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Abstract Stochastic evolution equations in Banach spaces with unbounded nonlin-
ear drift and diffusion operators driven by a finite dimensional Brownian motion
are considered. Under some regularity condition assumed for the solution, the rates
of convergence of various numerical approximations are estimated under strong
monotonicity and Lipschitz conditions. The abstract setting involves general con-
sistency conditions and is then applied to a class of quasilinear stochastic PDEs of
parabolic type.
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30 1. Gyongy, A. Millet

1 Introduction

Let V — H < V* be a normal triple of spaces with dense and continuous embed-
dings, where V is a separable and reflexive Banach space, H is a Hilbert space, iden-
tified with its dual by means of the inner product in H, and V* is the dual of V.

Let W = {W(¢) : t > 0} be a d,-dimensional Brownian motion carried by a stochas-
tic basis (22, F, (F)=0, P). Consider the stochastic evolution equation

t d, t
u(t) = ug + / A(s, u(s)) ds + Z/ By (s, u(s)) dWk(s), te|0, T] (1.1)
0 = /o

in the triple V — H — V*, with a given H-valued Fy-measurable random variable
uy, and given operators A and B = (By), mapping [0, 00) x 2 x V into V* and
H% := H x --- x H, respectively. Let P denote the o-algebra of the predictable
subsets of [0, c0) x 2, and let B(V), B(H) and B(V*) be the Borel o-algebras of
V, H and V*, respectively. Assume that A and By are P ® B(V)-measurable with
respect to the o-algebras B(V*) and B(H), respectively.

It is well-known that for any 7 > 0 Eq. 1.1 admits a unique solution u if A
is hemicontinuous in v € V, and (A, B) satisfies a monotonicity, coercivity and a
linear growth condition (see [10, 13] and [16]). In [7] it is shown that under these
conditions the solutions of various implicit and explicit schemes converge to u. In
[8] the rate of convergence of implicit Euler approximations is estimated under
more restrictive hypotheses: A and B satisfy a strong monotonicity condition, A is
Lipschitz continuous in v € V, and the solution u satisfies some regularity conditions.
Then Theorem 3.4 from [8] in the case of time independent operators A and B reads
as follows. For the implicit Euler approximation u*, corresponding to the mesh size
v = T/m of the partition of [0, T, one has

E max |u(it) — u* (it)|3; + IEZ lu(it) — u* (it)||}, < CT?,
1<m

i<m

where C is a constant, independent of 7, and v €]0, %] is a constant from the regularity
condition imposed on u.

In this paper, we study space and space-time approximations schemes for Eq. 1.1
in a general framework. In order to obtain rate of convergence estimates we need to
require more regularity from the solution u of Eq. 1.1 than what we can express
in terms of the spaces V and H. Therefore in our setup we introduce additional
Hilbert spaces V and ‘H such that V < H < V, where < denotes continuous
embeddings. In examples these are Sobolev spaces such that H and V satisfy stronger
differentiability conditions than V and H, respectively. Our regularity conditions on
the solution u are introduced in Section 2 and labeled as (R1) and (R2). In connection
with these, we introduce also condition (R3), requiring more regularity from A and
B. Furthermore, condition (R4) on Holder continuity in time of A and B is needed
for schemes involving time discretization. We collect these conditions in Assumption
3 and call them regularity conditions.

In order to formulate ‘space discretizations’, we consider for any integer n > 1 a
normal triple

Vy,— H, — V}, (1.2)
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Accuracy of space-time approximations 31

the ‘discrete’ counterpart of V < H — V*, and a bounded linear operator
n,:v—-—1yVv,

connecting V' to V,,. We have in mind discrete Sobolev spaces, wavelets and finite
elements spaces, as examples for V.

The space discretization scheme for Eq. 1.1 is a stochastic evolutional equation in
the triple (1.2). We define it by replacing the operators A, B and the initial value ug
in Eq. 1.1 by some P ® B(V,,)-measurable operators

"0, 00[xQ2 x V,, = Vi, B":[0,00[xQ2 x V, — H,’f‘

and by an H,-valued Fj-measurable random variable ujj, respectively, such that A”
and B" satisfy in the triple (1.2) the strong monotonicity condition, the linear growth
condition, A” is hemicontinuous and B" is Lipschitz continuous in v € V,,. These are
the conditions (S1)-(S4) in Assumption 3.1, which imply, in particular, the existence
and uniqueness of a solution u” to our scheme. We relate A, and B, to A and B via
a consistency condition, (Cn) below. Then assuming (S1)—(S4), under the regularity
and consistency conditions (R1), (R3) and (Cn) we have

T
E sup |MLu(t) —u (t)|H + Ef [T 0a(t) — u” (1) ||2vn dt < CE|M,up — ug|2H" + Ce;,
0<t<T
where C is a constant, independent of n, and ¢, > 0 is a constant from (Cn). This
is Theorem 3.1 below, our main result on the accuracy of approximations by space
discretizations.

For an integer m > 1 we consider the grid {t, =it : 0 <i < m} with mesh-size
v = T/m. We define on this grid the space-time implicit and the space-time explicit

approximations, {u;""} and {u }7", respectively, by

Wi =+ T AL () +ZB ) (Wei) = We@),

Wy =l + T AT )+ Y BT () (WEti) — Wi@),
k

fori=0,...,m— 1 with some V,-valued Fy-measurable random variables u; " and
ug,r, and with some F,, ® B(V)-measurable operators

AT QX V, > Vi BZ:;:Q><V,,—>HZ',

such that A", B}’ satisfy strong monotonicity and linear growth conditions and
A!" is Lipschitz continuous in v € V,. These conditions, listed as (ST1)—(ST3) in
Assumption 4.1 below, are similar to conditions (S1)—(S3), except that instead of the
hemicontinuity, the much stronger assumption of Lipschitz continuity is assumed on
A}"". The operators A;"" and B)[ are related to A and B by a consistency condition
(Cn) stated below. Then if sup,, ,, Elug "7, < oo and Eq. 1.1 satisfies the regularity
conditions (R1)-(R4) from Assumptlon 2.3, we have the estimate

E sup |I'[,,u(ti) — M?’Tﬁ{” + E Z ” I,u(t) — u;" ||%/n1'
0<i<m 0<i<m

< CE[Muuo —uy* |3, + C(x* +¢;).
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32 1. Gyongy, A. Millet

with a constant C, independent of n and t, where v €]0, %] is the Holder exponent
from condition (R4) on the regularity of the operators A and B in time, and g, is from
(Cnr). This is Theorem 4.4, our main result on implicit space-time approximations. In
our main result, Theorem 5.2, on the explicit space-time approximations we have the
same estimate for ”?,i in place of uf’f if, in addition to the conditions of Theorem 4.4,
as in [7], a stability relation between the time mesh 7 and a space approximation
parameter is satisfied.

Finally, we present as examples a class of quasi-linear stochastic partial differential
equations (SPDESs) and linear SPDEs of parabolic type. We show that they satisfy the
conditions of the abstract results, Theorems 3.1, 4.4 and 5.2, when we use wavelets,
or finite differences. In particular, we obtain rate of convergence results for space
and space-time approximations of linear parabolic SPDEs, among them for the
Zakai equation of nonlinear filtering. We would like to mention that as far as we
know, discrete Sobolev spaces are applied first in [18] to space discretizations and
explicit space-time discretizations of linear SPDEs, and it inspired our approach
to finite difference schemes. Our abstract results can also be applied to finite
elements approximations. To keep down the size of the paper we will consider such
applications elsewhere.

We denote by K, L, M and r some fixed constant, and by C some constants which,
as usual, can change from line to line. For given constants a € R* the notation C(a)
means that the constant depends on a. Finally, when (X, | - | x) and (Y, | - |y) denote
two Banach spaces such that X is continuously embedded in Y, given y € Y the
inequality |y|x < 400 means that y € X.

2 Conditions on Eq. 1.1 and on the Approximation Spaces
2.1 Conditions on Eq. 1.1

Let (2, F, (F1)=0, P) be astochastic basis, satisfying the usual conditions, i.e., (F;)/>0
is an increasing right-continuous family of sub-o-algebras of F such that F, contains
every P-null set. Let W = {W(¢) : t > 0} be a d;-dimensional Wiener martingale with
respect to (Fy)»o, i.€., W is an F;-adapted Wiener process with values in R such
that W(f) — W(s) is independent of F; for all 0 <s < t. We use the notation P for
the sigma-algebra of predictable subsets of [0, co) x Q. If V is a Banach space then
B(V) denotes the sigma-algebra generated by the (closed) balls in V.

Let V be a separable reflexive Banach space embedded densely and continuously
into a Hilbert space H, which is identified with its dual H* by means of the inner
product (-, -) in H. Thus we have a normal triple

Ve H< V*

where H — V* is the adjoint of the embedding V — H. Thus (v, h) = (v, h) for all
veVandh e H* = H,where (v, v*) = (v*, v) denotes the duality product of v € V,
v* € V* and (hy, h,) denotes the inner product of &, h, € H. We assume, without
loss of generality, that |v|y < ||v||y for all v € V, where |- | and || - ||y denote the
norms in H and V, respectively. For elements u from a normed space U the notation
|u|y means the norm of u in U.
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Accuracy of space-time approximations 33

Let Aand B = (B;C)Z‘:1 be P ® B(V)-measurable mappings from [0, c0) x Q2 x V
into V* and H%, respectively. Given an H-valued JFy-measurable random variable
uy consider the initial value problem

du(t) = At u() e+ Bi(t,u(®) dWE@),  u(0) = uo (2.1)
k

on a fixed time interval [0, 7.

Assumption 2.1 The operators A and B satisfy the following conditions.
(i) (Monotonicity of (A, B)) Almost surely forallt € [0, Tl and u,v € V,

20u—v, A(t,u) — At ) + Y | Bilt,u) — Br(t.v)[5, < Klu—v[},.
k

(ii) (Coercivity of (A, B)) Almost surely forallt € [0, T1andu,v € V,

2w, At w) + Y | Bt wy, + wlul}y < Kluly + f©.  (22)
k

(iii) (Growth conditions on A and B) Almost surely forallt € [0, T1andu € V,
AW < Killul} + 0. > |Brtw}, < Kallully + f(@).
k
(iv) (Hemicontinuity of A) Almost surely forallt € [0, T] and u,v,w €V,
ling)(w, A(t,u+ ev)) = (w, A(t, u)), (2.3)

where u > 0, K >0, K; > 0 and K, > 0 are some constants, and f is a non-
negative (JF;)-adapted stochastic process such that

T
E / f@® dt < o0. (2.4)
0

The following definition of solution is classical.

Definition 2.1 An H-valued adapted continuous process u = {u(t) : t € [0, T]} is a
solution to Eq. 1.1 on [0, T7] if almost surely u(¢) € V for almost every ¢ € [0, T,

T
f lu(@)l3 dt < oo,
0

and
t t
0. v) = 0.0 + [ (AG.a) v ds+ Y [ B u). v awie)
0 k 0

holds for all £ € [0, T] and v € V. We say that the solution to Eq. 2.1 on [0, T] is
unique if for any solutions u and v to Eq. 2.1 on [0, T] we have

P( sup |u(®) —v(®|g > 0) =0.

te[0,T]

The following result is well known, see [10, 13, 16].

@ Springer



34 1. Gyongy, A. Millet

Theorem 2.2 Let Assumption 2.1 hold. Then Eq. 2.1 has a unique solution u. More-
over, if Elug|%; < oo, then

T
E sup |u(t)|2H+E/ llwe(s) I3, ds
0

1€[0,T]
T
< CElugl; + CEf (f() +g®) dt < oo, (2.5)
0
where C is a constant depending only on the constants A, K and K.

If Assumption 2.1 is satisfied then one can also show the convergence of approxi-
mations, obtained by various discretization schemes, to the solution u (see [7]). To
estimate the rate of convergence of implicit time discretization schemes the following
stronger assumptions on A and B are used in [§]

Assumption 2.2 The operators A, B satisfy the following conditions almost surely.

(1) (Strong monotonicity) Forallt € [0, T], u,veV,

2u—v, A, u) — A ) + Y | Bilt, u) — Be(t, v)[
k

< —Alu—v|} + Llu—vl3,

(2) (Growth conditions on A and B) Forallt € [0, T],u eV,

|AG w3 < Killully + f@©), Y IBe@ wlyy < Kallully, +g@).  (2:6)
k

(3) (Lipschitz condition on A) Forallt € [0, T], u,v eV,
|A(t,w) = A, V)3 < Lillu—vl7, (2.7)

where . > 0, K > 0, K; > 0, K, > 0 are constants, and f and g are non-negative
adapted processes satisfying Eq. 2.4

Remark 2.3 1t is easy to see that due to (1)—(2), the coercivity condition (2.2) holds
with u = A/2 and a constant K = K(A, L, K3).

Remark 2.4 1t is easy to show that (1) and (3) imply that B = (By) is Lipschitz
continuous in u € V, i.e., almost surely

> IBi(t.u) — Br(t, v)[3; < Lollu— |y, forallu,veV,te[0, T (2.8)
k
where L, is a constant depending on A, L and L;.

In order to prove rate of convergence estimates for the approximation schemes
presented in this paper, we need to impose additional regularity conditions on Eq. 2.1
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Accuracy of space-time approximations 35

and on the solution u. Therefore we assume that there exist some separable Hilbert
spaces V and ‘H such that

VosH=V,
where — means continuous embedding, and introduce the following conditions.
Let K, M denote some constants, fixed throughout the paper.

Assumption 2.3 (Regularity conditions)
(R1) There is a unique solution u of Eq. 2.1, it takes values in V for dt x P-almost

every (t,w) € [0, T] x 2, uy € V and

T
Eluol} < oo, E/ lu@)l3, dt =:ry < oco. (2.9)
0

(R2) There is a unique solution u of Eq. 2.1, it has an H-valued stochastic modifica-

tion, denoted also by u, such that

sup EIu(t)I%{ =:r; < o0.
te[0,T]

(R3) Almost surely A(t,v) € V, Bi(t,u) € V and

IA@ I < Kl + &0, Y Bt wlly < Klulz; +n0)  (2.10)
k

forallt € [0, T] v eV and u € 'H, where & and n are non-negative processes
such that for some constant M

T
E/ EWdt< M, sup En() < M.
0

te[0,T]

(R4) (Time regularity of A, B) There exists a constant v €]0, %] and a non-negative
random variable n such that En < M, and almost surely

(1)
| AGs, v) — At, V)13 < (Ko}, +n) |t — s> forve, (2.11)
(ii)
Z | Bi(s,u) — Br(t, )3, < (K |ul, +n) |t —s|* forueV,
k
forall0 <s<t<T.
Remark 2.5 Assume conditions (R1) and (R3) from Assumption 2.3. Then the fol-

lowing statements hold.

(i) u has a V-valued continuous stochastic modification, denoted also by u, such
that

E sup Ju@®I* <3Eluolly, + C(ri + M);
t€[0,T]
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36 1. Gyongy, A. Millet

(ii) If condition (R2) from Assumption 2.3 also holds, then for s, t € [0, T7,
Ellu(t) —u®)|ly, < Clt —s|(ri +r2+ M), (2.12)

where C is a constant depending only on T and on the constant K from Eq. 2.10.

Proof Define
F(t) :/ A(s,u(s))ds and G@) = Z/ By (s, u(s)) dW*(s).
0 = Jo
Notice that

T T T
E/ Il AGs, u(s))|> ds < KE/ lu(s)[3, ds + E/ £(s)ds = M, < oo,
0 0 0

T T T
Z/ E|| By (s, u(s))||%/ds < KE/ |u(s)|3H ds + E/ n(s)ds =: M, < oo.
= Jo 0 0

Hence F and G are V-valued continuous processes, and by Jensen’s and Doob’s
inequalities

T
Esuwp |[F()|}, < TMy, Eswp|GO)} <4> E / | Bi(s, u(s)|I5 ds < 4M,.
t<T <T I« 0

Consequently, the process uy + F(f) + G(¢) is a V-valued continuous modification of
u, and statement (i) holds. Moreover, if (R2) also holds, then

sup Y E||Bi(s, us)y < K sup Elu()f3; + sup En(t) := Mz < +o00,
te[0,T]

1el0.T) 1€[0,T]
and
E|F() = FG$)|I5 < |t —sIM,
t
EIG®H - GO} =Y / E| Bi(r,u((r) I} dr < |t — 5| M
k s
forany 0 <s <t < T, which proves (ii). O

2.2 Approximation Spaces and Operators I1,,
Let V, < H, — V be a normal triple and II, : V — V, be a bounded linear
operator for each integer n > 0 such that for allv € Handn > 0

IM,vlly, < ploly (2.13)

with some constant p independent of v € V and n. Note that we do not require that
the maps I1,, be orthogonal projections on the Hilbert space H.
We denote by (v, w), the duality between v € V,, and w € Vi and similarly by

(h, k), the inner product of &, k € H,. To lighten the notation, let ||v| := ||v||y denote
the norm of v in V, ||v||, := ||v|ly, the norm of v in V,,, |u| := |u|x the norm of u in
H, |ul, = |u|p, the norm of u in H,, and finally |w|, := |w|y+ and |y|, := |y|y: the

norm of w € V*in V* and the norm of y in V};, respectively.
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Accuracy of space-time approximations 37

For r > 0let H" = Wj(RY) denote the closure of C°(RY) in the norm defined by

lplir =Y /Rd |D” p(x) | dx.

lyl=r

In particular, H° = L,(RY).
The following basic examples will be used in the sequel. It describes spaces V,,, H,
and V' and operators I, such that condition (2.13) is satisfied.

Example 2.6 Wavelet approximation. Let ¢ : R — R be an orthonormal scaling
function, i.e., a real-valued, compactly supported function, such that:

(i) there exists a sequence (hy)kez € [*(Z) for which ¢(x) =Y, hxp(2x — k)
in L>(R) ,
(i) [o(x—k)o(x —Ddx =8 for any k, [ € Z.

We assume that the scaling function ¢ belongs to the Sobolev space H*(R) :=
W35 (R) for sufficiently large integer s > 0.

Ford > 1,x = (x1,--- ,xq) € RY, set ¢(x) =¢(x1) - - - 9(x4) and for j>0 and ke Z¢,
set ¢ (x) = 25¢2ix —k) e H® = W5 (R?). For any integer j > 0, let H; denote the
closure in L*(RY) of the vector space generated by (¢;«, k € Z9) and define the
operator IT; by

I f= Z(f dik)bik. [€ Lz(Rd)=

kez4

(., ) denotes the scalar product in L*(R).

Thus we have a sequence H,; C H;.; of closed subspaces of L*(R?) and orthogo-
nal projections IT; : L2(R?) — H; for j > 0. Assume, moreover that U2y Hjis dense
in L?>(R%) and that ¢ is sufficiently regular, such that the inequalities

(Direct) If=Tflw <C27 | flw, YfeH,  (214)
(Converse) I fllge < C27S7 N fllge, Ve H  (215)

holds for fixed integers 0 < r < s. The proof of these inequalities and more informa-
tion on wavelets can be found, e.g., in [2].

Fix r > 0, set H := L*(R%), V := H" = W} (R“), and identify H with its dual H*
by the help of the inner productin H. Then V < H* < V*is a normal triple, where
H = H* — V*isthe adjoint of the embedding V' — H. We define V,, as the normed
space we get by taking the H” norm on H,,. Since the H" and H° norms are equivalent
on H,, the space V, is complete, and obviously V,, — H, = H;; — V} is a normal
triple, where H, is identified with H via the inner product (,), = (,) in H,. Note
that due to Eq. 2.15 we have Eq. 2.13 assuming that ¢ is sufficiently smooth.

Example 2.7 Finite differences — Discrete Sobolev spaces. Consider for fixed / €
(0, 1) the grid

G:th={(klh,kzh,...,kdh)Zk=(k1,k2,...,kd)€Zd},
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38 1. Gyongy, A. Millet

where Z denotes the set of integers. Use the notation {ey, e, ..., e;} for the standard
basis in R?. For any integer m > 0, let Wy, be the set of real valued functions v on
G with

vl = Z Z 18% v(2)|*h? < oo,

le]<m zeG

where 6%, is the identity and 8¢ =833 . .. 81, for multi-indices a = (t1, 3 ..., ) €
{0,1,2,...} of length || := &t} + - -- + &g > 1 is defined for z € G by

84iv(z) == i%(v(z £ hey) — v(2)).

We write also §% and §; in place of §¢ and &, respectively. Then W}, with the norm
| - |n.m 1s a separable Hilbert space. It is the discrete counterpart of the Sobolev space
Wi (RY). Set Wh_; = (W, ,)*, the adjoint of W}, ,, with its norm denoted by | - |5, ;. It
is easy to see that W', — W) !is a dense and continuous embedding,

IA

|v|h,m—] |U|h,m’

A

K
[Vlam < 210 lnmet, (2.16)

for all ve W), m > 0 and h € (0, 1), where « is a constant depending only on d.
Notice that for m > 1

(U, u) = Z Zaav(sau < C|v|h’m_1|u|h’m+1 for all v,uU € W}T;]

la|=m zeG
extends to a duality product between W}'; !and W,’;’Z+ !, which makes it possible to
identify W;"," with (W},
Assume that m > ‘51 Then by Sobolev’s theorem on embedding W2 := W5 (R%)
into C(RY), there is a bounded linear operator I : 4% (RY) — C(R%), such that [u = u
almost everywhere on R?. Thus, identifying u with Iu, we can define the operator

Ry : Wi'([RY) — W}, by restricting the functions u € W5' onto G C R?. Moreover,
due to Sobolev’s theorem,

2 1d 2 2
> sup w0kt < pPluliyy,
zereI(z)

where Z(z) :={x e R : zx <xx < zx+h, k=1,2...d} and p is a constant de-
pending only on m and d. Hence obviously

| Ruuly o < p|u|%vzm for all u € Wi (2.17)

Moreover, for every integer / > 0

| Rutalpi < plulypr for allu € Wy, (2.18)
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Accuracy of space-time approximations 39

with a constant p depending only on m, / and d. Thus setting
V= Wyt Hy =Wy v = wirh
Hn = Rh,l

for any sequence {h,};>, C (0, 1) and any integers m > 41> 0 we get examples of
approximation spaces.

When approximating differential operators by finite differences we need to esti-
mate D;u — §;u in discrete Sobolev norms. For d = 1 we can estimate this as follows.
Let [ > 0 be an integer and set z; := kh for k € Z. By the mean value theorem
there exist z, and zJ in [zx, zx + [h] such that 8' Du(zx) = D'"'u(z}) and §'su(zy) =
D"*lu(z}), where D := 4 Hence

18" (Du(zx) — Su(z)|* = ID"'u(z)) — D u(z))* =

% 2
/ Dl+2u(y) dy
%

zk+h
< / D 2u(y) [ dy
Zk

for u € C°(R). Consequently,
|Du — 8 ulpy <1h lutl iz ) (2.19)

for u € C°(R), and hence for all u € Wé“(R). For d > 1 by similar calculation
combined with Sobolev’s embedding, we get that form > [+ 2 + %
|Diue — St < Chlulwy (2:20)

forallu e WJ', h € (0, 1), where C is a constant depending on /, m and d.

3 Space Discretization
3.1 Description of the Scheme

Consider for each integer n > 1 the problem
du'(t) = A"(t, v () dt + Z B, " (1) dW*©®), u(0) = ug, 3.1)
k
in a normal triple V,, — H,, — V;, satisfying the conditions of Section 2.2, where 1
is an H,-valued Fy-measurable random variable, A" and B" = (B}) are P @ B(V,)-
measurable mappings from [0, c0) x © x V,, into V* and H?, respectively.

Assumption 3.1 The operators A" and B" satisfy the following conditions.

(S1) (Strong monotonicity) There exist constants ). > 0 and L such that for alln > 1
almost surely

2u — v, At u) — A" ))n + Y IBR(E w) — B )3, + Au— vl
k

< Llu—vlj, forallze[0, T],u,ve V,.
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40 1. Gyongy, A. Millet

(S2) (Growth condition) Almost surely
A", 0y, < K olly, + 10, B @), < K |vly, +¢"0)

forallt €10, T],ve V,andn > 1, where K, K, are constants, independent of
n, and f" and g" are non-negative stochastic processes such that

T T
supE/ " dt =: My <oco, sup E/ g dt =: M, < oc.
n 0 n 0

(S3) (Hemicontinuity of A™) For every n > 1, the operators A" are hemicontinuous
inv eV, ie., almost surely

lin(l)(A"(t, v+eu), w), = (A" V), w),
£—>

forallt € [0, T], v,u,w € V,.
(S4) (Lipschitz condition on B") Almost surely

> IBR(t u) — Bit, v)[y;, < Lp lu—vl},
k
forallt € [0, T]and u,v € V.

The solution to Eq. 3.1 is understood in the sense of Definition 2.1. Notice that
(S1)—(S2) imply the coercivity condition

A
2(v, A"t v)+ Y IBRE I, + Ellvllzvn < C(ly, + "0 +g'®)
k

with a constant C depending on A, L and K.
Thus by Theorem 2.2 the conditions (S1)-(S3) ensure the existence of a unique
solution u” to Eq. 3.1, and if

sup E|u8|%{n < 00, 3.2)
n
then

T
E sup |[u"()|% +E/ lu" @) |3, dt
0<t<T " 0 "

T
< C sup <E|u6’|2H” + Ef (f"(t) + g"(t)) dt) < 00, (3.3)
n 0
where C is a constant depending only on A, L and K.

3.2 Rate of Convergence of the Scheme

We want to approximate IT,u by u”. In order to estimate the accuracy of this
approximation we need to relate the operators A and B to A" and B", respectively.
Therefore we assume the regularity condition (R3) from Assumption 2.3 and make
the following consistency assumption.
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Condition (Cn) (Consistency) There exist a sequence (€,),>1 of positive numbers and
a sequence (§"),>| of non-negative adapted processes such that

T
sup E/ "M dt < M < 400,
n 0
and almost surely (t, w) € [0, T] x Q

M, At v) = A" (&, TL) [, + Y 1T Bi(t,v) = By (1, L) |,
k

< el +£"0)
forallv e V.
Theorem 3.1 Let Assumption 3.1, the regularity conditions (R1) and (R3) from

Assumption 2.3, and the consistency condition (Cn) hold. Assume furthermore
sup,, Eluj|3; < 400. Then for &"(t) := T,u(t) — u" (1),

T

E sup "]y, + E f le" I}, dt < CLE|E"(0)[3;, + Ca(ri + M)e,, (34)
0<t<T 0

holds for alln > 1, where C; = Cy(A, L, T) and C, = Cy,(:, L, Lp, T) are constants.

Proof From Eq. 1.1 we deduce that for everyn > 1,

t t
IT,u(t) = I,uy + / I1,A (s, u(s)) ds + Z/ I, By (s, u(s)) dW*(s).
0 = Jo

Using Itd’s formula

le" ()l = 1" O) [ + D Li(o), (3.5)
i<3
where
L) = 2/ (€"(s), Ty AGs, u(s)) — A" (s, u" (5))) ndls ,
0
t
L(n = 22/ (¢"(s) . T, Bi(s, u(s)) — Bj(s, u"(s))),dW*(s),
P 0
t
L =Y. / T, Bi(s, u(s)) — Bi(s, u" ()| ds.
k 0
We first prove
T
sup Ele"(t)|% + Ef le" () |2dt < CiEle"(0)|> + Ca(r) + M)e2, (3.6)
0<t<T 0

where C; = Ci(A, L, T) and C, = Cy(A, L, L, T) are constants. The strong mono-
tonicity condition (S1) from Assumption 3.1 implies

t t
L)+ L) < -2 / le" )15 ds + L / le"($)nds+ Y R0, (3.7
0 0

i=1,2
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where
t
Ri) = [ 26). T, AG. () = A"G. (o)) ds.
0
t
Ra = 3 [ (1103, uon) = B,
k

B (s, Tuu(s)) — BGs, u"(s))|§] ds.

Schwarz’s inequality and the consistency condition (Cn) imply that for every n > 1
andt € [0, T,

IR0

IA

)\. t t
5/ ||en(s)||flds+;/ ITL, A(s, u(s)) — A" (s, TLu(s)) 2, ds
0 0

A

t t
_5/ ||e”(s)||,2;ds+§e,3/ (Ju®)[3, +£"(5)) ds. (3.8)
3 0 A 0

Schwarz’s inequality, the consistency condition (Cn), and the Lipschitz condition
(S4) from Assumption 3.1 yield that for every o > 0,

t
[R.(1)] = Z/O [|1'Ian(s, u(s)) — Bi(s, Muu(s))|2 +2<Han(s, u(s))
k
— Bi(s, Muu(s)) , Bi(s, Muu(s)) — Bi(s. u”(s)))n] ds

t
< (1 + l) [ B ) - Bis. o) s
o 0 P
t
o [ 30 IBLs as) = Bi(s. a0 ds
0 %

t t
< (1+$) & / (1u)R, + &"(s)) ds + L / I @2ds.  (39)
0 0

Thus, for «Lp < %, taking expectations in Eq. 3.5 and Egs. 3.7-3.9 and using (S1)
again, we deduce that

)\’ t t
Ele"(0] + 3E / le"(s)2ds < LE / le"(s)[nds + Ele"(O)[; + C(r + M)ey,
0 0

where C = C(X, Lp) is a constant. Since by Egs. 2.5 and 3.3

sup Ele"(t)|2 < +oo,
0<t<T

Gronwall’s lemma gives

sup Ele" (0] < " (C(ry + M)ep + Ele"(0)]) .
0<t<T
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which in turn yields Eq. 3.6. We now prove Eq. 3.4. From Egs. 3.6-3.9 we deduce
T 20 T
E sup (1) + L) < LE/ le"(s)|? ds + ?E/ le"(s)|12ds + Ca(ry + M) &>
0=<t<T 0 0

< GEI" O + Ca(ry + M)e;. (3.10)
(Notice that by taking the supremum in both sides of Eq. 3.7 we cannot make use
of the term with coefficient —2 in the right-hand side of Eq. 3.7. This is why 2A/3
appears here as the sum of 1/3 from Eq. 3.8 and « L3 < 1/3 from Eq. 3.9.) By Davies’

inequality, Eq. 2.5, the Lipschitz condition (S4) on B", the consistency condition (Cn)
and by the strong monotonicity condition (S1),

1

T b 2
E sup |L(t)| <6E (f Z‘ (¢", T, Br(u) — BZ(u”))n‘ ds)
0 Tk

0<t<T

" :
56E[sm)w%0u<f E:HLBAMM—BﬂW?ﬁdQ ]
0

0<t<T

1
< -E sup [¢"(0)],
2 0<t<T

T,
+ 36EZ/ [|1'I,,Bk(u) — B}(TLu)} + | B} (T,u) — Bg(unnﬁ] ds
k 0

1 T
< EE sup |e"(z)|§+36LBE/ e (s)[12ds + 36(r; + M)e?, (3.11)
0

0<t<T
where the argument s is omitted from most integrands. Thus inequalities (3.5), (3.10),
(3.11) and (3.6) yield

1
EEpr®ﬁ§QEf@ﬁ+Qm+Mﬁ,
0<t<T

with some constants C;, = C;(L, T) and C, = C,(A, L, Lg, T), which completes the
proof of Eq. 3.4. O

3.3 Example

Consider the normal triples
Ve H'—- V" V,— H,—V;

with the orthogonal projection I, : H = L>(R%) — H, from Example 2.6, where
V = Wi(R?) with r > 0. Set H = W5 (R%) and V = W, (R?) for some [ > p > 0.

Let A and B = (By) be P ® B(V)-measurable mappings from [0, co[x 2 x V into
V* and H%, respectively, satisfying Assumptions 2.2 and 2.3. For (¢, w) € [0, T] x Q
let A"(t,w,): V" — Viand B"(t,w,-) : V"' — Hﬁ' be defined by

(A"(t, u, w),v), = (A(t,u, w),v) and Bi(t, w,u) =1, Bi(t, 0, u) (3.12)
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forallu, v € V,, where (, ), denotes the duality between V,, and V};. Then it is easy to
see that due to conditions (1), (2) and (3) in Assumption 2.2, the operators A" and B"
satisfy (S1), (S2) and (S3) in Assumption 3.1, respectively. Furthermore, taking into
account Remark 2.4 it is obvious that (S4) holds. Assume the regularity condition
(R3) from Assumption 2.3. Then by virtue of the definition of IT,, A" and B", due
to Lipschitz conditions (3) in Assumption 2.2 and Eq. 2.8 in Remark 2.4, we have,
recalling the direct inequality (2.14),

Ty A u) — A" L)y + Y 1T Bi(t, w) — BR(, T,
k

< A® w) — A"t L)}, + Y | Belt, ) — By, T3,
k

< C(Ly + Ly) 272" ul},

almost surely for all ¢ € [0, T] and u € V, which yields (Cn) with £&” := 0 and ¢, :=
C(L; + Ly)27". In the last section we will give examples of operators such that
Assumption 2.3 holds.

4 Implicit Space-time Discretizations
4.1 Description of the Scheme
For afixed integerm > lsett := T/mandt; = itfori=0,--- ,m.LetV,, — H, —

V¥ satisfy the conditions in Section 2.2. Given a V,-valued Fy-measurable random
variable uy " and F;, ® B(V,)-measurable mappings

A?”:van—> V, and By :QxV,— H, fork=1,---,d,

j=1,...,mandi=0,...m — 1, consider for each n the system of equations
ulh = ult T AL (W) + Z BT () (Wr(tin) — W), (4.1)
i=0,...,m—1,for V,-valued F;-measurable random variables u;”, i=1,...,m.

Assumption 4.1 For almost all o € Q the operators A" and By [ satisfy the following
conditions forall j=1,...,m i=0,...,m—1,

(ST1) (Strong monotonicity) There exist constants % > 0 and L > 0 such that a.s.
2u—v, AT — AW), + Y |Bw - B )],
k

< —Mlu—vll}, + Llu—vly (4.2)

forallu,veV,,m=>1,n=>0.
(ST2) (Growth condition on A!"" and B!"") There is a constant K such that a.s.

e

2 n,T n,t 2 2 nt
v < Klully, + £ Y |Bei@ly, < Kluly, + ¢
k
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forallueV, m=>1,n=>0, where f|'" and g'* are non-negative random
variables, such that

supX:‘L'Ef;"Z <M < 400, supmax Eg"" < M < +oo.
nm . nm 1
(ST3) (Lipschitz condition on A';”) There exists a constants L, such that a.s.
T 2
[ AT @) = AT W), < Lilu— vy, (43)
forallu,veV,,m=>1,n=>0.

Remark 4.1 Clearly, conditions (ST1) and (ST3) imply the Lipschitz continuity of
BZ:; inv € V,,i.e., thereis a constant L, = L,(L, A, L) such that almost surely

S IBtw) - B[y, < Lalu—vl, (44)
k
foralu,veV,,n>1,m>0and j=1,--- ,m.

Remark 4.2 Conditions (ST1)-(ST2) irnply that almost surely
2, A" @), + DB @F, <=3 Sl + Lty +C (17 + 82

forallue V,,n>0,m>1and j=1,...,m, where C = C(A, K) is a constant. The
Lipschitz condition (ST3) obviously implies that A" is hemicontinuous.

Proposition 4.3 Let Assumption 4.1 hold. Assume E||u0 || < o0 far all n>0and
m > 1. Then for t < 1/L Eq. 4.1 has a unique V,-valued solutlon (u _1, such that

u] is JFi,-measurable and Ellu" 113, Is finite for each j, n. (Here I/L =o0if L=0.)

Proof Equation 4.1 can be rewritten as

Dy (] _u’”+ZB'” 1) (WE i) — WE@)), (4.5)

where D;:V, — V; is defined by D;(v) =v—1tA!"(v) for each i=1,2,---m
Due to Assumption 4.1 and Remark 4.2 the operator D; satisfies the assumptions
(monotonicity, coercivity, linear growth and hemicontinuity) of Proposition 3.4 in
[7] with p = 2. By virtue of this proposition for r < 1/L, Eq. 4.5 has a unique

V,-valued F, +l-measurable solution u}:", for every given V-valued J,-measurable
random variable «;"", and

l+1
E||ul] ||V <CE (1 + e+ ‘ Z BT Ty (Wr(tig) — Wk(t,))‘ )

<C (1 + EfT + EgF + Z‘L’E|Bn U] )

<C(1+Ef" + Eg'" +KTE||u”||V +1 Egl),

where C = C(%, 7) is a constant. Hence induction on i concludes the proof. O
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4.2 Rate of Convergence of the Implicit Scheme

Let Assumption 2.3 on the regularity of equation 2.1 and its solution u hold. We
relate the operators A(#;, .) and A;“ as well as the operators B(f;, .) and BZ:; by the
following consistency assumption.

Condition (Cnt) (Consistency) There exist constants v €]0, %], ¢ >0, a sequence of
numbers €, — 0, such that almost surely

T, A, w) — AT (M)l < c(luly, +€77) (> + &),
3 M Bi(ti, 1) = Bf (Mo, < c(ul, + 0" (2 + &)
k

orall j=1,..m i=0,---,m—1and u eV, where £"'" and n** are non-negative
j ] n, g
random variables such that

su TEETT < M, su tEfT < M
up T EE[T < M. sup) <

Theorem 4.4 Let Assumptions 2.3 and 4.1 as well as condition (Cnrt) hold. Assume

sup Ellug I3, < M. (4.6)

n,m

Set e}"" = M,u(t) —u!"". Then fort < 1/L andn >0

E max |e"r|H + Z ‘L’EH@”TH
1<i<m

< ClEleg’Tlﬂ + G 4+ ed)(r + 12+ M), (4.7)
where Cy = Cy(A, L, T) and C; = C,(\, L, K, T, p, c, Ly, L) are constants.

Proof We fix n, 7, and to ease notation we write e;, A; and By ; in place of e!"", A"
and B}/, respectively. Similarly, we often use u; in place of u;"* fori=1,2,--- ,m.
Then foranyi=0,--- ,m—1,

lit1
e e =2 [ ferer T AGLu60) = A ), ds
t

liy1

23 [ (e Fi), awt o

liy1

lit1 2
/ [Ty Als. u(9)) — Ay (uign)] ds + ) / Fi(s) AW (s)
i k t n

Liv1
=2/ (eis1 T AGs. () = Appr ), ds
i

liy1

+\Z/ Fiuls) dW*s)| +2Z/ (61, Fils)), AW (s)

)

fiy1
/ [T, AGs, u(s)) — A1 (wig1) ] as|
4
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where for k =1, --- , d; one sets
Fi(s) = M, Bi(s, u(s)) — Bei(u""), s €ltitin], i=0,1,--- ,m—1.

i

Summing up fori =0, ---, I — 1, we obtain

lit1
ledl < leolr +2 ) f (eirr s Ty A, u(s)) — Api (Uis))n ds + Q) + 1(t), (4.8)
ti

0<i<l
where
tit1
0w =Y | [ Awawte.
O<i<i k Yi "

/]
1(t) :22/ (e(s), Fk(s))n de(s), e(s) :=e¢; fors €lt;, t;11,i =0, -, m.
© J0

First we show

sup Elel;+E Y tlel; < CiElel; + G +ep)ri +r2+ M), (4.9)

O<i<m I<i<m

where C; = Cy(A, L, T) and C; = C,(A, L, K, T, p,c, Ly, L) are constants. To this
end we take expectation in both sides of Eq. 4.8 and use the strong monotonicity
condition (ST1) from Assumption 4.1 to get

Elel; < Eleoly +2E ) tleir . Ar (Muu(tig1)) — Appr (uis1)),

0<i<l
+E Y Y 1B (Muu(tien) — Bein @), + Y S;
O<i<l-1 k 1</=<3
< Eleol; —» Y tElleil; + LY tEleli+ Y S, (4.10)
I<i<l 1<i<l 1<j<3

forl=1,---,m, where

t
Si=2) E / (ei, Ty As, u(s)) — Ai(TL,u(t;))n ds,

l<i<i 7h

liy1
=N Y B[ IR - 1Buau) - Bl ds

k 1<i<l
S; = ZE/ | Fi(s)|? ds.
k 0
Foranye >0

1
Si<e Y tElel;+ =R,
€

I<i<l
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where

R=Ru)=Y E f I, AGs, 4(s) — AT ds <3 32 R;.

1<i<l 1<j<3

= Z E/ [T, A(s, u(s)) — T, A(t;, u(s))|>

1<i<l i~

=Y E / T, A, u(s)) — Al(TLu(s))]7

I<i<l fi-1

Ry=)Y E / | ATu(s)) — Ai(TLu(t)) . ds. (4.11)

I<i<l

Due to condition (2.11) on the time regularity of A in Assumption 2.3, Eq. 2.13,
(Cnt), the Lipschitz condition (4.3) in Assumption 4.1 and inequality (2.12) from
Remark 2.5, we deduce

T
R <% pZE/ (K|u(s)[3, + 1) ds, (4.12)
0
T
Ry < c(® +¢2) E/ lu(s)[3, ds + Z T EENT . (4.13)
0 1<i<m
Ri<Lip* Y / Ellu(s) — u@| ds < TLip* My, (4.14)
1<i<l li-a

with M, := C(r; + r, + M). By Eq. 2.13, the regularity condition (R3) on B from
Assumption 2.3, the growth condition (ST2) on B;; from Assumption 4.1, and by
condition (4.6) on the initial values we have

S3 < 22/ E|TL, Bi(s, u(s))l; dS+2ZTE|Bk,0(M8’T)|ﬁ
k VO k

<2ep*(K sup EJu + sup Eno)
1€[0, 7] t€[0, 7]

121 (K sup El|u* |12 + sup Egﬁ”). (4.15)
1
Using the simple inequality |b |2 — [a|? < ela|? + (1 + 7> |b — a|? with
€
a = By i(Iu(t)) — Bii(u), b = Fi(s),

1
for any ¢ > O we have S, < eP; + <1 + 7> P, with
e

Pi=Py= ) EY |BeMlu®)— Briwl,

I<i<l k

Pr=Py=Y f 2 M By, 0) = B s, (416)

1<i<l
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By Remark 4.1 on the Lipschitz continuity of By; we get Py < L,E) |2
Clearly, P, < 3(Q1 + Q2 + Q3) with

o

tit1
SE [ S BuG u(s) — T Bl )
t k

1<i<l

tit1
0= Y B[ Y IMBult o) — BT s,
‘ k

1<i<l

liy
0= Y B[ 3 1BuiMuts) - Bt ds.
ti k

1<i<l
Due to (R4) (ii) in Assumption 2.3 on the time regularity of B, consistency (Cnt),

the Lipschitz continuity of By ; proved in Remark 4.1, Eq. 2.12 proved in Remark
2.5and Eq. 2.13,

O

IA

T
¥ p? <KE/ |u(s)|§, ds + TEn) ,
0

>

IA

T
c(z® + si) E/ Iu(s)lf, ds + sup Z TEn"T |,
0 il

IA

Lyp®T sup Elu(t) — u(@)||* < tL,p°TM;.

[t—s|<t

03
Hence

1
Sp<elEY  tllel;+C <1 + f) (T +&2)
&

I<i<l

T
x (E/ lu(s)13, ds + TEn + supZ TEnT + M1> , (4.17)
0 nm "

where C = C(p, K, L,,c). Choosing ¢ > 0 sufficiently small, from Eq. 4.10 and
Eqgs. 4.12-4.17 we obtainfor/ =1, - -+ , m,

A
Elel+ S E Y wleilly < Eleoly + L ) 7 Eleily + C(™ + (1 + 2+ M),

I<i<l 1<i<l

(4.18)

where C = C(K, A, p, T,c, Ly, L,) is a constant. Since sup,, Y ;7 =T < +oo, if
Lt < 1 adiscrete version of Gronwall’s lemma yields the existence of constants C; =
Ci(L,x, T)yand C, = Co(L, K, A, p, T, c, Ly, L) such that for sufficiently large m

max Ele|2 < CiEleyl2 + Ca(ry + 12+ M)(z? + &2)

1<l<m
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holds for all n. This together with Eq. 4.18 concludes the proof of Eq. 4.9. To prove
Eq. 4.7 notice that from Eq. 4.8 by the same calculations as above, but taking first
max in / and then expectation, we get

2 2 2 2
E max |ei2 < Eleol2 + E Y tllel2+ L Y tEle;l?
1<i<m

I<i<m 1<i<l
+ R(T)+ Ro+ Eomax 1)+ EQ(T). (4.19)
<i<m
where R(T) = R(t,) is defined by Eq. 4.11 and
Ry = Py +2P,, + S5. (420)

The terms R(T), Py, and P, have already been estimated above by the right-hand
side of Eq. 4.18 and S3 has been estimated by Eq. 4.15. Notice that

T
EQ(D) = E [ 37 IR0 ds < 2Puy+ 2Py,
0
k

and by Davis’ inequality

0<i<m

T 1/2
E max I(t;) < 6E {f Z [(e(s), Fk(s))n|2ds}
U

1 T
< EEOQEEI; le;|% + 18E/0 Xk: | Fi(s)|? ds.
Thus from Eq. 4.19 we obtain Eq. 4.7. m]

Remark 4.5 One can show, like it is observed in [8], that if instead of the Lipschitz
condition (4.3) we assume that A}"" are hemicontinuous and B}’[ satisfy the Lipschitz
condition (4.4), then the order of the speed of convergence is divided by two.

4.3 Examples

(i) Consider from Example 3.3 the normal triples
Ve H >V, V,— H,—V:

with the orthogonal projection I1, : H = L*(R?) — H,, and auxiliary spaces
H =W, (R?) and V = W5 (R?) for some [ > p > 0.
Let A and B = (By) be P ® B(V)-measurable mappings from [0, co[xQ x V
into V* and H%, respectively, satisfying Assumptions 2.2 and 2.3 such that f
and g in Eq. 2.6 satisfy
sup f(t) <M, sup g(t) < M.

1€[0, 7] 1€[0, 7]
For we @, j=1,....mand i=0,...,m—1 let A’;”(a),-) : V" — V¥ and
BZ: (w,-) : V" — H, be defined by

(A?’T(w, u),v), = (A(tj,w,u,),v) and BZ:f(w, u) = I, Bi(t;, o, u) (4.21)
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for all u, v € V,, where (, ), denotes the duality between V}, and V. Then it is
easy to see, like in Example 3.3, that due to (1), (2) and (3) in Assumption 2.2,
(ST1), (ST2) and (ST3) in Assumption 2.3 hold respectively. In the same way
as (Cn) is verified in Example 3.3, one can also easily show that the consistency
assumption (Cnr) holds.

(i) Another choice for A’ and BJf; can be defined by

1 t
(A';’f(u),v)n = ;//(A(s, u),vyds, u,vev,,
tji-y

1 [l
Bpow) =, Br(0,w), B (w) = f/ I1,Bi(s,u)ds, ueV,,
, , e

(4.22)

instead of Eq. 4.21. One can show by a similar computation as before, com-
bined with the use of Jensen’s inequality, that Assumption 2.2 and (R3)-(R4)
in Assumption 2.3 imply Assumption 4.1 and condition (Cnr).

(iii) Finally, let V,, =V, H, = H and let I1,, be the identity operator for every
n. Let Assumptions 2.2 and 2.3 hold. Then one recovers the conclusions of
Theorems 3.2 and 3.4 in [8] concerning the rate of convergence of the implicit
time discretization scheme with ¢, = 0.

5 Explicit Space-time Discretization Scheme
5.1 Description of the Scheme

Let V,, H, and V}; be a normal triple and IT, be continuous linear operators which
satisfy the condition (2.13). Assume moreover that for each n > 0 as sets

Vo=H,=V},
and there is a constant % (n) such that
lully, < @) luly, . Vue H,. (5.1)
Then by duality we also have

2 2
luly, <9 luly. . YueV,.

Consider for eachnandi =0, 1, --- ,m — 1 the equations
Wi =l T ANTWE) 4 D Bl (W) - W), (5.2)
k
for V,-valued F;,-measurable random variables u ; fori =1, --- , m, where u ; is a

given V,,-valued Fy-measurable random variable, and
A QxV,—Vy and Bpl:QxV,— H,

are given F;, ® B(V,)-measurable mappings such that Assumption 4.1 holds.
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Proposition 5.1 Let Assumption 4.1 hold. Then for any V-valued Fy-measurable
random variable u! , such that E|u} |3, < oo, the system of Eq. 5.2 has a unique
solution (U} )/, such that u’} ; is Fi,-measurable and E”u,rl,i”%/,, < oo forall i, m and n.

Proof By Eq. 5.1 we have |lu? ;|7 <9 (m)|u!,,,|;, and by Eq. 5.2

T,i+ T

El,,[n < 3Elu 2+ 3T E|A} (i} )In + 3t Y EIBy (u})I7
k

<3(0m) + 9 TK +K) E|u?,|I7 + 3t (9(n) + 1) M.

Hence we get the proposition by induction on . O

5.2 Rate of Convergence of the Scheme

The following theorem gives the rate of convergence of e ; := IT,u(;) — u7 ;.
Theorem 5.2 Let Assumption 2.3, Assumption 4.1 with index j=i=0,...,m—1in
its formulation, and the consistency condition (Cnt) hold. Let n and t satisfy

Lito(n)+2y/ L Lytd(n) <gq (5.3)

for some constant q < A, where Ly and L, are the Lipschitz constants in Eqs. 4.3 and
4.4, respectively. Then

E max ¢} 3 + Y TEIC}I, < CLEIe ol + Ca(r™ + 63) (i + 72+ M), (54)

O<i<m

where Cy = Cy(A,q, L, T)and C, = Cy(A,q, L, K, T, p, c, Ly, L,) are constants.

Proof Note that when we refer to any condition in Assumption 4.1 then we mean it
with the index j replaced in its formulation with i running through 0, --- ,m — 1. To
ease notation we omit the indices n and t from e ;, u! ;, A;"" and B;"* when this does
not cause ambiguity. Foranyi =0, ---, m — 1

lit1
leisily — leil? = 2 [ (er, TLLACGs, u(s)) — Ai(u)))n ds
1,

i

tit1 2

2y / (€1, Fe()n dWe(s) +
k g k

tit1
/ Fi(s) dW¥(s)
.

i

n

+

tit1
/ [T, AGs, u(s)) — Ai(up)] als]2
[ n

n

tiv1 lit1
+2) </ [T, A(s, u(s)) _Ai(ui)]dS,/ Fi(s) dW"(S)) ,
« 1 1

where

Fi(s) = I1,, B (s, u(s)) — Bri(u), se€lttia]l, 1=0,1,--- , m—1
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Hence for/=1,--- ,mand every § > 0,

lit1
< ol +2 3 [ i, T AG ) = i) ds +2 1) + Q)
1

0<i<l

+ (1 + é) S(t) +80(1), (5.5)
where

1) = f[(e(S), Fi(s)) dW*(s), e(s):=¢; fors elt, tipi],i>0,
0

liy1 2
NOESY \ / [T, AGs, u(s)) — Aiu))]ds|
0<i<t Yl "
tit1 2
oy =Yy > / Fi(s) dWX(s)|
O<i<l k Vi n
First we prove
max Elei? + Z tE|eill; < CiEleol) + Co(v® + &1) (r1 + 12 + M), (5.6)
=t=m O<i<m

with some constants C; = Cy(A,q, L, T) and C; = C(A,q, L, K, T, p,c, Ly, L,). To
this end we take expectation in both sides of Eq. 5.5 and use the strong monotonicity
condition (4.2) in Assumption 4.1, to get

Elell; < Eleol,+2E Z t(ei, Ai(TLu(t)— Ai(ui))n

0<i<l

1
+E Y vl Bii(Muu() — B2+ Y Si+ (1 + 5) ES()+8 EQ(1)

0<i<l i=1,2
1
< Eleoly—2E Y tleli+LE Y tlely+ Y Si+ <1+§> ES(t)+8EQ(1),
0<i<l 0<i<l i=1,2
for any § > 0, where

tit1
$i=2) E / (e, T A(s, u(s) — Ai(Tuu(t))y ds,
L

0<i<l

Liv1
=S B[ 1RO - 1Buu) - Bl ds
k O<i<t Ul
As in the proof of Theorem 4.4 we get for any ¢ > 0,

1
Si<e) tElel}+ —Clri+r2+ M) (e + £2),

O<i<l

1
Sy < Lye Y tE|el}; + —Cri+r2+ M)(t® +¢2)

0<i<l
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with a constant C = C(K, p, T, L, L,, ¢). Notice that for any ¢ > 0,

ES(1) =t0(m)J (1),

fiy1
J(t) = Z Ef |TT,, A(s, u(s)) — A,(u,)lfl* ds < (1+e)Ry+ (1 + é) R, (5.7)
t

0<i<l
EQ() < (1+ )Py + (1 4 é) Py, (5.8)
where
Pyi:= Y EY |BriMu()) — Briu)it < LE Y el
0<i<l k 0<i<l
P= | S M BeGs, w) — Bia M) ds,
o<i<l 'l k
Ry:=E Y tlA(Mu) — Aiwly. < LiE Y el
0<i<l 0<i<l
Ri=EY /['H M, A, u(s)) — Ai(TLu(t))]2. ds.
0<i<l ¥
forany/=1,2,---, m. In the same way as in the proof of Theorem 4.4 we obtain
R < C(tz" +&2)(r1 + 12+ M), (5.9)
and that
P, < C/(rzv + sﬁ)(rl +r+ M), (5.10)

where C=C(K, p,c, Ly, T) and C'=C'(K, p, ¢, L,, T) are constants. Consequently,

Elel, < Eleoly + (u=MNE Y tlely + LE Y tleil;

0<i<l 0<i<l

1 1
+ (1 + 0 (n)) (l +S+E) C(x® + &) (r1+r+ M) (5.11)
for any § > 0 and ¢ > 0, where

nw={0+e) [(l + %) o (n)L; + (SLQ:I +e(l+ Ly),

and C = C(K, p,c, T, Ly, L,) is a constant. It is easy to see that due to Eq. 5.3

1
gng (1 + 5) tdm) Ly +8L, =t0(n) Ly +2/t9(m) L1 L, <gq.
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Therefore we can take § > 0 and ¢ > 0 such that u < (¢ + 1)/2. Thus from Eq. 5.11
we can get

1
Elel; < Eleoly = 0= @ E Y wleilly + LE ) tlei;

0<i<l 0=i<l

+C(t™ + )1+ + M),

with a constant C = C(K, A, q, p,c, T, L;, L,). Hence by a discrete version of
Gronwall’s lemma we obtain Eq. 5.6. To prove Eq. 5.4 note that Eq. 5.5 yields

E max e < el + E Z tlle;|l? +2ES(T) + 2E max I(t) +2EQ(T), (5.12)
1<l<m 1<l<m

0<i<l

where by Eqgs. 5.7-5.9 ES(T) < t9(n)J(T), and

I(T) <2LE ) tlleill} +2C(c> + &7) (r1 + 12 + M),

O<i<m

By Egs. 5.8,5.9 and 5.10

EQ(T) <2Ly Y tleilly +2C (x + &) (r1 + r2 + M).

O<i<m

Finally, in the same way as Eq. 4.21 is obtained, we get

1<i<m

T 1/2
E 1) < 6E , Fe(s)al*d
max I(t;) < {/0 ;ue(s) ()] s}

1 r 1
< EEom’aX |ei|f, + ISE/ F,%(s) ds < EEom'aX |ei|i + 18EQ(T).
<i<m 0 <i<m
Consequently, from Eq. 5.12 we obtain Eq. 5.4 by Eq. 5.6. O

5.3 Example
Consider again the spaces
VCHCV—>H<V", V,—> H, <V

from Examples 3.3 and 4.3. Notice that V,,, H, and V} are identified as sets and that
due to the converse inequality (2.15) we have Eq. 5.1 with ¢ (n) = C2"".

Let A and B satisfy the same conditions as in Example 4.3. Define A" and B’}
forj=i=0,...,m—1byEq.421 ordefine A}"" by Eq.4.21 for j = 0and A}, Bi’/
by Eq.422for j=1,...,m—1landi=0,...,m — 1. Then, as shown in Section 4.3,
A';’T and BZ:; satisfy the conditions in Assumption 4.1 as well as (Cnt). Hence, if the
solution u satisfies (R1)—(R2) in Assumption 2.3, and Lt9, + 2/ L Lyt9, < q < A,
then the conditions of Theorem 5.2 hold.
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6 Examples of Approximations of Stochastic PDEs

In this section we present some examples of stochastic PDEs for which the previous
theorems provide rates of convergence for the above space and space-time discretiza-
tion schemes. We refer to Section 5 in [8] for more details. In this section for integers
[ the notation |u|; = |u|y means the norm of u in H' = W!/(R%).

6.1 Quasilinear Equations

Let us consider the stochastic partial differential equation
du(t, x) =(Lu(t) + F(t, x, Vu(t, x), u(t, x)) dt

+ ) (Mgt x) + gi(t, x)) dWF@), 1€ (0, T1, x e R, (6.1)
k

with initial condition
u(0, x) = up(x), xeR?, (6.2)

where F and gy are Borel functions of (w, ¢, x, p,r) € 2 x [0, 00) x RY x R? x R and
of (w,t,x) € Q x [0, 00) x R4, respectively, and L, M; are differential operators of
the form

L) = Y D*(a’ 1, x)DPv(x)), My(v(x) = Y bi(t,x) D*v(x),

le|<L.|BI=1 la|=1

with functions a*# and bg of (w,1,x) € 2 x [0, 00) x R4, for all multi-indices o =
(@1, ...s2q), B = (Bi, ..., Ba) of length || =, ; < 1, |B| < 1. Here, and later on D
denotes DY'...D%’ for any multi-indices o = (1, ..., aq) € {0, 1,2, ...}¢, where D; =

% and D? is the identity operator. We use the notation V,, := (3/9py, ..., 3/9pa).

'Let K and M denote some non-negative numbers. Fix an integer / > 0 and suppose
that the following conditions hold:
Assumption (A1) (Stochastic parabolicity). There exists a constant A > 0 such that
Q, 1 o ﬁ o o
> (a P =5 ) (bibi)e, x)) = a1z

le|=1.18]=1 k |or|=1

forallw e Q,1€[0,T], x e R and z = (z', ..., z%) € RY, where z* := z{'z5*...2%" for
z € R? and multi-indices o = (a1, aa, ..., 0tg).

Assumption (A2) (Smoothness of the initial condition). Let uy be W7-valued
Fo-measurable random variable such that E|u,|} < M.

Assumption (A3) (Smoothness of the linear term). The derivatives of a** and b¥ up
to order [ are P @ B(RY) -measurable real functions such that almost surely

|D”a* (t, x)| + | Dbt x)| < K, forall|a| <1,|8| <1, k=1,---.d,

t € [0, T, x € R and multi-indices y with |y| < 2.
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Assumption (A4) (Smoothness of the nonlinear term). The function F and its first
order partial derivatives in p, x and r are P @ BRY) ® B(RY) ® B(R)-measurable
functions. The function gi and its derivatives in x are P @ B(R?)-measurable functions
for every k =1, .., d,. There exists a constant K and a P ® B-measurable function &
of (w, t, x) such that almost surely

ad
IVpF(t,x, p.r)|+ |5F(I, x,p.nl =K,

|F(t, -, 0,003 + > lgr(t. )3 < n.
k

Vi F(t,x, p,r)| < L(Ip| + Ir]) + &, x), |$(t)|% =7
forallt, x, p,r, where n is a random variable such that En < M.

Set H=L*(R)=W), V=W), H=W; and V =W; and suppose that the
assumptions (A1)—(A4) hold with / = 2. Then the operators

At,9) = LOp + F(t,..Vo.9), Bi(t,9) = Mg + &), ¢eV

and uy satisfy the conditions of Theorem 2.2. Hence Egs. 6.1-6.2 has a unique solu-
tion u on [0, T]. Furthermore, u has a W%-valued continuous modification such that

T
E sup |u(®)3 + E/ lu(t)|3 dt < co.
0<t<T 0

Consequently the regularity conditions (R1) and (R2) in Assumption 2.3 hold. It is
easy to check that A and By, verify condition (R3).

Assumption (AS) (Time regularity of A and B) Almost surely
(@)

D DY (bt x) = bi(s, ) < Kt s,
k
D lgk(s, ) — gk(t, ) < e —sl.
k

(ii)
| DY (a*P (1, x) — a*P (s, x))|* < K|t — 5],
|F(t.x. p.r) = F(s.x. p.nI> < K|t —s| (Ip|* + [r*).
\VeF(t, x, p.r) = VoF(s, x, p.r)* < K|t —s| (Ip]> + Ir[").
IV, F(t,x, p,r) — V,F(s, x, p.NP?<K|t—sl,

d d
| —F(t,x,p,r) — —F(s,x, p,r)|* < K|t —s|.
ar ar

forall |a| < 1,18 < 1, |y| < 1,s,t € [0, T] and x € R, where K is a constant and 1) is
a random variable such that En < M.
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Clearly, Assumptions (i) and (ii) of (A5) imply conditions (i) and (ii) of (R4) in
Assumption 2.3, respectively with v = 1/2.

Let H,, V,, and I1,, be defined as in Example 2.6 and let A"(¢, u) and Bj/(t, u) be
defined by Eq. 3.12. Let ug € W5 = H and ujl = I1,uo. Recall Example 3.3 and notice
that we can apply Theorem 3.1, and by making use of Eq. 2.14 we get the estimate

T
E sup |u"(t) — u(t)|] + E/ [u"(t) —u(t)|dt < C27",
0<t<T 0

with a constant C independent of n. Assume now also (AS5), recall Example 4.3 and
define A" and B™" by Eq. 4.21. Notice that we can apply Theorem 4.4. Hence if
uy" = I1,u(0) we get the estimate

nt ntT o 2 2n
Eorllzix |u; u(it)[f + rEO; )" —u(v)l; < C (r +27 ) (6.3)

Finally recall Example 5.3 and define A™* and B™" as in Example 5.3. Then we can
apply Theorem 5.2, and if uf ; := I1,u(0) and T2%'/m < y for some constant y < cA,
then we get estimate Eq. 6. 3 for the explicit space-time approximations u” ;, in place
of u!"", with some constant C.

Let us now recall Example 2.7 and approximate Eqs. 6.1-6.2 by finite difference
schemes. Consider first the following system of SDEs, corresponding to the space
discretization with finite differences for fixed 4 € (0, 1):

‘L'l’

dv(t) = (Lp()v(@) 4+ Fu(t, Vav(0), v(t)) dt

+ > (M) + gen(®) dW (D), z€G=hZ", (6.4)
k

v(0) = (uo(2))zcG, (6.5)

where gi 1 (1) = (gk(t, 2))zec, Fu(t, p,7) = (F(t, 2, p,1);ec) and

Lh(t)(p = Z 82 (aaﬂ (t; )Sﬁw)v Vh(ﬂ = (81(/)5 82(/)’ s 8d¢))! (66)

la|<1,|B]=1

My (g = Y bi(1)8%p, (6.7)

Jer|=<1

for functions ¢ defined on G. It is not difficult to see that taking the triple V,, := W}m,
H, = W,? 5 Vi = (W;ll,z)*» problem (6.4)—(6.5) can be cast into Eq. 3.1, and we can
easily check that Assumption 3.1 and Eq. 3.2 hold. Thus Eqgs. 6.4-6.5 has a unique
continuous Wg’z-valued solution v = v" such that for every & € (0, 1),

T
E sup "@®)[3,+ E/ W@ dt < M < co.
1€[0,T] ' 0 '
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Assume now that d = 1. Consider the normal triple V — H = H* — V* with V :=
WIR), H := W)R) and V* = W{l (R). Notice that Using Eq. 2.19 we can see that
there is a constant C such that almost surely for all t € [0, T]

|D*(a*? (1) DP ) — 8% (a*? ()8} 9)no < Chlplysw),
b () D*p — b8 ¢lio < Chlplyw),
|Fu(t, Do, @) — F(t, 8¢, 9)lno < Clhly: )

for all ¢ € Wg’ (R) and 4 € (0, 1). Hence the consistency condition (Cn) holds with
V = W3(R) and ¢, = h. Set H = W2(R). Assume (A1)—(A4) with [ = 2. Then the
assumptions of Theorem 3.1 are satisfied. Thus there is a constant C such that

T
E sup |u(t) —v" 0+ E/ u(t) =" @1}, dit < CH?
1€[0, T 0

for all 4 € (0, 1). Now we approximate Eq. 6.5 by the following Euler approximation
schemes:

witt = wi + (LaliyDwirr + Fr(tivr, Viwier, wign)) T

+ Z (Micntwi + gen@) (WE i) — WE)),  wo=uo,  (6.8)
X

uivr = w; + (La()u; + Fp(tipr, Valtipr, u)t

+ > (Mica(tui + gin(@)) (W (1) — WE@)).  vo = uo.
k

for i=0,1,2,...,m—1, T =T/m, t; =it. Then by Proposition 4.3 we get the
existence of a unique W,ﬁ,z—valued solution w; of Eq. 6.8, such that w; is F;-
measurable for i =1, 2, ..., m, if v is sufficiently small. By Theorem 4.4 for ef” =
(W(ti, 2) — wi(2))zeG, We get

h,t 2 he2 5
E max le iy +7 D2 Elef"ly, = C+ k)
1<i<m
with a constant C independent of t and 4. Recall that ¢ (n) = «*/h2 for any sequence
hy € (0, 1) by Eq. 2.16. Set ¢} = (u(t;, 2) — i(2)zcc. Then applying Theorem 5.2
we get
E ma)r(n |e¢’i|%’V2)2 +7 Z E|e¢l|%4/,llz < Chz,

0<i<

O<i<m

with a constant C independent of T and A, provided Eq. 5.3 holds with «2/h? in place
of ¥ (n). To obtain the corresponding results when d > 1 we need more regularity in
the space variable from the solution u of Egs. 6.1-6.2. Assuming more regularity on
the data, it is possible to get the required regularity of u. We do not want to prove in
this paper further results on regularity of the solutions to Eq. 6.1. Instead of that we
consider the case of linear equations, i.e., when F does not depend on p and r, since
in this case the necessary results on regularity of the solutions are well known in the
literature. (See e.g. [9] and [16].)
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6.2 Linear Stochastic PDEs

We consider again Egs. 6.1-6.2 and assume that F = F(¢, x, p, r) does not depend on
p and r. We fix and integer / > 0. Instead of (A4) we assume the following.

Assumption (A*4) F(t,x, p,r) = f(t,x) and g(t,x) are P ® BR?) -measurable
functions of (t, w, x), and their derivatives in x up to order | are P ® B(R)-measurable
functions such that

@+ 18k )17 <,
k

where n is a random variable such that En < M.
Instead of (A5) we make the following assumption.

Assumption (A*5) Almost surely

() YxIDY B0 —be) < Klt—s|2, Y, Igkls) — g} < nlt—s|.
(i) 1D (@) —a*F(s)| < Klt=sl>,  |f@) = f&)] <nlt—s|

forall |y| <1, s,tel0,T], x € R and multi-indices a and g with |a| < 1 and |8| < 1,
where K is a constant and n is a random variable such that En < M.

Consider the space-time discretizations with finite differences. The implicit and
the explicit approximations, v"-* and v’ are given by the systems of equations defined
fori=0,---,m—1by

V' (ti1) = 0T (@0) + T(Laltie )V (Gn) + f(tig))

+ ) (Meao™ @) + g(0) (Wr(tier) — Wr@)), (6.9)
k

V™70, 2) = u(0,z), zeG, (6.10)
and
VA(tir) = V() + T(La)vl (6) + £(t)

+ Z (M (1) + g(t)) (WX (i) — WE (1)), (6.11)
k

v"(0,2) = u(0,2), zeG, (6.12)

respectively, where t; = it = iT/m, v""*(t;) and v"(#;) are functions on G, L;(#) and
My, 5 (t) are defined by Egs. 6.6 and 6.7.

Take H, := Wgz and the normal triple V,, < H, = H} < V* with V,, := W,‘Lz.
Then it is easy to see that

(Ln(t, v)n < Clely, |1¥lv,, (Mo, ¥ < Cloly, 1V, (6.13)

for all ¢, ¥ € V,,, where (-, -), denotes the inner product in H,, and C is a constant
depending only on d and the constant K from Assumption (A3). Thus we can define
Ly (t;) and My, «(t;) as bounded linear operators from V), into V;; and H,, respectively.
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Due to Egs. 2.17 and 2.18, the restriction of uy, f(¢;) and gk (t;) onto G are H,-valued
random variables such that

E|f()%, < PPEIf@)].  Elg@)y, < p*EIg@l},
Elugl3; < p*Eluolf,
where p is the constant from Eq. 2.17. Moreover,
A
2L, O+ Y IMiolyy, = =S lol, + Cloli, (6.14)
k

for all ¢ € V,,, where Cis a constant depending only on d and on the constant K from
Assumption (A2). Thus using the notation u]"" = v"7(1;), u? ; = v (1;) and defining

AP (@) = Lat)g + f(t),  Bpi(p) = Mra(t)g + gt

for ¢ € W}lﬂ, we can cast Egs. 6.9-6.10 and Egs. 6.11-6.12 into Eq. 4.1 and into
Eq. 5.2, respectively, and we can see that Assumption 4.1 and condition (4.6) hold.
Consequently, by virtue of Proposition 4.3, for sufficiently small © Egs. 6.9-6.10 has a
unique solution (" ()}, such that VTt isa Wé’z-valued Fi,-measurable random

variable and E|vf”|f,,2 < oo. Furthermore, by virtue of Proposition 5.1, Egs. 6.11-
6.12 has a unique solution { vf(ti)}{i o» such that vi’(ti) isa W}l’z—valued Fi-measurable

random variable and E|v!(1)[? , < co.
Let » > 0 be an integer, and assume that

d
[>r+2+47. (6.15)

Then Theorem 4.4 gives the following result.

Theorem 6.1 Let Assumptions (Al), (A2), (A3), (A*4) and (A*5) hold with |
satisfying Eq. 6.15. Then for sufficiently small t

E max " (6) —u(@)ly, + E @) = w@)l,y, < COP + 1)

I<i<m

forallh € (0, 1), where C=C(r,l, p, ., T, K, M, d, d,) is a constant.

Proof Take H, := W ,, H := WE2(RY), H := W (R?) and the normal triples
Vi—>H,=H, V) Vo H=H <>V VosH=H <V

where V, := W5, Vi = W0 V= Wi R, V= WP RY), V= Wi (RY) and
V* = Wé"(Rd) = V. Then due to Eq. 6.15 there is a constant p such that for
nl’t = Rh’

elv, < plelv,

for all ¢ € V, by virtue of Eq. 2.18. It is easy to check that Egs. 6.13-6.14 still
hold, and hence Eqgs. 6.9-6.10, written as Eq. 4.1, satisfies Assumption 4.1 and
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condition (4.6) in the new triple as well. Using Eq. 2.20 it is easy to show that due to
Assumption (A3)

|Lt)e — La(t)elv; < |LU)¢ — Lu(t)¢ln, < Chlelyi ga,

Z IMi(t)g — Min(t)@lh, < Chlgly ra)
k

for all ¢ € Wé“ (R%), where C is a constant depending on d, [, r and on the constant
K from Assumption (A3). Hence we can see that (Cnt) holds with ¢, = A. Due to
Assumption (A*5) we have

IL(g — L)l < Clt—sl, | f@©) — f&I5 <nlt —sl,

D Mg — Mi)oly, < Cle—sl, > lge®) — g3 < nlt —sl,
k k

where 7 is the random variable from Assumption (A*5), and C is a constant
depending on d, d;, [ and on the constant K from Assumption (A*5). It is an easy
exercise to show that due to Assumptions (A3) and (A*4) condition (R3) from
Assumption 2.3 holds. From [9] it is known that under the Assumptions (A1)—(A3)
and (A*4) the problem (6.4)—(6.5) has a unique solution « on [0, 7], and that u is a
continuous Wé (RY)-valued (Fy)-adapted stochastic process such that

T
E sup |u(t)]} + E / ()}, dt
t€[0,T] 0

T
< CEluol; + CE f (If(t)lf_l +) |gk(t>|%) dt,
0 k

where C is a constant depending on d, d; and the constants A and K from
Assumptions (Al), (A3) and (A*4). Hence the regularity conditions (R1) and
(R2) in Assumption 2.3 clearly hold. Now we can conclude the proof by applying
Theorem 4.4. O

Let us now investigate the rate of convergence of the explicit space-time approxi-
mations. Take the normal triple V,,— H, = H}— V} with V,, := W,’l+21, H, =W, ,,
and notice that due to Assumption (A3)

(L), v)n = Cilolv, ¥ lv,,  (Mia@e, ¥)n < Cakloly, [V H, (6.16)

with some constants C; and Cy; depending only on d, r and the constant K from
Assumption (A3). Set L, =C} and L, =), C5,. Then Theorem 5.2 yields the
following theorem, which improves a result from [18].

Theorem 6.2 Let Assumptions (A1), (A2), (A3), (A*4) and (A*5) hold with [ satis-
fving Eq. 6.15. Let h and t satisfy

L|K2% +2(L, Lﬁlﬂg <q (6.17)
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for a constant ¢ < . Then

E max |} () = (@), + E Y vl ) — w4 < C* + 1)

0<i<m

forallh € (0, 1), where C=C(r,l, p,%,q, T, K, M, d, d,) is a constant.

Proof As in the proof of Theorem 6.1 we take H, := Wz,zv H = Wé‘z(Rd),
H:= Wé (R%) and the normal triples

Vo> Hy=H!—> V!, Ve H=H >V Vo H=H <V

with V,, .= Wi V= Wi (RY), V = Wi (RY), we cast Egs. 6.11-6.12 into Eq. 5.2,
and see that Assumptions 2.3 and 4.1, conditions (Cnt) and Eq. 4.6 of Theorem 5.2
hold. Furthermore, ¢ (n) = ;—z We can easily check that by virtue of Egs. 6.16 and
2.16, condition (6.17) yields condition (5.3). Hence applying Theorem 5.2 we finish
the proof. O

Corollary 6.3 Let k > 0 be an integer and let Assumptions (A1), (A2), (A3), (A*4)
and (A*5) hold with [ satisfying | > k + 2 + d. Then the following statements are valid
for all multi-indices a with || < k:

(i) For sufficiently small t

E max sup [8*(v""" (t;, 2) — u(t;, 2))| < C(h + /7)

l<izm ;G

holds for all h € (0, 1), where C = C(, p, 1, T, K, M, d, d,) is a constant.
(ii) Assume also that © and h satisfy Eq. 6.17. Then

E max sup |8° (v/ (4, 2) — u(t;, 2))| < Ch+ /7)< C (1 + K*h/,\/Ll) h

lsism ;e

forall h € (0, 1), where C = C(r,l, p,A,q, T, K, M, d, d,) is a constant.

Proof By the discrete version of Sobolev’s theorem on embedding W2 (R9) into
d
C¥(R?) one knows that if m > k + > then

sup [6%¢(2)| = Clelwy,
zeG

for all 1 € (0, 1), ¢ € W, and || < k, where C = C(d, m, k) is a constant (see e.g.
[18]). Hence the above statements follow immediately from Theorems 6.1 and 6.2.
O
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