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Abstract We study the balayage related to the supersolutions of the variable expo-
nent p(-)-Laplace equation. We prove the fundamental convergence theorem for the
balayage and apply it for proving the Kellogg property, boundary regularity results
for the balayage, and a removability theorem for p(-)-solutions.

Keywords Non-standard growth - p(-)-Laplacian - Comparison principle -
Fundamental convergence theorem - Boundary regularity - Removability

Mathematics Subject Classifications (2010) 31C45 (35J60, 35B60)

1 Introduction

In potential theory, the balayage of a given obstacle function ¥ on an open set Q2
is defined as the lower semicontinuous regularization of the réduite, the pointwise
infimum of all superharmonic functions that lie above . To develop potential
theory based on the notion of balayage, it is crucial to know that the balayage is
a superharmonic function which equals the réduite outside a set of capacity zero.
This result is known as the fundamental convergence theorem.
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330 V. Latvala et al.

Our purpose is to establish the fundamental convergence theorem for balayage
related to supersolutions of the elliptic equation

—div (|Vu|?¥*Vu) = 0. (1.1)

We use the standard assumptions on the exponent p(-), i.e. log-Holder continuity,
boundedness, and inf p > 1. As an application of the fundamental convergence
theorem, we generalize a removability theorem for Holder continuous solutions to
the variable exponent setting. To this end, we first prove that the set of irregular
boundary points has zero capacity (the Kellogg property), and a boundary regularity
result for the balayage.

The classical theory of balayage, including the fundamental convergence theorem,
goes back to Brelot and Cartan, see [7, 8, 10] and the references therein. In nonlinear
potential theory, the theorem was first proved in [22]. Apparently, the most recent
version of the fundamental convergence theorem appears in [4], which gives a new
proof based on the direct methods in the calculus of variations. This proof, which
works also in metric spaces, does not require as advanced tools of potential theory as
the previous proofs, which is an advantage for us.

To prove the fundamental convergence theorem, we follow the ideas of [4]. The
crux of the argument is the fact that quasicontinuity, i.e. continuity outside a set of
small capacity, is preserved in the limit processes that turn up. In Newtonian spaces
used in [4], quasicontinuity is automatically preserved but this a non-trivial fact, see
[6]. The main distinction between the arguments of [4] and our argumentation is
that we use the variable exponent variant of standard Sobolev spaces instead of
Newtonian spaces. Therefore, in our setting the notion of quasicontinuity requires
extra care.

The key difference between the Eq. (1.1) and the ordinary p-Laplace equation is
the fact that supersolutions to Eq. (1.1) can not be multiplied by positive constants.
This difference has the implication that the existing approaches to the boundary
regularity of balayage in [23] and [5] can not be easily extended to the variable
exponent setting. Note that both [23] and [5] use advanced tools of potential theory,
such as Perron solutions and barriers. We have not succeeded in extending the
commonly used barrier characterization of boundary regularity to the setting of
this paper; hence it seems that new approaches are needed to overcome the lack
of homogeneity. We present such an approach by first identifying the balayage and
the solution of obstacle problem for smooth obstacles by using the Kellogg property.
Although our result on the boundary regularity is not quite as general as in [5], we
find our approach simple, natural, and also sufficient for our present purposes.

In removability results, one is given a solution and an exceptional set, together
with extra assumptions on both. The conclusion is then that the solution can be
extended as a solution into the exceptional set. The removability theorem of [24]
uses an estimate derived from these extra assumptions to show that the balayage of
the given solution to be extended is in fact a solution. A comparison argument then
shows that the balayage must coincide with the original solution in the whole domain.

The paper is organized as follows. In Section 2, we describe the background
material, including variable exponent function spaces, logarithmic Holder continuity
and its implications, and the properties of p(-)-solutions and p(-)-superharmonic
functions. Section 3 contains the proof of the fundamental convergence theorem,
and Section 4 the definition and basic properties of balayage. In Sections 5 and 6, we
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The Fundamental Convergence Theorem 331

prove the Kellogg property, and use it to study the boundary regularity of balayage.
Finally, Section 7 concludes the paper with the proof of the removability theorem.

2 Preliminaries

Variable Exponent Function Spaces We call a measurable function p:R" —
(1, 00), n > 2, a variable exponent and denote

pp=inf p(x) and pf = sup p(x),
xeE

xeE

whenever E is a measurable subset of R”. We assume that 1 < Prn < pﬁn < 00.

Throughout this paper, we let Q be an open and bounded subset of R"”. The
variable exponent Lebesgue space LP) () consists of all measurable functions f
defined on 2 for which the p(-)-modular

200 (f) = fg 1P dx

is finite. The Luxemburg norm on this space is defined as

1 Flloey = inf{)\ "y /
Q

Equipped with this norm L7 () is a Banach space, see [28]. For a constant function
p the variable exponent Lebesgue space coincides with the standard Lebesgue space.
A version of Holder’s inequality,

px)

e
A

dx < 1}.

/ Jgdx < Cll fllLro@ gl Lro s (2.1)
Q

holds for functions f e LPY(Q) and g e LP (), where the conjugate exponent
p'(-) of p(-) is defined pointwise. Further, since 1 < p~ < p* < oo, the dual of
LPO(Q) is LYV (RQ), and the space LP(Q) is reflexive.

In estimates, one often needs to pass between the norm and the modular. This is
accomplished by the coarse but useful inequalities

min {1ll? o o0 12617 00 b < 0p0) (@)
LrO(Q)’ LPO(Q) = 0p0)

(2.2)

. -
< max {1l g 121700}
which follow from the definition of the norm in a straightforward manner.

The variable exponent Sobolev space W20 (Q) consists of functions f € L’ (Q)
whose distributional gradient V f exists and satisfies |V f| € LP® (). This space is a
Banach space with the norm

I fll oo = 1 fllpey =1V fllpe-

The local Sobolev space u € Wllo‘f' “(Q) is now defined in the usual way. For basic

properties of the spaces LP) and W!P®), we refer to [28].
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Logarithmic Holder Continuity Smooth functions are not necessarily dense in
W'rO(Q) without additional assumptions on the exponent p(-). This was observed
by Zhikov [33, 34] in the context of the Lavrentiev phenomenon, which means
that minimal values of variational integrals may differ depending on whether one
minimizes over smooth functions or Sobolev functions. Zhikov has also introduced
the logarithmic Holder continuity condition to rectify this. The condition is

C
— < -

PO =PI = 0 =30 (2.3)
for all x, y € Q such that |x — y| < 1/2. If the exponent is bounded and satisfies
Eq. (2.3), smooth functions are dense in variable exponent Sobolev spaces. Then
we can define the Sobolev space with zero boundary values, Wé’p © (), as the
completion of C3°(2) with respect to the norm || - ||; ,y. We refer to [9, 12, 20, 32]
for density results in variable exponent Sobolev spaces.

We will use logarithmic Holder continuity in the form

R~P5=P®) < C, B = B(xy,2R) € Q. (24)

It is well-known that Eq. (2.4) is equivalent to the condition (2.3); a proof of this is
given in [9, Lemma 3.2]. An elementary consequence of Eq. (2.4) is the inequality

C LRPW < R PW < CR*p(y)’ (2.5)

which holds for any points x, y € B(xp, 2R) with a constant depending only on the
constant of Eq. (2.4). We use phrases like “by log-Holder continuity” when applying
either Eq. (2.4) or (2.5).

We assume throughout the rest of the paper that p is log-Hélder continuous.

Capacity We recall two approaches to the notion of capacity, see [13, 15, 19]. For
E c R" we denote

Spy(E) = {u e WPOR") : u > 1 ae. in an open neighbourhood of E}

and define the Sobolev p(-)-capacity C,, to be the number

Cp (E)= inf [P 4+ | Vu|P™ dx.
ueSy(E) Jrn
Here we use the convention that Cp.)(E) = oo if S, (E) = . In order to use the
uniqueness result of [25], notice that the compatibility condition

Cpy(U\ E) = Cpy(U)

holds whenever U is open and E has zero measure. This is clear since S, (U \ E) =
Sy (D).

We say that a given property holds p(-)-quasieverywhere (p(-)-q.e.) if it holds
outside a set of p(-)-capacity zero.

A function u: Q — [—o0, 00] is called p(-)-quasicontinuous (in Q) if for every
& > 0 there exists a set E, with C,(,(E) < ¢, so that u is continuous when restricted
to @\ E. Since the Sobolev capacity is an outer capacity, we can assume that E is
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open. It is well-known that every Sobolev function has a representative that is p(-)-
quasicontinuous, see [15].

In what follows we also use the following version of the relative p(-)-capacity, see
[19, Lemma 6.1]. For any £ € Q we define

capy, (E. ) = inf [ [Vul"® dx,
Q

where the infimum is taken over all p(-)-quasicontinuous u € Wé’p (')(Q) satisfying
u>1p()q.e. in E.

Since smooth functions are dense in the Sobolev space, for E € Q it holds that
Cp(»(E) = 0if and only if cap ., (E, Q) = 0. For the proof, see [19, Remark 3.13].

p(-)-Supersolutions and p(-)-Superharmonic Functions We say that a function u €
W;O’f(')(Q) is a p(-)-supersolution in Q if

f [Vu|PO2Vy . Vodx > 0 (2.6)
Q

for all nonnegative test functions ¢ € C°(€2). Further, u is a p(-)-subsolution in  if
—uisa p(-)-supersolution in 2, and u is a p(-)-solutionin Q if u is a p(-)-supersolution
and a p(-)-subsolution in Q. Equivalently, u is a p(-)-solution in € if and only if
Eq. (2.6) holds with equality for all ¢ € C° ().

Recall that the dual of L") () is the space L”)(Q) obtained by conjugating the
exponent pointwise, see [28]. Combining this with the definition of Wé’p “(Q) as the
completion of C3°(£2) allows us to employ test functions ¢ € Wé’p Y () with compact
support in Q by the usual approximation argument.

For any f € W'PO(Q), there exists a unique p(-)-solution u € W70 (Q) such that
u—fe Wé’p(')(Q), see [16, Theorem 5.3]. It is well-known that p(-)-solutions have a
locally Holder continuous representative, see [1, 2, 11].

For continuity of p(-)-solutions up to the boundary, a natural generalization of
the Wiener criterion is available, see [3]. More precisely, a boundary point x, € 92
is regular, if for every function f € W70 (Q) N C(Q) the continuous p(-)-solution u
with u — f € WP (Q) satisfies

Jim u(x) = f(xo).

A boundary point x is regular if and only if

I fcap ., (B(xo.r) N Q. B(xg, 2r)\ /P~ gy
/0 ( yh—p(xo0) ) 7 = ©0.
see [3, Theorem 1.1]. We call a domain 2 regular, if every boundary point is regular.

In this paper, we need two consequences of the Wiener criterion. First, the
sufficiency of the Wiener criterion implies that “simple” sets, i.e. balls, polyhedra
and the like, are regular. A further consequence of this is that we can exhaust general
open sets by regular ones. Second, if U is an open set such that U C ©, and x; is a
boundary point of both U and €2, then x, is regular with respect to U if it is regular
with respect to Q2. This fact uses both the necessity and the sufficiency of the Wiener
criterion.
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We say that a function u : Q@ — (—o00, oo] is p(-)-superharmonic in Q if

(1) uislower semicontinuous,
(2) ubelongs to L () for some ¢ > 0, and

(3) the comparison principle holds: Let U € 2 be an open set. If his a p(-)-solution
in U, continuousin U andu > hon oU, thenu > hin U.

Note that our definition is stronger than the one given in [14, 19]. More
specifically, we require that u belongs to Lj () for some ¢ > 0, instead of just
assuming that « is finite almost everywhere. This way we avoid the repetition of the
Lj,.-assumption. This assumption is necessary to carry out the Poisson modification
procedure, see [14, Lemma 7.2], which is needed in the proofs of Lemmas 4.5 and 5.3
below.

The essliminf-regularized representatives (see Eq. (3.1) below) of p()-
supersolutions are p(-)-superharmonic, see [18, Theorem 4.1] and [14, Theo-
rem 6.1]. However, the class of p(-)-superharmonic functions is stricly larger,
as the example considered in [14, Section 6] shows. Further properties of p(-)-
superharmonic functions can also be found in [14]. Many of these properties are
similar to the case of p-superharmonic or A-superharmonic functions considered
in, e.g., [21, 23, 29]. We mention the fact that if u is p(-)-superharmonic, then
min(u, k) is a p(-)-supersolution for any constant k. Indeed, it is easy to see that
min(u, k) is p(-)-superharmonic, and bounded p(-)-superharmonic functions are p(-)-
supersolutions, see [14, Corollary 6.6].

The following pasting lemma is true for p(-)-superharmonic functions. The proof
of [23, Lemma 7.9] works verbatim.

Lemma 2.1 Assume that D is open, that u is p(-)-superharmonic in Q and v is p(-)-
superharmonic in D. If the function

min(u, v), in D,
u, inQ\ D
is lower semicontinuous, it is p(-)-superharmonic in Q.

In what follows, we need different versions of the comparison principle. We first
recall two versions which do not deal with an exceptional set.

Lemma 2.2 Let u be a p(-)-supersolution in Q and let v be a p(-)-subsolution in Q. If
either

(a) min(u—v,0) € Wy""(Q) or
(b) lim sup,_,  v(y) < liminfy_,  u(y) for all x € 9,

then u > v a.e. in Q.

Proof

(a) Itisenough to imitate the proof of [23, Lemma 3.18].

(b) Let ¢ > 0. By assumption, for each x € 9Q there is an open ball B, with
the center x such that v < u+ ¢ in B,. Since Q is bounded, we may pick a
finite number of balls By,, ..., By, such that U = UX_| B,, covers 3Q. Denoting
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Q' =Q\ U, we have min(u +¢ —v,0) € Wé’P(Q’). By (a), we conclude that
u+¢e>vae.in Q. Now it easily follows that u > v a.e. in Q. O

Roughly speaking, p(-)-superharmonic functions can be characterized as solutions
of the non-homogenous p(-)-Laplace equation with a positive measure on the right
hand side. In Section 7, we need the following fact, see [30, Theorem 4.2].

Lemma 2.3 Let u be a p(-)-superharmonic function in Q. Then there is a positive
Radon measure i such that

—div (|Vu[?Y7?Vu) =

in the sense of distributions.
For our removability result in Section 7, we record the following Caccioppoli
and weak Harnack estimates. For the first, see [30, Lemma 3.1], for the second [2,

Theorem 1] or [31, Lemma 3.7], and for the third [3, Lemma 6.3].

Lemma 2.4 Let u be a nonnegative p(-)-subsolution in an open ball B € Q and let
n e CP(B) be suchthat0 < n < 1. Then

/ |VulP©nPi dx < C / uP® VP dx.
B B

Lemma 2.5 Let u be a nonnegative bounded p(-)-subsolution in an open ball B =
B(xp,2R) € Q. Then

l/pg—l
esssupu < C ][ uPs= ! dx +R
B(xo,R) B(xo,3 R)

Lemma 2.6 Let u be a nonnegative bounded p(-)-supersolution in an open ball B =

B(x0,2R) € Q. Then
1/s
][ u’ dx < C( inf w4+ R) (2.7)
B(x0.3 R) B(xo, R)

forany 0 <s < L= (pp—1).

3 The Fundamental Convergence Theorem

Recall that we assume throughout this paper that p is log-Hdolder continuous. In what
follows, f denotes the lim inf-regularization of the function f : @ — [—o0, +00]. This
is defined by

f(x) := liminf f(y) = lim inf f
y—Xx r—0 B(x,r)

for x € Q. It is clear that f < f and it is elementary that fis lower semicontinuous.
Observe here that we allow the value —oo for a lower semicontinuous function.
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We also denote f* for the ess lim inf-regularization of f defined by

ff(x) = esshmlnf fy) = llm essinf f (3.1
0 B(x,R)

for x € Q. This regularization is lower semicontinuous as well. Note that the
essliminf-regularization of a p(-)-supersolution is p(-)-superharmonic and p(:)-
quasicontinuous as well, see [14, 18, 19].

Our goal in this section is the following theorem.

Theorem 3.1 (The Fundamental Convergence Theorem) Let F be a nonempty
family of p(-)-superharmonic functions in Q. Assume that there is a function f €
WPO(Q) such that u > fae forallu e F. Let w := inf F. Then the following are

loc
true:

(a) w is p(-)-superharmonic;
) w=w"iny
(¢) w=w p(-)-q.e inQ.

To prove the theorem, we establish several auxiliary results.

Lemma 3.2 Let (u;) be a sequence of p(-)-quasicontinuous functions in W,lo’cp('>(9)
such that (w;) is bounded in W'-P© (D) for any open set D @ Q. If u = lim;_, o u; p(-)-
g.e. in Q, then u is p(-)-quasicontinuous.

Proof Fix open sets D' € D € Q. It is enough to prove the p(-)-quasicontinuity in
D'. Because (u;) is bounded in W'P© (D) and u = limu; p(-)-q.e.,u € WHPO (D) and
there is a subsequence (u;) such that (u;) converges weakly to «in WhrO (D).

By Mazur’s lemma we find a sequence (v;) of convex combinations of u;, i.e. v; =

ZlN]a,,u,, a;; > 0, and Z ;a;j = 1, such that v; — u strongly in WPO (D). Clearly,
vjare p(-)- quas1cont1nuous and lim;_,, v; = u p(-)-q.e. in D. Hence (v;) and (Vv))
are Cauchy sequences in L”)(D), and we find a subsequence (v;), for which

o0
Zf 2P0 (Jvj — v 1?9 + |Vv; — Vo |PY) dx < oo,
Lete > 0 and let ¢ € C5°(D) be a cut-off function with ¢ = 1 in D’". Then
> .
Z/ 2PNV (¢ (v; — vj41)) PP dx < o0,
j=1 7P

and we may fix j, such that

> [ 2709 (o o)) 1 <

J=1e

Denoting

Eji={xeD | |vj(x) — v (x)| > 27/ UE,,

J=Je
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we have
cap,., (Ej; D) = /Uzip(x>|v (® (vj — vi1)) 1P© dx

and therefore
ad &
cap,,, (E}; D) < anpp(,) (Ej; D) < 3
f:je

Moreover, by the subadditivity and the p(-)-quasicontinuity, we find a set E2 C D’
with cap p(,>(E§; D) < % such that the restrictions of all the functions v; to D"\ E% are

continuous. Then, for E, = E! U Eﬁ, we have capp(‘)(Es; D) < ¢ and
k-1
lvj — vl < ZTZ <2
1=

in D'\ E; whenever j, < j < k. Hence (v;) converges to u uniformly in D"\ E,, so
that the restriction of u to D’ \ E, is continuous. This completes the proof. O

Theorem 3.3 Let (u;) be a sequence of p(-)-quasicontinuous p(-)-supersolutions in Q
such that u; — u p(-)-q.e. in Q. If there is a function f € Wl‘p(‘)(Q) such that |u;| < f

loc
ae inQforalli=1,2,...,thenu € W;U‘f(‘)(Q) and u is p(-)-quasicontinuous.

Proof It is immediate that (1;) is bounded in Ll’;(t'_)(fz). Hence the claim follows from
Lemma 3.2 once we prove that (Vu;) is bounded in Ll’;(c')(Q).

To establish the required boundedness, we let ¢ = n?"( f —up), where n € C°(2)
is a smooth cutoff function such that 0 < n < 1, and p™ is the maximum of p(x) over
the support of . Then ¢ > 0 a.e. due to the assumptions on f and u;, and using it as
a test function we obtain

pt / V| PO (Vg - VP TN — wy) dx
Q

+ / V| P72 (Vg -V fHn dx — / V| PO (Vu; - Vuy)n?” dx > 0.
Q Q

By Young’s inequality

1\ PO-1 4px) pP®
b (L)
3 p(x) p'(x)

where ¢ > 0, we have
1 +o1
PHIVwPO P V|| f — il < Z|Vui|"<x>nﬁmf’°‘>
+ CIVPO| f = w7

and similarly

Vel P | ] < 3 Vel EE O 4 Cpg fire.
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Since n < 1, we get
+_
pro TP < P

Further, by the assumption |¢;| < f a.e., we see that |f —u;| <2 f almost every-
where. We insert the above estimates into Eq. (3.2), and find that

0< f |V | P 0P dx
Q
§p+/ |Vui|p(x)_l77p+_l|vﬂ||f_Ui|dx+/ V| PO~ 1P |V fldx
Q Q

! +
55/ |Vui|p(x)77p+dx+C/ |Vn|p(x)fp(x)dx+cf 0P|V FIPDdx.
Q Q Q

Absorbing the matching term from the right hand side, we get the estimate

/ |Vui|p(x)n”+dx <C |:/ |V,]|p(X) f”(")dx +/ np+|vf|p(X)dxi| )
Q Q Q

Since the right hand side is independent of i, this inequality implies the desired
boundedness. O

Theorem 3.4 Let (u;) be a decreasing sequence of p(-)-quasicontinuous p(-)-
supersolutions in Q, and assume there is f € W,lo’cp (‘)(Q) so that u; > f a.e. in Q for
alli=1,2,.... Letu :=lim;_, o u;. Then

(1) wuisa p(-)-quasicontinuous p(-)-supersolution in Q;
(i) u* is p(-)-superharmonic in €
(ili)) wu=u* p(-)-q.e. in Q.

Proof Since |u;] < max {|ui], | f|} and max { |u1], | f|} € W’ (Q), Theorem 3.3 im-

loc
plies that u € Wllo'cp (')(Q) and u is p(-)-quasicontinuous.

Moreover, by the proof of Theorem 3.3, the sequence (;) is bounded in W70 (D)
for any open set D € Q2. Hence the proof of [14, Theorem 5.1] implies that uis a p(-)-
supersolution in €2, and [18, Theorem 4.1] implies that u* is p(-)-superharmonic in
andu = u* a.e. in Q. Since every p(-)-superharmonic function is p(-)-quasicontinuous
by [19, Theorem 6.7], the claim u = u* p(-)-q.e. in Q holds true by [25]. ]

Remark 3.5

(a) The argumentation in the proof of Theorem 3.4 also yields the following
increasing version: Let (;) be an increasing sequence of p(-)-quasicontinuous
p(-)-supersolutions in 2, and assume there is f € Wllo’f<')(§2) so that u; < f a.e.
inQforalli=1,2,....Letu :=lim;, » u;. Then

(i) wisa p(-)-quasicontinuous p(-)-supersolution in ;
(i) w*is p(-)-superharmonic in £;
(ili) wu=u* p(-)-q.e.in Q.
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(b) Our proof for Theorem 3.4 (iii) differs from the ones in [4, Theorem 5.2] and
[26, Theorem 5.1]. It works also in the framework of [4] and [26] since the p-
quasicontinuity of p-superharmonic functions in metric spaces is proved in [27,
Corollary 2.4].

As the last step we extend Theorem 3.4 to the class of p(-)-superharmonic
functions.

Theorem 3.6 Let (u;) be a decreasing sequence of p(-)-superharmonic functions in Q
such that v := lim;_, u; > f for some f € W,lo’cm')(Q). Then v* is p(-)-superharmonic
in Q and v = v* p(-)-q.e. in Q.

Proof Let v, :=min{v, k} =1lim;_, o min{w;, k}. By [19, Theorem 6.7] and [14,
Corollary 6.6], each min{u;, k} is a p(-)-quasicontinuous p(-)-supersolution in .
Since min{u;, k} > min{ f,k} € Wllo’cp(‘)(SZ) a.e. in @, Theorem 3.4 implies that vy
is a p(-)-quasicontinuous p(-)-supersolution, vy = v} p(:)-q.e. in Q and v} is p(-)-
superharmonic in .

Since vy =min{v*, k} in , it is easy to check that v* is p(-)-superharmonic.
Moreover,

v' = lim v{ = lim v =v
—00 k—o00
p(-)-q.e.in Q. O

Proof of the Fundamental Convergence Theorem Once we have established Theo-
rem 3.6, the proof of [4, Theorem 8.3] works verbatim. For proving (b) we only
need the definitions and the fact that p(-)-superharmonic functions are ess liminf-
regularized. For proving (a) and (c) we need Theorem 3.6 together with Choquet’s
topological lemma. For the proof of the latter, see e.g. [23, Lemma 8.3]. O

4 Balayage

In this section, we define and study the balayage of a function. Roughly speaking,
the balayage procedure can be thought of as Perron’s method applied to the obstacle
problem, allowing the obstacle to be almost any function. Having the fundamental
convergence theorem available at this stage makes developing the basic properties
of balayage rather effortless.

We call the function ¢ : @ — [—00, +00] in the following definitions an obstacle
function. We denote

oV = { u | uis p(-)-superharmonic in Q and u > ¢ in Q } ,
RV = RV(Q) = inf &V,

and define the balayage RV = RY(Q) of ¥ in Q as the lim inf-regularization of the
réduite RY . If the set ®Y is empty, we use the convention RY = +oco. More generally,
for any E C Q, we define

RY = RU(Q) = R'*5(Q),
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where x is the characteristic function of E.
Remark 4.1 Notice that R < R"? in Q whenever v < ¥ in .

Theorem 4.2 Suppose thaty > f a.e.in Q for some f € Wlln‘f(‘)(ﬂ) and ®V # (. Then
the following assertions hold true:

(a) RV =(R")"inQy
(b) 5‘/’ = RY p()-q.e in Q;
(c) RY is p(-)-superharmonic.

Proof The claims follow immediately from the fundamental convergence theorem
since RY > v in Q. O

We need the following simple auxiliary property.

Lemma 4.3 Suppose that > f a.e. in Q for some f € Wllo'cp(')(Q) and ®V # (. Then,
forall « € R, we have

RVt = RV +a.

Proof This is a straightforward consequence of the definition of RY and the fact that
u + a is p(-)-superharmonic if u is p(-)-superharmonic and a € R. O

Remark 4.4 In the variable exponent case we do not have the more general form
RV = AR’ +a,

forr» > 0and o € R.
Lemma 4.5 Ify > 0and E C , then ﬁ’é is a weak solution in Q \ E.

Proof We may imitate the proof of [23, Lemma 8.4]. Note that the proof uses the
Poisson modification procedure, so the quc —condition in the definition of p(-)-
superharmonic functions is needed here, see [14, Lemma 7.1]. O

5 The Kellogg Property

In this section, we prove the Kellogg property, the fact that the set of irregular
boundary points has zero capacity. The balayage is a key tool in this. Recall that
a boundary point x, € 3L is regular, if for every function f € W'P0(Q) NC(Q) the
continuous p(-)-solution u withu — f € Wé'p © () satisfies

lim u(x) = f(xo).

Theorem 5.1 (The Kellogg Property) The set of irregular boundary points of an open,
bounded set Q2 is of p(-)-capacity zero.
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The Fundamental Convergence Theorem 341

The arguments follow the lines of [23, Chapter 8], with two exceptions. First,
we already have the fundamental convergence theorem available, and Lemma 5.2
becomes easy in comparison to [23, Lemma 8.7]. Second, a modification to take into
account the fact that p(-)-solutions can not be multiplied by constants is needed in
Lemma 5.4 below.

Lemma 5.2 Let K be a compact subset of S, and let ). be a positive constant. Then
R’ =\ p()-quasieverywhere in K.

Proof This follows immediately from the fundamental convergence theorem. O

Lemma 5.3 Suppose that u is a nonnegative p(-)-superharmonic function in a ball B.
If K is a compact subset of B, then

lim R%(B)(x) =0
x—y

forally € 3B.

Proof The proof of [23, Lemma 8.8] works here; for the reader’s convenience, we
give the details. Let v € ®%, let By € B be a ball containing K, and denote D =
B\ By. By replacing v by its Poisson modification in a suitable annulus containing
9By, we may assume v < M < oo on dBj. Note that the remark concerning the
Poisson modification in the proof of Lemma 4.5 applies here as well.

Let & be the unique continuous p(-)-solution with boundary values 0 on 3 B, and
M on 3 By. Then the function

v in By,
" |min(v, k) in D
is p(-)-superharmonic by the pasting Lemma 2.1, and belongs to ®%. We now have

0<RY <s.

Since s < hnear 9 B, the claim follows since D is a regular set by the Wiener criterion.
]

Lemma 5.4 Let xy be a boundary point of an open, bounded set Q. If
=, _
Ry (@B)(xo) = 2

for all balls B with rational centers and radii containing xy and positive rational
numbers A, then the point x is regular.

Proof Let f e C(Q)NWhPO(Q), and let h € WHPO(Q) be the unique continuous
p(-)-solution such thath — f € Wé’P © (2). Without loss of generality, we may assume
that f(x¢) = 0 by adding a constant.
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For an arbitrary ¢ > 0, we may find a ball B containing x, with rational center and
radius such that d(2B) N Q2 # @, and | f| < ¢ in 2B N Q. For some rational number
A > supg | fl, set

B\Q

A—R:- _(2B)+¢& in2B,
u =
A+e in Q2\2B.

Lemmas 4.5, 5.3, and the pasting Lemma 2.1 imply that u is p(-)-superharmonic and
continuous in Q U 2B.

Since u > f in Q, it is easy to see that min(u — 4, 0) € W(;’p(')(Q). Since u is
bounded, u is a p(-)-supersolution in 2 by [14, Corollary 6.6]. Hence by Lemma 2.2
and the continuity of # and & we have u > h in Q. By assumption,

limsup A(x) < limsup u(x) < u(xgp) = e.
X—> X0 X—>Xo
Similarly —u < f in Q, which implies that min(# + u, 0) € Wé’p (‘)(Q). Reasoning in
the above fashion we see that

liminfA(x) > liminf —u(x) > —u(xy) = —e.
X— X0 X—Xo

Since ¢ was arbitrary, we get

lim A(x) =0 = f(xo),

X—Xo

as desired. O

Proof of the Kellogg Property Let E be the set of all irregular boundary points. If
xo € E, Lemma Lemma 5.4 implies the existence of a ball B; with rational center and
radius and a rational number A; such that

Ry o @B)(xo) < A

Hence

Ec U {x eB\Q: Ry QB < A,-} ,
and by Lemma 5.2 each of the sets in the union is of zero p(-)-capacity. Thus the
claim follows by the subadditivity of the capacity. O

6 Boundary Regularity of Balayage

In this section, we prove that the balayage of a continuous function attains the
right boundary values at regular boundary points. To accomplish this, we use the
connection between balayage and the obstacle problem.

In the constant exponent case, the property of Lemma 5.4 can be used to
characterize regular boundary points, see [23, Theorem 9.17]. In our setting, such
a characterization is open, since the closely related barrier characterization of
boundary regularity is not available. The lack of barrier characterization can be (at
least to some extent) compensated by the Wiener criterion, which was established
in [3]. In this section, we need the Wiener criterion only in Theorem 6.1 below to
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The Fundamental Convergence Theorem 343

conclude that if xy € 92 is regular relative to Q and U C Q2 is open with xy € U,
then x, is regular relative to U.

Obstacle Problem Let v : Q — [—00, 00) be a function, the obstacle, and let w €
WLPO(Q) be a function which will give the boundary values. We define

Kyw = {u eW'POQ) iu—we W@, uzy a.e.] ,

and call a function u € Ky, ,, a solution to the obstacle problem in ICy, ,,, if
/ IVulPY2Vy - Vu —v)dx <0
Q

forallv € KCy ,,. It follows easily from the definition that p(-)-solutions to the obstacle
problem are p(-)-supersolutions. Further, if the obstacle v is continuous, then there
is a unique continuous solution to the obstacle problem which is a p(-)-solution in
the open set {x € Q : u(x) > ¥(x)}, see [14, Theorem 4.11].

We start by proving that solutions to the obstacle problem have the same regular
boundary points as p(-)-solutions.

Theorem 6.1 Let ¢ € C(Q) N W'PO(Q) and let u be the continuous solution to the
obstacle problem in IC, ,. If xo € 02 is a regular boundary point, then

lim u(x) = ¢(xp).
X—Xq

Proof Let xy € Q2 be regular and let 4 be the p(-)-solution in  with boundary values
¢ in the Sobolev sense. Since u is a p(-)-supersolution and u — h € Wé’p(')(Q), we
have u > hin Q by Lemma 2.2 and by the fact that u is continuous. Thus
liminfu(x) > liminfA(x) = ¢(x).
X—> X0 X—>X0o

Denote U = {u > ¢} C @ and assume first that xo, € dU. Since the Wiener crite-
rion characterizes regular boundary points, it is clear that x is also regular for the set
U. Observing thatu — ¢ € W(;‘p(‘)(U) and u is a p(-)-solution in U, we arrive at

Jim u(x) = ¢(xo)
xeU

due to the regularity of the point x. Since u < ¢ in  \ U, it follows that

lim sup u(x) < ¢(xo). (6.1)
X—Xo
Finally, if xy ¢ dU, then Eq. (6.1) holds trivially. Hence the claim follows. ]

To relate solutions to obstacle problems and balayage, we need the following
improved comparison lemma.

Lemma 6.2 Let u and —v be bounded p(-)-superharmonic functions in Q such that

limsupv(y) < liminfu(y)
y~>x

y—ox

for p(-)-quasievery x € 3. If either u € WP (Q) or v e WHPO(Q), then v < u in Q.
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Proof The proof is essentially the same as in [23, Lemma 7.37]. For the reader’s
convenience, we recall the proof with required references. Let

E=1{xe0dQ:liminfu(y) < limsupv(y) }
y—Xx

y—x

be the exceptional set with C,(,(E) = 0.

We assume first that E is compact. By symmetry, we may assume that u €
WP (). By [15, Lemma 3.6], we may test the capacity of E by smooth functions.
Hence following [23, Lemma 7.37], we find a decreasing sequence (¢;) of continuous
functions in W70 (R") such that ¢; = M in a neighborhood of E, 0 < ¢; < M, and
ll@illi,p)y — 0. Here we denote M = sup |u| + sup |v|. Then write

Vi=u+g¢i

and let u; be the p(-)-superharmonic solution to the obstacle problem in Cy, y, ().
By the ess liminf property u; > ; in Q. Therefore
limsup v(y) < sup |v| < liminf y;(y) < liminfu;(y)
y—>x Q y—>x y—>x

for all x € E and for each i. Since v and u; are bounded, they are p(-)-supersolutions
and hence by Lemma 2.2 u; > v in Q. By virtue of [14, Theorem 5.4] and the
uniqueness of the solution to the obstacle problem, we have lim;, . u; = u a.e. in
Q. By the ess liminf-property, u > v in Q.

Finally, for any expectional set E and for any positive integer j, we may consider
the set

Uj:= .XGHQ:lmﬁnﬁdy)+]A>Hnmupv00},
y—x J y—Xx

which is open in 9Q. The set E; = 02\ U; is a compact subset of £ and therefore
the first part of the proof yieldsu > v — % in Q. Hence the claim of lemma follows by
letting j — oo. O

With the help of the previous lemma, we show that for smooth functions, solving
the obstacle problem gives the same result as taking the balayage.

Theorem 6.3 Let ¢ € C(Q) N WLPO(Q) and let u be the continuous solution to the
obstacle problem in ICy, ,. Then

u= RQ).

Proof Since u is a continuous p(-)-supersolution and u > ¢, we see that
u> R Q).

To prove the opposite inequality, let v be a p(-)-superharmonic function such that
v > ¢. By the fundamental convergence theorem and the continuity of u it is enough
to show that v > u. Since ¢ is bounded, we are free to assume that v is bounded by
considering the function min(v, supg, ¢).
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Observe that the claim v > u holds trivially outside U = {u > ¢}. To prove the
inequality v > uin U, let xo € dU. If x( ¢ 092, we have

liminfv(x) > @(xg) = lim u(x) (6.2)
X— X0 X—=>Xo

by the continuity of u. If xy € Q2 and x, is a regular boundary point for U, then
Eq. (6.2) holds true by Theorem 6.1. Hence the inequality (6.2) is true for p(-)-
quasievery boundary point of U by the Kellogg property of Theorem 5.1. Since u
and v are bounded, u € W'P0(Q), and u is a continuous p(-)-solution in U, Lemma
6.2 implies the claim v > u in U. O

The fact that the balayage of a continuous function attains the right boundary
values now follows from Theorem 6.3 by an approximation argument. The following
result corresponds to [23, Theorem 9.26].

Corollary 6.5 Let ¢ : Q — R be continuous and let xo € 3Q be a regular boundary
point. Then
lim I~3‘p(x) = @(xp).

X—> X0

Proof Lety; € C*(R") be such that the sequence () converges uniformly to ¢ in .
For each positive integer i, fix j; such that y; — % <@ =Y+ % in Q. By Remark 4.1
and Lemma 4.3,

- ey
l l

in Q. Hence Theorems 6.1 and 6.3 imply that

1 ~ 1 ~
¥ (xo) — — = limsup RVi(x) — = < limsup R (x)
i i

X—> X0 X—> X0

~ 1 1
< limsup RVi (x) + s =¥ + <

X—> X0
By letting i — oo

@(x0) = limsup R (x).

X—Xo

The assertion concerning limes inferior is proved analogously. O

In the proof of Theorem 6.1, we could replace the Wiener criterion by the Kellogg
property. The conclusion would then be that the right boundary value is attained at
quasievery point, and a similarly modified form of Corollary 6.5 would follow. This
approach would imply our Theorem 6.3. However, this weaker approach would not
allow to apply any version of our comparison principles in the proof of Theorem 7.2,
since Lemma 6.2 requires that either u or v belongs to W7 (). Hence we need
Corollary 6.5 in the form above to apply Lemma 2.2 in Theorem 7.2.

Remark 6.6 Let ¢ : Q@ — R be continuous and let u = R? be its balayage in 2. Then
u is continuous in Q2 and u is a p(-)-solution in the open set {x € Q : u(x) > ¢(x) }.
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This can be seen by approximating ¢ uniformly by functions ¥; € C*(R") in £ and
using Theorem 6.3 together with the fact that the required properties hold for the
solutions of the obstacle problem in Cy, .

7 Removability Theorem for Holder Continuous p(-)-Solutions

In this section, we generalize a removability theorem of Kilpeldinen and Zhong [24]
for equations similar to the p-Laplacian to the variable exponent setting. Balayage is
a key tool in this theorem.

In removability theorems, one is given a solution « in Q \ E, and some additional
assumptions on the exceptional set E C 2 and the solution «. The conclusion is then
that the solution can be extended to the whole domain . In [24], the solution is
assumed to be Holder continuous with an exponent «, and the exceptional set E is
assumed to be of zero s-Hausdorff measure, where s =n — p 4+ a(p — 1). Thus, our
assumption on the removable set E needs to be given in terms of the s(-)-Hausdorff
measure H*" defined in [17]. We assume that s(-) is a log-Holder continuous and
positive function, and define first

My (E) =infy_r™, (7.1)
j

where the infimum is taken over countable coverings of E by balls B(x}, r;) such that
r; < 8. Then the actual s(-)-Hausdorff measure is given by

HO(E) = lim HY(E).

This is a special case of a measure construction due to Carathéodory, so that H*") is
a Borel regular outer measure.

The following lemma provides the key estimate. In the proof, we will use the fact
that 1/p, p’ and 1/p’ are log-Holder continuous if p itself is log-Holder continuous.
This follows from the general fact that if f is a Lipschitz continuous function, then
the composition x — f(p(x)) is log-Holder continuous.

Lemma 7.1 Let K C Q be compact and let yr be continuous in Q such that
¥ (x) =¥ (| = Mlx—y|*
forallx e Kandy e Qwith0 < M <oocand0 <o < 1. Setu = RY(Q) and
p=—div (|Vu|”O?Vu).
Then
w(B(x,r) < Cy—pO+a(p(n-1)

forallx € K andr < rp = min(1, 6i4 dist(K, 0R2)). Here C depends on n, p, M, and «.
Proof For the existence of u, see Lemma 2.3. Denote the contact set by

I={xeQ:¥yx) =ukX)
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and pick a point xy € 1. We may assume that u(xy) = ¥ (xo) = 0 by adding a constant.
We consider first a radius r < %dist(xo, 9€2) and set yy = 0sCp(y,.8r) ¥. Since {u >
Y0} is a subset of {u > ¥} and u is a p(-)-solution in {u > ¥ } (by Remark 6.6),
(u — yo)+ is anon-negative p(-)-subsolution in B(xy, 8r). To see this, apply the pasting
Lemma 2.1 with D = {u > v } to zero and — (& — yp)+. On the other hand u + yy is a
non-negative p(-)-supersolution in B(xy, 8r) as a locally bounded p(-)-superharmonic
function; see Theorem 4.2 and [14, Corollary 6.6]. Hence we may use the weak
Harnack estimates (Lemmas 2.5 and 2.6) to obtain that

B 1/q
sup (u—y0) <C (][ (u— m)idx) 4 r}
B(xo,2r) |\ B(x0,3)

1/q
<C <][ (u+ yo)"dx) +r
B(x0,3r)

<C| inf (u—l—yo)—i-r]
| B(xo,2r)

<Cp+r).
Here g = pp, 4, — 1. Since u > ¢ > —yp in B(xo, 8r), we have

osc u= sup (w—y)+y— inf u<CQyp+r).
B(xo,2r) B(Xogf) Y Y B(xp,2r) "

Next we assume that x, € I and r satisfy

dist(xo, K) < 2r < min (1, 35 dist(K, 9)) .

Then 2r < ﬁ dist(xg, 02) and we have the estimate

osc u<C(yp+r)<CM+ Hr* (7.2)
B(xp,2r)

by the assumption on .
Next we estimate u(B(xo, 7). To simplify the notation, we write p* = pg(mm and

P~ = Pp,.2n for the rest of the proof. Let n € C§°(B(xo, 2r)) be a cutoff function
withO <n <1,n=11in B(xy, r),and |Vn| < 5/r. We have

w(B(xo. 1) < f o7 d

B(xo,2r)
=p* / VPO (Va- Vpyn?” ! de
B(x,2r)

<CIVulP 0 o VAl o (7.3)

Here we have used the variable exponent Holder inequality (2.1) and the norms are
computed over the ball B(xo, 2r).
For the first factor in Eq. (7.3), we have

-1, pt—1 -1, pt—1\1/(p)"
Nl 07" sy < max [y (Va7 g,

T L R
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by Eq. (2.2). Here the modulars, (p’)* and (p’)~ are computed over B(xo, 2r).

. o1
Since n < 1, we have n»@-17% < nP" Thus
oy (IVul"® 1?1 < / Vul PP dx.
B(x0,2r)

By applying the Caccioppoli inequality (Lemma 2.4) to sup g, 5, t — u We get

p(x)
f |Vu|p(")np+ dxs/ sup u—u |V |P® dx
B(x,2r) B(x¢,2r) \ B(xy.2r)

< CraP(H—n—Po ,

where py = p(xo). Here we have also used the log-Holder continuity of p(-) in the
form of inequality (2.5) and the fact that Eq. (7.2) implies the estimate 0sc gy, 2r) U <
Cr®. We combine these estimates, and get

1Va PO~ P 1 < C max {r(apl>+n—pu>/(p’)+’ r(apo+n—po>/(p’>-} ‘

Appealing to the log-Hélder continuity of 1/p’(-), we can replace both 1/(p’)* and
1/(p")~ by 1/(po) = (po — 1)/ po by means of Eq. (2.5). Thus we finally get

-1 _pt—1 — —1
|V P O~ yP ey < Cyrl@potn—po)(po=1/po_

The second factor in Eq. (7.3) can also be estimated in a similar fashion by Egs. (2.2)
and (2.5). Indeed, we have

. i
193150, < max {2p0 (V17" 0, (T )

IA

max {Cr”/”f’l, Cr"/”+’l}
< Cr(nfpo)/po

by the log-Hélder continuity of p(-) and 1/p(-).
The above considerations give the estimate

H(B(xo, ) = G-t

whenever x, is a point in the contact set I such that dist(xy, K) <r < min(l,
35 dist(K, 992)).

Finally, for any point x € K and r < min(1, é dist(K, 0L2)), there are two possibil-
ities. If B(x,r) NI =@, then u(B(x, r)) = 0 because B(x, r) is a subset of U = {u >
¥} and u is a p(-)-solution in U. Otherwise, there exists a point xo € B(x,r) N I.
We get

w(B(x,r) < u(B(xg, 2r)) < Cro(Po—D+n—po < Cro(PO=D+n—p(x)

by the above estimate and log-Holder continuity. In either case, the desired estimate
holds. O

The removability theorem is now a rather simple consequence of the preceding
lemma.
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Theorem 7.2 Let E C Q2 be closed and let u be continuous in 2, p(-)-solution in Q \ E,
and assume that

u(x0) — u(y)| < Mlxo — yI*
forall y € Qand xy € E for some0 < a < 1. If
HO(E) =0,
where
s(x) =a(px) —1) +n— px),

then u is a p(-)-solution in .

Let us make some remarks before proving the theorem. First, the result is sharp
in the constant exponent case in the following sense: a closed set E is removable for

a-Holder continuous solutions of the p-Laplacian if and only if H*(E) = 0, where s
and « are related by

s=a(p—1)+n—p.

See [24, Theorem 1.10]. For the converse, one assumes that H*(E) > 0, and con-
structs a function u satisfying the assumptions of the theorem, but not the conclusion,
as follows. Frostman’s lemma gives a nontrivial measure v supported in E such that

v(B(x,r)) < Cr'.
Then the desired function u is a solution of
—div (|Vu|"*Vu) = v.

Indeed, Theorem 1.14 of [24] yields exactly the Holder exponent « for u. As far as
we know, there is currently no variable exponent version of this Holder regularity
theorem in the literature. Hence the converse of Theorem 7.2 remains open.

Second, the case & = 0 is included in the removability result in [31] provided that
we interpret the assumption on u as boundedness. Indeed, by using the estimate

cap,,, (E(x, r), B(x, 2r)) < Crrw

it is not hard to see that if H"~7")(E) =0, then also cap ,, (E, Q) = 0, which is the
assumption of Theorem 3.9 of [31] for bounded solutions.

Proof Let D € Q2 be aregular set, let v = E“(D), and
w = —div(|]Vu|PWP V).
Pick a compact set K C EN D. By the assumption on u, Lemma 7.1 yields
n(B(x,r) < Cr'

for all x € K and for all sufficiently small radii r. Since H*(K) = 0, for any ¢ > 0 we
find a covering of K by sufficiently small balls, so that

n(K) =Y (B (xj,rj) =CY r) <e
j .

]
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Thus u(EN D) =0,and vis a p(-l—solution in D such that u < v.

The same reasgning applies to R™*(D),so we get a p(-)-solution w such that w > u
by setting w = — R™*(D). By the boundary regularity of balayage (see Corollary 6.5),
v=u=won dD, and thus v = w in D by the comparison principle of Lemma 2.2.
We now have

w==usv=w

in D, so that u must be a p(-)-solution in D, and then also in the whole domain Q. O
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