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Abstract We present decompositions of various positive kernels as integrals or sums
of positive kernels. Within this framework we study the reproducing kernel Hilbert
spaces associated with the fractional and bi-fractional Brownian motions. As a tool,
we define a new function of two complex variables, which is a natural generalization
of the classical Gamma function for the setting we consider.
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1 Introduction

In this paper we present expansions of the form

K(t, s) =
∞∑

n=1

Kn(t, s)Kn(t, s) (1.1)
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where K(t, s) and Kn(t, s), n = 1, 2, . . . are positive kernels on the real line, for a
family of kernels K(t, s) of the the form

K(t, s) = ϕ(r(t) + r(s)) − ϕ(r(t − s)) (1.2)

with appropriate choices of functions r and ϕ. The functions r we consider are real-
valued and such that r(0) = 0, but it is better to assume them complex-valued and
with a possibly non zero r(0) at this stage of the exposition. The case where ϕ(x) = x
corresponds to a class of functions introduced by J. von Neumann and I. Schoenberg
in the late 1930s (see [38, 45]), and M.G. Krein in the 1940s (see [20] and the 1954
paper [21]; Krein’s papers are reprinted in [22]). This class plays an important role
both in analysis and in the theory of stochastic processes. To recall the role of the
functions r such that the kernel

Kr(t, s) = r(t) + r(s) − r(t − s) − r(0), (1.3)

is positive on the real line, we first give a definition: A helical arc is a continuous map
t �→ ξt from the real line into a metric space (with metric d) such that d(ξt, ξs) is a
function of t − s:

d(ξt, ξs) = ρ(t − s). (1.4)

When the metric space is a real Hilbert space, it is a consequence of a result of K.
Menger (see [29]) that a function ρ satisfies Eq. 1.4 if and only if the kernel

Kρ2(t, s) = ρ2(t) + ρ2(s) − ρ2(t − s)

is positive on the real line; see [45, Lemma 1, p. 229]. Using this fact, von Neumann
and Schoenberg give in [45, Theorem 1, p. 229] an integral representation of the
functions ρ corresponding to a helical arc with values in a real Hilbert space. These
are the functions ρ such that:

ρ2(t) =
∫ ∞

0

sin2 tu
u2 dσ(u), (1.5)

where the positive real measure σ is such that
∫ ∞

1

dσ(u)

u2 < ∞.

We note the formula (see [45, (1.6) p. 229])

ρ2(t) + ρ2(s) − ρ2(t − s) =
∫ ∞

0

(1 − cos 2tu)(1 − cos 2su) + sin 2tu sin 2su
2u2 dσ(u)

and hence the kernel ρ2(t) + ρ2(s) − ρ2(t − s), which is of the form (1.3), is positive
on the real line. The result of von Neumann and Schoenberg expresses in particular
that the converse is true: if r is an even real-valued function such that r(0) = 0 and
Kr(t, s) is positive on the real line, then r is of the form (1.5).

The motivation of von Neumann and Schoenberg comes from imbedding prob-
lems of metric spaces into Hilbert spaces; we will not address this question here, but
refer the interested reader to [5, pp. 81–84] for further information.
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In [20], Krein considers helical arcs defined on an open interval (a, b) ⊂ R, with
values in a complex Hilbert space. Condition (1.4) is replaced by the condition on the
inner product, that is, by the condition that the function

B(t, s) = 〈ξs+v − ξv, ξt+v − ξv〉H
does not depend on v. Krein states that a function B(t, s) corresponds to a helical arc
defined on the real line if and only if it is of the form

B(t, s) =
∫

R

eitu − 1
u

e−isu − 1
u

dm(u) (1.6)

for an appropriate increasing function m; see [20, Theorem 4] and [22, p. 115]. One
can then take

ξt(u) = eitu and H = L2

(
dm(u)

u2

)
,

where L2

(
dm(u)

u2

)
denotes the Lebesgue space of measurable functions square sum-

mable with respect to the measure dm(u)

u2 . In particular, B(t, s) defines a positive kernel
on R. Setting

g(t) = iγ t +
∫

R

{
eitu − 1 − itu

u2 + 1

}
dm(u)

u2

one has

B(t, s) = g(t − s) − g(s) − g(s).

It follows (see also the paper [23, equations (11.16) and (11.17), p. 402] of M.G. Krein
and H. Langer and the preprint [11]) that a function r(t), satisfying r(−t) = r(t), is
such that the kernel Kr(t, s) in Eq. 1.3 is positive on the real line if and only if it can
be written as

r(t) = r0 + iγ t −
∫

R

{
eitu − 1 − itu

u2 + 1

}
dm(u)

u2 (1.7)

where r0 = r(0) and γ are real numbers and where m is a positive measure on R

such that
∫

R

dm(u)

u2 + 1
< ∞.

Furthermore, Eq. 1.7 implies the representation of the kernel

r(t) + r(s) − r(t − s) − r(0) =
∫

R

eitu − 1
u

e−isu − 1
u

dm(u) (1.8)

as an inner product. See [23, equation (11.17) p. 402].
Since m is positive and hence real valued, we have:

Re {r(t)} =
∫

R

1 − cos(tu)

u2 dm(u)

Im {r(t)} =
∫

R

{
− sin(tu) + tu

u2 + 1

}
dm(u). (1.9)
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In particular, when the measure is even and r(0) = 0, one has

γ (t) = 2
∫ ∞

0

1 − cos(tu)

u2 dm(u).

With the equality 1 − cos 2u = 2 sin2 u, and a change of variables, one then recognizes
formula (1.5) of von Neumann and Schoenberg. Note also that the kernel Kr(t, s)
takes the simpler form

Kr(t, s) = r(t) + r(s) − r(t − s). (1.10)

The choice where dm(u) = 1
2π

|u|1−2Hdu with H ∈ ( 1
2 , 1), corresponds to covari-

ance function of the fractional Brownian motion with Hurst parameter H. Indeed,
we have the following computation:

∫ ∞

0

1 − cos(tu)

u2 |u|1−2Hdu =
∫ ∞

0

1 − cos y
y2t−2 y1−2Ht−(1−2H) dy

t
= c(1 − 2H)t2H,

where

c(1 − 2H) =
∫ ∞

0
(1 − cos y)y−1−2Hdy = −1

(1 − 2H)2H

∫ ∞

0
y1−2H cos ydy,

where we have assumed that H 	= 1/2, and where we have integrated twice by parts.
The last integral is computed by integrating the function

f (z) = eize(1−2H) ln z,

where ln z is the principal value of the logarithm in C \ R−, along an appropriate
contour and is found equal to

−�(2 − 2H) cos(Hπ),

where � denotes Euler’s Gamma function. Thus, r(t) = VH

2
|t|2H , where

VH = �(2 − 2H) cos(Hπ)

π(1 − 2H)H
.

The function

KH,α(t, s) = (|t|2H + |s|2H)α − |t − s|2Hα, (1.11)

with

0 < α ≤ 1 and 0 < H < 1,

is a special case of Eq. 1.2 with r(t) = |t|2H and ϕ(x) = xα . It was introduced in
[5, Exercise 2.12 (h) p. 79], is positive in R, and, by Kolmogorov’s theorem, may
assume the role of the covariance function of a zero mean Gaussian stochastic
process. This process was introduced and first studied by Houdré and Villa in [18],
who coined for it the term bi-fractional Brownian motion. The classical Brownian
motion corresponds to the choice α = 1 and H = 1/2 while the choice α = 1 and H <

1 (H 	= 1/2) corresponds, up to a multiplicative constant factor, to the covariance
function of the fractional Brownian motion. For α < 1, one can view this kernel as a
generalization of the covariance function of the fractional Brownian motion. It has
been recently the topic of a number of papers; see [18, 32, 43].
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It is well known that the reproducing kernel space, associated with the covariance
function of the Brownian motion, is the Sobolev space of functions absolutely
continuous on the real line and with square summable derivatives; see [28, p. 25],
[19]. The reproducing kernel Hilbert space associated with the covariance function
of the fractional Brownian motion has also been characterized in a number of places;
see for instance [3, Theorem 4.1 p. 948].

We note that Schoenberg [37, (4), p. 788] also considers the multidimensional
kernel case.

We now turn to the outline of the paper. The paper consists of five sections besides
the introduction. Sections 2 and 3 are of a review nature. The main results appear in
Sections 4, 5 and 6. In Section 2 we recall some of M.G. Krein’s results on positive
kernels of the form (1.3) and of the associated reproducing kernel Hilbert spaces.
These results have been rediscovered within the setting of the fractional Brownian
motion a number of times without reference to Krein’s work. In the third section we
recall several facts on integrals and products of positive kernels and of the associated
reproducing Hilbert kernel spaces. Section 4 contains two proofs of the positivity of
the kernel of the fractional Brownian motion. The first is valid for any H ∈ (0, 1)

while the second is valid only for H ∈ (0, 1/2). In both instances, the positivity of
the kernel is proved by exhibiting it as a sum of positive kernels of the form (1.1);
see formulas (4.1) and (4.8) below. In Section 5 we consider the case of the bi-
fractional Brownian motion and associate to its covariance function an expansion of
the form (1.1). In Section 6 we study some nonlinear transforms associated with the
expansions (1.1).

A note on terminology: Throughout we use the terms positive kernels, positive
functions, covariance kernels or covariance functions interchangeably.

2 The Reproducing Kernel Hilbert Space H(Kr)

Recall that a function K(t, s) defined on a set 
 is said to be positive if it is hermitian:

K(t, s) = K(s, t), ∀t, s ∈ 
,

and if, for every integer n and every choice of points t1, . . . , tn ∈ 
, the n × n matrix
with �j entry K(t�, t j) is nonnegative. In preparation for the forthcoming sections
(see in particular formula (4.6) below), one also may recall that sums and products of
positive functions are still positive functions. The Aronszajn–Moore theorem states
that a function K(t, s) is positive on a set 
 if and only if it can be written as

K(t, s) = 〈 fs, ft〉C, (2.1)

where C is a auxiliary Hilbert space and where s �→ fs is a function from 
 into C.
The space C can be chosen to be the reproducing kernel Hilbert space associated
with K(t, s). This is a Hilbert space of functions on 
, denoted by H(K), uniquely
determined by the following two conditions: (a) For every s ∈ 
 the function

Ks : u �→ K(u, s)

belongs to H(K), and: (b) for every s ∈ 
 and F ∈ H(K)

〈F, Ks〉H(K) = F(s). (2.2)
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Setting fs = Ks in Eq. 2.2, leads to the factorization (2.1).
If K is positive on 
 so is the function mK, where m is a strictly positive function.

We recall that

‖F‖2
H(K) = m‖F‖2

H(mK). (2.3)

For future reference we now recall the characterization of the reproducing kernel
space when a representation (2.1) is available.

Lemma 2.1 Let K(t, s) be of the form (2.1) and let C( f ) be the closed linear span in
C of the functions fs where s runs throughout 
. Then the reproducing kernel Hilbert
space with reproducing kernel K(t, s) is the set of functions of the form

F(t) = 〈x, ft〉C, x ∈ C( f )

with norm

‖F‖H(K) = ‖x‖C .

The next theorem characterizes the reproducing kernel Hilbert space associated
with Kr(t, s). It is a direct consequence of formula (1.8) and Lemma 2.1.

Theorem 2.2 The reproducing kernel Hilbert space H(Kr) associated with Kr(t, s)
consists of functions of the form

H(Kr) =
{

F : F(t) =
∫

R

eitu − 1
u

f (u)dm(u),

}
(2.4)

where f is in the closed linear span in L2(dm) of the functions

χs(u) = eisu − 1
u

, s ∈ R, (2.5)

with the norm

‖F‖H(Kr) = ‖ f‖L2(dm). (2.6)

Theorem 2.2 is proved through different methods in [3, Theorem 4.1 p. 948] for
dm(u) = 1

π
|u|1−2Hdu with H ∈ (1/2, 1). See also [17, 36]. We note that in the case

H ∈ (1/2, 1) the covariance kernel can also be expressed in terms of double integrals
as follows: one has

|t|2H + |s|2H − |t − s|2H = 2H(2H − 1)

∫ t

0

∫ s

0
|u − v|2H−2dudv

and the associated reproducing kernel Hilbert space can be expressed in terms of the
preHilbert space of functions f such that

∫∫

R
2+

f (u) f (v)|u − v|2H−2dudv < ∞,

See [13, 14]. This last space is not complete; see [31, p. 270].
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Remark

(a) In Eq. 2.4, one can take f ∈ L2(m), rather than in the stated closed linear
span; one then looses in general the uniqueness of f in the representation of
F and one has to change Eq. 2.6 to inf ‖ f‖L2(m), where the inf is over all f
corresponding to the given function F.

(b) An important case is when dm is absolutely continuous with respect to
Lebesgue measure and when moreover its derivative satisfies

∫

R

ln m′(u)

1 + u2 du > −∞

Then m′ admits a factorization m′ = |h|2 where h is an outer function. See [16].
(c) For any m such that the space L2(dm) is infinite dimensional and any T > 0,

the closed linear span of the functions χt (defined by Eq. 2.5) for |t| ≤ T has
a special structure. It is a reproducing kernel space of entire functions of the
kind introduced by L. de Branges; see [7, 8, 15, 16]. Its reproducing kernel is of
the form

a(z)a(w) − b(z)b(w)

−i(z − w)

where the functions a and b are entire functions of finite exponential type.
In the case of the fractional Brownian motion, these are the homogeneous de
Branges spaces of entire functions (see [8, pp. 184–189]). The functions a and
b are then expressed in terms of Bessel functions, a fact already observed (in
a slightly different language) by Krein in [21]. See also [17]. We refer to [1] for
more information on the reproducing kernel spaces of the kind introduced by
de Branges and Rovnyak.

(d) To prove that the kernels KH,1 are positive, one can also use the theory of
negative kernels (see [5]). Another proof can be found in [27, p. 209]. The
associated reproducing kernel Hilbert space is given for instance in [30] (with
different representations of the kernels corresponding to H < 1/2 and H >

1/2; see [30, p. 136]), in [6, p. 319], and can also be deduced from the model
for the fractional Brownian motion given in e.g. [24, p. 50], [36, Section 7.2 p.
318], [4]. A characterization as operator range can be deduced from [10, Lemma
3.1 p. 182]).

We now study a relation between the functions f and F of Eq. 2.4. We restrict
ourselves to the case where m is absolutely continuous with respect to the Lebesgue
measure, and resort to the theory of distributions, as we now explain. Denote by
S the space of rapidly decreasing functions. These are the infinitely differentiable
functions σ(u) such that for every choice of (k, r) ∈ N

2,

sup
u∈R

|(1 + u2)rσ (k)(u)| < ∞.
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We refer the reader to [41] and [42] for more information on this space and in
particular on its topology. We denote by S ′ the set of continuous linear functionals
on S . The elements of S ′ are called tempered distributions.

Theorem 2.3 A function F of the form (2.4), defines an element in S ′ whose derivative
is the Fourier transform of the distribution

Tm′ f σ =
∫

R

σ(u)m′(u) f (u)du. (2.7)

Proof We first note that the function m′ f indeed defines an element in S ′ via the
formula (2.7) since, for every σ ∈ S , the integral

∫

R

m′(u) f (u)σ (u)du =
∫

R

m′(u)

(1 + u2)�
f (u)(1 + u2)�σ (u)du,

exists, where � ∈ N is such that (1 + u2)�σ (u) is bounded on the real line. Using
Fubini’s theorem and integration by parts, we have for σ ∈ S

DFσ =
∫

R

σ ′(t)F(t)dt

=
∫

R

σ ′(t)
(∫

R

eitu − 1
u

m′(u) f (u)du
)

dt

=
∫

R

(∫

R

σ ′(t)
eitu − 1

u
dt

)
m′(u) f (u)du

= −
∫

R

σ̃ (u)m′(u) f (u)du,

where we denote by σ̃ the Fourier transform

σ̃ (w) =
∫

R

σ(t)eitwdt.

This last equality expresses the fact that D̃F = Tm′ f , and that the distributional
derivative of F is the distributional Fourier transform of m′ f . ��

Let us now restrict the above results to dm(u) = du. Then, we note that

∫ ∞

0

1 − cos(tu)

u2 du = π |t|
2
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(as is seen by integrating the function f (z) = 1−eitz

z2 around an appropriate contour),
and so

1
2

{|t| + |s| − |t − s|} = 1
π

∫ ∞

0

cos((t − s)u) − cos(tu) − cos(su) + 1
u2 du

= Re
1

2π

∫

R

ei(t−s)u − eitu − e−isu + 1
u2 du

= 1
2π

∫

R

ei(t−s)u − eitu − e−isu + 1
u2 du

= 1
2π

∫

R

eitu − 1
u

e−isu − 1
u

du

= 1
2π

〈χt, χs〉L2(du).

The closed linear span in L2(du) of the functions χt (t ∈ R) is equal to L2(du), and
the reproducing kernel Hilbert space associated with the kernel 1

2 {|t| + |s| − |t − s|}
is equal to the set of functions F of the form

F(t) =
∫

R

eitu − 1
u

f (u)du,

where f ∈ L2(du), with the norm ‖F‖ = 1√
2π

‖ f‖L2(du). This space is known to be
the Sobolev space. We regenerate this result as follows. For f ∈ L1(du) ∩ L2(du),
Fubini’s theorem shows that

F(t) =
∫

R

eitu − 1
u

f (u)du =
∫ t

0

(∫

R

eius f (u)du
)

ds =
∫ t

0
f̃ (s)ds, (2.8)

and

‖F‖ = 1√
2π

‖ f‖L2(R) = ‖ f̃‖L2(R).

The result for general f ∈ L2(du) follows by approximation. If we restrict t, s ∈ [0, T]
for some T > 0, then f belongs to the closed linear span in L2(R) of the functions χs,
s ∈ [−t, 0]. Thus f (t) = ∫ T

0 e−iutg(u)du for some g ∈ L2([0, T]), and we have

F(t) =
∫ t

0

(∫

R

eisx
(∫ T

0
e−ixug(u)du

)
dx

)
ds =

∫ t

0
g(u)du.

3 Integrals and Products of Positive Functions

In this section we briefly review a number of results related to reproducing kernel
Hilbert spaces. The results are stated for functions positive on the real line because
this is the setting we consider, but are valid for functions positive on any set. The first
result is in Schwartz’s paper [40, p. 170]. We outline the proof in our special case for
completeness.



172 D. Alpay, D. Levanony

Theorem 3.1 Let ku(t, s) = k(t, s, u) be a continuous function on R
2 × R+ such that

for every u ∈ R+ the kernel k(t, s, u) is positive on R, and let q be a function positive
and increasing on R+. Assume that

∫ ∞
0 k(t, t, u)dq(u) < ∞. Then the function

k(t, s) =
∫ ∞

0
k(t, s, u)dq(u) (3.1)

is positive on the real line and its reproducing kernel Hilbert space is the Hilbert space∫ ∞
0 H(ku)dq(u).

Proof First we note that the function (3.1) is well defined. Indeed, from the positivity
of ku we get that

|k(t, s, u)|2 ≤ k(t, t, u)k(s, s, u)

and hence by Cauchy–Schwarz inequality we have
∣∣∣∣
∫ ∞

0
k(t, s, u)dq(u)

∣∣∣∣ ≤
∫ ∞

0
k(t, t, u)1/2k(s, s, u)1/2dq(u)

≤
(∫ ∞

0
k(t, t, u)dq(u)

)1/2 (∫ ∞

0
k(s, s, u)dq(u)

)1/2

< ∞.

Consider now the vector space M(k) spanned by the finite linear combinations of
the functions k(t, s), with inner product

〈k(·, w), k(·, v)〉M(k) = k(v, w).

An element F ∈ M(k) can thus be written as a finite sum

F(t) =
m∑

�=1

k(t, s�)c� =
∫ ∞

0

(
m∑

�=1

k(t, s�, u)c�

)
dq(u), c� ∈ C,

with norm

‖F‖2
M(k) =

∫ ∞

0

∥∥∥∥∥

m∑

�=1

k(·, s�, u)c�

∥∥∥∥∥

2

H(ku)

dq(u).

The space H(k) is on the one hand the completion of M(k) with respect to this
inner product. By [12, Section 5, p. 146], this is also the description of the space∫ ∞

0 H(ku)dq(u). By uniqueness of the completion we have the result. ��

Elements of the space
∫ ∞

0 H(ku)dq(u) can be described as follows (see [40, p. 170],
[33, pp. 77 and 96]): A function F belongs to H(k) if and only if it can be written as

F(t) =
∫ ∞

0
x(t, u)dq(u) (3.2)

where for every u, the function xu : t �→ x(t, u) ∈ H(ku), the map u �→ x(t, u) is
measurable for every t ∈ R and the map u �→ ‖xu‖2

H(ku)
is measurable. Moreover,

‖F‖2
H(k) = inf

∫ ∞

0
‖xu‖2

H(ku)dq(u) (3.3)



On reproducing kernel Hilbert spaces 173

where the infimum is over all the representations of a given F in Eq. 3.2.
We refer the reader to [25, 26, 44] and [12, pp. 139–161] for more information on

integrals of Hilbert spaces.
As a special case we have:

Theorem 3.2 Let kn(t, s), n = 1, 2, . . . be positive functions on R and let

k(t, s) =
∞∑

n=1

kn(t, s).

Assume that k(t, t) < ∞ for all t ∈ R. Then

H(k) =
∞∑

n=1

H(kn) (3.4)

in the following sense: H(k) consists of the functions which can be written as

f (t) =
∞∑

n=1

fn(t), (3.5)

where fn ∈ H(kn) and

∞∑

n=1

‖ fn‖2
H(kn) < ∞. (3.6)

Moreover, we have:

‖ f‖2
H(k) = inf

∞∑

n=1

‖ fn‖2
H(kn), (3.7)

where the inf is over all the possible decompositions (3.5) satisfying Eq. 3.6.

We note that the infimum is in fact a minimum and is achieved for the choice

fn = ini ∗
n f

where in is the inclusion map f �→ f from H(kn) into H(k), and where i∗n is its adjoint
operator. See [2, 33].

The sum (3.4) is in general not direct, and the spaces are called complementary;
see [9] for more information on complementation theory.

The following auxiliary result will be instrumental in the following sections. Note
that the result is stated in a form convenient for our present purpose.

Theorem 3.3 Let kn(t, s, u), n = 1, 2, . . . be a sequence of continuous functions
defined on R

2 × R+ and assume that for every u ∈ R+ and every positive integer n
the function kn(t, s, u) is positive on R. Assume that

∞∑

n=1

kn(t, s, u)
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is continuous on R
2 × R+ and that for every t ∈ R

∫ ∞

0

( ∞∑

n=1

kn(t, t, u)

)
du < ∞

Then,

∫ ∞

0

( ∞∑

n=1

kn(t, s, u)

)
du =

∞∑

n=1

∫ ∞

0
kn(t, s, u)du.

Proof For every u ∈ R+ and n ∈ N
∗ we have

|kn(t, s, u)|2 ≤ kn(t, t, u)kn(s, s, u),

and so,
∣∣∣∣∣

∞∑

n=1

kn(t, s, u)

∣∣∣∣∣ ≤
∞∑

n=1

√
kn(t, t, u)

√
kn(s, s, u)

≤
( ∞∑

n=1

kn(t, t, u)

)1/2 ( ∞∑

n=1

kn(s, s, u)

)1/2

and the function u �→ ∑∞
n=1 kn(t, s, u) is absolutely summable for every choice of

t, s ∈ R. The result is then a direct consequence of the dominated convergence
theorem. ��

The next theorem is classical; see for instance [2, 33].

Theorem 3.4 Let k1 and k2 be two functions positive on the real line. Then the function
k1k2 is also positive on the real line. Assume moreover that the functions k1 and k2

are continuous. Then the Hilbert spaces H(k1) and H(k2) are separable. The space
H(k1k2) consists of the restrictions on the diagonal of the elements of tensor product
H(k1) ⊗ H(k2). Let ( fn)n=0,... and (gn)n=0,... be Hilbert space basis of the spaces H(k1)

and H(k2) respectively. Then H(k1k2) consists of the functions of the form

F(t) =
∞∑

n,m=0

cn,m fn(t)gm(t)

with

‖F‖2
H(k1k2)

=
∞∑

n,m=0

|cn,m|2.

From this result we obtain that f1 f2 ∈ H(k1k2) where f� ∈ H(k�), � = 1, 2, and

‖ f1 f2‖H(k1k2) ≤ ‖ f1‖H(k1)‖ f2‖H(k2) and that ‖ f n‖2
H(kn) ≤ ‖ f‖2n

H(k) (3.8)

where k is a positive kernel. See [34, p 243] for the second inequality.
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4 Positivity of the Kernels KH,1(t, s)

In this section we present two decompositions of the form (1.1) of the kernels
KH,1(t, s), defined in Eq. 1.11. The first is valid for any H ∈ (0, 1) while the second is
valid only for H ∈ (0, 1/2).

Theorem 4.1 Let 0 < H < 1.

(a) It holds that

�(1 − H)

2H
(|t|2H + |s|2H − |t − s|2H) =

=
∫ ∞

0

(1 − e−u2t2
)(1 − e−u2s2

)

u1+2H
du

+
∞∑

n=1

2n−1�(n − H)

n!
tnsn

(t2 + s2)n−H
.

(4.1)

(b) A function F belongs to H
(

2H
�(1−H)

KH,1

)
if and only if it can be written as

F(t) =
∞∑

n=0

Fn(t)

with

F0(t) =
∫ ∞

0

(1 − e−u2t2
)x0(u)

u1+2H
du,

where x0 belongs to the closed linear span of the functions 1 − e−u2s2
(s ∈ R) in

L2(u−1−2Hdu), and where for every n ≥ 0,

Fn(t) = tn
∫ ∞

0
e−u2t2

xn(u)u2n−1−2Hdu,

where xn belongs to the closed linear span of the functions e−u2s2
(s ∈ R) in

L2(u2n−1−2Hdu). For any such decomposition,

‖F‖2 ≤
∞∑

n=0

n!
2n

‖xn‖2
L2(u2n−1−2Hdu)

, (4.2)

and there is a unique decomposition for which equality holds in Eq. 4.2.

Proof The proof is based on an idea of I. Schoenberg. We use the equality (see [39,
equation (8) p. 526])

|t|2H =
∫ ∞

0 (1 − e−u2t2
)u−1−2Hdu

∫ ∞
0 (1 − e−u2

)u−1−2Hdu
. (4.3)
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The equality itself is proved by using the change of variable u �→ u|t| in the integral
∫ ∞

0
(1 − e−u2t2

)u−1−2Hdu, 0 < H < 1.

See [39, p. 526]. Moreover, integration by part leads to
∫ ∞

0
(1 − e−u2

)u−1−2Hdu = �(1 − H)

2H
.

From Eq. 4.3 it follows that
(

�(1 − H)

2H

)
(|t|2H + |s|2H − |t − s|2H) =

∫ ∞

0

(1 − e−u2t2
)(1 − e−u2s2

)

u1+2H
du

+
∫ ∞

0

e−u2t2
(e2u2ts − 1)e−u2s2

u1+2H
du. (4.4)

The second term is a decomposition of the form (3.1) with

k(t, s, u) = e−u2t2
(e2u2ts − 1)e−u2s2

and q′(u) = 1
u1+2H

.

The positivity of KH,1(t, s) follows by using the fact that sums and products of positive
functions are still positive. We note that Eq. 4.4 proves that KH,1(t, s) is a covariance
function, but it does not provide a model for it (in the sense given in [24, p. 41]). Still,
one can be somewhat more explicit by using formulas (3.2) and (3.3): A function F
belongs to the reproducing kernel Hilbert space with reproducing kernel

M(t, s) =
∫ ∞

0

e−u2t2
(e2u2ts − 1)e−u2s2

u1+2H
du

if and only if it can be written as

F(t) =
∫ ∞

0

f (t, u)

u1+2H
du

where for every u the function f (t, u) belongs to the reproducing kernel Hilbert space
H(Nu) with reproducing kernel

Nu(t, s) = e−u2t2
(e2u2ts − 1)e−u2s2

and
∫ ∞

0

‖ f (t, ·)‖2
H(Nu)

u1+2H
du < ∞.

Next, and using Theorem 3.3, write:
∫ ∞

0

e−u2t2
(e2u2ts − 1)e−u2s2

u1+2H
du =

∞∑

n=1

2ntnsn

n!
∫ ∞

0
e−u2(t2+s2)u2n−1−2Hdu

=
∞∑

n=1

2n−1�(n − H)

n!
tnsn

(t2 + s2)n−H
,

which recovers Eq. 4.1. ��
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For instance, for a given real number s and for

F(t) = 2H
�(1 − H)

KH,1(t, s)

we have x0(u) = (1 − e−u2s2
) and for n ≥ 1,

xn(u) = 2n

n! sne−u2s2
.

For this choice of x0, x1, . . . equality holds in Eq. 4.2.
The second approach is also related to Schoenberg’s work. Let dm(u) be a positive

measure on [0, ∞) subject to the condition
∫ ∞

1
dm(u) < ∞.

(Note that the Lebesgue measure does not satisfy this last requirement.)
The function

r(t) =
∫ ∞

0
(1 − e−u|t|)dm(u) (4.5)

is then defined for all real t’s. Such functions r(t) have been introduced in [38,
Definition 2, p. 825]. Functions of the form

√
r(t2) are exactly the functions such

that a separable real Hilbert space H (with norm denoted by ‖ · ‖), endowed with the
metric F(‖x‖), can be isometrically imbedded in H. See [38, Theorem 6, p. 828]. In
particular, r is of the form (1.5).

Theorem 4.2 Let r(t) be of the form (4.5). Then the kernel Kr(t, s):

Kr(t, s) = r(t) + r(s) − r(t − s).

is positive on the real line. Moreover, with K1,1(t, s) = |t| + |s| − |t − s| def.= K(t, s),

Kr(t, s) =
∫ ∞

0
(1 − e−u|t|)(1 − e−u|s|)dm(u)

+
∞∑

n=1

Kn(t, s)
n!

(∫ ∞

0
une−u(|t|+|s|)dm(u)

)
. (4.6)

Proof Using Theorem 3.3 we have:

Kr(t, s) =
∫ ∞

0

{
1 − e−u|t| + 1 − e−u|s| + e−u|t−s| − 1

}
m(u)du

=
∫ ∞

0
(1 − e−u|t|)(1 − e−u|s|)dm(u) +

∫ ∞

0

{
e−u|t−s| − e−u(|t|+|s|)} dm(u)

=
∫ ∞

0
(1 − e−u|t|)(1 − e−u|s|)dm(u)

+
∫ ∞

0
e−u|t|(eu(|t|+|s|−|t−s|) − 1)e−u|s|dm(u).
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which proves the positivity of the kernel since for every u ≥ 0, one has

eu(|t|+|s|−|t−s|) − 1 =
∞∑

n=1

un

n! (|t| + |s| − |t − s|)n ��

Remark

(a) The function

�(z, μ) =
∫ ∞

0
uz−1e−μudm(u) (4.7)

is the generalization for any m(u) of the classical Gamma function. Further-
more, the decomposition (4.6) is conducive in applications with regard to non-
linear transforms. See Section 6.

(b) The formula (4.6) allows to characterize the associated reproducing kernel
Hilbert space.

(c) In view of the result of von Neumann and Schoenberg mentioned in the
introduction, and as we already noticed above, any function of the form (4.5) is
of the form (1.5).
In the case where

dm(u) = e−u

u
du

we have r(t) = ln(1 + |t|). This follows from the formula in [5, Corollary 2.10]:

ln(1 + z) =
∫ ∞

0
(1 − e−uz)

e−udu
u

, Re z ≥ 0.

It follows that the function

q(t, s) = ln(1 + |t|) + ln(1 + |s|) − ln(1 + |t − s|)
is positive on R.
The choice

dm(u) = 2H
�(1 − 2H)

1
u1+2H

du

corresponds to the covariance function of the fractional Brownian motion for
H ∈ (0, 1/2) since (see [5, Corollary 2.10 p. 78]),

z2H = 2H
�(1 − 2H)

∫ ∞

0
(1 − e−uz)

du
u1+2H

,

where H ∈ (0, 1/2) and Re z ≥ 0. We check this formula for positive t as
follows. The change of variable v = tu leads to

∫ ∞

0
(1 − e−uz)

du
u1+2H

= t2H
∫ ∞

0
(1 − e−u)

du
u1+2H

= �(1 − 2H)

2H

where the last equality is obtained by integration by parts.
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Specializing Eq. 4.6 to this case leads to:

Theorem 4.3 Let H ∈ (0, 1/2). Then:

|t|2H + |s|2H − |t − s|2H = 2H(|t| + |s| − |t − s|)

+ 2H
�(1 − 2H)

{∫ ∞

0

(1 − e−u|t|)(1 − e−u|s|)
u1+2H

du

+
∞∑

n=2

Kn(t, s)�(n − 2H)

n!(|t| + |s|)n−2H

}
. (4.8)

In particular, the space H(KH,1) contains contractively a copy of H(K1,1).

Proof Indeed, using Theorem 3.3 we have:

|t|2H + |s|2H − |t − s|2H = 2H
�(1 − 2H)

{∫ ∞

0

(1 − e−u|t|)(1 − e−u|s|)
u1+2H

du

+
∞∑

n=1

Kn(t, s)�(n − 2H)

n!(|t| + |s|)n−2H

}

= 2H(|t| + |s| − |t − s|)

+ 2H
�(1 − 2H)

{∫ ∞

0

(1 − e−u|t|)(1 − e−u|s|)
u1+2H

du

+
∞∑

n=2

Kn(t, s)�(n − 2H)

n!(|t| + |s|)n−2H

}
. ��

Remark Formula (4.1) is valid for any 0 < H < 1 and we see that terms of the form
�(n − H) appear in it (n ≥ 1). On the other hand, formula (4.8) is valid only for
0 < H < 1/2, with terms of the form �(n − 2H).

5 A General Family of Positive Functions

Theorem 5.1 Let r(t) be a real valued function such that the kernel Kr(t, s), defined by
Eq. 1.10, is positive on the real line, and let ϕ is of the form (4.5). Then:

ϕ(r(t) + r(s)) − ϕ(r(t − s)) =
∞∑

n=1

Kr(t, s)n

n! �(n, r(t) + r(s)) (5.1)

where �(z, μ) has been defined in Eq. 4.7. In particular the function

V(t, s) = ϕ(r(t) + r(s)) − ϕ(r(t − s)) (5.2)

is positive on the real line.
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Proof With ϕ of the form (4.5), one has

ϕ(r(t) + r(s)) − ϕ(r(t − s)) =
∫ ∞

0

{
e−ur(t−s) − e−u(r(t)+r(s))} dm(u)

=
∫ ∞

0
e−ur(t) {

eu(r(t)+r(s)−r(t−s)) − 1
}

e−ur(s)dm(u)

=
∞∑

n=1

Kr(t, s)n

n! �(n, r(t) + r(s)).

This allows to conclude the proof since the functions Kr(t, s)n and �(n, r(t) + r(s))
are positive on the real line, and so is their product. ��

We now consider the case ϕ(z) = zα and obtain the following analogue of
Theorem 4.3:

Theorem 5.2 Let α ∈ (0, 1). Then:

(r(t) + r(s))α − r(t − s)α = αKr(t, s) + α

�(1 − α)

∞∑

n=2

Kr(t, s)n�(n − α)

n!(r(t) + r(s))n−α
. (5.3)

In particular, the space with reproducing kernel (r(t) + r(s))α − r(t − s)α contains
contractively a copy of H(Kr).

Proof We have already recalled that

zα = α

�(1 − α)

∫ ∞

0
(1 − e−uz)

du
u1+α

.

Using the preceding arguments we therefore obtain:

(r(t) + r(s))α − r(t − s)α = α

�(1 − α)

∞∑

n=1

Kr(t, s)n

n!
∫ ∞

0
une−u(r(t)+r(s)) du

u1+α

= α

�(1 − α)

∞∑

n=1

Kr(t, s)n

n!
1

(r(t) + r(s))n−α
�(n − α)

= αKr(t, s) + α

�(1 − α)

∞∑

n=2

Kr(t, s)n�(n − α)

n!(r(t) + r(s))n−α
.

The last claim of the theorem follows from (5.3) and Theorem 3.2 ��

Remark Formula (5.3) is still valid for α = 1 since the function �(z) has a pole at
the origin.
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6 Associated Non-Linear Transforms

We now associate a non-linear transform (in the sense of Saitoh; see [34, Appendix 2,
p. 243]) to the decomposition (5.1). We begin with a general result.

Theorem 6.1 Let K and Kn, n = 1, 2, . . . be positive kernels on the real line and define

K(t, s) =
∞∑

n=1

Kn(t, s)Kn(t, s).

Assume that K(t, t) converges for all t ∈ R. For every choice of t0 ∈ R, the map which
to f ∈ H(K) associates the function

ϕ( f )(t) =
∞∑

n=1

Kn(t, t0) f (t)n

maps H(K) into H(K). Furthermore,

‖ϕ( f )‖2
H(K) ≤

∞∑

n=1

Kn(t0, t0)‖ f‖2n
H(K). (6.1)

Proof Using Eq. 3.7 and the two inequalities in Eq. 3.8 one after the other, we have

‖ϕ( f )‖2
H(K) ≤

∞∑

n=1

‖Kn(·, t0) f (·)n‖2
H(Kn Kn)

≤
∞∑

n=1

‖Kn(·, t0)‖2
H(Kn)‖ f n‖2

H(Kn)

≤
∞∑

n=1

Kn(t0, t0)‖ f‖2n
H(K)

since

‖Kn(·, t0)‖2
H(Kn) = Kn(t0, t0). ��

As a consequence we have:

Theorem 6.2 Let t0 ∈ R \ {0}, and let ψ be the map which to f ∈ H(Kr) associates
the function

ψ( f )(t) =
∞∑

n=1

�(n, r(t) + r(t0))
n! f (t)n. (6.2)

Then ψ( f ) belongs to the reproducing kernel Hilbert space H(Kψ,r) with reproducing
kernel Kψ,r(t, s) = ψ(r(t) + r(s)) − ψ(r(t − s)) and we have

‖ψ( f )‖2
H(Kψ,r)

≤
∞∑

n=1

�(n, 2r(t0))
n! ‖ f‖2n

H(Kr)
(6.3)
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Indeed, the kernel �(n,r(t)+r(s))
n! is positive on the real line, and

∥∥∥∥
�(n, r(·) + r(t0))

n!
∥∥∥∥

2

H
(

�(n,r(t)+r(s))
n!

) = �(n, 2r(t0))
n! ;

See formula (2.3).
Similar theorems can be stated for the decompositions (4.6) and (4.8). The case

(4.8) will not be pursued here. To present the results pertaining to the case (4.6),
we make a number of additional assumptions. First we restrict ourselves to positive t
and s. The kernel (|t| + |s| − |t − s|)n then takes the form

Kn
1,1(t, s) = (|t| + |s| − |t − s|)n = 2n max(tn, sn),

and the corresponding reproducing kernel Hilbert space is equal to the set of
functions of the form

F(t) =
∫ tn

0
f (u)du, f ∈ L2(R),

with norm (recall Eq. 2.3)

‖F‖2
H(Kn

1,1)
=

∫ ∞
0 | f |2(u)du

2n
=

∫ ∞
0

|F ′(u)|2
nun−1 du

2n
.

See [34, 35]. We will also assume that for some t0 ≥ 0

∞∑

n=1

∫ ∞
0 une−2ut0 dm(u)

2n
< ∞. (6.4)

We have:

Theorem 6.3 Assume that Eq. 6.4 holds. The map which to F ∈ H(K1,1) associates

ψ(F)(t) =
∞∑

n=1

(∫ tn

0
F ′(u)du

)(∫ ∞

0
une−u(t+t0)dm(u)

)

sends H(K1,1) into H(Kr) and we have:

‖ψ(F)‖2
H(Kr)

≤ ‖F ′‖2
L2(R+)

{ ∞∑

n=1

∫ ∞
0 une−2ut0 dm(u)

2n

}
.

In the case of the fractional Brownian motion, the above theorem becomes (recall
that KH,1(t, s) is defined by Eq. 1.11):

Theorem 6.4 Let 0 < H < 1/2 and let t0 > 1/2. The map which to F ∈ H(K1,1)

associates the

ψ(F)(t) = 2H
�(1 − 2H)

∞∑

n=2

(∫ tn

0
F ′(u)du

)
�(n − 2H)

n!(t + t0)n−2H
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sends H(K1,1) into H(KH,1) and we have:

‖ψ(F)‖2
H(Kr)

≤ ‖F ′‖2
L2(R+)

∞∑

n=2

�(n − 2H)

2nn!(2t0)n−2H
. (6.5)

We note that the series (6.5) converges for t0 > 1/2 since �(n) = (n − 1)!.
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30. Molčan, G.M., Golosov, Ju.I.: Gaussian stationary processes with asymptotically a power

spectrum. Dokl. Akad. Nauk SSSR 184, 546–549 (1969)
31. Pipiras, V., Taqqu, M.S.: Integration questions related to fractional Brownian motion. Probab.

Theory Relat. Fields 118(2), 251–291 (2000)
32. Russo, F., Tudor, C.A.: On bifractional Brownian motion. Stochastic Process. Appl. 116,

831–856 (2006)
33. Saitoh, S.: Theory of Reproducing Kernels and its Applications, vol. 189. Longman scientific and

technical (1988)
34. Saitoh, S.: Integral Transforms, Reproducing Kernels and their Applications, vol. 369. Longman

scientific and technical (1997)
35. Saitoh, S.: Representations of inverse functions. Proc. Amer. Math. Soc. 125(12), 3633–3639

(1997)
36. Samorodnitsky, G., Taqqu, M.S.: Stable non-Gaussian Random Processes. Stochastic Models

with Infinite Variance. Stochastic Modeling. Chapman & Hall, New York (1994)
37. Schoenberg, I.J.: On certain metric spaces arising from Euclidean spaces by a change of metric

and their imbedding in Hilbert space. Ann. Math. (2) 38(4), 787–793 (1937)
38. Schoenberg, I.J.: Metric spaces and completely monotone functions. Ann. Math. (2) 39(4),

811–841 (1938)
39. Schoenberg, I.J.: Metric spaces and positive definite functions. Trans. Amer. Math. Soc. 44(3),

522–536 (1938)
40. Schwartz, L.: Sous espaces hilbertiens d’espaces vectoriels topologiques et noyaux associés

(noyaux reproduisants). J. Anal. Math. 13, 115–256 (1964)
41. Schwartz, L.: Théorie des Distributions, 2 edn. Hermann, Paris (1966)
42. Treves, F.: Topological Vector Spaces, Distributions and Kernels. Academic Press (1967)
43. Tudor, C.A., Xiao, Y.: Sample path properties of bifractional Brownian motion. Bernoulli (2007)

(to appear)
44. von Neumann, J.; On rings of operators. Reduction theory. Ann. Math. 50(2), 401–485 (1949)
45. von Neumann, J., Schoenberg, I.J.: Fourier integrals and metric geometry. Trans. Amer. Math.

Soc. 50, 226–251 (1941)


	On the Reproducing Kernel Hilbert Spaces Associated with the Fractional and Bi-Fractional Brownian Motions
	Abstract
	Introduction
	The Reproducing Kernel Hilbert Space H(Kr)
	Integrals and Products of Positive Functions
	Positivity of the Kernels KH,1(t,s)
	A General Family of Positive Functions
	Associated Non-Linear Transforms
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


