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Abstract Sharp constants are exhibited in exponential inequalities corresponding to
the limiting case of the Sobolev inequalities in Lorentz-Sobolev spaces of arbitrary
order.
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1 Introduction

In the celebreted paper [17] dealing with the exceptional case of the Sobolev
inequality, J. Moser proved that a constant C, depending only on #, exists such that,
if Q is an open domain in IR" having finite measure, n > 2, and u is any function from

the Sobolev space Wé’"(Q) satisfying / |Vu|" dx < 1, then
Q

f exp (nw,/" Iu(x)l)"/ dx < C|Q|. (1)
Q

Here, w, = 7/?/T'(1 + n/2), the measure of the unit ball in IR", I' is the Gamma
function, ' = n/(n — 1), the Holder conjugate of n, and | E| stands for the Lebesgue
measure of a subset E of IR". Moreover, the result is optimal, in the sense that, if
ney™ is replaced by any larger constant in Eq. 1, the integral is still finite, but not
uniformly bounded.
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390 A. Alberico

Inequality Eq. 1 provides a sharp version of the limiting Sobolev embedding
Wy () < exp L" () 2)

going back to Yudovich [22], Pohozaev [19], Trudinger [21], where exp L" ()
denotes the Orlicz space associated with the Young function e — 1, and “— " stands
for continuous inclusion.

Embedding Eq. 2 can be regarded as a distinguished first order case of a whole
family of embeddings, of arbitrary order, for limiting Sobolev type spaces built upon
Lorentz spaces.

Specifically, let us define, for any integer m > 1 and any 1 < p, g < oo,

W LP9(Q) = {u:u is a real-valued function in € whose continuation by 0 out-

side © is m-times weakly differentiable in the whole of IR", and

V™ ulll ra < oo}
Here, V"'u stands for the m-th order gradient of u, i.e.

AM2y if m is even
V' = (3)
VA™=D/Zyif mis odd,

where V and A denote the standard gradient and Laplacian, respectively, and |V"u|
is the Euclidean norm of V"u.

Moreover, LP-1(Q2) denotes the Lorentz space of those functions u for which the
quantity

1_1
el raey = 577 o)
L4(0.|R2[)

is finite. The function u* is the decreasing rearrangement of u, namely the unique
non-increasing right-continuous function from [0, 4+-00) into [0, +o00] which is equidis-
tributed with u. Then, in particular, ||| zro@) = |u*]lLr4(, ). Note that LPP(Q) =
LP(Q) for every p > 1, and hence W' L7P(Q) = W;""(R), the usual Sobolev space,
for every p > 1.

Then we have (see e.g. [9])

Wi Lnd4(Q) < exp L1 () (4)

for every integer m, with 1 <m < n, and every g € (1, oo].
A version of inequality Eq. 2, corresponding to Eq. 4, was established in [1] in

the case where ¢ = — and 1 < m < n, namely for the Sobolev space W(r)n’% (22). On
m

the other hand, the case where ¢ is any exponent in (1, +o00], but m = 1, was treated
in [3]. (Other contributions to this subject can be found in several papers including
[6-8, 10-13, 15-17,20].)

The objective of the present paper is to complete this picture, and to prove a
Moser type inequality corresponding to the embedding Eq. 4 for general m and q.

@ Springer



Moser inequalities for derivatives in Lorentz spaces 391

Our result reads as follows.

Theorem 1 Let m be a positive integer satisfying 1 <m < n and let q € (1, +o0].
Define

n,n/2 om l—*(%)
o’ T("3")
:Bn,m = 71”/2 om F(Lﬂ) (5)
———~ 27 ifmisodd.

wn" F(n—};z+l)

if miseven

(i) Ifq € (1, +00), there exists a constant C = C(n, m, |2|, q) such that
/ exp (Bumlu()))” dx < C (6)
Q

foreveryu e Wi Lu9(S) fulfilling |||V u| ”L%»‘I(m < 1. The result is sharp in the
sense that, the left-hand side of Eq. 6, with B, ,, replaced by any larger constant,
cannot be uniformly bounded as u ranges among all functions from W(’,”L%*"(Q)
Satisfying V™ ul ”L%.q(g) <L

(ii) If g =+oo, for every y < Bnm, there exists a constant C = C(n,m, y, |Q|)
such that

/Q exp([u()]) dx < C (7

for every u e Wy Ln>°(Q) fulfilling V™ ulllp g g = 1. The result is sharp
in the sense that, for each y > B, n, there exists a function u € W{' Li®(Q)

satisfying V™ ullly g0 g) =<1 and/ exp(y |u(x)]) dx = +oc.
Q

Note that the case where g = 1 is not dealt with Theorem 1 since Wg‘L%*l(Q) —
L>(Q) ([3, 4,9, 14]).

Note also that the case where ¢ = 400 and y = B, in Theorem 1 is left open.
Inequality Eq. 7 is known not to hold with y = 8, ,, when m = 1 ([3]), and can be
shown to fail for m = 2 as well by the methods of [2]; we conjecture that this should
be the case also for m > 3, but so far we have no counterexample in this connection.

2 Proof

Our approach to Theorem 1 is related to that of [1], and relies on a representation
formula for Sobolev functions u in terms of Riesz potentials of their m-th order
gradient V"u, which tells us that

(—1m2 . .
“mmyng, / [x — y|""V™u(y) dy if miseven
Wn Bum !
e = ®)
(—1)tm=b/2 i . .
Temyn, / [x =y "(x—y) - V"u(y)dy if misodd
a)n ﬂn.m "

for a.e. x € IR” (see [1, Lemma 2]).
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392 A. Alberico

Obviously, Eq. 8 enables us to estimate u* in terms of the decreasing rearrange-
ment of a convolution of |V”u| against the kernel |x — y|”™". A key result relating
the rearrangement of a convolution to the rearrangement of the convoluted functions
is provided by the following special case of a lemma by O’Neil [18].

Lemma A Let f, g and h be measurable functions on RR" such that h = f x g, then

+o00

1 t t
h@ = - /0 fr(s)ds /0 g (s)ds + [T ()g"(s)ds )
t
foreveryt > 0.

Equation 8 combined with Lemma A easily reduced the proof of inequalities
Egs. 6 and 7 to one-dimensional problems. The estimates which have to be faced
after this rearrangement process require the use of an extension of Moser’s original
one-dimensional lemma established in [1] and reading as follows.

Lemma B Let a(s,t) be a nonnegative measurable function in [0, +00) x [0, +00)
such that

a(s,t) <1 forae. 0<s <t (10)

Suppose that

+00 , 1/p'
sup (/ a(s, n)? ds) =b < +o0. (11)
t

t>0
Then, there exists a constant ¢ = c¢(p, b) such that, for every nonnegative measurable
function ¢ in (0, +00) satisfying

+00
; ()P ds <1, (12)

one has

+o00
/ e FOdr < ¢ (13)
0

+00 14
where F(t) =t — (f a(s, t) g(s) ds) .
0

Let us emphasize that specifical difficulties arise in the present setting, especially
in dealing with the sharpness of inequalities Egs. 6-7, owing to the non integral form
of Lorentz norms.

We are now in position to prove our result.

Proof of Theorem 1

Part (i) Equation 8 ensures that

U] =~ (L % [9"]) () (14)
Wp

n,m
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Moser inequalities for derivatives in Lorentz spaces 393

for a.e. xe Q. Let us define g(x) =|x—y|~". Then g*({) = (w, )™/,
From Lemma A, one has, for every ¢ > 0,

1
u* () <

B wilnfm)/n ,Bn,m

(L * [V™ul)" (0)

1 1 t t o]
S o . <7/ g () ds/ [V ul*(s) ds—l—/ IV ul*(s) ds>
wp Bn.m \EJo 0 ‘

wilnfm)/n

n n—m ! ‘Ql n—m
= W <* [ / |Vmu|*(s) ds + / |le/l|*(s)s_T ds)
wp lgn,m m 0 t

1 no_wm [* 1] n=m
(— o / [V ul|*(s) ds + / [V ul*(s)s~ = ds) . (15
0 ‘

Bum \m

Hence, by a change of variables, we obtain

Bam " (120e77) < % (1Qle) / IV"ul*(12le™) (IQle™) do

+/0 |V u)* (|sz|e—“)(|sz|e-”)’% (IQle™) do

+o0
= / a(o, T)¢(0) do, (16)
0

where

$(@) = IV"ul* (1Q0e™) (121e)" it o >0, a7
and
1 if0<o <t <+4+00

a(o,7) = (18)

n—m

n e
—(RleTH ™7 (IQleT) " if0<Tt <0 < +o00.
m

Lemma A comes into play at this stage. Assumption Eq. 10 is obviously
satisfied if a is given by Eq. 18. As far as Eq. 11 is concerned we have

o q, / n—m B / n—m
/ a(o, 1:)(1/ do = (%) (|Q|efr)—q o / (|Q|eﬂr)q 7 do

q
=(£) S - for t > 0,
m q/(n—m)+1

n

whence sup/ a(o, 7)7 do < co. By Eq. 17

>0

o mN\q
610000 = [ (1971 (21" (120e7) )" dor
0

- /Om(wmm*(r)z;”)“i’

= |||v'"u|||qL <1 for g € (1, +00).

Q) =
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394 A. Alberico

Thus, by Eq. 16 and Lemma A
! ‘QI !
/ exp (Bum ()" dx = / exp (Butt® ()7 dt
Q 0

e /0 exp [(Brmit* Q1) — 7] de

[} +00 q

< |S2|/ exp |:</ a(o, 1) (o) da) — ‘ci| dr
0 0

= Q| fooe—F(” dr <C
0

for some constant C = C(n, m, ||, q).
In order to prove the optimality of Eq. 6, we construct a sequence {uy }ren C
Wi Ln-4(Q) such that

7

q
lim exp (ﬁluk(x)|> dx = +00 VB > Bum-
Q

k—+o0 |||Vmuk|”L%le(Q)

Let B be the unit ball of IR” centered at the origin. Up to rescaling and
translating, we may assume, without loss of generality, that B CC Q. Let ¢
be an increasing smooth function (of class C"”, say) defined in IR as equals to
zero, if t <0, and equals to ¢, if rt > 1. Given € € (0, 1), let H, : IR — [0, 1]

be defined as
0 if t<0
ep(t) if 0<t<e
H@ =1t if e<t<l-—ce¢
1—ep() if l—e<t<1
1 if ¢t>1.

Observe that H, is of class C”. For k € IN, define u.x : 2 — IR as

log l}(—‘
H. if xeB
Ue i (x) = logk

0 otherwise.

Notice that u. x € CJ'(€2). Computations show that

2h ~(log L 1

> eH? it - : if m=2h
p logk | |x|?"(log k)

3 HY log 1y : f 2h
i H! - i = 1,
; Citle logk | |x|*"+1(log k)’ e +

v ue,k(x) =

with & € IN, if x € B, and V"u, x(x) = 0 otherwise. Since ¢ is smooth (of
class C™), then a constant C = C(g, m), which be assumed to be larger than
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n — m, exists such that, on setting G(e, m) = C(l

1
+ T (log kT (og k) ), we have
=0
- G(e, m)
. ~ |x|™logk
Vul) T

G(e, m)
< 7
~ |x|mlogk

nop™ |xI™mlogk

1 1
+ elogk + €2 (log k)? +

1
if 0< -
1 _|x|<k

it 1 < x| 1
1 — x| <
=S g
1 (19)
if K—e = |x| < F
1
it = hl<l

for x € B. Let g« : [0, +00) — [0, 400) be the function defined as

G(e, mawl'"
sm/nlog k
Bn.m
ge(s) = nsm/n logk
G(e, mawl'"
sm/nlogk

0

1 1

if o <S5 < Tion
" 1 1
1 k(l—e)n =5< ken
if o0 <s<l1
otherwise.

Then, by Eq. 19, |V"u, (x)| < gc . (|x|"), for x e B, and hence (V"u, ;)*(s) <
g:‘, «(8), for s > 0. If k is sufficiently large, one has

G(e,m) "
(log k) (s+k—mym/n

Bn.m
n (log k) (s+k—m)ym/n

g:k(s) = s+ kn4k—en

G(e, m) "

(log k) (s+k—mym/n

0

where ye p.m = ( Gle.m)

<(wnm/n I’l71 ,Bn,m)n/m‘i‘G(f, m)n/m)

w;m/n n! ﬂn,m >n/m

1 1
if 0<s<-————
k(l—e)n kn
. 1 1
if Ti—on <s
1 1
< Wye,n,m - F
n m/n
"Wy . 1 1
lng lf ﬁ)’é,n,m - ﬁ 5 N
1,1
< fen Venm = G
. 1 1
if ﬁye,r:,m - ﬁ =s
1
if 1-— ﬁ <y,
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Fix € € (0, 1). Given 8 > 0, we have

’

q q
B lute 1 ()] _ Bluer)|
XP | tomy .. ] P2 exp dx
Q V™ e il 2.q Bmux|< ) 1V e el 2,
> exp Bluci(x)|
Bmux|< g% il 2 q
= dx
Bm(\x|<k} IIge kll; q
B

_k” exp

= exp (

= exp

- . ( B e k()]
ence, lim exp [ —+————
k=00 Jo V™7 ucklllz 4
¢
lim ( —n+ /37/
kb0 87 1%, logk
Since
q 1
lim logk | —n+ % ook
e gz %, o
q —q'm/n
= lim log k{— L
k—+o0 logk (logk)—4
+< Brn.m )‘7/"‘"
na)zl/n J—(—em_

+ ((l/l7 ! w;m/nﬁn,m)n/m

Yenm—k™"

k—n

,
Q&AM)

7

q
*L —nlogk
lge ill2.q
7
—n+ P log k

gz 4 l% , logk

¢
) dx < +oo only if

) logk < 4o0. (20)

mq 4

k (1—e)n k"
G@mj S s
0 (s+ k)5

g
s

T )
(s + k)5

kienyeinl./n_kin sn,x,q 1
+ G(e, my"'™)? / _—ds
ke pm—kn (84 k7 4 k=en)w
1—k—" mq —1 i
Sn

+G(e,n)‘1/
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!

mq

g1 | Ge,my /" @
o G+

= logky—n+ W™ | logk

+< :Bnm )q 1 Kt Ye.n.m ]idt
no™") logk Jien t+1)%

N ((n lwnm/nﬂn m)n/m+G(€ m)n/m)

log k
K S”Venm*k mg_q
= tn
P m A
e (1)
y ~1/G-1)
Ge,m)? [F'-! 'l
4+ — g dt
logk  Jxa-ony,, 1 4+ D

[enG(e m)? + < ﬁm/n> n(l — 2e¢)
nw

n

qm/n

k—+o00
+ n

= lim logk {—n—f—

—1/(g—1)
+ enG(e,m)q] ,

Eq. 20 holds if and only if

ﬁq/ ,Bnm q —1/(g—=1)
-t — [ZGnG(e, m)? + ( ,’n/n> n(l — 26)] <0.
w, nwy

n

This condition is in turn equivalent to

m/n
n

m q —
B <n' w) [ZneG(e, m)? + ( P ) n(l — 26)] o 1)
nw,

Thanks to the arbitrarinees of ¢, the conclusion follows.
Part (i) Since we are assuming that |||V™"ul|, 2. o S 1

(V") (t) <t for 1 € (0, |2]). (22)

From Eqgs. 15 and 22, we infer that

+o00
[—ﬁ_l/ (V" ul* (s)ds+f s IV”’uI*(s)ds]

1 m - 1€
< [E fnl / s ds+/ s_lds]
,Bn,m m 0 t

| 2 Q
- [”7 n 1og¥] for 1 € (0, Q).

u* () <
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Thus a constant C = C(n, m) exists such that

1|
/s; exp (ylu(x)|) dx = /0 exp (yu*(0) dt

I$2] 1 Q
< / exp (y [C + logu:| > dt < 400
0 ,BnA,m t
for every y < Bum-
We conclude by exhibiting a function u € W(’)”L%*w(Q) such that

/ exp <%) dx = +oo (23)
Q

|||vmu|||L%v°°(Q)

for every y > Bym-

As in the proof of part (i), we assume that B CC Q. Let us consider an
increasing smooth function (of class C™, say) ¢ : IR — [0, +00) such that
o) =0, for t <0 and ¢(t) =t —1/2, for t > 1. Let a > 1 and define the
function u, : 2 — IR as

log ﬁ
[0 ifxe B
U, (x) = loga (24)

0 otherwise.

Observe that |¢'(¢)| <1 for every ¢ € IR and that the A-th order deriva-
tive ¢ (¢) is bounded for every ¢ € IR and for every h € IN. Furthermore,

u, € CJ'(Q).
Calculations show that, for every & € IN,
= log 11 1
oD x| T
Za(/) ( loga ) P (loga) it m=2h
i=1
V7 u,(x) = e : (25)
+ 1
Z cip? log il ! . ifm=2h+1
— loga | |x|*"*+1(loga)’
for x € B, and V"u,(x) =0 otherwise. Here c¢; = s(m) ﬂ"r’n";n , where
nwy,

s(m) = (—1)"/%, for m even, and s(m) = (—1)"+2/2_for m odd, and ¢;, i =
2,...,m, are constants depending only on n and m. Owing to Eq. 25,
one has

0, m 1 K K
IV™u,|(x) < b (1 + + .. + 7)

nop!™ 1x|™loga

for some constant K depending on ¢.
Fix any y > B,,.m, choice € > 0 such that

y > Bum (14 €). (26)
If a is sufficiently large, we have

Bnm 1

nawl/™ 1x|™ loga

[V"ug|(x) < (1 +e).
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Hence,
Bnm (1 +¢€)
v oo _—
||| ua“'Lmv @ = nloga
Equation 23 follows since
/ |ua ()|
exp|ly———— | dx
o 119"t 2 o
—1
2 (4]0g1(0‘g|a*)) nloga
> / exp |y dx
B ﬂn,m (1 + 6)
log(lx™")
/ ( Toga —§>n10ga
2 exp | v dx
{xeBilx|<1/a} Bnm (1 +€)
1
a n log (r~! 1
= a),,/ exp yﬁ exp (y%> rdr
0 Brm (I+e) 2lgn,m (I+e)
1
n loga > /‘E —y s +n—1
=wy EXp\ V57— r Bn.m (1+€) dr = 400,
! ( 2Bum (1+€) ) Jo
by Eqgs. 24 and 26. O
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