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Abstract Our aim in this paper is to discuss a Montel type result for a family F of
super-polyharmonic functions on RN . We give a condition on spherical means to
assure that F contains a sequence converging outside a set of capacity zero.
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1 Introduction

A function u on an open set � ⊂ RN (N ≥ 2) is called polyharmonic of order m
in � if u ∈ C2m(�) and �mu = 0 on �, where m is positive integer, � denotes the
Laplacian and �mu = �m−1(�u). We denote by Hm(�) the space of polyharmonic
functions of order m on �. For fundamental properties of polyharmonic functions,
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we refer the reader to the book by Aronszajn, Creese and Lipkin [3]. We say that a
locally integrable function u on � is super-polyharmonic of order m in � if

(1) (−�)mu is a nonnegative measure on �, that is,

∫
�

u(x)(−�)mϕ(x)dx ≥ 0 for all nonnegative ϕ ∈ C∞
0 (�);

(2) u is lower semicontinuous in �;
(3) every point of � is a Lebesgue point of u

(see [5]); (−�)mu is referred to as the Riesz measure of u and denoted by μu.
If (−�)mT ≥ 0 on � in the sense of distribution, then one can find a super-
polyharmonic function u of order m in � such that

T = u in the sense of distribution.

We denote by SHm(�) the space of super-polyharmonic functions of order m
on �. In particular, u is biharmonic if u ∈ H2(�) and u is super-biharmonic if u ∈
SH2(�). These spaces are important in connection with the Bergman space.

The open ball and the sphere centered at x with radius r are denoted by B(x, r)
and S(x, r), respectively. In particular, the unit ball B(0, 1) is written as B. For a Borel
measurable function f on RN and a Borel measure ν on RN , we use the standard
notation

−
∫

A
f (y) dν(y) = 1

ν(A)

∫
A

f (y) dν(y)

for a Borel measurable set A with 0 < ν(A) < ∞, if the integral exists. When dν =
dS and A = S(x, r), we write

M( f, x, r) = −
∫

S(x,r)
f (y) dS(y) = 1

σNrN−1

∫
S(x,r)

f (y) dS(y),

where σN is the surface area of a unit sphere. If x is the origin, then we write simply
B(r) = B(0, r), S(r) = S(0, r) and M( f, r) = M( f, 0, r).

In case 0 < α < N, we define the capacity of a set E ⊂ RN by

Capα(E) = inf ν(RN),

where the infimum is taken over all nonnegative measures ν such that

∫
RN

|x − y|α−N dν(y) ≥ 1 for every x ∈ E.

In case α = N, for R > 0, we define the (relative) capacity of a set E ⊂ B(R) by

Cap(R)

N (E) = inf ν(RN),
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where the infimum is taken over all nonnegative measures ν such that

∫
RN

log
(

2R
|x − y|

)
dν(y) ≥ 1 for every x ∈ E;

we write CapN(E) = 0 if

Cap(R)

N (E ∩ B(R)) = 0

for all R > 0. In case α > N, we write Capα(E) = 0 if E is empty. For fundamental
properties of capacity, we refer to Hayman-Kennedy [7], Landkof [11] and the last
author [14].

The famous Montel’s theorem says that a family of analytic functions on complex
plane C which is uniformly bounded on each compact set is normal, see [16,
Section 2.2]. Normal families of subharmonic functions were extensively discussed
by Anderson and Baernstein [2], Kondratyuk and Tarasyuk [10] and Supper [18]. In
this paper, we extend their results to super-polyharmonic functions.

Let ϕ be a positive continuous function on [0,∞) such that

r2−2mϕ(r) is nondecreasing. (1.1)

Our main aim in this paper is to prove the following result.

Theorem 1.1 Let Sm be the set of all super-polyharmonic functions of order m in RN

which are polyharmonic of order m in B. Let {un} be a sequence in Sm such that

M(((−1)mun)
+, r) ≤ ϕ(r) for all r > 0 and n. (1.2)

If in addition {un} is uniformly bounded on a neighbourhood of the origin, then there
exist a subsequence {un j} ⊂ {un} and u ∈ Sm satisfying the following assertions:

(a) {un j} converges to u uniformly on each compact set K with K ∩ ∪ j supp(μun j
) =

∅;
(b) for all x ∈ RN,

lim inf
j→∞

un j(x) ≥ u(x);

(c) there exists a set E ⊂ RN with Cap2m(E) = 0 such that for all x ∈ RN \ E

lim inf
j→∞

un j(x) = u(x);

in case N < 2m, one may take E as the empty set.

Theorem 1.2 Let {un} be a sequence in SHm(RN) such that

M(|un|, r) ≤ ϕ(r) (1.3)

for all r > 0 and n. Then there exist a subsequence {un j} ⊂ {un} and u ∈ SHm(RN)

satisfying (a), (b) and (c) in Theorem 1.1.



92 T. Futamura et al.

For proofs of these results, we first show that the family {μun} of Riesz measures
is vaguely bounded in RN , and then apply the local Riesz representation result for
SHm

(RN).

2 Normal Family of Polyharmonic Functions

It is well-known that a collection of harmonic functions on a domain � which
is uniformly bounded on each compact subset of � is a normal family, see
[4, Theorem 2.6.]. In this section, we extend this result to polyharmonic functions.

Let us begin with the following result.

Lemma 2.1 (cf. [14, Lemma 4.5 of Section 8]) Let k be a nonnegative integer. Then
there is a positive constant C(N, k, m) depending only on N, k and m such that

|∇kh(x)| ≤ C(N, k, m)r−k −
∫

B(a,2r)
|h(y)| dy (2.1)

for all x ∈ B(a, r) and h ∈ Hm(B(a, 2r)), where ∇k denotes the gradient iterated k
times.

As an application of Lemma 2.1, we discuss Montel’s type result for a class of
polyharmonic functions.

Lemma 2.2 Let R > 0. If {hn} is a sequence in Hm(B(2R)) such that

sup
n

∫
B(2R)

|hn(x)|dx < ∞, (2.2)

then there exists a subsequence of {hn} which converges uniformly on B(R).

Proof Using Lemma 2.1 with k = 0, 1, we can find a positive constant C(R) such that

sup
x∈B(R)

|hn(x)| ≤ C(R)

and

sup
x∈B(R)

|∇hn(x)| ≤ C(R)

for every n. The latter inequality gives

|hn(x) − hn(y)| ≤ C(R)|x − y|

for each x, y ∈ B(R), which implies that {hn} is equicontinuous on B(R). Hence
Arzela-Ascoli theorem will give an existence of subsequence converging uniformly
on B(R). �
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Remark 2.3 Let {hn} be a sequence of Hm(�) such that

sup
n

∫
K

|hn(x)|dx < ∞, (2.3)

for each compact subset K of �. By Lemma 2.2, there exists a subsequence of {hn}
which converges uniformly to a function h ∈ Hm(�) on each compact subset of �.

Proposition 2.4 Let R > 0 and {hn} be a sequence in Hm(B(2R)) such that

sup
n

∫
B(2R)

h+
n (x)dx < ∞.

Suppose that {hn} is uniformly bounded on a neighbourhood of the origin. Then there
exists a subsequence of {hn} which converges uniformly on B(R).

Proof In view of the formula of Pizetti [15] for polyharmonic functions of order m,
we have

M(hn, r) =
m−1∑
j=0

a jr2 j� jhn(0) (2.4)

for 0 < r < 2R, where a0 = 1 and

a j = 1
2 j j!N(N + 2) · · · (N + 2 j − 2)

( j ≥ 1). (2.5)

By Lemma 2.1, we see that
{
� jhn(0)

}
are bounded for 0 ≤ j ≤ m − 1. Since |hn| =

2h+
n − hn, we have

sup
n

∫
B(2R)

|hn(x)| dx < ∞.

Hence the proposition follows from Lemma 2.2. �


3 Spherical Means for Super-Polyharmonic Functions

For a multi-index λ = (λ1, λ2, . . . , λN) and a point x = (x1, x2, . . . , xN), we set

|λ| = λ1 + λ2 + · · · + λN,

λ! = λ1!λ2! · · · λN!,

xλ = x1
λ1 x2

λ2 · · · xN
λN

and

Dλ =
(

∂

∂x

)λ

=
(

∂

∂x1

)λ1
(

∂

∂x2

)λ2

· · ·
(

∂

∂xN

)λN

.
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Consider the Riesz kernel of order 2m defined by

R2m(x) =
{

αN,m|x|2m−N log (1/|x|) if 2m − N is an even nonnegative integer,

αN,m|x|2m−N otherwise.

Here the constant αN,m is chosen such that (−�)mR2m is the Dirac measure at the
origin, that is,

α−1
N,m = 2m−1(m − 1)!σN

∏
0≤ j≤m−1
j�=m−N/2

(N − 2m + 2 j)

(see [8]).
If u ∈ SHm(B(R)), then u is of the form

u(x) =
∫

B(R′)
R2m(x − y) dμu(y) + hR′(x)

for x ∈ B(R′), where 0 < R′ < R and hR′ ∈ Hm(B(R′)). This is called the Riesz rep-
resentation of super-polyharmonic functions. For further results of a representation
of super-polyharmonic functions, we refer to [1, 5, 6, 9] and [17].

Let us begin with the following result.

Lemma 3.1 Let R > 1. Then∫
B(R)

|R2m(x − y)| dx ≤ CR2m log(2R)

for all y ∈ B(R), where C is a positive constant depending only on N and m.

Proof Note that
∫

B(R)

|x − y|2m−Ndx ≤
∫

B(y,2R)

|x − y|2m−Ndx

≤ CR2m.

If 2m − N is a nonnegative even integer, then
∫

B(R)

∣∣|x − y|2m−N log(1/|x − y|)∣∣ dx ≤
∫

B(y,1)

|x − y|2m−N log(1/|x − y|) dx

+
∫

B(y,2R)\B(y,1)

|x − y|2m−N log |x − y| dx

≤ CR2m log(2R).

Thus the lemma is proved. �


Following the book by Hayman-Kennedy [7], we consider the remainder term in
the Taylor expansion of R2m(· − y) given by

R2m,L(x, y) = R2m(x − y) −
∑
|λ|≤L

xλ

λ!
(
DλR2m

)
(−y),



A Montel Type Result for Super-Polyharmonic Functions on RN 95

where L is a real number; if L < 0, then R2m,L(x, y) = R2m(x − y). Further, we
consider the function

K2m,L(x, y) =
{
R2m(x − y) when y ∈ B,

R2m,L(x, y) when y �∈ B .

We note that

(−�)mR2m,L(·, y) = (−�)m K2m,L(·, y) = δy,

where δy denotes the Dirac measure at y. By using the kernel function K2m,L(x, y),
we see that u ∈ SHm(RN) is of the form

u(x) =
∫

B(R)

K2m,L(x, y) dμu(y) + hR(x) (3.1)

for x ∈ B(R), where hR ∈ Hm(B(R)) (see [7] and [13, 14]).
Since � jR2m(x) depends only on r = |x|, we write

� jR2m(r) = � jR2m(x)

when r = |x|.
For 0 < t ≤ r, set

gm(t, r) =
m−1∑
j=0

a j
(
t2 j� jR2m(r) − r2 j� jR2m(t)

)

with a j given by (2.5).
Here let us note the following result concerning spherical means for generalized

Riesz kernels.

Lemma 3.2 (cf. [6, Lemmas 4.3 and 4.4]) The following hold:

(1) M(R2m,2m−2(·, y), r) =
{

gm(|y|, r) if |y| < r,
0 if |y| ≥ r.

(2) (−1)mgm(·, r) is positive and strictly decreasing in (0, r) for each f ixed r > 0.

We next give a growth property for Riesz measures of super-polyharmonic func-
tions satisfying growth conditions on spherical means. Let u ∈ Sm and μu = (−�)mu.
Note from our assumption u ∈ Sm that

μu(B) = 0. (3.2)

Then representation (3.1) implies that for each R > 0,

u(x) =
∫

B(R)

R2m,2m−2(x, y) dμu(y) + hR(x) (x ∈ B(R)), (3.3)
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where hR ∈ Hm(B(R)). Since u is polyharmonic of order m in B, we see that
� jhR(0) = � ju(0) for j = 0, 1, . . . , m − 1. From (2.4) and Lemma 3.2, we have for
0 < r < R,

(−1)m M(u, r) = (−1)m −
∫

S(r)

(∫
B(R)

R2m,2m−2(x, y) dμu(y)

)
dS(x) + (−1)m M(hR, r)

= (−1)m
∫

B(R)

M(R2m,2m−2(·, y), r) dμu(y) + (−1)m
m−1∑
j=0

a jr2 j� jhR(0)

=
∫

B(r)
(−1)mgm(|y|, r) dμu(y) + (−1)m

m−1∑
j=0

a jr2 j� ju(0)

≥
∫

B(r/2)

(−1)mgm(r/2, r) dμu(y) + (−1)m
m−1∑
j=0

a jr2 j� ju(0)

= r2m−N(−1)mgm(1/2, 1)μu (B(r/2)) + (−1)m
m−1∑
j=0

a jr2 j� ju(0). (3.4)

Thus, with the aid of (1.1), (3.2) and (3.4), we have the following result.

Lemma 3.3 Suppose that u ∈ Sm satisf ies

(−1)m M(u, r) ≤ ϕ(r) (for all r > 0) (3.5)

and

|� ju(0)| ≤ C1 ( j = 0, 1, . . . , m − 1). (3.6)

Then there exists a positive constant C2 depending only on N, m, C1 and ϕ(1) such that

μu(B(r)) ≤ C2rN−2mϕ(2r) (3.7)

for all r > 0.

4 Proofs of Theorems 1.1 and 1.2

For a proof of Theorem 1.1, we need the following lemma.

Lemma 4.1 (cf [11] and [13, Theorem 4.5, Chapter 2]) Let νn and ν be nonnegative
measures on RN such that {νn} converges vaguely to ν on RN and ∪nsupp(νn) is
bounded.

(1) In case N ≥ 2m,

lim
n→∞

∫
RN

R2m(x − y) dνn(y) =
∫

RN
R2m(x − y) dν(y)

uniformly on each compact set K with K ∩ ∪nsupp(νn) = ∅. In case N < 2m, the
above convergence is uniform on each compact set K.
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(2) In case N ≥ 2m,

lim inf
n→∞

∫
RN

R2m(x − y) dνn(y) =
∫

RN
R2m(x − y) dν(y)

for each x ∈ RN.
(3) In case N ≥ 2m, there exists a subset E of RN with Cap2m(E) = 0 such that

lim inf
n→∞

∫
RN

R2m(x − y) dνn(y) =
∫

RN
R2m(x − y) dν(y)

for each x ∈ RN \ E.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 Let {un} be as in Theorem 1.1. For simplicity we put μn = μun .
Throughout this proof, let C denote various constants independent of n.

We see from (1.2) that
∫

B(2R)

((−1)mun)
+dx ≤ σN

∫ 2R

0
rN−1ϕ(r) dr

≤ 2NσN

N
RNϕ(2R)

for R > 0.
From our assumption and Lemma 2.1, note that {� jun(0)} is bounded for 0 ≤ j ≤

m − 1. By Lemma 3.3, we have

μn(B(r)) ≤ CrN−2mϕ(2r) (4.1)

for all r > 0. Thus, replacing {μn} by a subsequence, we may assume that {μn}
converges vaguely to a measure μ on RN ; see [12, Theorem 1.23]. Moreover, μ

satisfies

μ(B) = 0 (4.2)

and

μ(B(r)) ≤ CrN−2mϕ(2r)

for all r > 0.
Now represent un as

un(x) =
∫

B(2R)

R2m(x − y) dμn(y) + hn(x),

where hn ∈ Hm(B(2R)). In view of Lemma 3.1 and (4.1), we see that
∫

B(2R)

∣∣∣∣
∫

B(2R)

R2m(x − y) dμn(y)

∣∣∣∣ dx ≤
∫

B(2R)

(∫
B(2R)

|R2m(x − y)| dx
)

dμn(y)

≤ CR2m log(4R)μn(B(2R))

≤ CRN log(4R)ϕ(4R)
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for R > 1. Hence∫
B(2R)

((−1)mhn)
+dx ≤

∫
B(2R)

((−1)mun)
+dx + CRN(log(4R))ϕ(4R)

≤ CRN(log(4R))ϕ(4R)

for R > 1.
Since μn(B) = 0, for x ∈ B(1/2),

∫
B(2R)

|R2m(x − y)| dμn(y) ≤ C,

so that {hn} is uniformly bounded on B(1/2). Consequently it follows from
Proposition 2.4 that there exists a subsequence {hn j} of {hn} which converges to some
h ∈ Hm(B(R)) uniformly on B(R). Thus, with the aid of Lemma 4.1, the proof is
completed. �


To show Theorem 1.2, we prepare the following result.

Lemma 4.2 Suppose that u ∈ SHm
(RN) satisf ies

M(|u|, r) ≤ ϕ(r)

for all r > 0. Then there exists a positive constant C depending only on N such that

μu(B(r)) ≤ CrN−2mϕ(2r)

for all r > 0.

Proof Let ψ ∈ C∞
0 (B(2)) such that 0 ≤ ψ ≤ 1 on RN and ψ = 1 on B. Set ψr(x) =

ψ(x/r). Then

μu(B(r)) ≤
∫

RN
ψr(y) dμu(y)

=
∫

RN
u(y)(−�)mψr(y) dy

≤
∫

B(2r)
|u(y)||(−�)mψr(y)| dy

≤ σN||(−�)mψ ||∞r−2m
∫ 2r

0
tN−1ϕ(t) dt

= σN||(−�)mψ ||∞2N

N
rN−2mϕ(2r)

for r > 0. Thus the required result follows. �


Proof of Theorem 1.2 Let {un} be as in Theorem 1.2. By Lemma 4.2, we see that

μn(B(r)) ≤ CrN−2mϕ(2r)
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for all r > 0. Thus we may assume that {μn} converges vaguely to a measure μ on RN

satisfying

μ(B(r)) ≤ CrN−2mϕ(2r).

Further, un can be written as

un(x) =
∫

B(2R)

R2m(x − y) dμn(y) + hn(x) (x ∈ B(2R)),

where hn ∈ Hm(B(2R)). Hence it follows from Lemma 3.1 that∫
B(2R)

|hn(x)| dx ≤ CRN(log(4R))ϕ(4R)

for R > 1. Therefore we see from Lemma 2.2 that there exists a subsequence {hn j} of
{hn} which converges to some function h ∈ Hm(B(R)) uniformly on B(R). Finally, in
a way similar to the proof of Theorem 1.1, we can prove the convergence properties
of potentials

∫
B(2R)

R2m(x − y) dμn(y),

which completes the proof. �


Remark 4.2 If u ∈ SHm
(RN) satisfies

M(|u|, r) ≤ C(1 + r)� (4.3)

for all r > 0, then u is of the form

u(x) =
∫

RN
K2m,�(x, y) dμu(y) + h(x) (x ∈ RN),

where h ∈ Hm(RN).
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