Potential Anal (2008) 29:351-389
DOI 10.1007/s11118-008-9101-9

Local Limit Theorems for Sequences of Simple
Random Walks on Graphs

D. A. Croydon - B. M. Hambly

Received: 15 May 2008 / Accepted: 1 October 2008 /
Published online: 24 October 2008
© Springer Science + Business Media B.V. 2008

Abstract In this article, local limit theorems for sequences of simple random walks
on graphs are established. The results formulated are motivated by a variety of
random graph models, and explanations are provided as to how they apply to
supercritical percolation clusters, graph trees converging to the continuum random
tree and the homogenisation problem for nested fractals. A subsequential local limit
theorem for the simple random walks on generalised Sierpinski carpet graphs is also
presented.
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1 Introduction

The classical local limit theorem (see [17], Section XV.5, for example) describes
how the transition probabilities of the discrete time simple random walk on Z can
be rescaled to yield the Gaussian transition densities of Brownian motion on R.
Analogous statements have been proved in many other settings, including the recent
result of [9], which demonstrates that the transition probabilities of the discrete
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352 D.A. Croydon, B.M. Hambly

time simple random walk on the random environment generated by supercritical
bond-percolation on Z? can be rescaled to a Gaussian limit (for almost-every
environment). In this article, by generalising the argument of [9], we deduce that the
corresponding limit result holds for any sequence of simple random walks on graphs
whose laws can be rescaled appropriately and which satisfies a tightness assumption
on its transition densities.

Let us start by describing the framework of this article. We assume that there
exists an underlying metric space (E, dg) and suppose F is a subset of E such that
FN Bg(x,r)is compact for every x € Eandr > 0 (where BEe(x, r) is the closed ball in
(E, dg) with centre x and radius 7). We also presume that the following are defined:
p, a distinguished element of F; v, a Radon measure with full support on the metric
space (F, dr), where dr := dg|rxr; and (q,(x))cF.1~0, a family of densities so that, for
eacht > 0, g, is a Borel measurable non-negative function on F which integrates to 1
with respect to v. Moreover, we suppose that (g,(x)) is a jointly continuous function
of (z, x). Typically in examples we have a conservative v-symmetric Markov diffusion
X with transition density (p;(x, ¥))x yeF,~0, and in this case we take g,(x) = p;(p, X).
The entities introduced above will represent the limits of sequences of corresponding
objects defined from sequences of graphs. Note that our assumptions imply that F is
a closed, and therefore measurable, subset of E, therefore the measure v can be
extended to a Borel measure on (E, dg).

We continue by introducing some general notation for random walks on graphs.
First, fix G = (V(G), E(G)) to be a locally finite connected graph with at least two
vertices, where V(G) denotes the vertex set and E(G) the edge set of G. For x, y €
V(G), we write the number of edges in the shortest path from x to y in G as dg(x, y),
so that dg is a metric on V(G). Define a symmetric weight function % : V(G)> —
R, that satisfies p,g > Oif and only if {x, y} € E(G). The discrete time simple random
walk on the weighted graph G is then the Markov chain ((X$),=0, P¢, x € V(G))
with transition probabilities (P (x, y))x.yev(G) defined by P (x, y) := &/, where
ne =3 v 1. If we define a measure v on V(G) by setting, for A € V(G),
vO(A) =Y 4 n&, then v7 is invariant for X, and the transition density of X©,
with respect to v, is given by (pS (x, ¥))x.yev(G), m=0, Where

Pf(Xm = Y)

G R
P )= 26

Due to parity concerns for bipartite graphs, to obtain a smooth limiting result, rather
than the transition density itself, we will consider (qg (X, ¥))x,yev(G), m=0 defined by

pox, y) + pS.(x,y)
2

q(x, y) = , (1)

and also define qg(x) = qg(p(G),x), where p(G) is a distinguished element of
V(G).

For our main local limit theorem, we suppose that a sequence of graphs (G"),=
have been embedded into E so that the various sequences of objects described in
the previous paragraph approximate dg, F, v and the laws associated with g,, t > 0,
in the way we now describe precisely. For brevity, throughout this article we write

v@", X" g%, .. asv", X" g", ... respectively.
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Local limit theorems for sequences of simple random walks. .. 353

Assumption 1 Let (G"),>, be a sequence of locally finite connected graphs that
satisfy #V(G") = 2, V(G™) € E and p(G") = p forevery n > 1. Fix three non-negative
divergent sequences («(n)),=1, (8(n))n>1, and (y (n))n>1, and suppose that:

(a) there exists a constant ¢; > 0 such that, forn > 1,
dgn(x, y) > cia(n)dg(x, y), Vx,y € V(G"). (2)

Furthermore, there exists a non-negative sequence (a(n)),1, such that &(n) =
o(a(n)) asn — oo and also, for each r > 0, there exists a finite constant ¢, and an
integer ny such that

der(x,y) = camde(x, y) + a(n), vx,y € V(G") N Be(p, 1),

for n > ny, where Bg(p,r) is the open ball in (E, dg) with centre p and radius r.
(b) foreachr > 0,

lim sup dg(x, V(G") =0,
=00 xeBr(p.r)
where Bp(p,r) is the open ball in (F, dr) with centre p and radius r.
(c) foreveryx e Fandr > 0,

lim B(n)~'v"(BE(x, 7)) = v(BE(x,1).

(d) for any compact interval I C (0, 00), x € F and r > 0,

lim PS" (X[, € Be(x.r) = / q:(y)v(dy)

P
=00 Bp(x,r)

uniformly fort € I.

In addition to these approximation conditions, we will apply the following
tightness condition for the transition densities of the simple random walks on the
graphs (G"),>1. In the case when V(G") C F for every n, we will show that (given
Assumption 1) this condition is actually necessary for a local limit theorem of the
type we prove to hold.

Assumption 2 [In the setting of Assumption 1, suppose that, for any compact interval
I C(0,00)andr > 0,

lim lim sup sup sup B(n) |q7 (x) —qf | =0,
-0 psoo x,yeBgn (p,a(n)r): tel | SARE Ly tayel |
dgn (x,y)<a(n)s

where Bgn(p, 1) is the open ball in (V(G"), dg») with centre p and radius r.

Finally, before we state our first main result, observe that if Assumption 1 holds,
then for r > 0, n > 1, we can bound the graph distance dg- (x, y) above by a constant
(depending on n) uniformly over x, y € V(G") N Bg(p, r). Hence, because G" is by
definition a locally finite graph, there can only be a finite number of points in the
set V(G") N Bg(p, r), and consequently the same is true for any set of the form
V(G™) N Bg(x, r). In particular, this implies that for every x € E, we can choose (not
necessarily uniquely) a point g, (x) € V(G") that minimises the distance dg(x, y) over
y e V(G").
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354 D.A. Croydon, B.M. Hambly

Theorem 1 Fix a compact interval I C (0,00) and r > 0. Suppose Assumptions 1
and 2 hold, then

lim  sup  sup [B()q],, (8n (X)) — q:(x)| = 0. 3)
N=>0 xeBr(p.r) tel
Conversely, when V(G") C F for every n, if Assumption 1 is satisfied and Eq. 3 holds
for every compact interval I C (0, c0) and r > 0, then Assumption 2 holds.

To allow us to extend Eq. 3 to hold uniformly over unbounded time intervals and
non-compact spaces F, we need to impose some extra conditions which guarantee
the decay in time and space of the discrete and continuous transition densities.

Assumption 3 The metric space (F,dr) has the midpoint property, i.e. for every
x,y € F, there exists z € F such that dp(x, z) = %dF(x, y) = dp(z, y). Furthermore,
the following conditions are fulfilled.

(a) The transition density of X satisfies

lim sup g,(x) =0, lim sup supg;(x) =0,

=00 yeF =0 xe F\Br(p.r) tel

for any compact interval I C (0, 00).
(b) In the setting of Assumption 1,

lim limsup sup ﬂ(n)qu(nw x)=0,
)

[200 psoo xeV(GH

and, for any compact interval I C (0, 00),

lim lim sup sup sup BG4y (X) = 0.
=% n—oo xeV(GM\Bgn(p,a(mr) tel

If this extra assumption is satisfied, then we are able to prove the following.

Theorem 2 Fix T) > 0. Suppose Assumptions 1, 2 and 3 hold, then

lim sup sup | B0, gy (81 (X)) — q:(x)| = 0.

=00 xeF =T,

The main motivation for proving results such as Theorems 1 and 2 is to pro-
vide conditions under which a weak convergence result, such as that appearing in
Assumption 1(d), implies a local limit theorem. Obviously, the usefulness of such
results depends on the applicability of the assumptions that have been made, and
so, after completing the proofs of Theorems 1 and 2 in Section 2, we provide
two alternative sufficient conditions for Assumption 2. The first of these, see
Assumption 4 in Section 3, involves the parabolic Harnack inequality, which is also
known to imply various other analytic conditions for random walks on graphs (see
[25] for a summary of results in this area). The second, see Assumption 5 in Section 4,
relies on being able to bound the resistance metric on graphs in the sequence (G"),>;
using the shortest path metric, and, as we shall see in Section 7, is applicable to graph
trees and nested fractal graphs.

@ Springer



Local limit theorems for sequences of simple random walks. .. 355

In Section 5, a short investigation into the asymptotics of (g, (X, ¥))x yev(G),m=0
when considered as a function of two spatial coordinates, is presented. In particular,
we give sufficient conditions for the uniform convergence of

(B (H)Qﬁ/ (n)t] (8n(X), gn (y)))x,yeF,t>0

to the transition density of a Markov process (p;(x, y))« yer.~0 (at least in bounded
space-time regions). This is followed, in Section 6, by a demonstration of how the
analytic results that we prove can be adapted to the case when the weights of the
graphs (G"),>; are random and we only have probabilistic versions of Assumptions
1,2 and 3 instead of almost-sure versions. We conclude our article with a collection of
examples to which our results apply, including random graphs on the integer lattice,
graph trees converging to the continuum random tree, nested fractal graphs and
generalised Sierpinski carpet graphs.

Finally, define the continuous time simple random walk on a graph G to be
the continuous time Markov process ((Y,G),zo, f’f, x € V(G)) with generator L, as
defined below at Eq. 10. The transition density of Y, with respect to its invariant
measure v7, is given by

PO(YC =y)

~G _
PIOS ) =150

)

and we write c],G (x) = [J,G (p, x). Under the continuous time analogues of Assump-
tions 1, 2 and 3, it is possible to obtain continuous time versions of Theorems 1 and
2 that apply to the continuous time simple random walks on the graphs (G"),>;.
However, since they can be proved using identical arguments, we omit them. See
Examples 7.3, 7.4 and 7.5 for results which illustrate the more general continuous
time local limit theorems.

2 Proof of Local Limit Theorems

The aim of this section is to prove Theorems 1 and 2. We start by generalising slightly
Assumption 1(d).

Lemma 3 Suppose Assumption 1(d) holds, then, for any compact interval I C (0, 00),
xe Fandr > 0,

,}HQOP,JG" (X4 € Be(x, 1)) :/ a:(y)v(dy)
Br(x,r)

uniformly fort € I, i € {0, 1}.

Proof The proof is elementary, and requires the application of only Assumption
1(d), the joint continuity of (¢g,(x)) in (¢, x) and the fact that F N Bg(x, r) is compact.
]

We now prove a point-wise version of a local limit theorem.

@ Springer



356 D.A. Croydon, B.M. Hambly

Proposition 4 Fix a compact interval I C (0, 00) and suppose Assumptions 1 and 2
hold, then, for every x € F,

lim sup |BDG, ) (€ (X)) — qu(x)| = 0.

n—oo t

Proof Fixx € F,e > 0andsetr = dg(p, x). Let ¢ be a finite constant and n, an inte-
ger such that dg»(y, z) < ca(n)dg(y, z) + a(n) forevery y, z € V(G") N Be(p,r + 1)
and n > ng; the existence of such constants is guaranteed by Assumption 1(a).
Furthermore, by the tightness condition of Assumption 2, and the supposition that
(g:(»)) is jointly continuous in (¢, y), we can choose ry € (0, 1) small enough and an
integer n; > ng so that

sup sup B(m) |41 o (V) — 41y oy ()] < & (4)
y,z2€Bgn (p,ca(n)(r+2)): tel
dgn (y,2)<3ca(n)ry

for n > ny, and also

sup  suplq(y) — q.(2)] <e. (5)
y.2€Bp(p,r+1): tel
drp(y,2)<ro

For this choice of ry, we consider the quantity

1 n "
T.n) = > [P (X7, € Bu(x,10)) + PJ (X, 41 € BE(,70)) )

- / q:(y)v(dy),
Br(x,ro)

which can be written as J (¢, n) = J,(t, n) + J»(t, n) + J3(t, n) + J4(t, n), where
Ty = > (@ D) = @ (8n)) VYD),
yeV(GMNBE(x,ro)
Ta(t,n) = B(n)""v" (Be(x, 10)) (BUDG!, ) (8n () — q:(X)) .
J3(t.n) == q,(x) (B(n) "'V (BE(x, ro)) — v(BE(x, 1)) ,

Jy(t, n) = /B (q:(x) — q:(y)) v(dy).
r(x,rg)

Now, by Eq. 5, we immediately have sup,.; |J4(t, n)| < ev(Bg(x, rp)). Furthermore,
by applying Assumption 1(c) and Lemma 3, it is possible to deduce that there
exists an integer n, > n, such that sup,.; |/3(t, n)|, sup,.; |/ (¢, n)| < ev(BE(x, o)) for
n > n,. To bound J, (¢, n) in a similar fashion, first note that Assumption 1(b) implies
dr(gn(x),x) - 0 as n — oo. In particular, it follows that there exists an integer
ns > ny such that g,(x) € Bg(x, ro) for n > n3. Thus, for n > ns,

sup | J1(t, n)| < sup sup |qT_ly(n)rJ O =4}y o) (Z)| V' (BE(x,r0)).  (6)
tel y,2eV(GMNBE(x,ry) tel

Recall from Assumption 1(a) that @(n) = o(«x(n)), and therefore we can choose an
integer ny > n3 such thata(n) < ca(n)ro. Consequently, for y, z € V(G"™) N Be(x, ry),
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Local limit theorems for sequences of simple random walks. .. 357

we have that y, z € Bgn(p, ca(n)(r + 2)) and also dg-(y, z2) < 3ca(n)ro whenever n >
n4. Hence, by Eq. 4,

Su? 171t m)| < eB(m)~ V" (BE(x, r0))

for n > ny. To bound the right-hand side of this expression, note that Assumption
1(c) allows us to choose ns > ny such that |B(n)~"v"(BE(x, o)) — v(BE(x, ro))| <
v(BEg(x, r9))/2 for n > ns. Thus sup,.; |Ji(t, n)| < 2ev(BE(x, ry)) for n > ns. Piecing
all these bounds together yields, for n > ns, sup,.; |J2(t, n)| < Sev(Bg(x, ro)). Finally,
note that the left-hand side of this expression is bounded below by

sup |BUVG, (nyr) (8n(¥) — q:(X) | V(BE(x, 70)) /2
te
whenever n > ns. The result follows. O

This result is readily extended to hold uniformly over bounded balls in F, thereby
establishing Theorem 1.

Proof (Proof of Theorem 1) Suppose Assumptions 1 and 2 hold. Fix r,¢ > 0 and
choose ¢, ry and n; as in the proof of the previous proposition. By assumption,
Br(p,r) is compact, hence there exists a finite collection X C Br(p,r) such that
(BFr(x, r9))xex is an open cover for Br(p, r). Since X is finite, applying Proposition 4
allows it to be deduced that there exists an integer n, > n; such that

Su/g Su? |,3(n)q'fy(nm (8n(x)) — Qt(x)| =g 7
xeX te

for n > n,. Now, suppose x € Br(p, r), then x € Bp(y(x), ry) for some y(x) € X, and
we can write

sup |BUVG, () (8n(0) — qi(x)| < sup (1) a7 0yt (€0 () = Gy (8n (Y (X))
te te
+ su? ‘ﬁ(n)qu(n)tj (gn(y(x))) — Qt(}’(x))‘
te

+ su? lg:(y(x)) — q:(0)]|.
te

Since x, y(x) € Bg(p,r+ 1) and dg(x, y(x)) < rg, the inequality at Eq. 5 implies
that the final term here is bounded above by e uniformly over x € Bp(p,r). It
follows from Eq. 7 that the second term is also bounded above by & uniformly
over x € Bp(p,r) for n > n,. To deal with the first term, we start by choosing
an integer n3 > n, such that a(n) < ca(n)ro and dg(x, g,(x)) < ro for every x e
Br(p,r) and n > n3 (this is possible by Assumptions 1(a) and (b)). For n > n3, we
therefore have g,(x), g,(y(x)) € V(G") N Be(p,r + 1), and consequently, as in the
proof of the previous proposition, g,(x), 8,(y(x)) € B (p, ca(n)(r +2)) and also
den(gn(x), gn(¥y(x))) < 3ca(n)rop whenever n > n3. Thus we can apply the inequality
at Eq. 4 to deduce that the first term in the above upper bound is also bounded by ¢
uniformly over x € Bfr(p, r), and the proof of Eq. 3 is complete.
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358 D.A. Croydon, B.M. Hambly

Let us now assume that V(G") € F, Assumption 1 is satisfied and Eq. 3 holds for
every compact interval I C (0, co) and r > 0. Setting c, to be the constant of Eq. 2, it
is clear that

sup  sup B1) |4 gy () = @y (V)|
x,yeBgn (p,a(n)r): tel
dgn (x,y)<a(n)é

<2 sup sup [BG], g (€n (X)) — qi(0)]

xeBr(p.c;'r) tel

+  sup suplqi(x) —qi(y)l
x,yeBp(p,c,_lr): tel
dp(x,y)<c;'s

Assumption 2 is readily deduced from this bound by applying the limit at Eq. 3 and
the joint continuity of (g,(X))xeF.1~o0- O

To complete this section, we demonstrate how Assumption 3 allows this result
to be extended to unbounded regions of time and space. However, we first prove a
simple lemma relating the dp-distance of a point x from p in F to the dg«-distance of
the point g, (x) from p in G" whenever the midpoint property is satisfied by (F, df).

Lemma 5 Suppose Assumption 1 holds, let c = ¢, /2, where c, is the constant of the
bound at Eq. 2, and assume that (F, dF) satisfies the midpoint property. If r > 0, then
there exists an integer ny such that

inf  dgi(p, gu(x)) = ca(nr,
xeF\Br(p,r)

for every n > ny.

Proof Fix r > 0. We first observe that the midpoint property of (F,dr) and the
assumption that sets of the form Br(x,r),x € F,r> 0, are compact imply that for
each x, y € F there exists a (not necessarily unique) geodesic path (y (¢))o<<; in F
such that y(0) =x, y(1) =y and dr(y(s),y () = |t —sldr(x,y) for 0 <s <t < 1.
Hence, for every x € F\Br(p, r), there exists a y(x) such that dr(p, y(x)) = 3r/4 and
dr(y(x), x) = dr(p, x) — 3r/4. Consequently, we have that

de(p, y(0))+de(y(x), x)=dg(p, X) < dp(p, ga(x)+d£(gn(y(X)), y(0)+de(y(x), X)

where we have applied the definition of g,(x) as the closest point in V(G") to x.
Canceling dg(y(x), x) from each side yields 3r/4 < dg(p, g,(x)) + d(g.(y(x)), y(x)).
By Assumption 1(b), we can choose an integer ng such that

sup  de(y, gn(y)) <r/4,
YEBE(p,r)

for n > ny. Thus we can conclude from the previous paragraph that dg(p, g,(x)) >
r/2, for every x € F\Br(p,r) and n > ny. The result is an easy consequence of this
bound and Assumption 1(a). ]

Proof (Proof of Theorem 2) Fix T} and ¢ > 0. By Assumption 3, we can choose a
finite time 7> > T and an integer no such that sup,cygn ﬂ(n)q't’y(nm (p,x) <eg, for
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t > T, and n > ny, and also sup,. g/(x) < ¢ for t > T,. Clearly, for this choice, we
have

sup sup [B()G, () (81 (X)) — qi(x)| < 2¢ @®)

xeFt>T,

for n > ny.
Taking I = [T}, T,], applying Assumption 3 allows it to be deduced that there
exists a finite radius ry and integer n; > ng such that

sup sup B()G Y, gy (X) < &, 9)
xeV(G"\Bgn (p,a(n)rg) tel

for n > ny, and also sup,cp\ g, (p.r) SUPes G:(x) < €. Now, let ¢ be the constant of
Lemma 5 and define 7 :=ro(1 + ¢!). By Lemma 5, there exists an integer n, > n;
such that for every x € F\ Br(p, r1) we have g,(x) e V(G")\ Bgn (p, a(n)ry) for n>n,,
and so we can apply the inequality at Eq. 9 to deduce that

sup  sup B(m)q, ) (8n (X)) < &,
xeF\Bp(p,ry) tel

for n > n,. Thus, because it also holds that sup,cr\ g, (, ) SUPse; ¢:(X) < &, it follows
that

sup  sup |BG], ) (8n(X) — qi(¥)| < 2e,
xeF\Br(p,r) tel

for n > n,. To complete the proof, it suffices to combine this conclusion with Eq. 8
and the convergence result of Theorem 1. O

3 Parabolic Harnack Inequality and Tightness

For a locally finite connected graph G define, for x € V(G), R, T > 0,
Oc(x, R, T) :=10, T] x Bg(x, R),

and also

_ 1. 1 1
Oc(x, R, T) := [ZT’ 5Tj| x Bg (x, ER)’

QE(X’ Rv T) = [%T, T> X BG (x’ %R) .

We describe a function u(n, x) as caloric on Qg(x, R, T) if u is defined on the set
Qcx, R, T):= ([0, TINZ) x Bs(x, R+ 1), and

un+1,x) —un, x) = Lgun, x),

forevery0 <n < T —1and x € Bg(x, R), where L is the generator of the random
walk X9, which can be defined as the operator satisfying

Lof) = Y Pole, »(f() = @), (10)

yeV(G)
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360 D.A. Croydon, B.M. Hambly

for functions f e RY(@. The parabolic Harnack inequality with constant Cy is
then said to hold for Qg(x, R, T) if whenever u is non-negative and caloric on
Qc(x, R, T), we have

sup un,x) <Cpy inf u(n, x),
(n,.x)eQg(x,R,T) (n,.x)e Q4 (x.R.T)

where ii(n, x) ;= um + 1, x) + u(n, x).

We show in this section how if we assume that the sequence of graphs (G"),>; of
Assumption 1 satisfy the parabolic Harnack inequality with a polynomial space-time
scaling in a suitably consistent fashion, then the tightness condition of Assumption
2 is immediately satisfied. The key result in proving that this is the case is provided
by the following lemma, which demonstrates that the parabolic Harnack inequality
implies the Holder continuity of the transition density on graphs. The proof is an
adaptation of [9], Proposition 3.2, which deals with the case « = 2.

Lemma 6 Fix « > 2. Let x € V(G) and suppose that the parabolic Harnack inequality
with constant Cy holds for Qg(x, R, R*) for R > sg(x), where sG(x) is a positive
integer depending on x. If T'/* > 4R > 2s5(x), then

1
vG(Bg(x, STV

R 0
sup [qF () — g7 (] = C(TW)
yeBg(x,R)

where c and 6 are constants depending only on Cyy taking values in (0, 00).

Proof Let x € V(G) and suppose T'/* > 4R > 255(x). Set Ty := T + 1 and R, :=
T(i/'(. For k € N, define the space-time regions Q(k) := [Ty — R}, To] x Bg(x, Ry),
and

3 1 1
0. (k) = [To - SRLTo- ER;] « B <x, 5Rk> ,
1
0. (k) := [To — 27KR2, T()) x Bg <x, ERk) ,

where Ry := 27%Ry. Since ¥ > 2, we have Ty, — 2% R > Ty — %R’,i. Consequently, if
Ry > sg(x), then we can apply the parabolic Harnack inequality on Q(k) to deduce
that

sup ¢Sy <Cy inf g%y (11)
(m,y)eO_(k) (m,y)e Q4 (k)

As in the proof of Proposition 3.2 of [9], it follows that we can bound Osc(g®, Q. (k))

above by (1 — ﬁ)Osc(qG, Q(k)), whenever k satisfies R; > sg(x). Noting that
Q. (k) = Q(k+ 1), we can iterate this result to obtain that

1 k—1
sup |q?<x>—q?(y)ls<1—ﬁ) Osc(q“, Q(1)),

yeBg(x,R)
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where k is chosen to satisfy Ry > 2R > Ry,;. This implies that there exist constants
c; and 6, which depend only on Cp, that satisfy

R 0
) sup  ga(y).

sup [q7(0) — g (] < e (TI/K
(m,y)eQ_(1)

yeBg(x,R)

Thus to complete the proof it suffices to bound the final term appropriately. Again
applying Eq. 11, we have that, form € [T, — %R’f, Ty — %Rﬂ’

1
VG <BG (X, ZR())) sup qg(y) < CH/ q?o*Z’KR‘I‘ (y)VG(dy) < CH-
yeBG(x,§ Ro) Bg(x, 5 Ro)
The result follows. o

To apply this Holder continuity result, we make the following assumption on the
graph sequence (G"),>;. Note that Assumption 4(b) is an extension of Assumption
1(b) and prevents elements of V(G") being too far from F for large n (at least in
bounded spatial regions).

Assumption 4 In the setting of Assumption 1, suppose that the following statements
are satisfied for some k > 2 and Cy < oo.

(a) Assumption 1(a) holds.
(b) Foreveryr >0,
lim V (G")N Bg (p,r) = Br(p.r)

n—00

as n — oo with respect to the usual Hausdorff topology on non-empty compact
subsets of (E, dg).

(c) For every x € V(G"), n > 1, there exists a positive integer sgn(x) such that the
parabolic Harnack inequality with constant Cg holds for Qg (x, R, R) for R >
sgn (x). Moreover, suppose that there exists a dense subset F* of F such that, for
every x € F*, a(n)"'sgi(g.(x)) — 0.

(d) Asn — oo, we have a(n)* = O(y (n)).

The main result of this section is the following.

Proposition 7 If Assumption 4 holds, then so does Assumption 2.

Before we prove this result, however, we derive a lemma that describes a useful
sequence of covers for balls of the form Bgn(p, a(n)r).

Lemma 8 Suppose Assumption 4 holds. For every r, ¢ > 0 there exists a finite set X C
Br(p,r/c1) N F*, where c is the constant of the bound at Eq. 2, and integer ng such

that (Bgn(gn(x), a(n)e))yex is a cover for Bg«(p, a(n)r) whenever n > n.

Proof Fixr,e > 0 and set o := r/cy, where c; is the constant of the bound at Eq. 2.
Choose ¢, and ny by Assumption 1(a) so thatif x, ye V(G")NBg(p, ro+1) and n>ny,
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then dgn(x, y) < coa(n)dg(x, y) + ea(n)/4. Furthermore, use Assumption 4(b) to
find an integer n; > ng such that

sup dp(x, g,(x)) < € (12)
xeBFr(p,ro+1)

and

sup dg (x, Br(p, ”0)) <& (13)
xeV(GNBE(p,ro)

for n > n;, where ¢y := (¢/4c;) A 1. As a final piece of information that we will need,
note that, since Br(p, ry) is compact and F* is dense in F, there exists a finite
collection X € Br(p, r) N F* such that (Br(x, &y))cex is a cover for Br(p, ry). By
Eq. 12, this implies that (Bg(g,(x), 289))xex is a cover for Br(p, ry) for n > n;.
Assume now that n > n; and let x € Bg:(p, a(n)r). Observe that Assumption
1(a) and Eq. 13 imply that x € Br(p, ry) and there exists a y € Br(p, ro) such that
x € Bg(y, go) respectively. Thus, applying the final result of the previous paragraph,
we have that x € Bg(g,(y), 3¢9) for some y € X. Consequently, because x, g,(y) €
V(G"YN Bg(p,ro+ 1) and dg(x, g,(¥)) < 3eo, it follows that x € B (g,(y), a(n)e).
Since the choice of x € Bgn(p, a(n)r) was arbitrary, the proof is complete. O

Proof (Proof of Proposition 7) Fix r,e > 0, [ = [T}, T>] C (0, c0) and suppose that
¢y is defined to be the constant of the bound at Eq. 2. By Assumption 4(d), there
exists a constant ¢, > 0 and an integer ng such that |y (n)T;]"* > c,a(n) for n > ny.
Given these constants, Assumptions 1(a) and (b) imply that we can choose ry > 0
and an integer n; > ny such that V(G") N Bg(x,ry) S Bgn(gn(x), %cza(n)) for every
x € Br(p, r/ci) and n > n,. Furthermore, applying the compactness of Br(p,r/ci),
we have that ¢3 :=inf, .5, , ,/c,) V(BF(x, r0)) > 0. We use these constants to define

[ Sese Ve,
8= 2042 A <§>’
where ¢ and 6 are the constants of Lemma 6 depending only on Cyy.
By Lemma 8, there exists a finite set X € Br(p, r/c;) N F* and an integer n, > n;
such that (Bgn(g,(x), «(n)8))xex is a cover for Bgn(p, a(n)r) whenever n > n,. Ap-

plying the finiteness of X and Assumptions 1(c) and 4(c), we are also able to deduce
the existence of an integer n3 > n, such that max,cy sgn(g,(x)) < 4a(n)é and also

B(n)~"W"(BE(x, o)) > %V(BE(X» r0)), Vx e X,

for n > n3. In particular, if n > n3, then we have 256 (g,(x)) < 8a(n)é < |y (n)t]'/*
for every t € I, and so we can apply Lemma 6 and our choice of constants to deduce
that

sup sup  sup B |4y (80 (X)) — gy )| < €/2
xeX yeBan (g, (x),2a(n)d) tel

for every n > ns3. The proposition is a straightforward consequence of this inequality.
]
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4 Resistance Estimates and Tightness

As an alternative to the parabolic Harnack inequality, in this section we derive a
sufficient condition for Assumption 2 that involves an estimate of the resistance
metric, which we now define. First, for a graph G, introduce an inner product (-, -)g
onRY(@ x RY(D by setting (£, 8)6 1= Y. ey () F()gX)C({x}). Use this and the dis-
crete time generator L of the random walk X, as defined by Eq. 10, to construct a
Dirichlet form £ which satisfies Eg(f, &) := —(L¢ f, &) ¢- The domain of £ is Fg :=
{f e RV : E6(Ff, ) < oo). For x, y € V(G), the resistance metric is defined by

| fx) — f)I?
Ec(f )

The following is proved as [3], Proposition 4.25, see also [24].

Re(x,y) == sup{ : feFa E(f. ) > 0} : (14)

Lemma 9 The function Rg is a metric on V(G). Furthermore, for f € Fg,

(f() — fON? < Ra(x, )Ea(f, 1), vx, y € V(G).

We will use this lemma to deduce oscillation bounds for ¢&. To start with, observe
that it is elementary to show that

Ec (a5 am) = a5, (P) = q542(P) (15)

for every m > 0. This immediately implies that £5(¢S, ¢5) < 5 (p). However, we
will next prove a lemma demonstrating how to sharpen this bound. In the proof
we use the notation Pg to represent the linear operator defined from the transition
probabilities (Pg(x, y))x,yev(c) of the simple random walk X G by

Pf(x)= > Po(x.y)f(y).

yeV(G)

for f € RY(©, Note that P defines the usual random walk semigroup (PE)m=0 and
satisfies Pg = L + I, where I is the identity operator on RV,

Lemma 10 For every m > 1, we have 56(61,(,,;, qg) < 2‘12G[m/21 (p)/m.

Proof Let us start by demonstrating that (&;(qg, qg))mzo is a decreasing sequence.
Applying Eq. 15 and the fact that p,(,f+n(p, 0) = (pS(p,-), p%(p, ), it is possible to
deduce that

E6(am am) —E6 (@mirs dpet) = (U +P6) (I6 = Pg) py (0, ) (I = Pg) Py (05))

where we also apply the self-adjointness of Ps with respect to (-, -)g. Since Pg is
stochastic, it can easily be checked that (I + Pg) f, f)g = 0 for every f e RV,

and therefore £6(q5, q5) = E6(q5.1. 45.,,), as desired.
Again applying Eq. 15 we see that anﬁi}} E6(q5.q5) = a5 (p) — g5y (p) <
qZGM(p). Since the summands of the left-hand side are decreasing in m, we conse-

quently have that MEg (quM_l, ng_l) < ng (p), and the result follows from this. O
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We now describe how to bound ¢$ (p) in terms of the volume growth about p of
the graph G with respect to the resistance metric. Define a function Vi : Ry — Ry
by setting

V() :=v({x: Rg(p,x) <1},

so that V(r) represents the volume of the closed ball around p of radius r with
respect to the resistance metric. Set i (r) := rV(r), and define the right-continuous
inverse of i by

h&l (m) = sup{r : hg(r) < m}. (16)

The proof of the following result is a simple adaptation of [8], Proposition 3.2. We
do, however, continue to include the proof in order to demonstrate the universality
of the constant in the resultant upper bound.

Lemma 11 For every m > 1, we have qgm(p) < 3%151 (m)/m.

Proof Since, for r > 0, 3 vG):Ro(p.x)<r g5 (xv9({x}) < 1, there must exist an x €
V(G) such that Rg(p, x) < r and also qgm (x) < Vs(r)~!. Hence we obtain

2
a5, (0)* < 2¢5,0% +2 (g5, — ¢5,(0))
<2Ve) 2+ 26 (45, 45,)
2 G
< W)t 4 2 P),
m

where we have applied Lemma 9 for the second inequality and Lemma 10 for the
third. This quadratic inequality implies that

Gm'P) = 1 TN 2 Ve@®? —m Vg’

The result follows on choosing r = hz;l (m). O

Combining the three previous lemmas we obtain the following result.

Proposition 12 Form > 1,

12RG(x, y)hg' (Tm/21)

(@5 () — g5 () < s

) Vx,y € V(G).

Application of the above bound relies on being able to adequately control the
resistance between points in V(G) and the volume growth with respect to the
resistance metric, which is not always possible. However, as we shall demonstrate in
Section 7, there are classes of graphs for which we can make use of this result, most
notable amongst these are nested fractal graphs and graph trees. More specifically,
in the case when the resistance metric Rg» is bounded above by a power of the
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shortest path metric d - for graphs in the sequence (G”"), 1, the tightness condition of
Assumption 2 follows directly from Assumptions 1(a) and 1(c) whenever the space,
volume and time scaling factors are related in a way we now describe.

Assumption 5 Suppose that, in the setting of Assumption 1, (G"),>, is a sequence of
graphs for which Assumptions 1(a) and 1(c) hold and, for some k € (0, 00), there exist
constants cy, ¢z, c3 € (0, 00) and an integer ny such that

Rgn(x, y) < cidgn(x, y), Vx,y € V(G"),
and also
cy ) < a(n)p(n) < cy(n), (17)

forn > ny.

Under this assumption we can bound functions of the form a(n)*"ha,l,(y n)-),
n > 1, uniformly over compact intervals. In the proof of the following result, we
consider the function v : R, — R, which satisfies v(r) := v(Bg(p, r)).

Lemma 13 Suppose Assumption 5 holds. For any compact interval I C (0, 00),

lim sup sup a(n) “h, (y (1) < oo.
n—oo el

Proof Fix I = [T, T»] C (0, 00). Let ¢y, c; and ng be chosen such that ¢;dg (x, y)* >
Ren(x, y) for every x, y € V(G") and a(n)*B(n) > cy (n) for n > ny, which is possi-
ble by Assumption 5. Define R € (0, co) to be a constant satisfying c;c, R“v(R) > T».
By Assumption 1(a), there also exists a constant c3 > 1 and integer n; > ny such
that dge(x, y) < csa(n)de(x, y) + a(n) for every x,y € V(G")N Bg(p, R), n > n,.
Furthermore, define n, > n; to be an integer such that @(n) < c3a(n) R for n > n,,
then we have that

V(G")N Be(p, R) € Bg(p,2c3a(mR) € {x € V(G"): Ren(p,x) < csa(n)},
(18)

for n > n,, where ¢4 := ¢ (2cz R)*.

Now, by Assumption 1(c), there exists an n3 > n, such that S(n)~'v"*(Bg(p, R))
is bounded below by 2 “v(R) for every n > nz. Consequently, applying Eq. 18, we
have that Vi (csa(n)) > 27 B(n)v(R), for every n > ns. It immediately follows that
han(cso(n)*) > ciercy m) R“v(R) for n > n3. Thus

sup hg, (y (1) < hg(y (n) Ta) < hg (creacyy (n) R v(R)) < caae(n)",
tel
for n > n3, which completes the proof. O

We now arrive at the first main result of this section.

Proposition 14 If Assumption 5 holds, then so does Assumption 2.

@ Springer
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Proof Fix aninterval I = [T}, T>] C (0, c0) and r > 0. It is straightforward to obtain
from Proposition 12 and Lemma 13 the existence of a finite constant ¢, and an integer
ng such that

a(n)“ﬂ(n)>2 5.

2 2
sup sup B(n) |ql[1y(n)” (x) — qlfy(n)[J (Y)| <c < Y ()

x,yeV(G"): tel
dgn (x,y)<a(n)s

for every § >0 and n > ny. Hence the inequality at Eq. 17 implies the proposition. 0O

To complete this section, let us remark that the bounds at Eq. 17 can be inter-
preted in terms of the random walk version of the Einstein relation, which explains
how the time, resistance and volume scaling exponents for random walks on graphs
are related (see [31] for background). In particular, if we assume that for a graph
G the resistance satisfies Rg < df; (where < is taken to mean “bounded above and
below by constant multiples of”) and the volume satisfies v (Bg(x, r)) = r¢, then it
is possible to deduce that

ESTg(p.r) < rt,

where Tg(p, r) :=min{m > 0: XS & Bg(p, r)}is the exit time of X© from Bg(p, r),
and Ef is the expectation under Pf (see [8], Proposition 3.4, for example). Thus, if
such polynomial relations hold uniformly for the graphs in the sequence (G"),>,
then, from the scaling considerations of Assumption 1, one might expect to be able
to conclude that

y() < EJ Tei(p, a(m) < am)™,  Bn) <" (Bei(x, a(n)) < a(n)’,

which would imply that y (n) < «(n)*B(n), as required for Eq. 17 to hold.

5 Two-spatial Parameter Local Limit Theorems

So far we have considered the asymptotics of the transition densities of the simple
random walks on graphs in a sequence (G"),>9 when the relevant processes are
started from a fixed point p. We now provide conditions that will allow us to extend
these results uniformly to arbitrary starting points and deduce local limit theorems
for the two-spatial parameter functions (q;,(x, y))x,yev(Gr),m=0, 1 = 1, as defined at
Eq. 1. In this section, we assume that X = ((X;)r>0, Py, x € F) is a conservative
v-symmetric Markov diffusion on F, with a transition density (p,(x, y))x, yeF,~0 Which
is jointly continuous in (¢, x, y). The extensions of Assumptions 1 and 2 we apply are
the following.

Assumption 1 Inthe setting of Assumption 1, suppose that Assumptions 1(a), (b) and
(c) are satisfied. Moreover, suppose that there exists a dense subset F* of F such that,
for any compact interval I C (0,00), x € F*, y € F, andr > 0,

lim PY ) (X7, € Be(y.1) =P (X, € Bp(y. 1) (19)

n—oo  8n

uniformly fort € I.
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Assumption 2 In the setting of Assumption 1, suppose that, for any compact interval
I C(0,00)andr > 0,

lim lim sup sup sup B(n) |q x,y)—q (x,2)| =0.
50 nsoo x.y.2eByn(p.a(on): tel | Ly (n)t] Ly (n)t] |
dgn (y.z)<a(n)s
We now prove our main two-spatial parameter local limit theorem, which is a
variation of Theorem 1.

Theorem 15 Fix a compact interval I C (0, 00) and r > 0. Suppose Assumptions 1
and 2 hold, then

lim  sup  sup [B(D)G], (8n(X), gn (V) — pi(x, y)| = 0.

20 x, yeBr(p.r) tel

Proof Fix a compact interval I C (0, c0). For any x € F*, y € F, we can prove that

lim sup BV ) (8n(X), €a(1)) — pe(x, )| =0 (20)
te

by following a proof similar to the proof of Proposition 4. To extend this result to
hold uniformly over x, y € Br(p,r), we can proceed as in the proof of Theorem 1
by first applying Eq. 20 to deduce the result holds uniformly over a suitably chosen
finite set X € Br(p, r), and then using the tightness condition of Assumption 2 and
the continuity of (p,(x, y)) to extend this to the whole of Br(p, r). Note that in order
to strengthen Eq. 20 in this way, one should choose X C Br(p,r) N F*, which is
possible by the denseness of F* in F. O

If we suppose that (F,dr) satisfies the midpoint property and the obvious
extensions to the transition density decay conditions of Assumption 3 hold, then,
by following a proof similar to that of Theorem 2, it is possible to extend this
result to demonstrate that g (n)q’L'y(n)t | (gn(x), gn(y)) converges uniformly to p;(x, y)
over (t,x,y) € [T1,00) x Bp(p, R) x F, for any Ty, R > 0. To prove uniform con-
vergence of the transition densities on [T}, c0) x F? in general, however, seems
to require some uniform control over space of the convergence of measures and
processes of Assumption 1(c) and Assumption 1.

We now extend Propositions 7 and 14 to show that the parabolic Harnack
inequality of Assumption 4 and the resistance estimates of Assumption 5 imply the
uniform tightness condition of Assumption 2.

Proposition 16 If Assumption 4 holds, then Assumption 2 holds.

Proof Observe that the proof of Lemma 6 only depended on (p%(p, y)) being a
caloric function of (m, y) and the fact that fV(G) qS (Y (dy) < 1 for any m > 1.

Hence, because the same is true of (pg(x, y)) and (qf,f(x, y)) for any x € V(G), we
are able to deduce that if 7'/ > 4R > 2s(y), then

1
VG(Bg(y, 1TVk))

0
G G R
sup  sup \qT<x,y>—qT<x,z)!sc(m)
xeV(G) zeBg(y,R)

where ¢, 0 € (0, co) are the constants of Lemma 6 depending only on Cp. Conse-
quently, if we fix r, ¢ > 0, a compact interval I C (0, co), and then choose § > 0 and
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X C F* as in the proof of Proposition 7, we obtain the existence of an integer 7, such
that

sup  sup sup sup () 4], o) 6 81 ()) = @,y (¥, 2| < €/2
xeV(G") ye X zeBan(gn(y),2a(n)8) tel
and (Bgn(gn(y), 2(n)8))yex is a cover for Bgr(p,a(n)r), whenever n > ny. The
proposition follows. O

Proposition 17 If Assumption 5 holds, then Assumption 2 holds

Proof Generalising the notation from Section 4, let V(x,r) :=v9({y: Rg(x, y) <
D, hg(x,r) :=rVgs(x, r), and define hg' (x, m) by a formula analogous to Eq. 16. Fix
a compact interval I C (0, oo). By applying the estimate of Proposition 12 to g/, (x, -)
instead of ¢/, (-) and the bounds of Assumption 5, we can deduce that there exists
finite constants c¢; and ¢, and integer ny such that

2 2
sup sup B(n) ’qrfy(n)zj (x, y) — q'fy(n)tj (x, Z)’
x,y,2€Bgn(p,a(n)r): tel
dgn (y,2)<a(n)s

<8¢ sup  a(n) “hg(x, cy(n),
xeBgn (p,a(n)r)

for every § > 0 and n > ny. Thus to complete the proof it suffices to obtain an
asymptotic bound for the supremum in this expression, which can be achieved by
a simple extension of Lemma 13. O

6 Local Limit Theorems for Random Weights

We now explain how Theorems 1 and 2 can be generalised to the case where the
weight functions on the graphs in the sequence (G"),>; are chosen randomly from a
law PP,,, a probability measure on (0, 00)“==0£(¢") The adaptations of Assumptions 1
and 2 that we will apply are the following probabilistic versions.

Assumption 1R [n the setting of Assumption 1, suppose that Assumptions 1(a) and
(b) hold. Moreover, suppose that, for every x € F, r,& > 0,

nan;oPu (|8 W' (Be(x,r) —v(Bg(x,r)| > €) =0, (21)

and, for any compact interval I C (0,00), x € Fandr, e > 0,

P (X[ € BE(x. 1)) — / q[(y)v(dy)‘ > 5> =0. (22)

lim P, { sup
n—oo tel Bg(x,r)

Assumption 2R [n the setting of Assumption 1, suppose that, for any compact interval

1 C(0,00)andr, e >0,

lim limsup P, sup sup B(n) ‘q’fy(nm () = 4}, ) (y)| >¢e|=0.
-0 nsoco x,yeBgn (p,a(n)r): tel
dgn (x,y)<a(n)s
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These assumptions allow us to prove the subsequent probabilistic local limit
theorem.

Theorem 18 Fix a compact interval I C (0, 00) and r, ¢ > 0. Suppose Assumptions 1R
and 2R hold, then

lim P, ( sup sup |ﬂ(n)q’fy(nm (gn(x)) — q,(x)| > 6‘) =0.

n—oo xeBr(p,r) tel

Proof Fix acompactinterval I C (0, 00),x € F,e,n > 0,setr = dg(p, x), and choose
c and ny as in the proof of Proposition 4. By Assumption 2R, there exists an r( small
enough and integer n; > ng such that

P, R (sup( i) su?ﬂ(n) ’qr\_ly(n)tj (x) = qr\_ly(n)tj ()’)| >e/2| <nm, (23)
x,yeBgn (p,ca(n)(r+2)): te
d(;/xc(lqu)ii‘;a!(n)ro

for every n > n;, and Eq. 5 holds. Consider J(¢, n) and J;(t,n),i =1, ...,4 as in the
proof of Proposition 4, and note that

P, (supllg(t, n)| > 48’) <P, (sule(t, n)| > 8/> + Z P, (sup |Ji(t, n)| > 8/) ,
I

tel te i=1.3.4 tel

where ¢’ := ev(BEg(x, r9)). By Eq. 5, the term involving J4 is equal to 0. Furthermore,
by Assumption 1R, we can also choose n, > n; large enough so that the terms
featuring J and J; are bounded above by n for n > n,. Note that to extend the
convergence at Eq. 22 to lim, . P, (supte[ |J(t, n)| > 8) = 0 for any ¢ > 0, we apply
a simple adaptation of the argument appearing in the proof of Lemma 3. For the J;
term, we first apply the upper bound for J, appearing at Eq. 6 and then Eq. 23, to
deduce that

Py <SUP |1t n)| > 8/> <n+P, (B V'(Be(x,r0) > 2v(BE(x,10))) ,

tel

for n > n,. Thus Assumption 1R implies the existence of an integer n3 > n, such that
Py (sup,e; 1J1(t, n)| > €') < 2nfor n > ns. Consequently, for some integer ny > n3, we
have that P, (sup,; I;B(n)q’fy(n)tJ (gn(x)) — q:(x)| > 8e) < 61, for n > ny.

We now explain how to generalise this point-wise result to hold uniformly over
balls in F. Fix r, e, n > 0 and apply Assumption 2R to choose ry as above, so that
Egs. 5 and 23 both hold for large . As in the proof of Theorem 1, let X € Br(p, r)
be a finite set such that (B r(x, rp))recx is a cover for Br(p, r), then we can apply the
first part of the proof to deduce that

P, <su5 su? |B)G!, yr) (8n(X) — qu(x)| > 8) <1,
Xe te

for large enough n. The theorem follows from this by applying the continuity and
tightness results of Egs. 5 and 23 respectively, similarly to the proof of Theorem 1.
]
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The decay condition of Assumption 3 has the following analogous formulation.

Assumption 3R The metric space (F, dr) has the midpoint property. Furthermore, the
following conditions are fulfilled.

(a) Assumption 3(a) holds.
(b) In the setting of Assumption 1, for every ¢ > 0,

=0 psco xeV(Gn

lim limsup P, ( sup  B(M)q, ) (%) > 8) =0,
)

and, for any compact interval I C (0, 00), ¢ > 0,

lim limsup P, ( sup sup,B(n)q’fV(n)[J (x) > 8) =0.

= n—soo xeV(G")\Bgn (p,a(n)r) tel
If this assumption is satisfied, then by decomposing time and space as in the proof

of Theorem 2 we are able to deduce the corresponding result for random weights.
Since the proof is a straightforward adaptation of the proof of Theorem 2, we omit it.

Theorem 19 Fix 7| > 0. Suppose Assumptions 1R, 2R and 3R hold, then, for every
e >0,

Jim I, (sug sup BV, (1 (8n(0) — qi(x)| > 8) =0.
xeF t>T;

We can also extend the two-spatial parameter local limit theorems of Section 5 to
random weights; see Section 7.3 for such a result.

7 Examples

To demonstrate the applicability of our local limit theorems, in this section we
present a range of examples for which we can check that our assumptions hold.

7.1 Lattice Graphs

As described in the introduction, Barlow and Hambly [9] have proved local limit
theorems for an infinite subgraph G of the integer lattice Z“ fulfilling certain
conditions, including a version of the parabolic Harnack inequality related to our
Assumption 4 with « = 2. It is easy to check that if we set G" := n~!/2G for a graph
G satisfying Assumption 4.4 of [9], by which we mean that

V(G") =n""?V(G), E(G") = {{n""?x,n7' 2y} : {x,y} € E@)},

G _ G
Mxy - :u’(nl/zx)(nl/Zy)a
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and define p(G") =0, then our Assumptions 1, 3 and 4 hold with: (E,dg) =
(F,dr) = (R, |- — - |»), where | - | is the usual L> norm in R?; p = 0; v equal to
Lebesgue measure on RY; for some constant ¢; € (0, 00),

1 2

_ —|x|7/2¢ct.

X) = ’
q1(x) QQmc t)d/2

and

am)y=n'? By =cn,  ym) =n,

for some constant ¢, € (0, c0). Since, by Proposition 7, Assumption 4 implies As-
sumption 2, we can apply Theorem 2 to verify the local limit theorem proved as
[9], Theorem 4.5. Examples of G to which such an argument applies include:
the unweighted (,ufy =1 for {x, y} € E(G)) integer lattice Z%; typical supercritical
percolation clusters; and typical realisations of the weighted graph generated by the
random conductance model on Z? in the case when the conductances are uniformly
bounded away from 0 and oco. See [9] for details.

7.2 Graph Trees Converging to the Continuum Random Tree

To describe a scaling limit result for ordered graph trees, we will use the now well-
established connection between trees and excursions (see [1], [28], for example).
First, let (7,)n>2 be a collection of (rooted) ordered graph trees, where 7, has n
vertices. For each n, define the function w, : {1,...,2n — 1} — 7, to be the depth-
first search around 7, (see [2] for a definition). Extend w,, so that w,(0) = w,(2n) =
Pn, Where p, is the root of 7,. Define the search-depth process w, by w,(i/2n) :=
dr,(pu, wn(i)) for 0 < i < 2n, where d7; is the graph distance on 7,.. Also, extend the
definition of w, to the whole of the interval [0, 1] by linear interpolation, so that w,
takes values in C([0, 1], R,).

Now, set W:={w € C([0,1],R,): w(x) =0« x €{0,1}}. For each we W,
construct on [0, 1] a distance by setting d, (s, t) := w(s) + w(t) — 2m,, (s, t), where
my (s, t) == inf{w(r) : r € [s A t,sV ]}, and an equivalence relation by supposing s ~ ¢
if and only if d,, (s, ©) = 0. If 7,, := [0, 11/ ~ and dr, ([s], [{]) := d, (s, 1), where [s] is
the equivalence class containing s, then it is possible to check that (7, dr,) is a
compact real tree (see [15] for a definition of a real tree and proof of this result).
The root p,, of the tree 7, is defined to be the equivalence class [0]. Furthermore, if
vy, (A) is defined to be the standard one-dimensional Lebesgue measure of the set
{s €[0,1]: [s] € A} for Borel measurable A C 7, then v, is a Borel probability
measure on (7, dz,). Since the support of v, is the whole of 7, it is possible
to apply [23], Theorem 5.4 to deduce the existence of a reversible strong Markov
diffusion on 7,,, X say, which has v,, as its invariant measure. Moreover, by applying
the argument of [14], Section 8, we can suppose that X is Brownian motion on
(7, dT,, vy), as defined in Section 5 of [1].

The continuum random tree is the random compact real tree 7y that results when
W is the Brownian excursion, normalised to have length one. If the sequence (w,),>2
converges to a typical realisation of W, w say, in C([0, 1], R,), then it was shown in
[13] that it is also possible to describe the scaling limits of the vertex sets V(7,,), the
measures v := v7» and the discrete time simple random walks X" := X7 in terms of
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the corresponding continuum objects 7,,, v,, and X* by embedding in to a common
metric space. In the following result, which is a minor restatement of [13], Theorem
1.1, the space /! is the Banach space of infinite sequences of real numbers equipped
with the norm ||x|| := Y2, |x;].

Proposition 20 There exists a set W* C C([0, 1], R}) such that W € W* almost-
surely, and if n='?w, — w in C([0, 11, R}) for some w € W*, then there exists, for
each n, an isometric embedding ¢, of (V(T,),dz) into I' and also an isometric
embedding ¢ of (T,,, dr,) into I' such that:

- ¢u(pn) =0, for every n > 2, and also ¢(p,) = 0.

- 1 2¢,(V(T) — ¢(T,) with respect to the Hausdorff topology on compact
subsets of ['.

- (Zn)’lv"((]b,jl n'2)) = vy, (¢~ '(-)) weakly as Borel probability measures on ['.

- (n*”z(j)n(X" ”)) . ¢ (X™) in distribution in the space D(R.., ["), conditional
>

(132

on X = p, and X' = py,.

Note that, in [13], in place of v", the uniform measure on the vertices of 7,,, u"
say, was considered. However, it is easy to check that the Prohorov distance between
@n)~ (¢, 1 (n'/%)) and n=' (¢, ' (n'/?-)) is bounded above by n~!/2, and so [13],
Theorem 1.1 does indeed imply the above convergence result for measures.

Whenever n~ /2w, — w € W*, it is a simple consequence of Proposition 20 to
check that if X* admits a transition density (p,(x, y))y ye7,~0 Which is jointly
continuous in (¢, x, y), then Assumption 1 holds with E =/', F = ¢(7,), p =0,v =
vy 0 ¢~ qi(x) = pip, x), G" = n~'¢,(T,) and a(n) = n'?, B(n) = 2n, y (n) = n’/>.
However, by applying [14], Theorem 6.2 and Corollary 8.5, it is possible to assume
that X* does indeed admit a suitable transition density for w € W*. Furthermore,
since 7, is a graph tree for each n, it is a fact that the resistance metric R, is identical
to the usual graph distance dr,, and therefore Assumption 5 holds with « = 1. Hence
the following result is true, where we use the notation ¢" := ¢ 7.

Theorem 21 There exists a set W* C C([0, 1], Ry) such that W € W* almost-surely,
and if n="?w, — w in C([0, 1], Ry) for some w € W*, then there exists, for each n, an
isometric embedding ¢, of (V (1), drt,) into I' and also an isometric embedding ¢ of
(T, dt,) into 1 U such that: in addition to the convergence results of Proposition 20, for
every compact interval I C (0, 00),

lim sup sup 2"16]’[”3/2” (gn(x)) - pt(prm x) = 0,

=0 xeT, tel

where, for x € T,, g,(x) is a point in V(T,) minimising the ['-distance between ¢ (x)
and n='2¢,(y) over y € V(7).

We now present a topology for transition densities on graphs and metric spaces
that allows us to state a version of this result that does not involve the underlying
metric space E ={'. A particular motivation for doing this is that it allows us to
deduce, in addition to the above quenched local limit theorem, a corresponding
distributional result.
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For an interval I C [0, 00), let M, be the collection of triples of the form
(F, pr,q"), where F = (F,dFr) is a non-empty compact metric space, pr is a dis-
tinguished element of F and ¢ = (q[F (X))xeF.~0 1s a jointly continuous real-valued
function of (¢, x). We say two elements, (F, pr, ¢¥) and (F', pr, q*'), of M, are
equivalent if there exists an isometry f : F — F’such that f(or) = pp andgf o f =
qf for every t € 1. Define M to be the set of equivalence classes of M under this
relation. Note that we will abuse notation and identify an equivalence class in M
with a particular element of it. Similarly to the distance between pairs of “spatial
trees” defined in [15], we introduce a distance on M; that uses the notion of a
correspondence between metric spaces, where, if F and F’ are two compact metric
spaces, a correspondence between F and F’ is asubset C of F x F’ such that for every
x € F there exists at least one y € F’ such that (x, y) € C and conversely for every
y € F' there exists at least one x € F such that (x, y) € C. The distortion of the corre-
spondence C is defined by dis(C) := sup{|dr(x1, x2) — dp (y1, y2)| : (x1, ¥1), (X2, ¥2) €
C}, and we set, for (F, pr, ¢©), (F', pr, q"') € My,

A(F, ,F,(F’, . F’)):: inf  8,(C),
1((F.pr.q") PF,q Ceé(nF,F’é: 1©)
(pF.pp)E

where 8;(C) := (dis(C) + sup,, ycc.er |aF () — g (y)]), and €(F, F') is the set of all

correspondences between F and F'.

Lemma 22 For any compact interval I C [0, 00), (M, A)) is a separable metric space.

Proof That A is a metric can be demonstrated by applying a straightforward
adaptation of the proof of [11], Theorem 7.3.30, which demonstrates the analogous
result for the Gromov-Hausdorff distance between compact metric spaces. To prove
separability, first let F be the countable collection of metric spaces (F, dr) such that
F is a finite set and dr takes values in Q, and choose a sequence (i,),>1 that is dense
in 1. For each n > I, define M/ to be set of equivalence classes of triples of the
form (F, pr, g¥) such that F € F and, for every x € F, th(x) takes values in QQ for
t € {i,, : m < n} and is a linear function of ¢ between the values in {i,, : m < n}. Itis
an elementary exercise to show that U,>; M/ is dense in (M, A;). Hence, because
U1 M is countable, (M, Aj) is separable. O

The following result contains a distributional analogue of Theorem 21 that applies
the above topology. Note that for a graph G, we extend the discrete time function
(q,(,f (X))xev(G),m>0 to continuous time by linear interpolation at each vertex. Thus we
can view (V(G), dg), p(G), (th(x))xev(G),,d) as an element of M for every finite
graph G.

Theorem 23 Fix a compact interval I C (0, 00). Suppose that (1,,),=2 is a sequence of
random rooted ordered graph trees whose search-depth functions (wy),>, converge in
distribution to W, the Brownian excursion normalised to have length one, then

(V@ n™2dz) v, 0y e
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converges in distribution to

((Tw. dz,,) . pw. (Pi(oW. ) ety ser)
in the space (M, Ap).

Proof By the separability of C([0, 1], R}), it is possible to assume that we have
realisations of (7,),=> and W such that n='/?w, — W almost-surely. It is an easy
consequence of Theorem 21 (and Assumption 2) that

((V(ZZ)’ nil/zdﬂ) » P> (anﬁﬁ/zt(x))xev<m,te1)
converges to

((Tw, dTw) . pw, (pi(ow, x))xeTw,tel)

in the space (M, Aj) almost-surely, and the result follows. O

7.3 Local Homogenisation for Nested Fractals

We start this section by introducing unbounded nested fractal sets, which will later
appear as scaling limits of the associated fractal graphs. Suppose (¥;)Y., is a family of
L~!-similitudes on R? for some L > 1, by which we mean that, for each i, ¥; is a map
from R? to R? that satisfies |y;(x) — ¥i(y)| = L~'|x — y|, for every x, y € R, where
| - — -] is the usual Euclidean distance on R?. We assume that the collection (wi)i’i |
satisfies the open set condition; this means that there exists a non-empty bounded
set O € R? such that (;(0))Y, are disjoint and UY ¥;(0) € O. Since (y)Y, is a
family of contraction maps, there exists a unique non-empty compact set K such that
K = UY,¥:(K), which we will suppose is connected. Write the set of fixed points of
(wi)fi , as &, and define the collection of essential fixed points of (wi)fi , by

Vo:={xe&: 3, je{l,...,N},i # jand y € E such that ¥;(x) = ¥;(y)}.

Throughout, we assume that #V, > 2. The compact set K is then said to be a nested
fractal if it satisfies the following finite ramification and symmetry properties.

- Ifi...iyand jj ... j, are distinct sequences in {1, ..., N}, then
Vi (K) Ny (K) = Y i, (Vo) N, (Vo)

where ¥, ., == Wi, 0+ 0 Vi,
- If x,y € Vj, then the reflection in the hyperplane H,,:={z e R?: |z —x| =
|z — y|} maps V), to itself, where

N
V, = U Vi, i, (Vo).
iyl

Without loss of generality, we assume that v, (x) = L~'xand 0 € V,,. The unbounded
nested fractal which will be of interest in this section is then defined by

F:UUK

n>0
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Although the embedding of F into Euclidean space has been important for its
construction, it will not be particularly important in what follows. Instead, we
consider an intrinsic geodesic metric dr on F, as defined in Section 3 of [18] (we
assume that the size vector introduced there is simply ¥ = (1, ..., 1)), which satisfies
the properties presented in the following lemma. In particular, we describe how the
metric dr is related to both the Euclidean metric in R, and the shortest path graph
distance on the graph G, defined by setting

V@G =LV,
n>0
and edge set E(G) equal to
UL i, 0, (0, L i, D) X,y € Vo, X # y, i1, ..yin €{1,..., N}, n> 0}

We also record a scaling formula for df, which is proved in [18].

Lemma 24 There exists a metric dp on F, which satisfies the midpoint property, and
moreover, there exist constants cy, ¢, ¢3, ¢4 € (0, 00) and a € (1, o0) such that

cidp(x, y) < |x — y|% < crdrp(x, y), Vx,y € F, (24)
where d, :=Ina/In L, and also
c3dp(x,y) <dg(x,y) < cydp(x,y), Vx,y € V(). (25)
Finally, dr can be constructed so that
dp(Lx, Ly) = adp(x, y), Vx,y € F. (26)

Observe that this result implies all the conditions on (F, dr) that are required
in the introduction, where we suppose throughout the remainder of this section
that (E,dg) := (F,dr) and p := 0. Furthermore, it is a standard result that K has
Hausdorff dimension In N/In L with respect to the Euclidean metric (see [16], for
example), and the same is true of F. We will denote by v the (In N/In L)-dimensional
Hausdorff measure on F with respect to the Euclidean metric, and note that it is
easy to check (by applying Eq. 24 and the symmetries of the fractal) that there exist
constants ¢, ¢; € (0, co) such that ¢;747 < v(Bp(x,r)) < crds, for every x € F and
r >0, where dy :=In N/Ina and Br(x,r) is the open ball with centre x and radius
rin (F, dFr). Hence v satisfies the properties required of the measure on the metric
space (F, dr) in the introduction. The following continuity result will also be useful.

Lemma 25 For every xe€ F and r >0, v(0Bp(x,r)) =0, where 9Bp(x,r) =
Brp(x,M\BF(x,r).

Proof We prove the corresponding result for K, the lemma then follows by rescaling.
As a straightforward consequence of [18], Proposition 3.6, there exist constants
c1, ¢ € (0, 00) such that

cla” < sup inf dg(x,y) < sup  dg(x,y) < ca™" (27)
X€Wi, iy (K) YRV i (K) X yeYs iy (K)
for every iy,...,i, € {1,..., N}, n € N, where dg := dr|kxx. Choose M to be an

integer strictly greater than In(8c,/c;)/Ina.
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Let x € F, r > 0 and let ny be an integer chosen to satisfy r > 2c,a ™M, We
now claim that if Z,, € {1, ..., N}*™ is chosen so that (Wi iy (K))iy . inweT, 1S @ COVEr
for 3Bk (x,r) and n > ny, then there exists a set Z,,,; C {1, ..., N}*DM for which
Wiy vyt (K))iv i ey 18 @ cover for dBg(x,r) and #Z,,, < (NM — D#Z,. Let
@y, -...1ium) € Z,. Clearly, we can assume that there exists an xy € ¥, _;,,, (K) such
that dg (x, xo) = r (if not, then we can discard (i, .. ., i) from Z,), and, by Eq. 27,
there exists an x; € ¥y, _;,,, (K) such that Bi(xy, cia™™™M) C Vi, i (K). We have,
applying Eq. 27 and our choice of ny,

nM nM

dr(x, x1) > |dg(x, x0) — dg(xo, x))| =7 — o™ > o™
Thus there exists an x; € ¥, ;, (K) on the geodesic path from x to x; that
satisfies dg(x, x2) = dg(x, x;) — %clcx‘"M . It immediately follows that we can find
Jis-oos jm €{1,..., N} and x; € wilA_‘inMj]ij(K) such that |r — dg(x, x3)| > éClot_nM.
If z € ¥, inji..ju (K), then

1
Ir—dg(x,2)| > |r —dg(x, x3)| — dg(x3, 2) > gclor”M N R )

In particular, this implies that ¥;, ;.. j,...jw (K) N 9 Bg(x, r) = . The claim can easily
be obtained from this result.

By applying the conclusion of the previous paragraph and the scaling relation
at Eq. 24, an elementary argument can be applied to deduce that the Haus-
dorff dimension of dBk(x,r) with respect to the Euclidean metric is no greater
than In(N™ — 1)/1n LM. Hence, since v was defined as the In N/ In L-dimensional
Hausdorff measure on K, we must have that v(d Bg(x, r)) = 0 as desired. O

We will henceforth suppose that the weights on the edges in E(G) are selected
randomly from a law P, on (0, 00)*9 which satisfies uniform boundedness and
cell independence. By uniform boundedness, we mean that there exist deterministic
constants cy, ¢; € (0, oo) such that, P,-a.s.,

a<ul <c Vixybe EQ), (28)

and define cell independence to be the property that for each n > 0, the collections

{(“(gL"wil.J YL, i (y))) }

" " X yEVOREY )iy el N)
are independent and have the same distribution as (ng)x, yeV.xy- Note that we still
require ng = ng for every x, y € V(G), and piy =0if {x, y} E(G). In the next
lemma we deduce that measure v9 on V(G) associated with such a family of random
weights can be rescaled to obtain the measure v on F.

Lemma 26 If we denote V" := v9 (L"), then there exists a deterministic constant ¢ €
(0, 00) such that, P,-a.s., the measures cN~"v" converge to v in the vague topology on
locally finite Borel measures on (F, dp).

@ Springer



Local limit theorems for sequences of simple random walks. .. 377

Proof By definition, we have that

VH(K) = Z Mfy + Z ugy. (29)
x,yeV(G)NL"K: xeV(G)NL"K, yeV(G)\L"K:
{x,y}eE(G) {(x,y}e E(G)

Applying the independence properties of (,uffy)x,yevoyx#y, the first term is equal in
distribution to Zfl\] i—1 &ir..i,» Where (S,-l_,_,-")flv

..........

D vV ng- It follows that, for every & > 0,

;,—1 are independent copies of & :=

— Nng?2’

Iyeens i,=1

o E,£>
P.| N Z & i, —Eu|>¢] <

Thus, by applying the Borel-Cantelli lemma, we are able to deduce that, when
multiplied by N7, the first term of Eq. 29 converges to E, &, P,,-a.s.

Under the assumption of uniform boundedness, the second term of Eq. 29
is bounded above deterministically by c#{{x, y} € E(G): xe V(G)NL"K, y €
V(G\L"K} for some constant c;. It is straightforward to check that G is a graph
of bounded degree (cf. [3], Proposition 5.21) and by combining this fact with the
finite ramification property of K, it is possible to deduce that #{{x, y} € E(G) : x €
V(@) N L"K, y € V(G)\L"K} is bounded by a constant that is independent of n. This
completes the proof that c; N™"v"(K) — v(K), P,-a.s., where ¢; := v(K)/E,£.

Applying the self-similarity of F, the above argument is easily generalised to yield,
P,-as.,

lim o, N~ (L™, 4, (K)) = v (L™, (K))

foreveryiy,...,im, € {l,..., N}, m;, my € N. The lemma follows from this by apply-
ing [10], Theorem 2.3, for example. ]

Our description of the transition density asymptotics and scaling limit of the
simple random walk on G will be presented in terms a resistance-scaling factor
A, which appears as an “eigenvalue” for the renormalisation map that we now
introduce. For a set of non-negative weights (Cy, ) yevo v, Which satisty C,, = C,,,
a quadratic form £ on R"° can be constructed by setting

Ec(f. =Y Colfx)—fO))

x,yeVo.x#y

Replicating this form N times, we set

N
ELL =D Ec(f oy foyn.

i=1

which defines a quadratic form on R"'. Now, restrict this form to V, using the trace
operator, as defined by Tr(ELIVO)(f, f) :=inf(EL(g. 8) : glv, = f}. The resulting
operator Tr(EL|V?) is of the form &, (¢, for non-negative weights (A(C)yy)x yevo xzy
which satisfy A(C),, = A(C)y,. It is known that there exists a non-degenerate fixed
point to the map C +— A(C) which satisfies A(C) = A~!C, for some A > 0 (see [3],
Theorem 6.23 for example). In fact, 2 is uniquely determined, so that it is the same for
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any non-degenerate fixed point ([3], Corollary 6.20). Moreover, we can also assume
that A > 1 ([3], Corollary 6.28).

In the subsequent lemma, we summarise results for the continuous time simple
random walk Y9 on the graph G, its transition density ([th(x, YDx,yev(G)i>0 and
the resistance metric Rg determined from the corresponding Dirichlet form by
the formula at Eq. 14. The constant d,, is defined to be equal to In(NA)/Ine«, and
dy:=1InN/Ina, as above.

Lemma 27 P, -a.s., there exist (random) constants c,, ¢z, c3, ¢4, Cs, ¢ € (0, 00) such
that

dg (x, y)™

1/(dw—1)
; ) ) ., VYx,yeV(@G),t>0, (30)

ﬁ[g(x, y) EC]t_df/dm eXp (—CQ (

pdv

1/(dy,—1)
Pf (rg(x, r) < t) < c3exp (—c4 (T) ) , YxeV@G),t,r>0, (31)

where t9(x,r) ;= inf{t > 0 : Ytg & Bg(x, 1)} is the exit time of the simple random walk
YY from the graph ball Bg(x, r), and also

csdg(x, ) < Rg(x, y) < cedg(x, ¥)*, Vx,y € V(G), (32)

where k :=1In\/Ina.

Proof For the discrete time simple random walk on the unweighted nested fractal
graph G (i.e. uf, = 1 for every {x, y} € E(G)), the parabolic Harnack inequality with
exponent d,, is known to hold (see [19], Theorem 3.1 and [20], Corollary 4.13).
Hence, by [20], Theorem 5.11, the same is true for any uniformly bounded set of
weights 19, P,-a.s. Given this property, the discrete time versions of Egs. 30 and 31,
as well as Eq. 32, are an application of results appearing in [8]. Similar arguments
can be used to prove the corresponding continuous time results (alternatively, once
Eq. 32 is established, the arguments of [8] can be adapted to continuous time directly
to yield Egs. 30 and 31). O

We can use this lemma to prove a PP,-a.s. tightness result for the law of the
continuous time simple random walk Y9. Note that, for x € F, we write g,(x) to
represent the point in V(G) closest to L"x.

Lemma 28 For every compact interval I C (0, 00), x, y € F and r > 0, we have that,
P,-a.s.,

.. DG -ny G
fimlimsup sup (B o) (L7"¥Eop, € Br(1.1)
|s—t]<8

pY -ny G
_Pénu) (L nY(NA)”t € Br(y, r))’ =0.
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Proof Fix a compact interval I C (0, 00), x, ye F and r, ¢ > 0, and write B=Br(y, r).
Some elementary analysis allows us to conclude that, for any > 0,

sup B¢, (z: e B) -, (Z] € B)|
|s t\<6
<2 sup PY o (dr(Z!, 21 > ) +25upPg w (Z1' € B,\B),  (33)
O<t—s<6

where B, := Bp(y,r+n) and we denote L‘”Y(QMW by Z} in this proof. For the
second term, we can apply the heat kernel bound of Eq. 30 and the measure
convergence of Lemma 26 to deduce that, P,-a.s., there exists a finite constant ¢,
such that, for every > 0
11msup2supP~ o (Z1' € By)\B) < c1v(B,\B).
n—00 te

By Lemma 25, this upper bound is less than ¢ for suitably small 7.

For the first term in Eq. 33, we apply the Markov property of Y9 and the metric
approximation result of Eq. 25 to obtain the existence of a (deterministic) non-zero
constant ¢, such that

2 sup Pg ® (dp(Z?,Z}) >n) <2 sup sup Pg (dg(Z Y(N)\)n[) > o n)
sitel 1€[0,8) zeV(G)
O<t—s<8
<2 sup PY(9(z, cen) < (NL)'5),
zeV(9)
where 79(., ) is the exit time defined in Lemma 27. Consequently, the upper bound
for the exit time distribution at Eq. 31 implies that, P,-a.s.,

]mg)hmsupZ sup Pg ® (dF(Zf, VA= 7}) =0.
5— n— o0
0<t s<6

In combination with the conclusion of the previous paragraph, this completes the
proof. O

We continue by describing how the homogenisation result of [26] can be applied
in our situation. Set, for f € RV,

N

ENLD = 3 D Mo on (T4 (0) = FWi_i,0))
iy,....in=1x,yeVy,xs#y

(34)

From this, we define A"(1) = (A" (1) xy)x.yevyxzy 0 satisfy Eangy = Tr(E] Vo). It is
proved in [26], Theorem 3.4, that there exists a deterministic C* = (Cﬁfy)x’yevo’#y
such that

lim A"A" () = C*
n—o0

where the limit is an L'-limit in the space of non-negative weights on the complete
graph with vertex set V. Moreover, C* satisfies Cﬁfy > 0 for every x,y € Vo, x # y,
and also A(C*) = A~'C*, where A is the renormalisation map defined above. We
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will use the weights C* to construct the diffusion on F that arises as the scaling limit
of the random walk Y9 as follows. First, let £%, be a quadratic form on R"" which
satisfies Eq. 34 with “(gL"v/,-IA.A,-n (L, (v TEPlaced by C%y in each summand, then
define

Ex(fi ) = nlingok”ﬁéu(flvn, flv,)

for f e Fk, where Fg :={f e C(K,R) : sup, A"EL.(flv,, flv,) < oo}. It is known
([3, 24]) that (Ek, Fk) is a local, regular (non-degenerate) Dirichlet form on L*(K, v)
that satisfies

N
Ex(f H=21) E(fotu foy), VfeF.

i=1

For each n € Z, define a renormalisation operator o, by setting o,,( f)(x) = f(L"x)
forx € Kand f: K" — R, where K" := L"K. If we set Fx» := 0_,Fk and

Exn(f, ) == Ek(on( ), on( ), Vfe Fkn

then it is possible to define a local, regular Dirichlet form (£, Fr) on L*(F,v) by
setting

Er(f. )= lim MExn(flxn, flx).  Vf € Fr,

where Fr is the collection of functions f e L>(F,v) that satisfy f|g:» € Fg» for
every n > 0 and limy,_ o Exn( flxn, flxn) < 00, see [18], Theorem 2.7. Finally, the
associated v-symmetric diffusion X = ((X})s>0, Py, x € F) admits a transition density
(pi(x, ¥))x,yer~0 that is jointly continuous in (¢, x, y), see [18], Lemma 4.6, and
satisfies

dp(x, y)

1/(dy,—1)
; ) ) Vx,ye F,t>0, (35

pi(x,y) < clt_df/d’“ exp (—cz (

where dy =In N/Ina and d,, = In(NA)/ Ine, as before, and ¢y, ¢, are constants tak-
ing values in (0, 0o), see [18], Theorem 5.7. Finally, we have the following important
scaling result for the simple random walk Y9,

Lemma 29 ([26], Theorem 7.3) There exists a deterministic constant ¢ € (0, 00) such
that, for every ¢ > 0, x € F and bounded f € C(D(R,, F), R), we have

i 2 (1 (4 (1600)) - B0 = ) =0

where I:Ig"(x) is the expectation under the continuous time simple random walk law
PY

(0 and E, is the expectation under the law P, of the Markov process X.

Given all the above information, it is straightforward to deduce properties of the
graph G from which a local limit theorem for nested fractal graphs with random
weights can be deduced. We set G" := LG, by which we mean that V(G") =
L™"V(G), E(G") i= ({L7"x, L™y} : {x, y} € E@)} and i = ulynyrny-
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Proposition 30 The graphs (G"),> satisfy the following assumptions for a(n) = ",
B(n) = ciN" and y (n) = c2(NA)", for some deterministic constants ¢y, c; € (0, 00).

(i) Assumption 1(a), (b) hold. Assumption 1(c) holds P,-a.s. Furthermore, for
every compact interval I C (0, 00), x,y € F,

lim P, <sup PG (VG € Ber.n) = Pu(X, € Br(y, )| > e) —0. (36)

n—o00

(ii) The continuous time version of Assumption 2 holds P,-a.s.
(iii)  The transition density of X satisfies

hm sup pi(x,y) =0, lim  sup sup  sup p,(x,y) =0,
 x,yeF I'=>% xeBr(p,R) ye F\Br(p.r) tel

for any compact interval I C (0, 00), R > 0. Moreover, P,-a.s.,

lim limsup  sup ;B(n)py(n),(x ») =0,

[0 pnsoo x,yeV(G")
and, for any compact interval I C (0, 00), R > 0,

lim lim sup sup sup sup B(n) py(n)t(x y)=0.
700 n—o0o xeBon(p.amR) yeV(G\Bon (p,a(nyr) tel

Proof Assumption 1(a) is a simple consequence of Eq. 25 and the scaling relation
at Eq. 26. By construction, V(G") C V(G"*!) for every n > 0 and also U,»oV(G") is
dense in (F, df), thus Assumption 1(b) holds. The measure convergence of Eq. 21 is
implied by Lemmas 25 and 26. For the remaining claim of (i), we apply Lemma 29
to deduce that there exists a constant ¢ € (0, co) such that, forany 0 < #; < --- < ¢,
x,y e F,r,e >0,we have

n—oo

lim P, ( sup ‘ (Y, € BE(y, 1) — Po(X, € Bp(y,r))‘ > e) —0.
i=1,....k

In conjunction with Lemma 28, this implies Eq. 36.

The control on the resistance metric at Eq. 32 implies that Assumption 5 is satisfied
P,-a.s. Hence, by the continuous time version of Proposition 17, the continuous
time version of Assumption 2 holds P,-a.s. To obtain (iii), we apply the heat kernel
bounds appearing at Egs. 30 and 35. O

This proposition allows us to obtain the following local limit theorem.
Theorem 31 Fix T, R > 0. Suppose G is a nested fractal graph with random weights

satisfying uniform boundedness and cell independence, then there exist deterministic
constants ¢y, ¢; € (0, 00) such that, for every ¢ > 0,

lim P/L < Sup  sup sup cN" pCZ(NA)nt(gn(x) () — pi(x, Y)‘ > 8) =0.
n—oo xeBr(p,R) yeF t>T,

Proof By adapting the proof of Theorem 15 to the case of random weights, using
similar ideas to those applied in Section 6, and considering the continuous time
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transition density in place of the discrete time transition density, it is possible
to deduce from parts (i) and (ii) of Proposition 30 that there exist deterministic
constants ¢, ¢; € (0, 00) such that, for every compact interval I C (0, c0), R, ¢ > 0,

lim P | sup sup |er N5 (0 (Gn(0). 8n1) — pix, )| > £ ) =00.
n—00 x,yeBr(p,R) tel

The theorem easily follows from this by applying the heat kernel decay conditions of
Proposition 30(iii). |

Finally, we say that a collection of weights C = (C,y)y yev,, xy 1s invariant if, for
every map h which is a reflection in a hyperplane of the form H,,, x, y € V), the
collection (Chixyn(y))x,yevo.xy 18 identical to (Cyy)y. yevy, x£y; and it was proved in [30]
that there exists a unique non-degenerate invariant set of weights, C* say, such that
A(C*) = A~'C*. Thus, if we assume that (/Lgy)x, yeVo.x£y 18 invariant in distribution (so
that (“g(x)h(y))X« yeVy,xy 18 equal in distribution to (Mfy)x, yeVy,x£y tor reflections A of
the form described), then it follows that C* = C*. The resulting diffusion is known as
the Brownian motion on the unbounded nested fractal F, and from the above local
limit theorem we obtain that if we have a collection of random weights which are
invariant in distribution, uniformly bounded and cell independent, then the transition
densities of the associated random walk, when rescaled, converge in probability to
the transition density of the Brownian motion on the unbounded nested fractal. See
Section 7 of [27] for further discussion of invariant weights.

7.4 Local Homogenisation for Tree-like Vicsek Sets

In this section, we describe a IP,-a.s. version of the conclusion of the previous section
in a special case. Continuing to apply the notation for nested fractals introduced in
Section 7.3, we now assume that #V; = 4 and, moreover, if I',, is defined to be the
graph with vertex set {(i\, ..., ,)}}\ ; _, and edge set

Ep = {1 i), Groeoos )} 2 Wi, (Vo) N, (Vo) # 8

then I', is a graph tree for every n € N. This class of nested fractals will be referred
to as tree-like Vicsek sets, and the Vicsek set (see [21], Section 2, for example) is
a particular example. The homogenisation problem for tree-like Vicsek sets was
studied in [21], where the tree-like nature of the graph G induced by the above
assumptions was used to deduce P,-a.s. homogenisation statements, rather than the
probabilistic convergence results obtained in [26] and [27].

In a slight alteration of our earlier notation, for an edge e = {x, y} € E(G), we now
denote uy := ng. The assumptions we will make on the weights are the following:
(/J.eg)ee Eg) are independent and identically distributed, have finite second moments
and are bounded uniformly below, by which we mean that there exists a constant
¢; > 0 such that /Leg > ¢; for every e € E(G), P,-a.s. Under these assumptions, in
place of Lemma 29, we have the following. Note that for tree-like Vicsek sets we
havea = A = L.

@ Springer



Local limit theorems for sequences of simple random walks. .. 383

Lemma 32 ([21], Corollary 1.2) There exists a deterministic constant c € (0, o) such
that, for every x € F we have, P,,-a.s., if f € C(D(Ry, F),R) is bounded, then

tim B ) (f (LY )) = B (F (X).

n—oo &n(x)

Furthermore, we can verify that the continuous time versions of Assumptions 1
and 2 hold for tree-like Vicsek sets, where we again consider G" = L~"G. Note that,
unlike the proof of Proposition 30(i), we do not use any transition density estimates.

Lemma 33 P,-a.s., the graphs (G"),>o satisfy the continuous time versions of As-
sumptions 1 and 2 for a(n) = L", B(n) = c;N" and y(n) = co(NL)", for some de-
terministic constants cy, ¢ € (0, 00).

Proof The proof that Assumptions 1(a) and (b) hold remains unchanged from
Proposition 30. Applying the independence and finite second moments of the
weights, it is an elementary exercise to show that the proof of Lemma 26 can be
repeated to deduce Assumption 1(c) in this case. The continuous time version of the
convergence at Eq. 19 follows from Lemma 32. Thus Assumption 1 holds as claimed.

Since the weights are bounded uniformly below, there exists a finite constant
c; such that Rgn < c1dg» for every n (see [8], Lemma 2.1); hence the continuous
time version of Assumption 5 holds with « = 1. By the continuous time version of
Proposition 17, the continuous time version of Assumption 2 follows. O

This lemma allows us to apply the continuous time version of Theorem 15 to
deduce the subsequent local limit theorem.

Theorem 34 Fix a compact interval I C (0,00) and R > 0. Suppose G is a graph
associated with a tree-like Vicsek set equipped with random weights (/Leg)ge EG) that
are independent and identically distributed, have finite second moments and are
bounded uniformly below, then there exist deterministic constants ¢y, c; € (0, 00) such
that, P,-a.s.,

lim sup sup clN”ﬁg(NL)n,(gn(xl &n(») — pi(x, y)| = 0.

=X x yeBr(p,R) tel
7.5 Local Homogenisation for Sierpinski Carpets

To define generalised Sierpinski carpet graphs, we closely follow [7]. Letd > 2, Ey =
[0,1]19 and L € N, L > 3 be fixed. For n € Z, let S, be the collection of closed cubes
of side L~ with vertices in L™"Z¢. For A C R4, set

Si(A)={S: SC A, Se§,}.

For S € S, let ¥s be the orientation preserving affine map which maps Ey onto S.
Now suppose that (wi)i’i | is a sequence of distinct elements of (Y5)ses, and set £ =
Ui/i 1Vi(Eo). We make the following assumptions on Ej.

— (Symmetry) E; is preserved by all the isometries of the unit cube E.
— (Connectedness) The interior of E; is connected, and contains a path connecting
the hyperplanes {x; = 0} and {x; = 1}.
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— (Non-diagonality) Let n > 1 and B be a cube in E; of side length 2L~" which
is the union of 2¢ distinct elements of S,. Then if the interior of E; N B is non-
empty, it is connected.

— (Borders included) E; contains the line segment

x:0<xi<lLx=-=x4=0}

Note that the non-diagonality assumption stated here differs from that used in [6]
and [7] for reasons that will be explained in a forthcoming paper on the uniqueness
of Brownian motion on the Sierpinski carpet by Barlow et al.!

Given the maps (y,)Y,, we can define a generalised Sierpinski carpet K to be
the unique non-empty compact set satisfying K = UN,¢;(K). As in Section 7.3, we
denote the associated unbounded carpet F. With respect to the Euclidean metric, F
has Hausdorff dimension dy = In N/In L, and we will denote by v the d ;-dimensional
Hausdorff measure on F.

To define the corresponding fractal graph, first set

N
P:=UL" U Vi, (Eo),

n=1 ifyeenln=

which is the pre-carpet (see [29]). Each cube in Sp(P) has a unique vertex closest
to the origin in RY, let V(G) be the collection of such vertices; in [7], vertices were
chosen to be cube centres, our choice means that L=V (G) C F for every n. Define
E(G) to be the collection of pairs {x, y} of elements of V(G) with |x — y| = 1. The
graph of interest in this section will then be G = (V(G), E(G)).

Let us now introduce a geodesic metric dr on F. Note that the following result was
essentially proved in [12] for the “standard” Sierpinski carpet in R?. As in Section 7.3,
for x € F, we write g,(x) to represent the point in V(G) closest to L"x.

Lemma 35 For x, y € F, the quantity
dp(x.y) == lim L™"dg(Zu(x), (1)

is well-defined. Moreover dp is a geodesic metric on F satisfying dp(Lx, Lx) =
Ldp(x,y) for every x, y € F, and there exists a finite constant c such that

Ix =yl < dp(x,y) < clx —yl, Vx,y e F.
Finally, dr agrees with dg on V(G).
Proof The proof that dp is well-defined geodesic metric is similar to [18],
Theorem 3.5, and is omitted. The remaining claims are straightforward consequences

of the self-similarity and “borders included” property of generalised Sierpinski
carpets. ]

As consequence of this result, if we take (E, dg) = (F, dFr), p = 0 and v as above,
then the properties required on the metric spaces and measure in the introduction are

IWe thank the anonymous referee for drawing our attention to this issue and Martin Barlow for
showing us a draft of the paper.
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satisfied. We can also verify that Assumptions 1(a), (b) and (c) hold P,-a.s. when, as
in Section 7.3, we set G" := LG and assume that (using the notation of Section 7.4)
the weights (,ueg)€€ £ are independent, identically-distributed and satisfy uniform
boundedness (as at Eq. 28).

Proposition 36 P, -a.s., the graphs (G"),>o satisfy Assumptions 1(a), (b) and (c) for
a(n) = L" and B(n) = ¢; N", for some deterministic constant ¢; € (0, 00).

Proof Assumptions 1(a) and (b) readily follow from the above lemma. To prove As-
sumption 1(c), we start by demonstrating that N"9(L"K) converges to a determin-
istic constant ¢, € (0, 00), P,-a.s., where K:={xe K: x; # 1foranyi=1,...,d}.
Let e, equal the number of edges of G that have both end-points in L"K, and e,
represent the number of edges that have exactly one end in L" K, then we have

7
eny1 = Ne, +ej0”, e, =do",

for every n > 1, where o is the number of cubes in S;(Ey) that lie on a single face
of Ey. In particular, o < N, and so N~"¢,, — 0 and N~"e,, — c3, for some constant
c3 € (0, 00). Applying the same argument as in the proof of Lemma 26, it follows that
N"v9(L"K) converges as desired. Continuing to imitate the proof of Lemma 26, we
can extend this to the result that, P,-a.s.,

NI (L") > v (37)

in the vague topology on (F, dr). Finally, it is possible to check that v(d Br(x,r)) =0
forany x € F andr > 0, exactly as in Lemma 25. Hence Assumption 1(c) does indeed
hold. ]

We continue by considering the continuous time simple random walk Y9 on G,
which satisfies the following properties.

Lemma 37 There exists a deterministic constant d,, > 2 such that, P,-a.s., the tran-
sition density p9 of Y9 satisfies Eq. 30 and the associated exit time satisfies Eq. 31
for some constants c, ¢, c3, ¢4 € (0, 00). Furthermore, there P,-a.s. exist constants
cs, ce € (0, 00) such that

dg (x, y)™

1/(dw—1)
. ) ) , Vx,ye V(G),t > dg(x, y).

(38)

ﬁ[g (x,y) > cst—dr/dw exp (—c6 (

Proof In the unweighted case (ufy =1 for every {x,y} € E(G)), the transition
density bounds of Egs. 30 and 38 are [7], Theorem 7.1. The exit time bound of Eq. 31
can be proved in a similar way to [7], Theorem 5.5. The results for the random case
follow from these results using a rough isometry argument (for example, apply [19],
Theorem 3.1, and [20], Theorem 5.11). ]

The continuous time version of the tightness condition of Assumption 2 is an easy
consequence of this result.

@ Springer



386 D.A. Croydon, B.M. Hambly

Proposition 38 P,-a.s., the graphs (G"),>o satisfy the continuous time version of
Assumption 2 for a(n), B(n) as in Proposition 36 and y(n) = c;L%", for some
deterministic constant ¢, € (0, 00).

Proof The heat kernel bounds of Egs. 30 and 38 imply that the continuous time
version of the parabolic Harnack inequality with exponent d,, holds for G (sece
[19], Theorem 3.1, for the analogous discrete time result), and it follows that the
continuous time version of Assumption 4 holds with x = d,,. We can then apply the
continuous time version of Proposition 7 to deduce the proposition. O

Unfortunately, for generalised Sierpinski carpets, a weak convergence result for
Y9 has not yet been proved, even in the case of deterministic weights. However,
the heat kernel bounds for the simple random walk do imply that if P} is the law

of (L™ Yf(,,),)tzo under 135, considered as a probability measure on D([0, 1], F), then

the sequence (f’Z)nzo is tight. Consequently, it holds that (f’g)nzo admits a convergent
subsequence, and we will later show that for any convergent subsequence there is a
corresponding local limit theorem.

Lemma 39 P, -a.s., the sequence (f’Z)nzo is tight in D(R, F) and, moreover, if P, is a
limit point of (P"),~o, then P,(C(R,, F)) = 1.

Proof Lett > 0and ¢ > 0, then Eq. 31 implies that, P,-a.s.,

PN -1pg -ny9g -nyg
;1m11msup5 Pp< sup ‘L Y. = L7"Y

n)s
-0 posoo selt,t+68] v

Ze):O.

The lemma follows (cf. Theorem 7.3 and the corollary to Theorem 7.4 in [10]). ]

In view of this result and Propositions 36 and 38, to apply Theorem 1 to deduce
local limit theorems along convergent subsequences of (f”;)nzo, it suffices to show
that any limit point, P, say, admits a family of transition densities (q;(x))xer,~0
that is jointly continuous in (¢, x). To prove that this is the case, we first extend
Proposition 38. We write p/(x, y) = p&" (x, y) and §"(x) = p" (p, X).

Lemma 40 P,-a.s., for any compact interval I C (0, 00) and r > 0,

lim lim sup sup sup B(n) |(}’;(n)s(x) — é;(n),(y)| =0.
=0 psoo x,yeBgn (p,a(n)r): s,tel:
don (x,y)<a(n)s |s—t]<s

Proof Given Proposition 38, it is enough to demonstrate that IP,-a.s. for any compact
interval I C (0, c0) and r > 0,

limlimsup  sup sup  B(1) |G} s (X) = @y ()| = 0. (39)
=0 psoo J(GB(;n(p,ot(n)r)‘s,rellzlS
s—1| <

The following argument holds IP,-a.s. We can write, for s < ¢,

B @ )5 (X) = @y ()| < B() fF @ s = @ s D] Py iy sy (02 V" (),
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where v" := v, Now, for 5 > 0,

h_r)% hrlln Sololp xeB S:i)pot(n)r) sstlg[) IB(H) F(x,m) ’q;i(n)S(X) - é;(n)S(y)| ﬁ;l/(n)([ﬂ‘) o X)vn(dy)
- Gn
ls—t|=

<limsup  sup sup sup A1) |G s (%) = Gy ()] -
n—>oo xeBgn(p,a(n)r) yeBr(x,n) sel
For any given ¢ > 0, by Proposition 38, we can make this upper bound smaller than
¢ by choosing 1 small enough. Fixing such an 5, we also have

lim lim sup sup sup B(n) |51;<n)s(x) — Elﬁ(n)s()’”
=0 psoo xeBgn (p,a(n)r) IS te‘l(S F\Bp(x,n)
A}

X 13'; - (V> X) v"(dy),

< lim limsup( sup supZﬂ(n)qy(n)s(x)) ( sup PY (t(x, a(m)n) < y(n)(S))

=0 nsoo \xeV(G) sel xeV(G)
:O!

where we apply the bounds of Lemma 37 to deduce the final equality. The limit result
at Eq. 39 follows. O

Lemma 41 P,-as., if P, is a limit point of the sequence (IN’Z),,Z(), then P, admits a
family of transition densities (q;(X))xeF -0 that is jointly continuous in (t, x).

Proof In this proof, which holds IP,-a.s., we fix a subsequence (1;);>¢ so that (f”;" )i=0
converges, and let P, be the corresponding limit point. Applying Lemmas 35
and 40, it is elementary to define, for every n > 0, a jointly continuous function
(f"(t, X))xeF,=0, such that f"(z, x) = B(m)q’) ), (x) for every x € V(G"), 1 > 0, in such
a way that the sequence (f"),=o is tight in C(I x Br(p,r),R) for any compact
interval I C (0, c0) and r > 0.

Fix a compact interval I C (0, co) and choose r large enough so that K = Ey N Fis
contained inside Br(p, r). By the conclusion of the previous paragraph, it is possible
to choose a subsequence (n;) ;-0 and jointly continuous i = (fir, X)) xeBr(p.rytcl
such that f!* is the uniform limit of (f"/);=0 on I x Br(p,r). Now, suppose S €
S, (Eyp),forsomen > 0,and write A = SN F.If we define A, :={x € F: dp(x, A) <
¢}, then A, is an open subset of F, and consequently (see [10], Theorem 2.1, for
example), for z > 0,

liminfP,’ (X, € A,) > P,(X, € A,).
J— oo
Moreover, by the definitions of (f),=¢ and f’",ift € I,

liminff’l;[j(X, € A;) < limsupﬁ i, x)B(n;;)” Wi (dx) < / I, x)v(dx),
AIT

J—00 j—o0

where A, is the closure of A, and we also apply the measure convergence of
Eq. 37. Letting ¢ — 0, we obtain fA f’*’(t, x)v(dx) > P,(X; € A). Similarly, by first
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considering A_, :={x e A: dp(x,dA) > ¢}, we are able to prove that the opposite
inequality is also true. An elementary o-algebra argument ([22], Lemma 1.17, for
example) allows this result to be extended to show that

/ i, xyv(dx) = P,(X, € A), (40)
A

for every measurable A C K, t € I. Noting that v(A) > 0 for every open set A,
it follows that the choice of subsequence is unimportant and f'’ is actually the
uniform limit of (f™);>¢ in the region I x K. Repeating the same argument on an
increasing sequence of space-time regions, we can extend the definition of f!' to
deduce the existence of a jointly continuous function f = f(t, X)yer~0 that is the
point-wise limit of ( f");>o everywhere in (0, co) x F, with the limit being uniform on
compacts, and, moreover, Eq. 40 holds with /" replaced by f for any measurable
AC Fandt > 0. O

We now can state the main conclusion of this section, which is an application
of Theorem 1. Note that the heat kernel bounds of Eqs. 30 and 38 imply that the
densities defined in the previous lemma satisfy g,(x) # 0 for every x € F and t > 0,
so the limit is non-trivial.

Theorem 42 For P ,-a.e. realisation of a Sierpinski carpet graph G with independent
and identically-distributed edge-weights that satisfy uniform boundedness: if we fix a
compact interval I C (0, o0) and r > 0, suppose that (13',;"),~Z() converges, and let P, and
(g/(x))xeF. =0 represent the corresponding limit point and family of transition densities,
then

lim  sup supc N"’c}cg Lun, (8 (X)) — qr(x)| = 0.
=00 x yeBr(p.R) tel 2

Finally, note that if (a subsequence of) (f”;)nzo was shown to converge to the
Brownian motion on the Sierpinski carpet, as constructed in [6] (see [4] for the
two-dimensional case), then the transition density estimates of Lemma 37 and [6],
Theorem 1.3, (cf. [5], Theorem 1.1), would enable us to apply Theorem 2 to extend
the above result to unbounded regions of time and space.
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