) > 1T 17)

Now let 6 = 6y (L;,,,). Let ¢ be some very small constant, depending on #, that will
be chosen later.

Casel 6 > c.

As in Lemma 2.3 in [4], we have that for z = (x, y) and w = (a, b),

2n—2 2n—2 2n—2 .2
P10, z, w)zn(m> <M> ('x_a|) sin(z, w), (18)

|z lw] |z — wi |z —w|?

By Eq. 17 we have that
x| 1 la] 1

s 19
72 w2 (19)

and by the assumption in this case,

lx — al .
> sinc.
|z — w]
Furthermore,
2sin(z,
0. 7, w) = 250E W)
|z — w
By Eq. 18,

P10, z, w) > ¢1¢(0, 7, w)?,

for some positive constant ¢; depending on .
Case2 0 < c.

In this case, notice that by Eq. 19,
[lx| — lal| < |x —al =|z—w|sin® < |z|sin6 + |w|sin®
< 2|x|sin® + 2|a|sin6.
Hence,

1 —2sin6 1 +2sinf

J < <
1+2sin9|a| == 1—231n0|a|
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Capacities Associated with Calderén-Zygmund Kernels 923

and since 6 < c and c will be chosen very small, it follows that

% < |x| < 2lal. (20)
Combining Egs. 20 and 19 we obtain that

2 < el < o, 1)

Expanding p; (0, z, w) we get
x2n71a2n71 (x _ a)anl <x2nl a2n71 )

2Prwpr "z —wpr \ 2P Jwp

p1(0,z, w) =

= A+ B,
where the last equality is a definition for A and B. Since
W —a® N < x —al (IXP77 + P al - xlal T A+ a7,
then by Eq. 20,
21— @Y < 20— 122 2|x — a||x[2 2. (22)

Arguing in the same way and using Eq. 21 we obtain

[lw]" — |z|*| o 121 = 1wl
|Z|2”|w|2" = 8n 47 |w|2n+1 (23)
Notice that
x2n—1 B aZn—l _ x2n—l _a2n—1 aZn—l 1 B 1
|Z|2" |w|2” |Z|2” |Z|2n |w|2”
Therefore from Egs. 22 and 23 we get
Bl < (sing)>=! [ 2n — 122 2|x —al|x[>  8n4*7|z| — |w]||la]*"~!
- |Z—w| |Z|2” |w|2n+1
n—1 22}172 8 42n71 16 42n71
< singy! (P D2 BT (ineyt (1),

|z |w] |w]

On the other hand, by Egs. 19 and 21,
|A| _ <|x|>2nl <|a|>2nl 1 _ <1>2n 1
|z [w] lwllz] = \4/ |wf?
. 1 .

Therefore choosing ¢ < 10 we obtain that

n

n . 1/1\*" 1
pgewr=5\1) e
. . . 2 .

Since it follows easily that c(0, z, w) < l—, the proof is complete. O

w|
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Lemma 7 There exists a positive constant C = C(n) such that for all distinct points
21,22, 23 € R,

pi(z1,22,23) < Cc(z1, 22, 23)%, 1 <i<2.

Proof Without loss of generality fix i = 1. Since p; is translation invariant, it is
enough to estimate the permutations p; (0, z, w) for any two distinct points z = (x, y),
w = (a, b) € R?\ {0} such that

Iz] <lz—w| and |w|<|z—w|. (24)

As shown in Proposition 2.1 in [4],

P10, z,w) = |Z|zn|$|giizwiw|2n’ (25)
where
Az, w) = Xn: (Z)XZ(n—k)aZ(n—k) (x — a)2" 0 Fy (2, w) (26)
k=1
and
Fi(z, w) = K121 (y — by 4 x2k1(x _ qy2k-tp2k _ g2k=1(y _ gy2k=1 )2k
Notice also that
(xb —ay)® = |z |w]’ sin’(z, w) = %|z|2|w|2|z —wle(0, z, w)*. (27)

Casel a =0.

In this case, notice that F,(z, w) = x*"~2b?" and all sumands in Eq. 26 are zero,
apart from the last one. Therefore, using Eqgs. 27 and 24,

x4n—4b 2n—2

212
10, z,w) = x
P s = wp
2 21, 2,4n—4p2n—2
_ Lzl wlflz — wix™b (0. 2. w)?
4 zPwPrz — wpn
|x|2n72

1 , 1 2
< ch(oa Z,w)” < ZC(O, zZ, w)".
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Case2 a #A#0and b #0.

Lett=x/a and s = y/b. Then F; can be rewritten as follows
Fk(Z, w) _ X\ 2k—1 y 2k x\2k-1 ,x 2k—1 X 2k—1 y 2k
ani=) G- -G G- -G ()
= 2k (g — 1)K 2R )Rt y2helgk
= P(s, 1),

the last identity being the definition of the polynomial P(s,¢). Then, for some
polynomial Q(s, ),

P(s. 1) = (s — > Q(s. 1),

because if we consider P as a polynomial of the variable s with parameter ¢ , i.e.
P,(s) := P(s, t), we obtain easily that

P,(H) = P,(t) = 0.

It is also immediate to check that the degree of P is 4k — 2 and the smallest degree
of the monomials of P is 2k.
Therefore

4k—4

O(s, t) = Z C[’[/IISZ/.

I4+'=2k-2

By Eqgs. 27 and 24, for each 1 < k <n,
|Fu(z,w)] = |a¥“b* (b —ay?Q (. 7 )|
a b

1 X
= Sl PRz Pz — w2 w)? |2 (2, 2]

a b
4k—4 Xy
4k—4 2k—2 2 2 2 2
< Cmlal™* b2 2Pwllz — wl c0. 2w Y 5] |
1+1'=2k—-2
4k—4
2 2 2 2 4k—4—1 2k—2-1' ! 4
= CmzPlwPlz — wlc©, z. w)* Y |a* b 1yl
I+1'=2k—-2
4k—4
2 2 2 2 6k—6—(I+1' 1+
< Cm)|zlPwl’|z — wle©, z,w)* Y |w|FTETED )
1+1'=2k—-2
4k—4
2k 2k 2 2 4k—4—(I+l [+1'—2k+2
= Cm|z*[w|z = wl? ¢(0. z,w)* Y RO g2k
[+'=2k—-2
4k—4
S C(n)|Z|2k|w|2k|Z _ w|2 C(O, Z, w)z Z |Z _ w|4k—4—(l+l VI —2k+2
[+1'=2k—-2

< C)|zI*1w|*|z — w* ¢(0, z, w)*.
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926 V. Chousionis et al.

Then, from Eq. 25 we conclude that

n n x2(n—k)a2(n7k) (x — 4)2(n7k)
0,z,w) = e
" h ;(k) 12w |z — w|?" k(z, w)
- C(n)(|x|>2”(|”|>2"<|x—a|>2" " )ZXn:(n)
- Izl |wl L2, W
1zl lwl |z — w| X

k=1

< C(n) ¢(0, z, w)*.

Case3 b =0.
In this case Fy(z, w) = a®~'y*(x*~! — (x — a)**~"). Hence by Eq. 27
1

Fi(z,w) = @y = 2 |2Pw Pz — wi’e(©, 2, w)*. (28)

For 1 < k < n, by using Eq. 27 again,
Fu(z, w) = a1y (k1 _ (x — gy
— 2232 (K (gt
2k-2

1 2k — 1\ . .
= lelzlwlzlz — w|?c(0, z, w)?a**3y*2 E ( . )x]az""”.
- ]
j=0

And using Eq. 24 we estimate,

2h—2

22012 2 2k=3| 22 1 12k—1—

[Fie(z, w)| = C(m)c(0, z, w)* |z lw] |z — w||w|™|z] E [zl Jw] !
J

2k—1

2,12k 2k 2 j 2k—2—j

< Cm)e(0, z, w) |z fw|*|z — w* Y |zl jw A
j=0

:=amaaawﬁm%wﬁu—wfgfu—wMz—wW”ﬁ
=0
< Cmc(0, z, w)*|z*w*|z — wl*.
The previous estimate combined with Eq. 28 implies that for | <k <n
| Fie(z, w)] < Cm)e(0, z, w) |z |w |z — w]*.
Therefore, from Eq. 25 we derive that
P10, z,w) < C(n) ¢(0, z, w)’

in an identical manner to case 1. O

From these two lemmas and the relationship between the symmetrization method
and the L?-norm we obtain the following:
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Corollary 8 Let S, be the operator associated with the vectorial kernel K = (K, K3),
with K; = x?”"/lxlz”, neNand 1 <i<?2 If uis a compactly supported positive
measure in the plane having linear growth, the Cauchy transform of  is bounded
on L?*(w) if and only if S, is bounded on L*(1).

We state now inequalities 12 and 15, because they are immediate consequences of
the preceding corollary.

Corollary 9 There exists a positive constant C such that for any compact set E C R?,

C™" Yop(E) < Ynop(E) < Cyop(E).

It is worth to mention that for n = 1, it was proven in [15] that Corollary 8 remains
valid if the operator ) is replaced by one of its coordinates, S} or §3, (here S is the
operator with kernel x;/|x|?, i = 1, 2).

3 Growth Conditions and Localization
We need the following reproduction formula for the kernels K;(x) = xiz”’1 /x|

Lemma 10 [f a function f(x) has continuous derivatives up to order one, then it is
representable in the form

f0) = (1 KD(x) + (92 % K2)(x), x € R, (29)
where fori =1, 2,
0 = S8 f) = cd; f + Sii f), (30)

for some constant c and Calderén-Zygmund operators S, and S..
The proof of Lemma 10 is a consequence of the following two lemmas:

Lemma 11 Form > 0,

(DR 1
Z Qk+DIm—=k!  Cm+1)m!

k=0

Proof We will show that

- N _ 1
kzzg( b <k> = omt (31)
where
o — 2k kN?
NGy

Notice that Eq. 31 is equivalent to saying that the binomial transform of the
sequence ay is 1/(2m + 1) (see [11]). Since the binomial transform is an involution of
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928 V. Chousionis et al.

sequences, Eq. 31 is equivalent to regaining the original sequence a,, by the inversion
formula

”’”_Z(_) < >2k+1 (32)

To prove this identity, consider the Newton binomial formula

(1-x" Z( 1)( )

and multiply on both sides by x~!/2. Integration between 0 and 1 gives now

1 m 1
1= x)"x Py =25 =k (" .
[laamera=aS o (D)5t

! 1
/ (l—x)mx"/zdx:B<f,m+l>,
0 2

B(x, y) being the beta function. Since it is easily seen that
1 (2™ m!)?
Bl=m+1)=2—"""_ =124,
(2 mt ) Qm+ 1 -
Eq. 32 follows. o

Recall that

The next lemma computes the Fourier transform of the kernel K; = x?”" /1x?,
1 <i<2,n>1,byusing Lemma 11.

Lemmal2 Forn>1,1<i<2,

¢ ;;np(sl, £), (33)

where p(&, &) is a homogeneous polynomial of degree 2n — 2 with no non-vanishing
zeros.

Ki(§) =

Proof Without loss of generality fix i = 1. For n > 1, let E, be the fundamental
solution of the n—th power A" of the Laplacian in the plane, that is

En(x) = x|”*7*(a + Blog |x[*), (34)
for some positive constants « and B depending on n (see [2]). Notice that, since
A"E, = §y, then

2n—1

82” ]E _ 1
0P E© =t

for some constant c. We will show that for some positive coefficients by, 0 < m <
n—1,

n—1
X
(af"*IEn)(x) = cﬁ Z bzmx%mxg(n 1— m) (35)
m=0
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Notice that Eq. 33 follows from this fact.
To compute ;"' E,, we will use the following formula from [14]:

n—1

1 , 19 2n—1-v
LOE, =) 5~ AL <;5) Eu(r), (36)

v=0

where r = |x| and L(x) = x{"~'. First notice that for 0 < v < n — 1, we have

2n — 1
AU(x%n—l) — ( nzv )(21))' x%n—ZU—l’

and for 0 < kK < n — 1, one can check

19\ ., (=K 2k k1

Plugging these, with k = n — 1 — v, into Eq. 36 we get

n—1

X o v
07V E,(x) =22 (n — 1) rTL X_(; a, ;D (37)

where

gy = S (2" - 1)(—1)“*”*‘ (n—1—-w).

S22\ 2v
We claim that the homogeneous polynomial of degree 2n — 2 appearing in Eq. 37,

n—1

pxix) =Y ay "V, (38)
v=0

has positive coefficients. To prove this, write r* = x? + x3. Then

n—1

p(x) = Z a, xf(n_v_l) (2 4+ x3)”
=0

n—1 v v n—1
2(n—v+k—1) _2(v—k) 2m 2(n—1—m)
= a,,(k)xl X5 = E bomxi" x5 ,
k=0 m=0

V=

(=]

whereforO <m <n-—1,

s n—k
by = e
? ;a k<m+1—k>

@n—1! i (—1)k 2% 1

T2 (i—m— 1) 2k + D)l m— k)l
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930 V. Chousionis et al.

Applying now Lemma 11, we get thatfor0 <m <n — 1,

2n —1)! 1
bom = > 0,
22" (n—m—1! 2m+1) m!
which completes the proof of Eq. 35 and the lemma. O

Proof of Lemma 10 By Lemma 12, taking the Fourier transform in Eq. 29 is equiva-
lent to

& pG1. &)
1§17 15172

& p, &)

f($)=(/’1(5) @W,

+0(5)

where p is some homogeneous polynomial of degree 2n — 2 with no non-vanishing
ZeT0S.
Define the operator R, associated with the kernel

ﬂ(sl,sz)=%f§).

One defines also R,, associated with r,, where r, is given by 72(§1, &) =71(&, &1).
Since p is a homogeneous polynomial of degree 2n — 2, it can be decomposed as

n—1

PELE) =) payr &)IE,

j=0

where p,; are homogeneous harmonic polynomials of degree 2j (see [25, Sec-
tion 3.1.2 p. 69]). Therefore, the operators R;, | < i < 2, can be written in the form

2 (x/|x])

Rif=af +p.v.
|x[*

% f, (39)

for some constant a and Q € C*(S') with zero average. Consequently, by [8, Theo-
rem 4.15, p. 82], the operators R;, 1 < i < 2, are invertible and the inverse operators,
say S;, 1 <i <2, have the same form, namely the operators §;, associated with the
kernels s;, 1 <i < 2, defined by

R | |2n—2 R | |2n—2
S®=1" and HEH) =2
p&1, &) p&, &)
can be written as in Eq. 39, too. Therefore, setting
@i = Si(3: ),
for 1 <i < 2, finishes the proof of Lemma 10. O
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Observe that for a compactly supported distribution 7" with bounded Cauchy
potential

1 — 1 _
T, =7, — %0 =|{—=xT,0
o= - )

=

L TH 10).
Z o0

1
b4

1 _
E * T” 19pollzio) <

1
T [0¢)

whenever ¢ satisfies [|d¢oll 110y < [(Q).

In our present case we do have a similar growth condition: if 7" is a compactly sup-
ported distribution with bounded potentials K; * 7" and K, * 7T, then by Lemma 10

KT, o)l = (T, Ky * S1(d190) + Kz * S2(d290))|
< |[(Ki % T, $1(0190))| + [(Kz * T, $1(3:00))|
<Ky # Tlloo 1510190 112y + 1K2 * Tlloo [1S2(0200) 1 11 v2)
< (IKy* Tlloo + 1 K2 % Tllo) 1(Q), (40)
whenever ¢ satisfies
I1S:(0i0o) | iy < I(Q), fori=1,2. (41)

The next lemma states a sufficient condition for a test function to satisfy condi-
tions 41.

Lemma 13 Let 1 < gg < oo and assume that fo is a test function supported on the
square Q satisfying,

19; foll Laocoy < QY™ forl <i<2.
Then,

1S: (3 fo)llLiwey < CI(Q)  for1 <i<2.

Proof Without loss of generality fix i = 1. Let py be the dual exponent to gy. By
Holder’s inequality and the fact that the operator S; is bounded in L% (R?), 1 < go <
00, we get

15131 fo)llLieoy < CLLQYP1S1(31 fo)ll Lo )

< CI(Q)*™ |3y foll Lo (o)
< Cl(Q).

To estimate the L' norm outside 2Q, notice first that since 9, fo is supported on
0, by Eq. 30,

I151@31 fo)ll Loy = 15101 fo)llLiceoy)-
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932 V. Chousionis et al.

Integrating by parts to take one derivative to the kernel K of S, and then using Fubini
we obtain

n&@mwm@w:C/ |/mm@mu—mey
Q0 JO

=C I/ fo(2)01K(z — y)dz|dy
or Jo

< Cl follLio (O™
5C/WmL

the last estimate coming from the Cauchy-Schwarz inequality, together with a well
known result of Maz’ya (see [19, Section 1.1.4, p. 15] and [19, Section 1.2.2, p. 24])
stating that

I foll2 < C/ IV fol-

Now Holder’s inequality together with [|0; fol o) < I(Q)¥ %711 <i <2, gives the
desired estimate, namely

15101 fo)ll Loy < CI(Q).

Fix 1 < g¢ < 2. We say that a distribution 7 has linear growth if

(T, o)l
G(T) = - =
(=370

< 00,

where the supremum is taken over all g € Ci°(Q) satisfying the normalization
inequalities

”ai(pQ”L"O(Q) <1, for 1 <i<2. (42)

Notice that from Eq. 40 and Lemma 13, if 7 is a compactly supported distribution
with bounded potentials k; « T and k, * T, then T has linear growth.
We now state the localization lemma we need.

Lemma 14 Let T be a compactly supported distribution in R* with linear growth
such that (x"'/|x|*) x T is in L®(R?) for some n e N and 1 <i<2. Let Q be
a square and assume that ¢ € C3°(Q) satisfies ||¢glls < C and [|[Voglloo < 1(Q)".
Then (x}"~'/|x|") % o T is in L*(R?) and

2n—1

5c< T

|x|2n

2n—1
i

|x|2n

*(pQT

+ G(T)> ;

oo

for some positive constant C.
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For the proof we need the following result.

Lemma 15 Let T be a compactly supported distribution in R? with linear growth
and assume that Q is a square and ¢o € CS°(Q) satisfies ||l¢gllee < 1 and Vool <
[(Q)~". Then, for each coordinate i, the distribution (xiz”_1 /1xI*) % o T is an inte-
grable function in the interior of i Q and

2n—1
/l (T 7 </>QT>(y)

where C is a positive constant.

dy < CG(T) [(Q)*,

Proof of Lemma 15 The proof of this lemma follows the lines of Lemma 13 in [15],
although now the growth conditions we have are different from the ones in [15]
(see Eq. 42). We write the proof for the sake of completeness.

Without loss of generality set i = 1 and write K;(x) = x?”_l /1x|*". We will prove
that Ky« @oT is in LP°(2Q) where p is the dual exponent of gy (see Eq. 42).
Therefore we need to estimate the action of K; % ¢o7T on functions ¢ € C{°(2Q)
in terms of ||y]4,. We clearly have

(Kix@oT, ) = (T, po(Ky *¥)).
We claim that, for an appropriate positive constant C, the test function

po (K *¢)

CUQ T ¥y

satisfies the normalization inequalities 42 in the definition of G(T). Once this is
proved, by the definition of G(T) we get that [(Kix¢o T, )| <CI( o)m ¥ llq, G(T),
and therefore || K x ¢o Tl 17020y < CZ(Q)% G(T). Hence

(43)

E QI/ (K1 % poT)(x)[dx < 16— /|(K1*</’QT)(X)|dx

10l

- 16<|Q|/ (K, % 0o T) ()| dx)

=CG((D),

which proves Lemma 15.
By Lemma 13, to prove the claim we only have to show that for 1 <i <2,

19 (9o (Ki % ¥)) 0oy < C ¥ llgy-

Clearly, for 1 <i <2, we have
3 (po (K1 %)) = 90 9:(Ky * V) + dipo (K * ) = A+ B,

where the last identity is the definition of A and B.
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To estimate the L%-norm of B we recall that |K;(x)| < C|x|~'. Hence, for
1<i<?2,

()] q0 1/q0
10i00 (Ki * ¥)ll Lo o) < Cllaigglleo dy) dx < Cll¥rligys
o \J20 1x =l

where the last inequality comes from Schur’s Lemma applied to the operator
with kernel K(x,y) = [x — y|" x20(X) x20(y) and the fact that [|8;¢plle <1(Q)~",
1 <i <2.We therefore conclude that || Bll4, < Cll0ipo (Ki *¥)llgy < ClI¥llg,-

We turn now to the term A. We remark that, for 1 <i < 2,
Ky x Y =cy + S), (44)

where S is a smooth homogeneous convolution Calderén-Zygmund operator and
¢ some constant. This can be seen by computing the Fourier transform of 9;K;
and then using that each homogeneous polynomial can be decomposed in terms
of homogeneous harmonic polynomials of lower degrees (see [25, Section 3.1.2
p. 69]). Since Calderén-Zygmund operators are bounded in L% (R?), 1 < gg < oo,
and |lggllec < C, we get that || Ally, < C|l¥]l4,- This completes the estimate of term

A and the proof of Eq. 43. O

Proof of Lemma 14 Here we argue as in Lemma 12 in [15]. We write the proof for
the sake of completeness. Without loss of generality take i = 1. Let x € R?\ %Q.
Then K;(x — y) po(y) is in C§°(Q) as a function of y. Since for all y € R2, 19;( K, (x —
Yooy < CI(Q)2, 1 <i<?2, the function ¢ [(Q) K (x — y) po(y) satisfies the
normalization conditions 42 for some small constant c¢. Therefore

[(Ky % 9o T (0| = (T, Ki(x =) o)| < ¢ G(T),

for all x € R?\ %Q. We are now left with the case x € %Q. Since K * T and ¢ are
bounded functions, we can write

(K1 % 9o T)(0)| = [(Ki % o T)(x) — 9o () (K % T) ()] + l[9glloo [ K s Tloo-

Let o € C5°(R?) be such that o = 11in 20, ¥ =0in (40), |[Y¢llw < C and
[V¥ollo < CI(Q)~!. Then one is tempted to write

I(K1 %90 T)(x) — o) (K * T)(0)| = (T, ¥olpo — ¢o())Ki(x — )|

+ 9ol (T, (1 = ¥o) Ki(x —))|.

The problem is that the first term on the right hand side above does not make any
sense because 7 is acting on a function of y which is not necessarily differentiable
at the point x. To overcome this difficulty one needs to resort to a standard regular-
ization process. Take x € C*(B(0, 1)) such that f x = 1 and set x,(x) = 72 x(x/¢).
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It is enough to prove that x, * K; * ¢ T is uniformly bounded, since x, * K; * o T
converges weakly to K * ¢ T in the distributinal sense, as ¢ — 0. We have

|(Xe * Ky % 00 T)(X) — 9o (X)(xe * Ky 5 T)(x)]
= UT, ¥o(9o — 9o (X)) (xe * Ki)(x — )]
+ 9ol (T, (1 = o) (xe * Ki)(x — )]
= A+ A,

To deal with term A, set Kfyg(y) = (xe * K1)(x — y). We claim that, for an appropri-
ate small constant c, the test function

fo=cl(Q)¥olpo — o)K7,

satisfies the normalization inequalities 42 in the definition of G(T), with ¢ replaced
by fo and Q by 4 Q. If this is the case, then

Ay < cHO)TIT, fo)l < CG(T).

To prove the normalization inequalities 42 for the function fp we have to show
thatfor1 <i <2,

19; foll Laowa o) < CI(Q) 471, (45)

To prove Eq. 45 we first notice that the regularized kernel x. x K, satisfies the
inequality

C
|(xe ¥ K1)(x)| < o x € R?\ {0}, (46)

where C is a positive constant, which, in particular, is independent of €. This can
be proved by standard estimates which we omit. Moreover, by Eq. 44, for 1 <i <2,
we have

(X * 9; K1)(x) = ¢ %o (x) + (Xe * $) (%),

where S is a smooth homogeneous convolution Calderén-Zygmund operator. As
such, its kernel H satisfies the usual growth condition |H(x)| < C/|x|*>. From this
is not difficult to show that for some positive constant C,

C
|(xe * S)(x)| < wp X € R*\ {0}. (47)
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We have, for1 <i <2,

3 (Volpo — 9ok ™) = Vo (9o — 9o (B k™ + 8:(Wolpo — 9o () k™.

Therefore
19: foll Lovag) < CI(Q) ( /4 , o) 9o = ¢o() Bkl ()| dy)

+ClQ) ( /4 N (Volpo — 9o () k- (y)|® dy)
= A+ An.

Using Eq. 46 one obtains

€

1 0 2
Ap < Cl(Q)—— Ky (y)|90 d Cl(Q)nw ",
b < (Q)l(Q)<AQ|<g>(y>| y) < Cl(Q)

To estimate A;; we resort to Eq. 47 and the fact that gy < 2, which yields

An = Cl(Q) (/4Q Vo) (@o(y) — o (X)) dik,*(y)|? dy) "

dy 0 2
< CUUO) Vol / day)" < croyi .
40 |y — x|

We now turn to A,. By Lemma 15, there exists a Lebesgue point of K| x ¢ T,
X0 € Q, such that [(K; * Yo T)(x9)| < CG(T). Then

(K% (1 =¥ T)(x0)| = CUK; * Tlleo + G(T)).

The analogous inequality holds as well for the regularized potentials appearing in
A,, for € small enough and with constants independent of €. Therefore

Ay < CUT. (1 = Yro) k™ = k)| + C (1K1 # Tl + G(T)).

To estimate [(T, (1 — ¥o)(k!* — k1)), we decompose R?\ {x} into a union of
rings

Nj={zeR*:2U(Q) < |z —x| <2 U(Q)}, jeL,
and consider functions ¢; in C§°(R?), with support contained in

N;={zeR*:27'(Q) < |z — x| <2/P Q). jeZ,
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such that [|gllo < C and |Vl < C(2/1(Q)7", and 3~ ¢; =1 on R?\ {x}. Since
X € %Q the smallest ring N7 that intersects (2Q)¢ is N*,. Therefore we have

T, (1= yro) (k™ — kb)) = <T, 3 il =y kb — k;’XO)>

j=-3

IA

<T, D eil = yo) k™ — k,}.:*“)>

jel
+ Y T, @ikl — k™),
jel

where I denotes the set of indices j > —3 such that the support of ¢; intersects 4Q
and J the remaining indices, namely those j > —3 such that ¢; vanishes on 4 Q0. Notice
that the cardinality of 7 is bounded by a positive constant.

Set

g§=CUQ Y ¢i(1 = o) (k" — k™),

jel
and for je J
gj=C2Y1(Q) ¢; (k™ — k™).

We now show that the test functions g and g;, je J, satisfy the normalization
inequalities 42 in the definition of G(T) for an appropriate choice of the (small)
constant C . Once this is available, using the linear growth condition of 7" we obtain

UT, (1 = Yo) (k™ — k)| < CI(O)"(T, &)l

+CY @) (T gl

jeJ
<CG(M+CY 277G(T) < CG(T),
j==3

which completes the proof of Lemma 14.

Checking the normalization inequalities for g and g; is easy. First notice that the
support of g is contained in a square A Q for some universal constant . On the other
hand the support of g; is contained in 2/*2 Q. By Lemma 13, we have to show that
for1 <i<2,andsome | < gy < 00,

19:gll L0 r @) < CL(Q)? 47", (48)

and for j e J,

19:gjll Lo 2iv2 ) < CI(QY T (49)
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To show Eq. 48 we take 9; in the definition of g, apply Leibnitz’s formula and
estimate in the supremum norm each term in the resulting sum. We get

S| 1 1
9igllec < CI(Q) — =C ,
gl(Q% 0™~ " I(0)

which yields Eq. 48 immediately.
For Eq. 49, applying a gradient estimate, we get

1
j 1 Q) 1
3igilloe < C241 , . =C— ,
Il = C2UQ D iz @ingy+ ~ € 2oy
which yields Eq. 49 readily. O
4 Outer Regularity

In what follows, we will show that the capacities y,, are outer regular.

Lemma 16 Let {E; )i be a decreasing sequence of compact sets in R?, with intersection
the compact set E C R Then y,(E) = klim v (Ep).
—00

Proof The limit limy_, o, yn‘ (Ey) clearly exists and limg_, oo ¥4 (Ex) > yu(E). To prove
the converse inequality, let 7 be a distribution supported on Ej such that, for 1 <
i <2, fi = K; * T is in the unit ball of L*(R?) and

1
Yn(Er) — %= KTk, DI < yu(Ek).

By taking a subsequence if necessary, we may assume that, for 1 <i <2, f! converges
weakly * in L>(R?) to some function f’ such that || f#|lo < 1.

We will show that T} converges to some distribution 7 such that 7 x K; and T %
K, are also in the unit ball of L*(R?). Then

vu(E) = (T, 1) = lim (T, 1) = lim y,(Ey),
k—o0 k—o00

and we will be done.

Let us first check that the limit of { 7%}, exists in the topology of distributions. This
is equivalent to saying that, for any ¢ € C° (R?), the limit limy_, oo (T, @) exists. Using
the reproducing formula 29, we deduce that

(Tr, ) = (T, S1(319) * K1 + S2(d20) % K3)
= (T x Ky, $1(019)) + (T * Kz, $2(29)),

which is convergent, since by Lemma 13, S;(d;¢) € L'(R?), 1 <i <2, and f} = Ty *
K, 1 <i<2,isweak * convergent in L>®(R?).

To see that, for 1 <i <2, T % K; is in the unit ball of L>*(R?), we take a radial
function y € C*®(R?), f x = 1, supported in the unit ball and, as usual, we denote
xe(x) = e72x(¢"'x). Then it is enough to prove that x. * T % K; is in the unit ball
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of L®(RR?) for all ¢ > 0. This follows easily: denoting K! = x, * K, for each x € R2,
we have

T K (x) = (Tk, Ki(x—-)).

Notice moreover that || T * K |loo = |l xe * (T * Ki)lloo < 1.Now, let yro € C°(R?) be
such that it equals 1 in the 1-neighborhood of E, so that Ty = vy Ty for k big enough.
Then

Ty * K (x) = (Yo The, Ki(x =) =Tk, Yo Ki(x — 1)),

which converges to (T, ¥ K; (x —-)) = (T, K;(x —-)) = T * K7 (x) as k — oo. Since
[Ty * K7 (x)| < 1for all k, we deduce that |T * K7 (x)| < 1 as wished, too. O

5 Proof of Theorem 2
For the proof of Theorem 2, recall the following result from [15]:
Theorem 17 [15] For a compact set E C RY,

I(E) ~ sup u(E), (50)

the supremum taken over those positive measures p supported on E with linear growth
such that for 1 <i < d, i # k, the potentials 5 % u are in L* () with || X% pc||oo <1

|x|2 x|

Notice that the only difference between Eq. 50 and Theorem 2 is the extra linear
growth condition required on the positive measure . Hence, to prove Theorem 2, we
have to get rid of this growth condition and still mantain the comparability between
the capacities. Below, in Lemma 20, we show that if we are given a positive measure
supported on E with || I;C\iz * /L||OO <1 fori#k,1<i<d, then this measure grows
linearly in a big piece of its support E. Thus Theorem 2 holds.

For a Borel measure p, the curvature of u, which was introduced in [20], is the

nonnegative number ¢?(11) defined by

A = / f / c(x, y, 22 dp()dp(du(a),

where c(x, y, z) is the inverse of the radius of the circumcircle of the triangle (x, y, z),
that is the Menger curvature of the triple (x, y, z) (see Section 2).

The following result, that will be needed in what follows, is a version of
[26, Lemma 5.2] for R?. Its proof uses the curvature theorem of G. David and Léger
[13, Proposition 1.2].

Lemma 18 Let i be some Radon measure supported on B(xy, R), with

n(B(x, 1))
r

O, (x) = lim sup <1 for p-ae xR’

r—0

If () < Cy u(B(xg, R)), then w(B(xo, R)) < MR, where M is some constant de-
pending only on C,.
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From the preceding lemma we get the following.

Lemma 19 Let u be a finite Borel measure supported on a ball B(xy, R). Suppose that

B
M =0 for p-a.e. x € R4,

1 T
Q) =iy

Then,

(u(B(xo, R)))2 () (51)

= U(B(xo. R)

for some absolute constant c.

. N 12 ,
Proof Consider the measure i = (%) . Notice that

() = ( ] )3/2 A1) = 1.
()

Applying Lemma 18 to /& with C, = 1, we infer that there exists an absolute constant
M such that i (B(xy, R)) < MR, and thus

() )‘/2 N

B(xo, R) = M| ——— 0
u(B(xo, R)) < (M(B(xo,R))

which is equivalent to Eq. 51, with ¢; = M?. O

Remark Forx, y,z € R?set Ki(x) = x;/|x|*>,1 <i <d,and let
pi(x, y,2) = Ki(x — y) Ki(x — 2) + Ki(y — x) Ki(y — 2) + Ki(z — x) Ki(z — y).

Given any subset of d — 1 elements of {1,2, --- , d}, S4—1, we define, for a positive
measure p (without atoms, say),

Py =) / / / pix, y, 2) dp(x) dp(y) du(2).

€Sy

Due [15, Corollary 2 and Theorem 4], Lemma 18 also holds in R? when replacing
the Menger curvature by the permutations associated with any set of d — 1 compo-
nents of the vectorial kernel x/|x|? in R?. Therefore we recover Lemmas 18 and 19
with ¢?(u) replaced by p(u).

Given M > 0, we say that a ball B = B(x, r) is non M-Ahlfors (or simply, a non
Ahlfors ball) if

©,(B) :=

LB)>M.
r
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Lemma 20 Let p be a positive measure on R such that | 2 il [L” <1, forie S,
Let A%, C RY be the union of all non M-Ahlfors balls. If M is big enough, then

1
n(Ah) < Eu(Rd).

Proof Let ¢ be a non negative radial C* function supported on B(0, 1) with L' norm
equal to 1, and denote ¢,(x) =t "¢ (x/t), for t > 0. Observe that for i € S;_;, the

measure u; = ¢, * [ satisfies
o <| B )H

Moreover, 6114/ (x) =0 for every x € R< and p, has linear growth with some constant
depending on 7 (since the density of x, is a C* function with compact support), and
thus,

Xi

— X
X2 Mt

oo ‘

2
uz(ﬂ% <3(d— 1Dl (52)

32 HI Bl

LZ(M/) €S,

pu)=3 Y H| 7

€Sy
Fort > 0, denote
wo
Ay, = U B.
Bball: 0, (B)>M
r(B)>t

Notice that if r(B) > ¢, then 1,(2B) > u(B) and thus ®,,(2B) > ©,(B)/2. Then by
the preceding remark, if B is one of the balls appearing in the union that defines
Al
M M
P(uil2B) = ¢! == w(2B) = ¢ - u(B). (53)

By the 5r-covering lemma, there exists a family of non M-Ahlfors balls (for w),
Bj, j € I, such that the balls 2B, are disjoint, and

Al c| J10B;.
jel

Moreover, the balls B; can be taken so that aB; is an M-Abhlfors ball for each a > 2
(just by considering maximal balls in the union that defines A’y ). So we have

w(10B;) < 10M r(B)) < 10 u(B)).
Then, by Egs. 53 and 52,

w(AYy) <D p(10B) <10 u(B; Z (il 2B))
jel jel jel
40 ¢ 120(d — D ¢
< Sp P < == llull.
So if M is chosen big enough, ,LL(A’;,,J) < uw(R%/2, and letting t — 0, the lemma
follows. O

@ Springer



942 V. Chousionis et al.

Remark Lemmas 19 and 20 also hold in R? replacing Menger curvature by the
permutations of the kernel x;"~'/|x|*", 1 <i <2, n> 1, and the kernel x;/|x|> by
the kernel xl-z"" /1x|?", respectively, because in [4] we proved David-Léger’s theorem
with these permutations instead of the usual curvature.

6 Some Remarks on Related Capacities
6.1 Extensions of Theorem 1 to Other Capacities

Forn>land 1 < j<2,weset K"(x) = x?”’1/|x|2”. For n, m > 1 and each compact
set E C R?, we define the following capacity:

Yam(E) = sup{|(T, 1)},

the supremum taken over all distributions 7 supported on E with potentials 7" % K
and T * K%' in the unit ball of L>(R?).

Using the same arguments as in Lemma 10, one could show that each function
f(x) with continuous derivatives up to order one is representable in the form

f0) = (@1 % KD(X) + (92 % K3 (%), x € R,

where the functions ¢;, i = 1, 2, are defined by the formula ¢;(x) = S;(9; f)(x), with
Si, 1 <i <2, being Calderén-Zygmund operators. Moreover the localization result
of Lemma 14 and the outer regularity property of Lemma 16 also apply in this
setting. Therefore, using the same techniques, one obtains the comparability between
analytic capacity and y,, ,,, namely that there exists some positive constant C such that
for all compact sets E of the plane

C'Yum(E) < y(E) < Cyum(E).

In fact, following the proofs in [27] and [28] (see also [15]), one can show that
for compact sets E C R?, a given capacity (associated with some Calderén-Zygmund
kernel K with homogeneity —1) defined as

vk (E) = sup{|(T, 1)| : T distribution, spt T C E, ||T * K|loc < 1},
is comparable to the analytic capacity y (E) provided the following properties hold:

e The symmetrization method: one has to ensure that when symmetrizing the
kernel K (as in Eq. 16) the quantity obtained is non-negative and comparable
to Menger curvature.

e The localization property: we need that our kernel K localizes in the uniform
norm. By this we mean that if 7 is a compactly supported distribution such that
T % K is a bounded function then ¢ T *x K is also bounded for each compactly
supported C' function ¢ and we have the corresponding estimate.

e The outer regularity property (see Section 4).
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6.2 Outer Regularity and Finiteness of the Capacities y,| and y,;>

Motivated by [15] and [4], we introduce now capacities related to only one kernel,
K =x"""/|x/*,n e N.For 1 <i <2, weset

Yi(E) = sup (T, 1)],

the supremum taken over those real distributions 7 supported on E such that the
potential K; x T is in the unit ball of L (R?).
It is clear from the definition that for each compactset £, 1 <i < 2,

wn(E) < yi(E).

Little is known about these capacities y,:(E), because a growth condition like Eq. 5
(see also Eq. 40) cannot be deduced from the L°°—boundedness of only one potential
(see Section 5 of [15] for some examples on this fact for the case n = 1). We show
that these capacities are finite and satisfy the outer regularity property. For this, we
need the reproduction formula stated below.

Lemma 21 If a function f(x;, x,) has continuous derivatives up to order 2, then, for
1 <i <2, itis representable in the form

f) = (@i % Ki)(x), (54)
where
dipi = Si(Af) = cAf + Si(AS), (55)

for some constant c and the operators §;, Ei as in Lemma 10.

Proof Without loss of generality fix i = 1. By Lemma 12, we know that

Ki§) = . ;;n p(E1. &), (56)

where p(&), &) is a homogeneous polynomial of degree 2n — 2 with no non-vanishing
zeros. Let S| be the operator with kernel

&2
pé1, &)
By [8, Theorem 4.15, p. 82] (see also the proof of Lemma 10), since the polynomial p
has no non-vanishing zeros, the operators §;, 1 <i < 2,can be writenas §; = cid +5;,

were ) and S, are Calderén- Zygmund operators.
Now taking Fourier transform on Eq. 55 with i = 1, we obtain

|E|2n 2
P&, &)’

516) =

§016) = EPfE——

which together with Eq. 56 gives

7O = @ ® =L pen &) =2 ®R©).

1§12

Therefore the lemma is proven. O
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“In [15] it was shown that for a square Q C R?, the capacities y{, 1 <i < 2, satisfy
Y1(Q) < CI(Q). We will now extend this result to the capacities y;, 1 <i <2 and
n>1.

Lemma 22 For any square Q C R?> and 1 <i <2, we have y,i(Q) < Cl(Q).

Proof Without loss of generality assume i = 1. Let T be a distribution supported
on Q such that the potential K; * T € L*(R?). Write Q = I; x L, with [;, 1 < j <
2, being intervals in R, and let ¢ € C°(2Q) be such that ||gplle < C, [|Veplle <
CLO)™, V9ol < CL(Q)"* and

0o (x) = p1(x1)@2(x2),
with @1 (x;) = Lon Iy, ¢;(x;) = 0on 1)), [~ ¢1 =0,¢2 > 0,9, =lon L and ¢, =
0on 21)°.

Since our distribution 7 is supported on Q, using Eq. 54 with f and ¢, replaced
by ¢ and ¢ respectively,

KT, )| = KT, po)| = (K = T, )| < | Ky * Tllooll¥ 1,

where ¥ (x1, x2) = [*1 Apo(t, xo)dt + [T Ei(AgoQ)(t, x,)dt. Therefore, the lemma
will be proven once we show that |||, < CI(Q).

Set ¥y (x1, x2) = f_Y(‘)o Ag@o(t, x;)dt. Notice that since the support of ¢ is 20 and
f_ocoo @1 = 0, then the support of v is also 2Q and writing 2/, = [a, b], we get

Il < Idipolls + / 18202(x2)| f @1 (0dt]dx dx, < CL(Q).
20 a

Set Ya(x1,%2) = [ S1(Ago)(t, x2)dt and let K(x) = K(x1, x2) be the kernel of
§1. Then,

V2111 2/ IWz(X)IdX-F/ [¥2(x)|dx
30 30y

S/ V (K * Apo)(t, x2)dt dx—i—f
3Q 1/ =0 3O

= A+ B.
Recall that Q = I} x I, and write 31; = [z1, z2]. Then

B= /
3O)°
< d
= /(‘3Q)‘ o ﬁ3Q)‘

X1<21 x1€z1,22]

<
B9

X1>22

/ (K * Apo)(t, xo)dt| dx

dx

/ ] (K * Ap)(t, xp)dt

/ (K * Ap)(t, xp)dt| dx

—00

/ ] (K * Apg)(t, xp)dt

dx = B; + B, + Bj.

le (K * Apg)(t, xp)dt
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We deal now with B;. By Fubini and standard estimates for the kernel of a
Calderén-Zygmund operator we get

Bi= |
39

X1<2y

<Cﬁw/'wwmfw|—@zw““x

X1<Z1

2
<m®/w/wmmﬁ w dx.

dx

/ l (K * Apo)(t, xp)dt

Using that

/XI d C
— < —,
—oo | ) F T |xP

we get

i
&scwgf(myaﬁscwgﬂ«b”=cu@.

Now we split B; in two terms:

5= [
(€O}

The first term above is B; with x; replaced by z;. For the second term in B;, say By,
we use Tonelli and estimates for the kernel of a Calderén-Zygmund operator. Then
we obtain

dx + [3Q>"

X1€[z1,22]

/' (K * Agg)(t, x2)d1| dx.
21

/ l (K * Apo)(t, x2)dt

By =

3Oy /Z] (K % App)(t, x2)dt| dx

x1€[z1,22]

x|
< / / lpo(W)IJAK(w — (1, x2))| dw dt dx
(3Q)L 1 2Q

x1€lz1,22]

=¢ ﬁwf /2 "pQ(wN/ E (t, w—or

xi€lz1,22]

< CLOI(QI(Q)* = CI(Q).

o0
To deal with B3, notice that since / S1(ApQ)(t, x2)dt = 0, one has
—0oQ

/’(K*Awwawﬁw=-:/(K*Awmaﬁﬁm,
—00 X1
SO Oone argues as abOVe.
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We are now left with the term A. Recall that 3/; = [z, z»] and write

dx

A= / ‘/XI (K * Apg)(t, xp)dt
30 |J—o0

< AQ /n (K * Apo)(t, xp)dt dx+/ ‘/ (K * Apo)(t, x2)dt| dx

X1<z21 x1€lz1,22]

+/
30
X

1>22

/ (K * A(pQ)(t, x))dt|dx = Ay + Ay + As.

By Fubini and standard estimates for the kernel of a Calderén-Zygmund operator,

we obtain
A= /

X1<z1

/ /'A"’Q(“’)'/oo| —(tx2>|2 wex

X1<2y

/ / Apo(w)K(w — (¢, x2))dwdt| dx

<cf X _ ).
o |x|

Now we split A, in two terms

X1

dx + (K * App)(t, xp)dt| dx

JC]E[Z] 22]

As = ‘ / (K + Apg)(t, x2)dr

= Ay + An.

The term A, is treated as A; with x; replaced by z;. For Ay, we use Tonelli,
the Cauchy-Schwarz inequality and the fact that Calderén-Zygmund operators are
bounded in L2. Then we get,

AzzS/ / / |S1(Apo)(t, x2)| dt dx dx,
3L J31 J3I,

:/ / / |S1(Apo)(t, x2)| dt dxs dx,
31, J3L J3I,

< CUQ) I51(Apo)ll i) < CUQ) [Agoll2 < CLQ).

The estimate of Aj; is obtained similarly to Bs. O
As a consequence of the above result we have
Corollary 23 For any compact set E C R? and 1 <i <2, y,’;(E) < Cdiam(E).

We show now that the capacities ¥, 1 <i <2, satisfy the exterior regularity
property, like the y, (see Lemma 16).

Lemma 24 Let { Ex}x be a decreasing sequence of compact sets in R?, with intersection
the compact set E C R% Then, for 1 <i <2, y:(E) = klim Vi (Er).
— 00

@ Springer



Capacities Associated with Calderén-Zygmund Kernels 947

Proof Without loss of generality set i = 1. Let us see that limy_. y,} (Ex) = y,} (E).
Clearly, the limit exists and limg_, o ynl (Ep) > y,,l (E). To prove the converse inequal-
ity, let T be a distribution supported on Ej such that fi = K, * T} is in the unit ball
of L*®(R?) and

1
ﬁwo—%<unﬁnfﬁwu

By taking a subsequence if necessary, we may assume that f; converges weakly * in
L*®(IR?) to some function f such that || f|ls < 1.

We will show that T converges to some distribution 7 such that 7" x Kj is also in
the unit ball of L>(R?). Then

Yo (E) > (T, 1) = lim (Ty, 1) = lim y, (Ey),
k—o0 k—o00

and we will be done.

Let us first check that the limit of {7}}; exists in the topology of distributions.
This is equivalent to saying that, for any ¢ € C° (R?), the limit limy_, o (T, ) exists.
To this end, let u be a vector of the form u = (u;, 0) such that

supp(p(- —w) NU(E) = 9,
where U (E) denotes the 1-neighborhood of E. In this way, for k big enough,
(T, ) = (T, ¢ — 9(- —w)).

It is easy to check that there exists a function ¥ € C>°(R?) such that 8,9 = ¢ — ¢(- —
u). Then, using the reproducing formula 54, we deduce that

(Tk, ) = (Tk, 019) = (Tk, S1(AY) * Ky) = (Tie * Ky, Si1(AY)),

which is convergent, since S;(Ay) € L' (R?) arguing as in Lemma 13, and f; = Ty *
K, is weak * convergent in L>®(R?).

To see that T x K, is in the unit ball of L®(R?), we take a radial function
x € C*(R?), [ x =1, supported in the unit ball and, as usual, we denote x.(x) =
£72x (¢~ 'x). Then it is enough to prove that x. * T * K| is in the unit ball of L>®(R?)
for all ¢ > 0. This follows easily: denoting K| = x, * K, for each x € RZ, we have

T Ki(x) = (Tk, Ki(x—-)).

Notice moreover that || Tk * K¢ |loo = [l xe * (T * K1)llow < 1. Now, let o € C(R?)

be such that it equals 1 in U, (E), so that Ty = ¥ Ty for k big enough. Then
Ty x Ki(x) = (o Tie, Ki(x =) =Tk, ¥o Ki(x —)),

which converges to (T, ¥y K (x —-)) = (T, K{(x —-)) = T % K{(x) as k — oo. Since
[Ty * K{(x)| < 1for all k, we deduce that |T x K{(x)| < 1 as wished, too. O

Remark With little additional effort one can show that 7 % K; = f in the above
proof.
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