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Abstract In this paper, by using probabilistic methods, we establish sharp two-sided
large time estimates for the transition densities of relativistic «-stable processes with
mass m € (0, 1] (i.e., for the Dirichlet heat kernels of m — (m** — A)*/? with m e
(0, 11) in half-space-like C"! open sets. The estimates are uniform in m in the sense
that the constants are independent of m € (0, 1]. Combining with the sharp two-sided
small time estimates, established in Chen et al. (Ann Probab, 2011), valid for all
C"! open sets, we have now sharp two-sided estimates for the transition densities of
relativistic a-stable processes with mass m € (0, 1] in half-space-like C""! open sets
for all times. Integrating the heat kernel estimates with respect to the time variable,
one can recover the sharp two-sided Green function estimates for relativistic a-stable
processes with mass m € (0, 1] in half-space-like C"! open sets established recently
in Chen et al. (Stoch Process their Appl, 2011).
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1 Introduction

Throughout this paper we assume that d > 1 and « € (0, 2). For any m > 0, a rela-
tivistic a-stable process X" on R? with mass m is a Lévy process with characteristic
function given by

E[exp (i§ - (X" = X)) = exp (= (162 +m¥*)* = m)),  geR. (L1

The limiting case X°, corresponding to m =0, is a (rotationally) symmetric a-
stable (Lévy) process on R, which we will simply denote as X. The infinitesimal
generator of X™ is m — (m*% — A)*/2. Note that when m = 1, this infinitesimal
generator reduces to 1 — (I — A)*/2, Thus the 1-resolvent kernel of the relativistic
a-stable process X' on R is the Bessel potential kernel. (See [3] for more on
this connection.) When « = 1, the infinitesimal generator reduces to the so-called
free relativistic Hamiltonian m — +/—A + m?. The operator m — ~/—A + m? is very
important in mathematical physics due to its correspondence with the kinetic energy
of a relativistic particle with mass m, see [22]. Physical models related to this operator
have been much studied over the past 30 years and there exists a huge literature
on the properties of relativistic Hamiltonians (see [5, 18-20, 22, 28, 29] and the
references therein).

Relativistic a-stable processes received intensive study in recent years and various
fine properties of these processes have been obtained in [3, 4, 15, 16,21, 24,25, 27, 30].
In 2002, Ryznar [30] proved that, when D is a bounded C"! domain in R¢, the Green
function G} of the process X" in D is comparable to the Green function Gp of the
symmetric e-stable process X. Soon after that, Chen and Song [16] proved the main
result of [30] as a special case of a general perturbation result involving discontinuous
Feynman-Kac transforms. In Grzywny and Ryznar [21], sharp two-sided estimates
on the Green function G’ were established when D is a half-space of R?. In a recent
paper [10], the authors of this paper established sharp two-sided estimates on the
Green function G’ when D is a half-space like C"! open set of R?.

Obtaining sharp two-sided estimates on Dirichlet heat kernels (or equivalently,
transition densities of killed processes) is typically much harder than obtaining sharp
two-sided estimates on the corresponding Green functions. For example, sharp two-
sided estimates on the transition densities of killed Brownian motions in a domain D
have been established only recently (see [35]) even though sharp two-sided estimates
on the Green functions of killed Brownian motions in D were obtained much earlier
(see [34, 36]). The main reason is that the Green function Gp(x, y) is harmonic in
x € D\ {y} for each fixed y € D, while the transition density function is not. Sharp
two-sided short time estimates on the transition densities pa (¢, x, y) of X™ in C!
open sets D were obtained very recently in [9]. To state this result, we first recall
the notion of C*! open set. An open set D in R? (when d > 2) is said to be a C"!
open set if there exist a localization radius R > 0 and a constant Ay > 0 such that

@ Springer



Global Dirichlet Heat Kernel Estimates for Relativistic Stable Processes 237

for every z € 3D, there exist a C"!-function ¢ = ¢, : R%"! — R satisfying ¢(0) = 0,
Vp0) = (0,...,0), [V@lleo < Ao, [Vo(x) — Ve(2)| < Aglx — z|, and an orthonormal

coordinate system CS; y = (y1, -+, Ya—1, Ya) := (7, yq) with origin at z such that
B(z, RN D ={y=(y, ya) € BO,R)inCS; : ys > (M)}

We call (R, Ag) the C!! characteristics of D. By a C'! open set in R we mean an open
set which can be expressed as the union of disjoint intervals so that the minimum
of the lengths of all these intervals is positive and the minimum of the distances
between these intervals is positive. Note that a C!'! open set may be unbounded
and disconnected. Here and in the sequel, we use “:=" as a way of definition and, for
a,b e R,anb :=minfa,b}and a v b := max{a, b}.

Theorem 1.1 [9, Theorem 1.1] Suppose that D is a C"' open set in R¢ with C"!
characteristics (R, Ag). Let §p(x) be the distance between x and D°.

(i) Forany M > 0and T > 0, there exists C, = C(d, «, R, Ao, M, T) > 1 such that
foranym e (0, M]and (t,x,y) € (0, T] x D x D,

/2 a/2 oy _
! (1 A M) (1 A M) (t—d/a A M) < PG x )

C, Vi Vi |x — yldte
8p(x)*/? oW PN ([ —aje , 19m*|x — y|/16)
=@ (M i )(M i )(t S P )

where ¢(r) = e (1 + rld+e=D/2),

(ii) Suppose in addition that D is bounded. For any M >0 and T > 0, there
exists C, = Cy(d, a, R, Ao, M, T, diam(D)) > 1 such that for any m € (0, M]
and (t,x,y) € [T,00) x D x D,

Cyl e " S0 2 8p (1) < PRt x,y) < Cre " S (0% 8p ()2,

where 29™P > 0 is the smallest eigenvalue of the restriction of (m*® — A)*/* —

m to D with zero exterior condition.

Note that, although the small time two-sided estimates on p’j(¢, x, y) in Theorem
1.1(i) are valid for all C"! open sets, the large time two-sided estimates on p’5(z, x, )
in Theorem 1.1(ii) are only for bounded C"! open sets.

The objective of this paper is to establish large time two-sided estimates on
pin(t, x, y) for a large class of unbounded C"! open sets D. The class of unbounded
C"! open sets we are going to work with are the so-called half-space-like C"! open
sets.

To state this result, we first recall the notion of half-space-like open sets. Recall

that a half-space is any set which, after isometry, can be written as {(x, ..., X4) : X4 >
0}. An open set D is said to be half-space-like if, after isometry, H, C D C H, for
some real numbers a > b. Here for any real number a, H, := {(x1, ..., Xg) : X4 > a}.

H, will be simply written as H.
The main result of this paper is the following.

Theorem 1.2 Suppose that D is a half-space-like C"' open set in R? with
CU! characteristics (R, Ao) such that H, C D C Hy,. For any M > 0, there exist
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Ci=C(M,a,d, R, N\g,a—b) > 1,i = 3,4, such that forallm € (0, M]and (¢, x, y) €
0,00) x D x D,

Pt x, y)
F) a/2 by a/2 ¢ o)y C
(71)()4) /\1) (70(}/) /\1) (t’d/“A plm Tx dyl/ 4)) fort e (0,1/m];
Vi Vi |x—y|d+e
/e~ (m(2"‘)/2“30(x) + 8p(x)*/? N 1)
<Gy \ﬁ
o <m(2‘”/2"80(y) +8p(y)*/? A 1)
Jt
P exp (—C (e — 2at X = Y1
p T | m 7 x=ylAm — fort > 1/m,
(1.2)
and
Ppt,x, y)
E) /2 5 /2 ¢ C 1/
( Zl /\l)( 20 /\1) (t—d/w"b(“m—d'xyb) fort e (0, 1/m;
Vi Vi [x—y| @+
md/e)—d/2) <m(2°‘)/2“(SD(x) o000 A 1)
> C;! vt
3 y (m(Zoz)/2a5D(y) +8D(y)a/2 N l)
V1
—dp2 _ Voo 2t X =¥
xt ™ exp| —Cq|m'%x—y|Am — fort>1/m.
(1.3)
Remark 1.3

(i) The estimates in Theorem 1.2 are new even when D is the upper half space H.
Observe that although H is invariant under scaling, global two-sided estimates
on p’i(t, x, y) can not be derived through a scaling argument from the short
time estimates in Theorem 1.1(i), which holds only for m € (0, M] and ¢ €
0, T1.

(ii) For a fixed half-space-like C"! open set D with C"! characteristics (R, Ag)
and H, C D C Hy, mD is still a half-space-like C"! open set but with C"!-
characteristics mR, Ag/m) and H,,, C mD C H,,. So we can not use the
scaling property

Pt x,y) =mpl . p(mt,m"*x, m

ey) (1.4)

to obtain sharp two-sided estimates for p’j(t, x, y) that are uniform in m €
(0, M] from that of p! (z, x, y). Nevertheless, the two-sided sharp estimates for
p'p(t, x, y) obtained in Theorem 1.2 exhibit the scaling property. To see this,
for a > 0, define

o) =1+ 172
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and
/e (1 A ((tl/a/r)d+a¢(ar))) ifre (1],
W, (t,r) =
= exp (—a(r A (/D)) ifr>1.

By considering 0 < r < 1 and r > 1 separately, we see that

ra/z/\lg(p(r)/\1§2<ra/2Al> for t € (0, 1].
NG N NG

Thus the estimates in Theorem 1.2 can be rewritten as

1/a 1/a
4cy™! <L\/r%l;(x)) A 1) <W A 1) m e, (mt, m"*|x — y|)
< pplt.x,y)
1/a 1/a
<G ((p(m?:j(x)) A l> (Wiw A l> mY e, (mt, m"*|x — y|)

(1.5)

for (¢, x, y) € (0,00) x D x D and m € (0, M].

(iii) For any open set D, we use t}} to denote the first time X" exits D, i.e., t}; =
inf{t > 0: X;" ¢ D} and tp to denote the first time X exits D. By integrating
Eq. 1.5 with respect to y, we see that for each fixed M > 0,

p(m'/*5p(x)) R

Jmt

Pz} > 1) 1 for m € (0, M],

X

t>0andx e D
5 a/2
p(x) Al

for m € (0, M] and
N m € ( ]

(t,x) € (0,1/m] x D;

X

m=P5 ) (x) + 8 (x)°/2

Vi

A1l form € (0, M] and

(t,x) € (1/m, 00) x D.
(1.6)

Here and in the sequel, for two non-negative functions f, g, f < g means that
there is a positive constant ¢y > 1 so that ¢;' f < g < ¢ f on their common
domain of definitions.

Let p™ (¢, x, y) denote the transition density function of X" with respect to the
Lebesgue measure on R?. In view of Eq. 2.2 and the estimates on p™(z, x, y) to
be given below in Theorem 2.1, the estimates in Theorem 1.2 can be restated as
follows: There exist constants ¢; = ¢;(M, «,d, R, Ag,a—b) > 1,i=1, 2, such
that for every (¢, x, y) € (0, 00) x D x D and m € (0, M],

1
C—IF’X(TI’)" > Py(th > 1) p"(t, cax, cy) < pp(t,x,y)
1

< caiPe(epy > Py (x5 > ) p"(t, x/ca, y/c2). (1.7)
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In fact, by Theorem 5.1, when D is a half space, Egs. 1.2-1.3 and 1.5-1.7 are
true for all m > 0.

(iv) The Lévy exponent for X™ is ®,,(|&]) with ®,,(r) = (m*% +r)¥? —m. By
considering r € (0, m'/%] and r > m'/® separately, we see that there is a con-
stant ¢ > 1 such that

Tl A M THO) < () < e A (m! T

for all m > 0 and r > 0. Thus

1 1 m~!

D, (1/r) — r e A (M- @0r2) = (mifer)—a A (mV/er)2

_ m"“ne v mer? (w(m‘/“r)>2
= (=)

m
Thus the factor ¢(m'/*8p(x))/+/mt in Egs. 1.5 and 1.6 is related to the Lévy
exponent @, of X" as follows:

pm'*sp(x)) 1

vmt T Vi, (1/5p(x)

This is not a coincidence. The same phenomenon happens for symmetric stable
processes [7, 17], for the mixture of stable processes [11], and for the mixture
of Brownian motion and a symmetric stable process [12, 13]; see especially
[13, Remark 1.5(i)]. We conjecture that the following holds for a large class of
symmetric Lévy process on RY.

(1.8)

Conjecture Let X be a rotationally symmetric Lévy process on R? and D a C"!
open set in R? (D will be assumed to be connected if X has a continuous component).
Suppose X has a transition density function p(t,x,y) with respect to the Lebesgue
measure on RY. Denote the Lévy exponent of X by ®,,(|&]). Let pp(t, x, y) denote the
transition density function of the subprocess XP of X killed upon exiting D. Then for
any T > 0, there are constants cy, c; > 1 such that for every (¢, x, y) € (0, T] x D x D,

1 1 1
| —— A1 — A1
o ( TN )( 515500 )p(t’ @6 ) = polt Xy

1 1
<c|l—)f/—————A"1)| ——— A1 (t,x/ca, y/c2). 1.9
1 (vt®(1/80(x)) ) ( 10(1/5p()) ) P2 YT (19)
If, in addition, D is half-space-like, then Eq. 1.9 holds for all t > 0.

This paper is a natural continuation of our recent papers [7-9, 12, 17] on heat
kernel estimates of discontinuous Markov processes in open subsets of R?. Our main
result Theorem 1.2 covers the main results in [10, 17, 21]. In fact, by integrating the
heat kernel estimates in Theorem 1.2 with respect to ¢ one can easily recover the
sharp Green function estimates on G’ (x, y) of [21] (for half-spaces) and [10] (for
half-space-like C"! open sets). Moreover, by letting m — 0, we recover the heat
kernel estimates for a-stable processes on half-space-like C!! open sets, which are
the content of one of the main results in [17] (see [9, Remark 1.2].)
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Unlike symmetric stable processes, the Lévy density of X" does not have a simple
form and has exponential decay at infinity as opposed to the polynomial decay of the
Lévy density of symmetric stable processes. In particular, relativistic stable processes
do not have the stable-scaling property, which is one of the main ingredients used in
the approaches of [7, 8]. Consequently, one can not obtain the large time heat kernel
estimates for X" in a half-space from the small time heat kernel estimates through
scaling. A major part of this paper is to derive global sharp two-sided heat kernel
estimates for X" in a half-space.

Until very recently, even in R?, large time sharp two-sided heat kernel estimates
were not available for jump processes with Lévy densities decaying exponentially at
infinity. In a recent paper [6], the first two named authors, together with Kumagai,
succeeded in establishing global sharp two-sided estimates for the heat kernel of
a large class of jump processes, including the relativistic a-stable process X'. This
result provides us a guideline in getting the correct interior estimates of the Dirchlet
heat kernel for X! in a half-space. For symmetric a-stable processes, for each fixed
t, the Dirchlet heat kernel decays near the boundary at the rate §p(x)*/2. But for
large t, the Dirchlet heat kernel of a relativistic a-stable process decays at the rate
8p(x) +8p(x)*/%. To obtain the lower bound in a half-space, we use the fact that
Dirichlet heat kernel of X™ in D is no less than the transition density function of the
corresponding subordinated killed Brownian motion in D. Then we use the push-
inward technique developed in [17] to extend it to half-space-like C'*! open sets.

For the upper bound estimate in a half-space, we use some results in [21]. Then,
to get the full two-sided heat kernel estimates, we adapt the strategy in [2, 7] to deal
with large time estimates.

For the sharp estimates in half-space-like C"! open sets, we follow the general
strategy of [17] with several modifications to deal with the difficulties mentioned
above and the complicated form of estimates for a half-space. For this, we need
the inequalities established in Lemma 2.4 and use the comparison of the global heat
kernels (Lemma 2.2 as opposed to the comparison of Dirichlet heat kernels in [17,
Lemma 1.6]). The exit distribution estimate in Theorem 2.5 plays an important role
in this paper.

In the remainder of this paper, we assume that m > 0. We will use capital letters
Cy, C,, ... to denote constants in the statements of results, and their labeling will
be fixed. The lower case constants cj, ¢z, ... will denote generic constants used in
proofs, whose exact values are not important and can change from one appearance
to another. The labeling of the lower case constants starts anew in every proof. The
dependence of the lower case constants on the dimension d will not be mentioned
explicitly. We will use 9 to denote a cemetery point and for every function f, we
extend its definition to 9 by setting f(9) = 0. We will use dx to denote the Lebesgue
measure in R%.

2 Preliminary Estimates

The Lévy measure of the relativistic «-stable process X, defined in Eq. 1.1, has a
density

x2

J7(x) = J"(Ix]) = 2F(]a_a)/0 (Aru) =2 e= i e uy=(+5) qy, (2.1)
2
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which is continuous and radially decreasing on R?\ {0} (see [30, Lemma 2]).
Here and in the rest of this paper, I' is the Gamma function defined by
() = [;° e 'dt for every A > 0. Put J™(x, y) := j™(|x — y|). Let A(d, —a) :=
20ty A2 (He) (1 - %)_1. Using change of variables twice, first with u = |x|?v
then with v = 1/s, we get from Eq. 2.1 that

J"(x, y) = Ad, —elx — y| =y m'x — y))

where
_1 00 ,
0

which is a decreasing smooth function of 72 satisfying ¥ (0) = 1, ¥ (r) < 1 and
crle 2 <y (r) < cpem e D2 on [1, o) (2.2)

for some ¢; > 1 (see [16, pp. 276-277] for details). We denote the Lévy density of
X by

J(x) i= JO(x) = A(d, —a)|x|~@

and put J(x, y) = JO(x, y) = J(y — x).

The function J"(x, y) gives rise to a Lévy system for X", which describes the
jumps of the process X”: for any non-negative measurable function fon R, x R? x
R? with f(s, y, ) = Oforall y € R¢ and stopping time T (with respect to the filtration
of X™),

T
E, [Z 6 X;'LX?)} s [ ([ re o) s e
0 R4

s<T

(See, for example, [14, Proof of Lemma 4.7] and [15, Appendix A]).
We will use p”(t, x, y) = p™(t, y — x) to denote the transition density of X" and
use p(t, x, y) to denote the transition density of X. It is well known that (cf. [14])

t

m on (0, OO) X Rd X Rd

pt,x,y) < A
From Eq. 1.1, one can easily see that X" has the following scaling property:
{X" — X!, t > 0} has the same distribution as that of {m~"/*(X! — X}),t > 0}.
In terms of the transition densities, the scaling property above can be written as

y). (2.4)

By [6, Theorem 1.2] and [9, Theorem 3.6], for every T > 0, there exist ¢j, c; > 1
such that

Pt x, y) = mYpt(mt, m"?x, m'®

P xy) < {t:;i/a A tJl(xiy) forr e (0, T1;
rrexp (=i (= v A BPE))  fores T
and
/e A tjl(x y) fort € (0, T}:

plt,x, y) > Cfl !t‘l/zexp( ¢ (|x—y| A b= y‘ )) fort > T.
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Now using Eq. 2.4 we get

Theorem 2.1 For every T > 0 there exist C; > 1,i =5, 6, such that for every m > 0,

YA LT (x, y) forte(0,T/m;

M
p (t’x’y)ics{md/“d/ztd”exp(—Cgl(ml/“lx—yl/\mz/“”x_lyz)) fort>T/m,

and
. e =4 A I (x, y) forte (0, T/mj;
Pt x, y)=>C; dfe—d/2p—d)2 exp(—Cﬁ(ml/"‘|x—y|/\m2/"‘_1@>> for t>T/m.

We define X”? by X/ (0) = X" () ift < 1} (w) and X" P (w) = 8 if t > 7 (w).
We define XP similarly. X"P is called the subprocess of X" killed upon exiting D
(or, the killed relativistic stable process in D with mass m), and X is called the killed
symmetric a-stable process in D.

It is known (see [15]) that X" P has a transition density p's (¢, x, y) with respect to
the Lebesgue measure, which is continuous on (0, c0) x D x D.

We will use G (x, y) 1= fooo p'h(t, x, y)dt to denote the Green function of X' mD
The transition density and the Green function of X are denoted by pp(t, x, y) and
Gp(x, y), respectively. Recall that the Dirichlet heat kernel p;(t, x, y) enjoys the
scaling property (1.4).

The following simple result will be used several times in this paper.

Lemma 2.2 Let D be an open set in R and X, ty, M > 0 be fixed constants. Suppose
X, Xo € D satisfy |x — xo| = At(l)/a. Then forall a € (0, M] and z € D,

( e, (09 (alx — 2)) ) _ <,0—d/a , fod (alxo — z]) ) 2.5)

|x—z|d+°‘ |x0—z|d+°‘

where the (implicit) comparison constants in Eq. 2.5 depend only on d, M, «, } and t,.

Proof By symmetry, it enough to show that

sup (to—d/oz A lop (alx — ZI)) / (to—d/ot A top (alxo — Zl)) ~ ¢ 2.6)

ac(0, M |x — z]d+e |xg — z|d+e

for some positive constant ¢; depending only on d, M, «, A and .
Define Ao = A/4. Then for z € B(xo, Aot(l)/”) we have |x — z| < #,/“. Thus, in this

case,
—dja . lop(alx —z|) —dja  hop(alxo — z|)
sup {7 ATy g N Py
ae(0, M) [x —z| |xo — 2|

1/a
< oy N top(M1y')
= 2% 0 t(d+o¢)/a :
0

Similarly, for z € B(x, koté/“) we have |x) — z| < t(l)/a and so Eq. 2.6 is true.
For z ¢ B(x, Aoté/a) U B(xo, kot(l)/“), we have by the triangle inequality,

Ix — z| — 4oty < Ix0 — 2l < Ix — z| + 4hoty”. 2.7)
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244 Z.-Q. Chen et al.

Thus, if |z — x| < 16kot$/“, then |x — z| < Aoté/o‘ = |xo — z| and so Eq. 2.6 holds.

Finally, if z ¢ B(x, Aoty*) U B(xo, Aoty with |z — x| > 16ty/*, then by Eq. 2.7,
|xo — z| < |x — z|. Thus by the explicit expression of ¢,

il fop (alx — z|) dla top(alxo — z|)
sup 0 _ old+a 0 _ |dta
ae(0, M) [x — z| |xo — z|

todp (alxo — z| — daroty®) /ro¢(a|xo —zl)

=c

ac(0,M] |xo — z|d+ lxo — z|d+
_ _ 1/a
<co sup ¢(alxo — z| — 4aroty®) < cset Mt
ae(0, M] ¢ (alxo — z|)
O
Let D be an open set in R4 such that H, ¢ D ¢ H for some a > 0. Set
to ;== (1 va) (2.8)
and e; = (0, 1). For x and y in D, define two points

X0 = x+21)/“eq and  yo:=y+26/%q. (2.9)

Observe that §p(xp) > 8y, (x0) > t(l)/ “. The following simple lemma is established in
[17, Lemma 2.2].

Lemma 2.3 Suppose that D is an open set in R? with H, C D C H for some a > 0.
Let ty be defined as in Eq. 2.8. For x € D, let xq be defined as in Eq. 2.9. Then there is
a constant C; > 1 depending only on d, «, ty and a such that

C7 A ASp(OY) <1 A M) <1n w < C5(1 ASp(0)%) (1 A w>

forallt > 1.
The following elementary result will play an important role later in this paper.

Lemma 2.4 Let D be an open set in R? such that H, C D C H and ty be the constant
defined in Eq. 2.8. For x € D, let x be defined as in Eq. 2.9. For any M > 0, there
exists a constant Cg = Cg(a, o, M, ty) > 1 such that

(i) forallt>0,me (0, M]and x € D,

8D + m=/ 25 (x)

i

> Cy' (1A 8p(0)*7?) (1 A

)

811 (x0)** + mc—”’)/e"‘)ﬁy(xo))

Vi
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(ii) forallt > ty,m e (0, M]and x € D,

8p ()2 + m /5 (x)

Vi

< Cs (1 A8p(0)*/?) x (1

1A

N 81, (x0)** + m@=/C0s (xo)>

Vi

Proof Note that

Sp(x) +1y/" < 811,(x0) < 8p(¥) +21y/* and  Sp(x) + 21" < S (x0) < Sp(x) + 31,/
We consider the two cases §p(x) < t(l)/ “and §p(x) > té/ “ separately. When §p(x) >
té/“, we have
dp(x) < 8p,(x0) < S (xo) < 45p(x).

The inequalities in (i)—(ii) are trivial in this case. So from now on we assume that

Sp(x) < 1/*. In this case, 8y, (xo) € (8, 31y*) and 8 (xo) € (21, 41,/%).

(i) Forallt>0,me (0, M]andx € D
8 (x0)*/* +m(2_°‘)/(2°‘)5ﬁ(x0)> 1
1A 8p(x)*/? (1/\ <ci (LASp()* ) (1 A —
( p(0)*?) NG <ci( p(0)*?) NG

/2 /2 2—a)/Qa)
o (1B (] 8o 4 m 500\
- \/E = \/E

(ii) Forallt > ty,m € (0, M]and x € D,

81, (xX0)** +mP=/ sy (xo) 2 !
(LASp(x)*?) (l/\ d d >c (LASp(0)*?) (1A —
NG Vi
8p(x)*/? Sp(x)*/% + mE=/C0 s, (x)
> C)—F = C3 <1/\ ) .
Vi NG
m}

The following estimates on harmonic measures will play a crucial role in Section 4.

Theorem 2.5 For any ry > 0, there exists a constant Co = Co(w, r9) > 0 such that for
every r > ro and open set U C B(0,r)

P, (XT]’,J € B(0, r)c) < Gy r’zf Gb(x, y)dy, foreveryx € UnN B(0,r/2).
U

Proof Without loss of generality, we assume that 0 < ry < 1. Recall that C° (Rd),
the space of continuous functions with compact support, is in the domain of the L,-
generator £; of X! and

Lin(x) = /Rd(n(x +3) = n(0) = (V@) - Moo (I (yhdy  forn e CP(RY)
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(see [31, Section 4.1]). Observe that the right hand side of the above display is
independent of the choice of ¢ > 0. Using the argument in [26, pp.152], one can easily
see that the last formula on [26, pp.152] is valid for X! for all d > 1. Thus we have
that for every n in C°(R?) with 5(x) =0,

E, [77 (Xrl, )] = / Gl (x, y)Lin(y)dy foranyx e U. (2.10)
v U

Take a sequence of radial functions nx in C° (Rd) such that 0 < n <1,

0 when |y| < 1/2,
nk(y) =1 1whenl <|y|<k+1,
0 when |y| > k + 2,

and that ), ; |ﬁ;yj’lk| is uniformly bounded. Define ny,(y) = n(%). Then we have
0 < Nk,r < 1»

0 when |y| < r/2,
Ner(y) =3 1 whenr < |yl <r(k+1),
0 when [y| > r(k +2),

and

sup < Cp r2.

yeRd

2
‘ Nk,r )

0y;0y;

Using this inequality and the fact that
FAyD = PAYDEAYD < eyl Yyyizry + cre Py
for some ¢; = ¢ (rg, @) > 0 (see Eq. 2.2), we have for r > rq

sup sup [L1nkr(2)]
k>1 zeRd

= sup sup Mk (2 +Y) = i, (2) = (Ve (2) - V) 1Bo,n (y))jl(lyl)dy‘

k>1 zeRd |JIR4

k(2 +Y) — i (2) — (Vi (2) - y)
|y|d+a

< ¢ sup sup (/ ‘ v (lyhdy
k=1 zeRd \J{|y|=<r}

+/ e—|y\|y|—(d+ot+1)/2dy>
{r<lyl

)
lyl? 1 _ —(d+a+1)/2+42
d+ady+ = e \yllyl ( )/ dy
ESR < Jiro<lyl=r)
}

=3

1
2
“
(r<Iyl
1
2

<y (r—z + e—\y||y|—(d+a+1)/2+2dy
7% Jiro<lyl<oo}
e*S’

e—ly\ |y|—(d+ot+1)/2dy>

o0
+/ 'sd/zf"‘ﬂ”/zds) < csr 2. (2.11)
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When U C B(0, r) for some r > rj, we get, by combining Eqgs. 2.10 and 2.11, that for
any x € U N B(0,r/2),

P, (Xrl;, elyeRV:ir<|yl < (k+ l)r}) <E, [nk,r (Xfl,lj)] < Csr*Z/UG}](x, y)dy.

(2.12)
Therefore, for any x € U N B(0, r/2),

P, (ij e B, r)c) = lim P, (X;U e{yeR :r<|yl <+ 1)r})

IA

Cs r_2/ Gb(x, v)dy.
U

3 Lower Bound Heat Kernel Estimate on Half-space

Recall that H = {(xy, ..., x4) : x4 > 0}. In this section we will prove the lower bound
estimate for p },(t, x, ¥). One of the tools we will use is a subordinate killed Brownian
motion in H. We first recall this concept. Let B, be a Brownian motion on R4 such
that E[exp(if - (B, — By))] = exp(—t|£|?) for all £ € R? and let B be the Brownian
motion killed upon exiting H. Let T; be an 5-stable subordinator with Laplace
exponent A%? and independent of B. Denote the density of T, by 6,(t,u). Let
T! be a subordinator with Laplace exponent (A + 1)%/? — 1. Then the density of
T! is e'e70,(t, u). The process (Z'H 1> 0} defined by Z = BI'T‘:l is called a
subordinate killed Brownian motion in H. Let qu(t, x, y) be the transition density
of Z'-H Then it follows from [32, Proposition 3.1] that

pu(t. z,w) = qy(t, z,w)  for (¢, z, w) € (0, 00) x H x H. G0

‘We will use this fact in the next result.

Lemma 3.1 There exist positive constants C; = Ci(«, d), i = 10, 11, such that for all
te[l,o0)and x,yin H,

- S (x) Su(y) _ 2
Lt x,y)>C t‘m(l/\ a )(1/\ ) Culx—yP/t
put x,y) > Cy i i e

Proof Let py(t, x, y) be the transition density of the killed Brownian motion B in
H. Using [23, (2.8.4)], one can easily show that there exists ¢; > 1 such that

c,_1 (1 A Slj/(;)) <P.(tyg >9) < <1 A (Sil/(;)>, x e H.

Thus it follows from [33] that there exist positive constants c¢;, i = 2, 3, such that for
any (s, x,y) € (0,00) x Hx H,

8 (x) SO a2 -esle—yis
pu(S, X, y) > ¢ (1 A 7 ) (1 A 7 )s e . (32)
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It follows from the definition of Z** = B’T"l (for example, see [1, page 149]) that
for every ¢ > 1, the transition density ¢}z, x, y) of Z'# is given by the following
formula,

[o.¢]

gl x,y) = / pu(s, x, P(T] € ds) = / pu(s, x, y)e'e *0,(t, s)ds.
0 0

Note that, since E[e 27 = ele~®+D"” we have
POT, <1) <P(e? > e™) < eBle?T] < X @D = (@072 (3 3)

Let b := 3% — 1 so that P(b T} <) < e™". Using this fact and Egs. 3.1-3.3, we get
that for every ¢t > 1,

Pt x,y) > qiy(t,x,y)

%
Z/ pH(S, X, y)e'e 0, (t, s)ds
b

C4 ‘SH(X)) ( 8H(y)> —dJ2 —beslx— |2/[/-21 ¢ s
> —|1A 1A —== )Y Py e'e*0,(t, s)ds
2 ( Vi Vi b
_ G <1 A (SH(X)) ( (SH(y)) d/2g=besle—yP/t (1 — P Ttl <1 —f €00, (t, s)ds)
2 Vi 2t
> %“ (1 A 8’1’;?) (1 A 5’””) (d12gbes—yPt (1 et e*’/O 0 (1, s)ds)
C4 du(x) Su(y) —d)2 —beslx—y2/t 1
= 1 by (] —2e71) .
> > <1/\ N )( A )t e ( e )

Lemma 3.2 There exist positive constants C; = Ci(a, d), i = 12, 13, such that for all
te[l,o0)and x,yin H,

e SH(X)OM) <1 A Su(y) + SH(y)aﬂ) o~ Cuslx—yP/t

L, x,y)>C f"/z(lA
Pyt x,y) > Cp i NG

Proof 1t follows from Theorem 1.1(i) and Lemma 3.1 that we only need to consider
the case ¢t > 3. Now in the remainder of this proof we assume that ¢ > 3. Let xo and y,
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be defined by Eq. 2.9 with #p = 1 (a = 1). By the semigroup property, Theorem 1.1(i)
and Eq. 2.5 we have

Pht.x,y) = / / Ph(lx, 2Pyt = 2. 2, w) ply (L, w, y)dzdw
HJH

> e (1A SN2 A SN [ (1 asu(? (14 LEZZD
HxH |x — z|d+e
o P(w —yh
X Pt —2, 2, w)(1 A Sy (w)) /2( w = |M) dzdw
> ¢ (1A 8?1 ASu(y))*? / (1A (2)*? (1 A W)
HxH
x ph(t—2,z, w)(1 A Sp(w))* (1 ( %) dzdw. (3.4)

By the domain monotonicity property, we have p}ll/z (s, w, z) < p},(s, w,x) <
p'(s, w, x) on (0, 00) x H,, x Hij,.In particular for z, w € H,,, by Theorem 2.1,

1 1 ¢ (lxo — zI)
Pu,,(1, X0, 2) = p (1, x0,2) < ¢3 (l N xo = 2
and
1 1 d(w — yol)
Pu,, 1 yo,w) < p (1, yo,w) < ¢3 <1 A W .

Thus we have by Eq. 3.4 that pl(t,x,y) is greater than or equal to ¢4 (1A
8 () (1 A8 (y)*’* times

/ (IAM) p}{lz(t—2,z, w)(lAM) dzdw
Hijpx Hip [xo — z|“+* ! lw — yol“+*
> ¢ / Pha (L X0, Py (=2, 2,w) ply, (1, yo, wydzduw
Hypx Hyp

= CSP;]W (t, X0, Yo). (3.5)
Since, by Lemma 3.1,

8 s
Pl (& X0, yo) = ¢t~ (1 ppeillchuia (XO)) (1 Npiilcaaa o 0)) e~ eIo—yol*/t

Vi N
) ) 2
> cgt~U? (1 A H;())) (1 A H\(/);O)> e 1=yl

using Lemma 2.4 and Eq. 3.5 we get

— (SH(X)W) (1 L du) + aH(y)”ﬂ) N
Vi Vi

le(t, X, y) > c9t’d/2 <l A
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The following result is similar to the second assertion of [2, Lemma 2] and its
proof. We give the proof here for the sake of completeness.

Lemma 3.3 Suppose that Uy, U,, E are open subsets of R? with U,, U, C E and
dist(U;, Uy) > 0. Ifx e Uy and y € U,, then for allm > 0 and t > 0,

PE x,y) = tP(tf > ) Py(cf, > 1) inf  J"(u,z2). (3.6)

uel,, zelU,
Proof Using the strong Markov property, we have
PRt x,y) > E, [p?(t — ri’,“l, X;';‘y] , y) : r(",’] <t Xf"ill € Uz] .

Thus by taking T = r,’}ll and f(s,w, 2) =1y pE —s, 2, 1y, (w)ly,(z) in
Eq. 2.3, we have

t
p’lé(t,x,y)zf (/ Py, (s, x, u) (/ J'”(u,z)p"é(t—s,z,y)dz>du)ds
0 U, U,

t
> inf  J™(u, z)/ / PE—s, 2, »)Pi(z > s)dzds
o Ju,

uel,, zeU,
and
t t
/ / PE—s,2, )P(t > s)dzds = Py(z) > t)/ Py(zf} >t —s)ds
0o Ju, 0 -
> tIP’x(r{}’] > t)IP’y(r{]”z > t).
This completes the proof of the lemma. O

The following result from [6] will be used in the proof of Lemma 3.5.

Theorem 3.4 [6, Theorem 4.8] For each ty) >0 and 0 <& < M < oo, there exists
Ci4 = Ci4(ty, &, M) > 0 such that for every x, € R t> 1,

pg(x()’[,/z)(s, x,y) = Cyy a2 for every s € [et, Mt] and x, y € B(x, 3\ft/4).
3.7)

Lemma 3.5 Suppose that ty > 0. There exists Cis = Cys(ty, «) > 0 such that for all t >
to and u, v € R with |u — v| > /1/2,

Pl ooy @34 0) = Cist ]! Glu—v]/2).

Proof Let E = B(u, /) U B(v, V). With U; = B(u, +/t/8) and U, = B(v, /1/8), we
have by Lemma 3.3 that

t
pRt/3,u,v) > gpu(rf]l > t/3) ( inf ’ lw — zl)) ]P’U(rllj2 > t/3).
1, 2€Uz

welU
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Note that for w € U; and z € U,
3
Iw—zl5Iu—v|+|w—ul+|z—v|Slu—vl+x/f/4§§|u—v|.

Thus by Theorem 3.4,

1 ! 1 2 - 1
pB(u,\/;)UB(v,\/;)(t/3’ u, U) Z g (PO(IB(O.ﬁ/S) > t/3)> wEUl|r,1£EU2] (|w - Z|)

2

t 1 -1

> — p (t/3,0, w)dw) 7 Glu—v|/2)
3 (/Bw.ﬁ/& Bo.vi8

2
cit </ fd/zdw> 7 Glu—v|/2)
B(0,+/1/8)

> oot 1 Blu—v|/2).

%

Now we are in a position to establish the main result of this section.

Theorem 3.6 There are positive constants C; = Ci(a), i = 16,17, such that for all
(t,x,y)ell,o0)x Hx H

it x, ) Cret4P2 (8H<x> tZH(X)a/Z R 1) <8H<y> + j;(y)“/z R 1) o~ Cor(lwyin22)

Proof By Lemma 3.2, it suffices to prove the theorem for |[x — y| > ¢ > 1. Assume
|x —y| >t > landlet&, := x + (0, /1) and &, := y + (0, /7). By Lemma 3.2,

/ le(t/3, x, w)du
B(&c,V1/4)

2
> Cll‘id/z (1 A W)/ <1 A 8H(u)> 87C2|x7u‘2/tdu
Vi B(&ei/4) Vi

/2
> /2 (1 L 0u) +8n(x) )/ e du
B(&x,/1/4)

Vi
/2
« o1 0 Y, "
Similarly,
/2
/ p}q(t/3, y, u)du > cg (1 A M) . (3.9)
By /i/4) Vi
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Note that by the semigroup property and Lemma 3.5,
Pt x, y)

> / f PLt/3, %0 Py (t/3, 1, v) Py /3, v, y)dudv
B(E}‘v\/;/4) B(&,,1/4)

1 1 1
> pu/3, x, W)pg. ) t/3,u,v)pyt/3, v, y)dudv
‘/B(E}'v\ﬂ/4) ‘/;(E)n\/;/“) B /i/2)UB0./2

1 1(3 1
> cqt pu/3,.x,w)j | =lu—v|) pyt/3,v, y)dudv
B, i J Be i 2

3
> ¢t inf I <7|u—v|)
(,0)€ B N1/H)x B, V4 \2

x / / pY/3, x, wpl,t/3, v, y)dudv
B(&y./1/4) J B V1/4)

3
> cgt inf i <f|u—v|)
(,0)e B N1/H)x B, i/4) T \2

“ <5H(x) + 81 (x)*/? R 1) <5H(Y) + 8 (y)*/? R 1) ‘ (3.10)
Vi Vi
Since |x — y| > t > 1, for u € B(&,, v/t/4) and v € B(&,, V/1/4),
ol = Vi/2 4 1=yl = Syl
Hence
inf P GBlu—v]/2) = 1 Olx — y|/4) > coe 0 (3.11)

(u,0)€ B+, A/1/4)x B(Ey,\/1/4)
By Eq. 3.10, we conclude that for |x — y| > ¢ > JE>1

31 () + 31 () 811(y) +8u(y)* ol

Al A1) e Colx=yl
Vi ) ( Vi )

> et (W A 1) (‘SH()’)J:ZH(W A 1) e—crolr—yl

This completes the proof of the theorem. O

Pyt x,y) > Clﬂ(

4 Upper Bound Heat Kernel Estimate on Half-space

In this section we will prove the upper bound on pl,(t, x, y).
By [21, Theorem 4.4] and its proof, we know that, for every ¢ > f, there exists
c(d, a, ty) > 1 such that

a2 /2
- (M A 1) <Py(c) > 1) < %Lﬁv‘sﬂm A 1), (1)
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Only the upper bound in Eq. 4.1 will be used later in this paper.

Lemma 4.1 For every ty > 0, there exists C13 = C3(d, o, ty) > 1 such that for every
(t,x,y) €[ty,00) x Hx H,

$HX)* V 8§y (x) A 1) <5H(y)"’/2 vin@y) 1)

Lt x.y) <C t—d/Z(
Pyt x,y) < Cy 7 7

Proof By the semigroup property and symmetry,
Pt x, y) = / / Pu(t/3.%, 2 pyt/3, 2, w)pyt/3, w, y)dzdw
HJH

< (sup plt/3, z, w))/ / Ph(t/3,x, 2)ph(t/3, y, w)dzdw
aJu

zZ,w
= (suppl(t/3v Z, w)) Py(t}; > t/3)Py(z}; > 1/3).
zZ,w
Now the theorem follows from Theorem 2.1 and Eq. 4.1. O

The next lemma is similar to [2, Lemma 2] and [12, Lemma 3.4] (see also [7,
Lemma 2.2]). We provide the proof here for the sake of completeness.

Lemma 4.2 Suppose that E, E3, E are open subsets of R with Ey, E; C E and
dist(E;, E3) > 0. Let E, .= E\ (E1 U E3). If x € Ey and y € Ej3, then for allm > 0
andt > 0,

PEW x, y) < Po(X7 eEz)( sup p’E(s,z,y)>+Ex[t’E"l]< sup  J"(u,2) |-
! s<t,zeE, ucky, zeEs
4.2)

Proof Using the strong Markov property, we have
PRt x,y) = By [p”g(t— 7, X;’?Enl L Y) 7 < t]
= E, [p%(t— % X;’;f_, ,y) DTE < Xfli_l € Ez]
“1 “1

+E, [pg(t—rg’l, Xr"énl,y) LTE <t X:”,Enl € E3]

=1+ 1II.

Clearly

I1<P, (r,’; <t, X;”z, GEQ) < sup p'E(s, z, y)) <P, (X;’Zy_. € E2> ( sup pE(s, z, y)) .
“1 “1

s<t, zek, s<t, zeE,
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On the other hand, by Eq. 2.3,

t
11:[ (/ PE (s, X, 1) (/ J"(u, z)p?(t—s,z,y)dZ) du) ds
0 E, E;
t
< ( sup  J™(u, z))/ P(cf > ) (/ p?(t—s,z,y)dz) ds
uckEy, zeEs 0 E;

t
< f P, (< >s)ds< sup  J"(u, z)) S]Ex[rg]< sup  J"(u, z)) .
0

uek,, zekEs uek, zeEs

This completes the proof of the lemma. O

By [21, Theorem 4.2], there exists c(d, «) > 1 such that for every R > 0
¢ (RV R*?)((R— [x])*/* v (R — |x]))
<Etho.r] < c(RV R?)((R—[xD? V(R —|x])). (4.3)

We will only use the upper bound in Eq. 4.3 later in this paper.

Lemma 4.3 There exist positive constants Cy9 and Cyy such that for every (t,x,y) €
[1,00) x H x H,

Pt x,y) < Cot 2 <—5H(x) Vo A 1) ~Cao b=y i)

Vi

Proof By Theorem 2.1, there exist positive constants c¢; and ¢, such that

VNI (x, y) fort e (0, 1];
=2 exp (—62<|x -y A @)) fort > 1.

Let ¢3 := (2d/cy)"/?. By Eq. 4.4 and Lemma 4.1, it suffice to prove the lemma
for 857(x) < c34/1/9 and |x — y| > c3+/t. Thus we fix (¢, x, y) € [1, 00) x H x H with
S (x) < c34/t/9 and |x — y| > c3/t. Let xg = (%, 0), E| := B(xo, c34/1/4) N H, E3 :=
{ze H:|z—x|>|x—y|/2}and E, := H\ (E, U E3).

Write X' = (X", ..., X"9). For any open interval (8,y) in R!, let 75, :=
inf{t > 0: X" ¢ (B,y)}. Note that X" is a 1-dimensional relativistic «a-stable
process. So by the one-dimensional version of Eq. 4.3 and the assumption that ¢ > 1
and 8 7 (x) = x4 < c34/1/9, we have

B[ty ] < ]Exa[ﬁlo,cm/@] < eV (xa v xy?) = e V1 () v (0P, (4.5)

plt.x.y) <c { (4.4)

Since

|Z_x|>|x;y|z%\[[ for z € E3,

E,NE;=@and, forue Eyand z € Ej
63«/

1
lu—z|>lz—x|—|x—ul>|z—x|— *I z=xlz gl —yl. (4.6)
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Thus, using the assumption |x — y| > ¢34/t > ¢3, we have

sup J'(u, z) < sup J'w,2) < j'(x = yl/4) < cse Y (47)

ueky, ze ks (u.z):lulez}‘ley\
On the other hand, if z € E,

3 |x — yl
S R U R E e T e e e T (4.8)

Thus, by Egs. 4.4, 4.8 and the assumption |x — y| > ¢34/ > ¢,

sup pl(s,z.y) <ci sup (s AsINz o y) e sup J'(z,y) <cre
<1, zeEp s<1,zeE, |z—yPlx—yl/2

and, by Egs. 4.4 and 4.8,

1 —d)2 |z —yP
sup pls.z.y)<c sup s exp(—c Iz—yl/\f

l<s<t, zeE, l<s<t, ze E;

—dj2 [x — Y|2
cilexp(—ca|x — y|/2) + sup s exp | —c2 .
l<s<t 4s

IA

(4.9)

Observe that the function s — s~%?e~#/% is increasing for s € (0, 28/d]. Since c|x —
yI?/@2d) = |x — y|*/c3 > t, we have

2 2
—d) _ lx — yl < 42 _ lx — yl
ls<1§[<)[s exp < 2 < exp | —c2—- .

Thus we have

_ _ _ _ r—yl?
sup  p'(s,z,y) < cre P2 oS
O<s<t, zeE;
2
< cot2emen Y 4 /202 N5
_ _ =y
< ey d2emennoin i) (4.10)

where in the second to the last inequality, we used the assumption that |x — y| >
eVt > .

On the other hand, applying Theorem 2.5 with U = E; and r = 47 e3¢/t > 47'¢3
yields

— c c C13
Po (X)) € E2) <Py (X)) € B(xo.47esvi)) = =2 /E Gl (x. y)dy = S B[t ]
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Thus we have by Lemma 4.2, Egs. 4.5, 4.7 and 4.10 that

=y
t

pu(t.x.y) < esBufrp, | 4 ey Py (XT‘é € Ez) g2 gen(iv=yn2E)
1

/2 2
< cu Sp(x) Vvig(x) (t€766|x7y| + t7(1/2e—c12(\x7y|A@)>

B Vi
2
< cis 8 (x) V}H(x)a/ 4 <e*C16|x*y‘ + e*Clz(\X*y\/\@))
$u(x) V(0> lx — yI?
_017%1 W exp (—cis Ix—ylA% ,

where in the second to the last inequality we again used the assumption that |[x — y| >
¢34/t and t > 1. This together Eq. 4.4 yields the desired upper bound estimate of
pht, x, y). O

Theorem 4.4 There are positive constants C; = Ci(a), i = 21,22, such that for all
(t,x,y) €[1,00) x H x H,

/2 /2 ol
PL(tx, y) < Coyt~/2 (SH(X) VjEH(X) o 1) (SH(y) V}H(Y) /\1) eszz(ley\A%).

Proof In view of Lemma 4.3 and Theorem 2.1, it suffices to prove the first inequality
in the theorem for 8, (x) vV 8 (y) < +/f and ¢ > 1. By the semigroup property and
Lemma 4.3,

Lyt x, y) = f Y25, 2Pl (t/2. 2 y)dz
H

<e (SH(X) V p(x)*/? A 1) (SH(y) vV 8u(y)*?

1)h
7 7 A ) t x, y),

where

‘(*22 2'—'2
h(t, x, y) =f pd2gmeai=ain ) e (iznn )
H

for some constant ¢, € (0, 1]. We know from Theorem 2.1 that there are constants
¢z > 0 and ¢4 > 1 such that

e A pemcalx—yl fort € (0, 17;

2 4.11
42 e_c“(‘x_ylA‘ ) fort > 1. (“11)

Pt x,y) > 63{
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Let ¢s := ca/cq and xp := csx and y, := csy. Use the change of variable w = ¢s5z and
Eq. 4.11, we have fort > 1,

ezl e z—cey?
h([, X, y) — / tfd/Z —6‘4(|C5X—CSZ|A‘L5251/527‘ )tfd/26—64(|C51—CSY|A7‘ 5(.5””2” )dZ

Ixg-wl* jw=ygl?

C6/ (cst)™ (1/2 —C4 \xo wiA=gm )(C fH”~ dj2 —C4(|w Yol = )dw

IA

o / P (est/2, x0, w)p (est/2, w. yo)dw
H

Ix— y\
= cs p'(cst, X0, yo) < cot™ e —eo(pin )

where in the last inequality we used the upper bound estimate of Theorem 2.1 with
m = 1and T = c¢s. The proof of the theorem is now complete. O

5 Proof of the Main Result
Combining Theorem 1.1(i), Theorems 3.6 and 4.4 with Eq. 2.4, we get

Theorem 5.1 There exist constants C;, i = 23, 24, depending only on d and o such that
forallm > 0 and (t,x,y) € (0,00) x H x H,

Pt x,y)
/2 /2 ey
<8H(52 Al) <8H(32 /\l) ( ULUN t¢(”;x _|x |d+ya|/16)> fort e (0,1/m];
_ @020 5 (x) + 8 (x)*/?

dja—dj2 [T H

it Ji : 1)
m@=228 () + 8 (y)*/? )
X ( N Al

x—
x 1792 exp (—C;J <m1/a|x—)’| A a1 ; s >) fort>1/m,

< Cy

and
Put x,y)
5 a2 5 a/2 t ey
(B ) (B ) (o OO 17
Vi Vi X — y|e
d/a—dr2 (m(z_a)/za‘s” () +3u 0 1)
> ) ﬁ
= (m(2_"‘)/2°’5H(y) + 8 ()2 )
X Al
NG
2
x =% exp (—C24 (m'/“lx — yl Am! i tyl )) fort>1/m.
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Now we are in a position to prove the main result of this paper.

Proof of Theorem 1.2 Without loss of generality, we may assume that H, C D C H
for some constant a > 0. Clearly

P, x,y) < pptx,y) < ppt,x,y), m>0,(xy) € (0,00 x Hy x H,.
(5.1)
Define f as in Eq. 2.8. In view of Theorem 1.1(i) we only need to prove the theorem
for t > 3t,. Suppose t > 3ty. For any x, y € D, we define xy and y, as in Eq. 2.9. By
the semigroup property and Theorem 1.1(i),

p%(t,x,y)=//p"l%(to,x,z)p'g(t—Zto,z, w) p'p (to, w, y)dzdw
DJD

> ¢ (1 ASp()) (1 ASp(Y)*? fit, x, y), (52)
where
oy
filt,x, y) = / (1 A8p(2))*/? (1 A L'xdz')) Pp(t =210, 7, w)(1 A dp(w)*/?
DxD |x — z]4te
¢ (m'*|lw — yl)
X (1 A W) dzdw

Define A := 16 v Cy. Note that by Theorem 5.1, for z, w € D and t > 3¢y,
Pt — 21y, z, w) > p’Z’,M(t — 21y, 7, W) > czp"ﬁw(t — 2%, A2z, A%w).

Since m < M, the upper bound estimate in Theorem 1.1(i) and the above display
together with Eq. 2.5 imply that

fl(ts X, Y)

Vet 2|y —
> o / (1 A 8p(2)™ <1 A 2T A Z")
DxD lxo — z]4te

X Pl (t =210, A%z, A2w)(1 A Sp(w)™/? (1 A

>c / (1/\¢( IWAZVO—ZI))
— €3
H3qpox Hyapn |xo — Z|d+a

¢ (m!/* A% lw — yq|)
lw — yold+e

Ve A2x — A27))
> LA sy (A2 (14 207 0
- /;‘Iga/sz}(,/z( Hup(A72) |A2xy — A2z|d+e

X Py, , (& =280, A%z, A2w)(1 A S, ,(A%w))*?

(1 P AN — Ay
|A2w _ A2y0|d+a

1/a A2 _
¢(m* A% |lw yOD)dzdw

lw — yo|dte

x pr;'llza/z(t — 21, Az, A2w) (1 A > dzdw

> dzdw.
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Thus by the change of variables 7 = A%z, w = A*w, and Theorem 1.1(i), we have
that, with 8 := 3a A,

fl(ts X, Y)

1/a 2 =
205/ “A%@)“/Z(lAaﬂﬁ(Azxo»"‘/z(lA‘f’(’" o ZD)
HgxHpg

|A2x Z|d+0(
X FH (l 2l s %y w)(l /\SH;;(“ )())) / (l /\(SH/;(U/)) /
8 0

o (1A P (m'/*|w — Ayo))
W — A?yo|*+e

) dzdD
> ¢ / P, (to, Azxo,/\z)p'}',’,ﬂ (t =210, 2 w) py, (10, @, A%yo)dzdw
HgxHpg

= ¢q p’;}ﬁ (t, A%xq, A%y)). (5.3)

The desired lower bound estimate on p’(z, x, y) now follows from Egs. 5.2, 5.3, the
lower bound estimate in Theorem 5.1 for pﬁw (t, x0, yo), Lemmas 2.3 and 2.4.

On the other hand, by the semigroup property and Theorem 1.1(i), we have for
t>3tpand x,y € D,

p’B(t,x,y)=/D/Dp%(to,x, 2 p'pt —2t, z, w) p'p(ty, w, y)dzdw

<7 (A ASp) (L ASp(YN*? folt, x, ), (54)
where
ey
b, x, y)zf <1AsD(z>>“/2(1A¢(m 'x dfvm)) Pt — 20, 7, w) (1 ASp(w))*/
DxD |x — z|9te
¢ (m'/*|w — y|/16)
x(l/\ o — yjia )dzdw.

Recall A =16 Vv Cy4. Note that by Theorem 5.1, for z, w € D and ¢ > 3¢,
Ph(t — 210, z, w) < Pt — 210, z, w) < cgp'y(t — 219, A2z, A72w).
Let b :=a/(2A). The above display together with Eq. 2.5 implies that
Lt x,y)

1/a _ 2
5@/ (1A 8p(2)* (1 A B0l — 21/ A >>
DxD lxo — Z|d+a

x pm(t —2ty, A%z, A72w)(1 A Sp(w))*/? (1 A

1/a _ 2
¢ (m " |w — yo|/A )>dzdw

lw — yo|dte

¢(m'/*|A72xy — A‘2z|)>

<c (1 AS8g(A™22))/? <1 A
10 /‘meH(,/2 H |A=2x) — A 2z|d+

1/ A—2 _A—Z
)(I)l}n{(l‘_zto7 A_ZZ,A_zw)(l/\5H(A_2w))a/2 (1/\¢(m | w yOD) dzdu)

|A=2w— A2y i+
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Thus by the change of variables 7 = A2z, W = A~?w, and Theorem 1.1(i),

fZ(tv X, Y)

m'*| A 2xy — 2
<cn / an SH,,,@)“/Z(I ASi, (A~2x0))/? (1 A #( | 0 |))
H_b ><H_b

|A‘2xo _’Z‘|d+a
x Pl (t =210, 2, W)(1 A S, (A2 yo)**(1 A Spy_, (0))*/?

(1A p(m'/“|w — A% yo|)
[ — A2 yo|tte

) as

<e f P (o, A0, Dl (0 — 20 2. DY (to, B, A~ yo)dzduw
H,[, X H,b

=cp ply, (t, A"%x0, A2 yp).

The desired upper bound estimate for p7 (¢, x, y) now follows from Eq. 5.4, the upper
bound estimate in Theorem 5.1 for p7; (1, x0/A?, yo/ A*), Lemmas 2.3 and 2.4. O
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