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Abstract Our aim in this paper is to discuss a Montel type result for a family F of
super-polyharmonic functions on RY. We give a condition on spherical means to
assure that F contains a sequence converging outside a set of capacity zero.
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1 Introduction

A function u on an open set @ C RV (N > 2) is called polyharmonic of order m
in Q if u e C*"(Q) and A”u =0 on Q, where m is positive integer, A denotes the
Laplacian and A™u = A™~!(Au). We denote by H™(Q) the space of polyharmonic
functions of order m on Q. For fundamental properties of polyharmonic functions,
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90 T. Futamura et al.

we refer the reader to the book by Aronszajn, Creese and Lipkin [3]. We say that a
locally integrable function u on €2 is super-polyharmonic of order m in Q if

(1) (—A)™uis a nonnegative measure on £, that is,
/ u(x)(—A)"p(x)dx >0 for all nonnegative ¢ € Ci°(S2);
Q

(2) uislower semicontinuous in £2;
(3) every point of Q is a Lebesgue point of u

(see [5]); (—A)™u is referred to as the Riesz measure of u and denoted by w,.
If (—A)"T >0 on Q in the sense of distribution, then one can find a super-
polyharmonic function u of order m in €2 such that

T=u in the sense of distribution.

We denote by SH™(2) the space of super-polyharmonic functions of order m
on Q. In particular, u is biharmonic if u € H?(2) and u is super-biharmonic if u €
SH?(K). These spaces are important in connection with the Bergman space.

The open ball and the sphere centered at x with radius r are denoted by B(x, r)
and S(x, r), respectively. In particular, the unit ball B(0, 1) is written as B. For a Borel

measurable function f on RY and a Borel measure v on R", we use the standard
notation

1
][Af(y) dv(y) = @/A f(y) dv(y)

for a Borel measurable set A with 0 < v(A) < oo, if the integral exists. When dv =
dS and A = S(x, r), we write

M(f,x,r):][

1
fy)dS(y) = ﬁ/ fy) dS(y),
S(x,r) ONT S(x.r)

where oy is the surface area of a unit sphere. If x is the origin, then we write simply
B(r) = B(0,r), S(r) = S(0,r) and M(f,r) = M(f,0,r).
In case 0 < a < N, we define the capacity of a set E € RV by
Cap, (E) = infv(R"),
where the infimum is taken over all nonnegative measures v such that

/ Ix =y Ndv(y)>1 foreveryxe E.
RN

In case @« = N, for R > 0, we define the (relative) capacity of a set £ C B(R) by

Cap\(E) = infv(RY),
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where the infimum is taken over all nonnegative measures v such that

2R
f log <7> dv(y)>1 foreveryx € E;
RV lx — yl

we write Capy(E) = 0if
Cap\P(EN B(R)) =0

for all R > 0. In case o > N, we write Cap,(E) = 0if E is empty. For fundamental
properties of capacity, we refer to Hayman-Kennedy [7], Landkof [11] and the last
author [14].

The famous Montel’s theorem says that a family of analytic functions on complex
plane C which is uniformly bounded on each compact set is normal, see [16,
Section 2.2]. Normal families of subharmonic functions were extensively discussed
by Anderson and Baernstein [2], Kondratyuk and Tarasyuk [10] and Supper [18]. In
this paper, we extend their results to super-polyharmonic functions.

Let ¢ be a positive continuous function on [0, co) such that

My (r) is nondecreasing. (1.1)

Our main aim in this paper is to prove the following result.

Theorem 1.1 Let S,, be the set of all super-polyharmonic functions of order m in RN
which are polyharmonic of order m in B. Let {u,} be a sequence in S,, such that

M((—=D)"u)",r) <)  forallr > 0and n. (1.2)

If in addition {u,} is uniformly bounded on a neighbourhood of the origin, then there
exist a subsequence {u,;} C {u,} and u € Sy, satisfying the following assertions:

(a) {un,} converges to u uniformly on each compact set K with K N\'U jSupp (e, ) =
@;
(b) forall x e RV,

liminfu, (x) > u(x);
J—> 00
(c) there exists a set E C RN with Cap,,,(E) = 0 such that for all x e RN \ E
liminfu,, (x) = w(x);
J—>00
in case N < 2m, one may take E as the empty set.

Theorem 1.2 Let {u,} be a sequence in SH™ (RY) such that
M(Junl, 7) < 9(r) (1.3)

for all r > 0 and n. Then there exist a subsequence {uy,} C {u,} and u € SH™(RN)
satisfying (a), (b) and (c) in Theorem 1.1.
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For proofs of these results, we first show that the family {x,,} of Riesz measures
is vaguely bounded in R", and then apply the local Riesz representation result for
SH™RM).

2 Normal Family of Polyharmonic Functions

It is well-known that a collection of harmonic functions on a domain  which

is uniformly bounded on each compact subset of @ is a normal family, see

[4, Theorem 2.6.]. In this section, we extend this result to polyharmonic functions.
Let us begin with the following result.

Lemma 2.1 (cf. [14, Lemma 4.5 of Section 8]) Let k be a nonnegative integer. Then
there is a positive constant C(N, k, m) depending only on N, k and m such that

VEh(0] < C(N, &, m)r*k][ \h(y)| dy @.1)

B(a,2r)

for all x € B(a,r) and h € H™(B(a, 2r)), where V¥ denotes the gradient iterated k
times.

As an application of Lemma 2.1, we discuss Montel’s type result for a class of
polyharmonic functions.

Lemma 2.2 Let R > 0. If {h,} is a sequence in H™ (B(2R)) such that

n

supf |, (x)|dx < oo, (2.2)
BQR)
then there exists a subsequence of {h,} which converges uniformly on B(R).

Proof Using Lemma 2.1 with k = 0, 1, we can find a positive constant C(R) such that

sup |h,(x)] < C(R)
xeB(R)

and

sup |Vh,(x)| < C(R)
xeB(R)

for every n. The latter inequality gives
[hn(x) — ha(y)] = C(R)|x — y|

for each x, y € B(R), which implies that {A,} is equicontinuous on B(R). Hence
Arzela-Ascoli theorem will give an existence of subsequence converging uniformly
on B(R). m]

@ Springer
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Remark 2.3 Let {h,} be a sequence of H"(2) such that

sup/ |A, (x)|dx < oo, (2.3)
n JK

for each compact subset K of Q. By Lemma 2.2, there exists a subsequence of {A,}
which converges uniformly to a function & € 'H™(£2) on each compact subset of €.

Proposition 2.4 Let R > 0 and {h,} be a sequence in H" (B(2R)) such that
n

sup/ h;(x)dx < Q.
BQR)

Suppose that {h,} is uniformly bounded on a neighbourhood of the origin. Then there
exists a subsequence of {h,} which converges uniformly on B(R).

Proof In view of the formula of Pizetti [15] for polyharmonic functions of order m,
we have

m—1
M(hp,r) =Y a;* AV, (0) (2.4)

=0
for0 < r < 2R, where ay = 1 and

1
YT UANNT2) - (N+2j-2)

(= 1. 25)

By Lemma 2.1, we see that {A/h,(0)} are bounded for 0 < j < m — 1. Since |h,| =
2k — hy,, we have

sup/ |h,(x)| dx < oo.
BQ2R)

n

Hence the proposition follows from Lemma 2.2. O

3 Spherical Means for Super-Polyharmonic Functions

For a multi-index A = (A1, A2, ..., An) and a point x = (x1, X2, ..., Xy), We set

A=A+ A+ + AN,

A=A 1Al AN,

A A

X" =x A2,

X3 ~-xN“’

D)L 3 9 A B 9 Al 9 Ao 9 AN
o 0x a dx; 0X> oxn '

and
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Consider the Riesz kernel of order 2m defined by
R an.mlx|*"Nlog (1/|x|) if 2m — N is an even nonnegative integer,
am(X) =
" T otherwise.

Here the constant ay,, is chosen such that (—A)"R,,, is the Dirac measure at the
origin, that is,

ayl,=2""m-Doy [][ (N-2m+2)

0<j<m-—1
jEm—N/2

(see [8]).
If u e SH"(B(R)), then u is of the form

u(x) = f Rom(x —y) duy(y) + hgr (%)
B(R')

for x € B(R'), where 0 < R' < Rand hg € H™(B(R')). This is called the Riesz rep-
resentation of super-polyharmonic functions. For further results of a representation
of super-polyharmonic functions, we refer to [1, 5, 6, 9] and [17].

Let us begin with the following result.

Lemma 3.1 Let R > 1. Then

/ |Ram(x — y)| dx < CR*10g(2R)
B(R)
for all y € B(R), where C is a positive constant depending only on N and m.

Proof Note that

/ |x _ y|2m—Ndx S / |x _ y|2m—Ndx
B(R) B(y.2R)

< CR™,

If 2m — N is a nonnegative even integer, then

f lx = yP" N log(1/1x — yD)| de/ x — yP" N log(1/1x — yI) dx
B(R) B(y.1)

+/ Ix — y|*"Nlog|x — y| dx
B(y.2R)\B(y,1)

< CR*10g(2R).
Thus the lemma is proved. O
Following the book by Hayman-Kennedy [7], we consider the remainder term in
the Taylor expansion of Ry, (- — y) given by

A
Rom1(5,9) = Ran(x =) = Y 75 (D*Ran) (=),

[A|<L
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where L is a real number; if L < 0, then Ry, (X, y) = Rom(x — y). Further, we
consider the function

Rom(x —y) when y € B,
Kom,1.(x,y) =
Rom.(x,y) wheny ¢ B.

We note that
(_A)m’R«Zm.L('v y) = (_A)mKZm,L('v y) = (Sy,

where §, denotes the Dirac measure at y. By using the kernel function K, 1.(x, y),
we see that u € SH™(RY) is of the form

u(x) = / Kom,1.(x, y) dpu(y) + hg(x) (3.1)
B(R)

for x € B(R), where hg € H™(B(R)) (see [7] and [13, 14]).
Since A/Ry,,(x) depends only on r = |x|, we write

AR (r) = AR (x)

when r = |x|.
For0 <t <r,set

m—1
gn(t.r) =Y a; (1A R (r) — r1 ARy (1))
j=0
with a; given by (2.5).

Here let us note the following result concerning spherical means for generalized
Riesz kernels.

Lemma 3.2 (cf. [6, Lemmas 4.3 and 4.4]) The following hold:

_ Jemyln ifiyl <,
(1) M(RZm,Zm—Z('v Y)a”) - { 0 lf|y| > r.

(2) (=1)"gm(, r) is positive and strictly decreasing in (0, r) for each fixed r > 0.

We next give a growth property for Riesz measures of super-polyharmonic func-
tions satisfying growth conditions on spherical means. Let u € S, and p,, = (—A)"u.
Note from our assumption u € S, that

ju(B) = 0. (32)

Then representation (3.1) implies that for each R > 0,

u(x) = . Romam—2(x, y) duy(y) + hr(x)  (x € B(R)), (3.3)
(R
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where hg € H™(B(R)). Since u is polyharmonic of order m in B, we see that
AThR(0) = Alu(0) for j=0,1,...,m — 1. From (2.4) and Lemma 3.2, we have for
0<r<R,

(=D"M(u,r) = (=D" ( Romom-2(x, y) dw(y)) dS(x) + (=1D)"M(hg,r)
s \IB®)

m—1
= D" | MRaman-a(.y).0) dpu(y) + (=1)" Y a;r’ Ahg(0)
(R) =0

= / (=1)"gm(Iy] 1) dpa(y) + (=)™ Y a;r Alu(0)

B(r) =0

m—1 o

> [ 020 dia) 1 Y a8 u(0)

B(r/2) =0

m—1

= "N (D" gm(1/2, Dty (Br/2) + (=1 D ap? Alu(0).  (3.4)
j=0

Thus, with the aid of (1.1), (3.2) and (3.4), we have the following result.

Lemma 3.3 Suppose that u € S, satisfies

(=D"M(u,r) < @) (forallr >0) (3.5)
and

IAu©) <C; (j=0,1,...,m—1). (3.6)
Then there exists a positive constant C, depending only on N, m, C and ¢(1) such that

1 (B(r) < CorV =" (2r) (37)

forallr > 0.

4 Proofs of Theorems 1.1 and 1.2
For a proof of Theorem 1.1, we need the following lemma.

Lemma 4.1 (cf [11] and [13, Theorem 4.5, Chapter 2]) Let v, and v be nonnegative

measures on RN such that {v,} converges vaguely to v on RN and U,supp(v,) is
bounded.

(1) Incase N > 2m,

tim [ Rop(e— ) duy () = /R Ran(x =) dv(y)

n—0o0 R

uniformly on each compact set K with K N U,supp(v,) = @. In case N < 2m, the
above convergence is uniform on each compact set K.

@ Springer
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(2) Incase N > 2m,

liminf / Ram(x — y) dvn(y) = / Ram(x — y) dv(y)
RN RN

n— 00

for each x € RN.
(3) Incase N > 2m, there exists a subset E of RN with Cap,,,(E) = 0 such that

liminf f Rom(x — ) dvn(y) = f Rom(x — y) dv(y)
RN RN

for each x e RN\ E.
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1 Let {u,} be as in Theorem 1.1. For simplicity we put p, = [y, .

Throughout this proof, let C denote various constants independent of n.
We see from (1.2) that

2R
/ (=1)"un) dx < on / N o(r) dr
B(2R) 0

N
<2 ON
- N

RNp(2R)

for R > 0.
From our assumption and Lemma 2.1, note that {A/u,(0)} is bounded for 0 < j <
m — 1. By Lemma 3.3, we have

1n(B(r) < Cr¥=2"gp2r) (4.1)

for all r > 0. Thus, replacing {u,} by a subsequence, we may assume that {u,}
converges vaguely to a measure u on RV; see [12, Theorem 1.23]. Moreover, u
satisfies

n(B) =0 (4.2)
and
1(B(r) < CrN="gp(2r)

forallr > 0.
Now represent u,, as

Up(x) = Rom(x = y) dpn(y) + hy(x),
B(2R)

where i, € H"(B(2R)). In view of Lemma 3.1 and (4.1), we see that

/ dx < / (f Rom(x — )| dx) din(»)
B(2R) B(2R) B(2R)

< CR*10g(4R)iu,(B(2R))
< CRMlog(4R)p(4R)

Rom(x —y) dun(y)
B(2R)
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for R > 1. Hence

f (=1t dx < / (= 1)"up)*dx + CRN (log(4R)p(4R)
B(2R) B(22R)

< CRM(log(4R))¢(4R)

for R > 1.
Since u,(B) =0, for x € B(1/2),

/ [Ram(x — )| dun(y) < C,
BQ2R)

so that {h,} is uniformly bounded on B(1/2). Consequently it follows from
Proposition 2.4 that there exists a subsequence {4} of {h,} which converges to some
h € H"™(B(R)) uniformly on B(R). Thus, with the aid of Lemma 4.1, the proof is
completed. O

To show Theorem 1.2, we prepare the following result.
Lemma 4.2 Suppose that u € SH" (RV) satisfies
M(Jul, r) < ¢(r)
for allr > 0. Then there exists a positive constant C depending only on N such that
1a(B(r) < Cr¥=2"p(2r)

forallr > 0.

Proof Let € C{°(B(2)) such that 0 <y <1 on R" and ¢ = 1 on B. Set ¢, (x) =
¥(x/r). Then

Ha(B() < fR ) i)

= /RV u(y)(=A)"y,(y) dy

IA

/ WO 1= A", ()] dy
B(2r)

IA

2r
ol (=AY Yl loor ™" f N () di
0

—_A)" oozN
_ onli( ])vllfll PN=2m 02

for r > 0. Thus the required result follows. O

Proof of Theorem 1.2 Let {u,} be as in Theorem 1.2. By Lemma 4.2, we see that

tn(B(r)) < Cr¥=2mgp(2r)
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for all > 0. Thus we may assume that {u1,,} converges vaguely to a measure 1 on RV
satisfying

w(B(r) < Cr¥=mp(2r).

Further, u, can be written as

U, (x) = Rom(x = y) dpn(y) + hy(x) (x € B(2R)),
B(2R)

where h,, € H"(B(2R)). Hence it follows from Lemma 3.1 that
/ |7, ()] dx < CRN (log(4R))¢(4R)
BQ2R)

for R > 1. Therefore we see from Lemma 2.2 that there exists a subsequence {4} of
{h,,} which converges to some function # € H"(B(R)) uniformly on B(R). Finally, in
a way similar to the proof of Theorem 1.1, we can prove the convergence properties
of potentials

R2m(x - Y) d/‘«n(y)»
B(2R)

which completes the proof. O

Remark 4.2 Tf u € SH™(RV) satisfies
M(jul,r) < €1+ (4.3)

for all r > 0, then u is of the form
u) = [ Kanelxo) dpa() 4 h) v e R,
R
where h € H™(RM).
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