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Abstract We extend results on time-rescaled occupation time fluctuation limits of
the (d, «, B)-branching particle system (0 <« <2,0 < 8 < 1) with Poisson initial
condition. The earlier results in the homogeneous case (i.e., with Lebesgue initial
intensity measure) were obtained for dimensions d > «/8 only, since the particle
system becomes locally extinct if d < «/f8. In this paper we show that by introducing
high density of the initial Poisson configuration, limits are obtained for all dimen-
sions, and they coincide with the previous ones if d > «/. We also give high-density
limits for the systems with finite intensity measures (without high density no limits
exist in this case due to extinction); the results are different and harder to obtain
due to the non-invariance of the measure for the particle motion. In both cases, i.e.,
Lebesgue and finite intensity measures, for low dimensions [d < «(1 4+ 8)/8 and d <
a2+ B)/(1 + B), respectively] the limits are determined by non-Lévy self-similar
stable processes. For the corresponding high dimensions the limits are qualitatively

different: S/(]Rd)-valued Lévy processes in the Lebesgue case, stable processes
constant in time on (0, co0) in the finite measure case. For high dimensions, the laws of
all limit processes are expressed in terms of Riesz potentials. If § = 1, the limits are
Gaussian. Limits are also given for particle systems without branching, which yields
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in particular weighted fractional Brownian motions in low dimensions. The results
. . d
are obtained in the setup of weak convergence of S’ (R )-valued processes.

Keywords Self-similar stable process - Long-range dependence -
Branching particle system - Occupation time - Functional limit theorem -

S (]Rd)-valued process

Mathematics Subject Classifications (2000) 60G52 - 60G18 - 60F17 - 60J80

1 Introduction

In order to explain the motivations for this paper, we refer briefly to previous results
on occupation times of the (d, a, 8)-branching particle system, which has been widely

studied, and is described as follows. At time ¢t = 0 particles are distributed in R*
according to a Poisson random measure, and then they evolve moving and branching
independently of each other. The motion is given by the symmetric «-stable Lévy
process, 0 < o < 2 (called standard «-stable process), the lifetime is exponentially
distributed with parameter V, and the branching law has generating function

s+ A=, 0<s<1, (1.1)

1
I+8)
where 0 < 8 < 1. This law is critical and belongs to the domain of attraction of a
stable law with exponent 1 + 8. The case 8 = 1 corresponds to binary branching (0
or 2 particles). This is the simplest in a class of branching particle systems that yield
essentially the same results. We also consider the system without branching (V = 0).

If the initial particle configuration is given by a homogeneous Poisson random
measure, i.e., whose intensity is the Lebesgue measure A, then the system without
branching is in equilibrium, the branching system converges towards a non-trivial
equilibrium state as time tends to infinity for d > «/8, and it becomes locally extinct
in probability for d < «/B [18].

Let (N;)>o denote the empirical measure process of the system (with or without
branching), i.e., N,(A) is the number of particles in the set A C R? at time ¢. The
rescaled occupation time fluctuation process with accelerated time is defined by

1 Tt
Xr() = & / (N, — ENy)ds, >0, (12)
T Jo

where Fr is a suitable norming for convergence as 7' — oco. Note that if A is the
intensity of the initial Poisson configuration, then EN, = A for all ¢ due to the
invariance of X for the standard «-stable process and the criticality of the branching
(or no branching).

With homogeneous Poisson initial condition, functional limit theorems for the
process X7 in the branching case were obtained in [5, 6] for g = 1, where the
limit processes are Gaussian, and in [7, 8] for B < 1, with (1 + B)-stable limit
processes. The limits are dimension-dependent, their main qualitative properties
being that for the intermediate dimensions, «/8 < d < «(1 + B)/B, the process has
long-range dependence, while for the critical and high dimensions, d = «(1 + 8)/8
and d > «a(1 + B)/B, respectively, the processes have independent increments. For
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high dimensions the limits are S’(Rd)—valued (S’(Rd) is the space of tempered

distributions, the dual of S (Rd), the space of smooth rapidly decreasing functions),
and their laws are expressed in terms of Riesz potentials. There is a functional
ergodic theorem for d = «/B [25]. For intermediate dimensions the limit has the form
X = K\&, where K is a constant, and (§,),>¢ is a real non-Lévy self-similar (1 + 8)-
stable process, which for 8 = 11is a sub-fractional Brownian motion, whose properties
are described in [4].

Other papers related to occupation times of branching particle systems and su-
perprocesses are [2, 12, 14-17, 19-23, 26]. Birkner and Zdhle [2] consider occupation
time limits for branching random walks on d-dimensional lattices.

The first motivation for this paper comes from the fact that in the homogeneous
case with g = 1 and d < «, the covariance of the process X7 has a non-trivial limit
as T — oo, which corresponds to a process X of the same form as above, with a
different Gaussian process instead of sub-fractional Brownian motion, but X is not
the limit of X7 because, as recalled above, the particle system becomes locally extinct
if d < . Therefore the question arises if it is possible to give a probabilistic meaning
(related with the particle system) to the process X, by taking a different type of
limit. Our objective is to show that this can be achieved by letting the density of the
initial Poisson configuration tend to infinity in a suitable way as 7 — oo. We will
prove a limit theorem for the process X7 for low dimensions, d < «(1 + 8)/8 (which
includes the old intermediate dimensions), and obtain results for the critical and high
dimensions as well, by taking an initial Poisson configuration with intensity measure
Hpa, where Hy — oo as T — oo (and new normings Fr). It turns out that the limits
coincide with the known ones in the cases where the latter exist, i.e., for d > /8,
and they are new processes for d < «/8, which are also of the form X = Ki&. For
B < 1andd < «/B, & is an extension of a non-Lévy (1 + B)-stable process obtained
in [7] for intermediate dimensions (the process in [7] has the interesting property
that it has two different long-range dependence regimes). For § = l andd < o, § isa
negative sub-fractional Brownian motion, which is a real centered Gaussian process
with covariance

1
Egg =Sl + D ls— M —s" =" s> 0, (1.3)

where h =3 —d/a. For B =1 and d = «, & is a centered Gaussian process with
covariance

E&& = — [(s+0*log(s + 1) + (s — 1) log|s — t|] — s* logs — *logt, s,1> 0.

(1.4)
Some properties of these processes are studied in [10], independently of their origin
in particle systems.

Thus, the high-density limits extend the ranges of the parameters of the branching
particle system for convergence of X7 obtained in [5-8] without high density, so that
all cases are now covered, including dimensions d below and at the extinction border
o/ .

For completeness, we will also include high-density limits for the system without
branching, but there are no novelties in the sense that the limits coincide with those
for the homogeneous Poisson case without high density.

N =
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The second motivation is the question of what happens with the occupation times
of the particle systems if the initial Poisson configuration has finite intensity measure.
In this case the branching system becomes extinct a.s., while the non-branching
system becomes locally extinct a.s. if d > «, and if d < «, then (I/FT)fOT E(N;, ¢)ds

converges to a finite limit for any ¢ € S (Rd) and (1/Fr) fon Nids has a non-trivial
limit in law (see [9], the latter result is akin to the Darling—Kac occupation time
theorem [13]). For these reasons it does not make sense to study asymptotic occupa-
tion time fluctuations. We will show that high density of the initial Poisson condition
can be used to compensate extinction and obtain non-trivial limits for X7. We will
consider an initial Poisson configuration with intensity measure Hru, where p is a
finite measure and Hy — oo as T — oo. This yields results for the occupation time
fluctuations of the branching and the non-branching systems, with new types of limits.
These results are different, and significantly more difficult to obtain than the previous
ones, because the Poisson intensity measure is not invariant for the standard «-stable
process (if the intensity measure is u, then EN, = u7;, where 7, is the semigroup of
the standard «-stable process).

For the branching system with finite measure u, the low, critical and high di-
mensionsared < a2+ B)/(1+ B),d=a+ B)/(1 + B),andd > a2+ B)/(1 + B),
respectively. In the first two cases the limit processes are of the form KA&. For low
dimensions, & is a non-Lévy (1 + B)-stable process, which is different from the one
obtained in the homogeneous case. For the critical dimension, & is a process constant
in time on (0, 00), given by a (1 4+ B)-stable random variable. In these two cases the
measure u figures only through its total mass, which appears as a constant. For the

high dimensions the limit is a process constant in time on (0, c0), given by an S ’(Rd)_
valued (1 + B)-stable random variable whose law is expressed by means of a Riesz
potential. In this case p has a non-trivial effect on the spatial distribution of the
limit process. So, in addition to the critical borders being different for Lebesgue and
finite measures, the limit processes are qualitatively different for the two cases in the
corresponding critical and high dimensions.

For the non-branching system, the low, critical and high dimensions for the high-
density limits with finite measure are d < o, d = @ and d > «, respectively. Ford < o
the limit has the form KXp, where p is a special case of a weighted fractional Brownian
motion studied in [10], i.e., centered Gaussian with covariance

SAT
Epsp; = / W — w4 (s — )N du, s, 1> 0. (1.5)
0

For d = o and d > «, the limits are constant in time on (0, co), analogously to the
branching case in the corresponding critical and high dimensions. They are Gaussian
with covariances expressed by means of Riesz potentials.

The proofs in this paper are analogous to those in [5-9], but there are new
complexities that require a more comprehensive approach. We will explain the
general scheme at the beginning of the proofs, but we stress that its implementation
in specific cases is not at all straightforward, and it becomes quite cumbersome
technically in the case of finite measure. We will refer often to our previous papers
(specially [7]) for some technical points, in order to shorten the length of this article,
and the main parts of the proofs given here are devoted to arguments that involve

something new. The general setting is weak convergence of &' (Rd)-valued processes,
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Self-similar stable processes and particle systems 75

which covers the cases where the limit process is measure-valued and those where it
3 13 b5 !/ d
is “truly” §'(R")-valued.

We will use the following notions of weak convergence of S’ (Rd)-valued processes
(recall that S (Rd) denotes the space of smooth rapidly decreasing functions, S(Rd),
the dual of S (Rd), is the space of tempered distributions, and (-, -) stands for duality
pairing):

=¢ is the convergence in law in C([0, ], S’(Rd)) for each 7 > 0;

=c. Iisthe convergence in law in C([e, 7], S’(Rd)) foreach0 < ¢ < t;

= 1is the convergence of finite-dimensional distributions;

= is the convergence in the integral sense, i.e., X7 =; X as T — oo if, for any
7 > 0, the S’(Rd+1)-random variables X7 converge in law to X, where X
(and, analogously, X7) is defined by

(X, D) :f (X (), D(,0)dl, @ € S(R‘”l). (1.6)
0
We denote generic constants by C, Cy, C,, ..., with possible dependencies in
parenthesis.
2 Results

Before stating the results we introduce two (1 + g)-stable processes which appear in
the theorems below (0 < B < 1 is fixed).

Let M be the independently scattered (1 + §)-stable measure on R with
control measure A4y (Lebesgue measure) and skewness intensity 1, i.e., for each

A€ B(R(Hl) such that 0 < A441(A) < 0o, M(A) is a (1 + B)-stable random variable
with characteristic function

b4
exp{—kd+1(A)|z|1+f‘(l — i(sgnz) tan 5(1 + ﬁ)) } zeR,
the values of M are independent on disjoint sets, and M is o-additive a.s. (see [24],

Definition 3.3.1).

Let p,(x) denote the transition density of the standard «-stable process in Rd.
We define the following processes:

t
& = f (uaﬂ(r) / pu,,(xmu)M(drdx), t20, 1)
R.',Hl r

G = / (lm,f](wp}/(“ﬂ)(x) f pu,,(x)du)erdx), (20, (22
R! r

where the integral with respect to M is understood in the sense of [24] (3.2-3.4).

Proposition 2.1 The process & is well defined if d < a(1 + B)/B, and the process ¢ is
well defined if d < a2+ 8)/(1 + B).
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The process & is an extension of the one studied in [6].
We denote by 7, the semigroup of the standard «-stable process, i.e., Z,p = p; * ¢.
For d > o, we denote by G the potential operator

Go(x) = / Tip(x)dt = Coa / 7(/)@)[1,“ dy. (23)
0 R [X — |
where
(5
Caa = 2“7‘[‘1/21"(%). (24)

We start with the high-density branching system described in the Introduction,
where the intensity measure of the initial Poisson configuration is HrA.

Theorem 2.2 Consider the (d, «, 8)-branching particle system with branching mecha-
nism (1.1) and initial intensity Hyh, Hy — oo. Let X1 be defined by Eq. 1.2.

(a) Assume

1
a< 2P 2.5)
B
Let Hy be such that
Jim H;PT'-%/% = 0, (2.6)
and
F7P = Hpr>p-dble, (2.7)
Then X1 =c K\ as T — oo, where & is defined by Eq. 2.1 and
1% T 1/(14+B)
K=|(- e . 2.8
( 1+,30052( +,B)> (2.8)

(b) Assume d=a(l+B)/B and F1T+ﬂ = HyTlogT. Then Xt =; KiAn and
X1 =7 KiAnas T — oo, where n is a real (1 + p)-stable process with stationary
independent increments whose distribution is determined by

Eexplizn} = exp{—t|z|l+’3(1 — i(sgnz) tan %(1 + ﬁ)) } zeR, >0,
(2.9)
and

8 N 1/(1+8)
p1(x)dx cos 5(1 + ﬁ)) )

e (] )

Moreover, if B = 1, the convergence holds in the sense = .
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(c) Assumed>a(l+p)/B and F;’ = HyT.

(1) If0o<B <1, then X7 =; X and X7 =7 X as T — oo, where X is an S/(Rd)-
valued (1 + B)-stable process with stationary independent increments whose
distribution is determined by

Eexp{i(X(®), ¢)}
= exp{—]{l+ﬂ1/ |G¢(x)|‘+ﬁ(1 — i(sgnGo(x)) tan %(1 + ﬁ))dx},
Rd

peSRY, >0,

K is given by Eq. 2.8 and G by Eq. 2.3.

2) If B=1, then Xy =¢c W as T — oo, where W is an S’(Rd)-valued Wiener
process with covariance

E(W($), o) (W), ¢2)) = (s A 1) /Rd [V(Ge1(x0)(Gp2(x)) + 291 (x) Gea (v)] dx,

o102 € SRY, 51> 0.

Remark 2.3

(a) For d > a/B, the limits in Theorem 2.2 are exactly the same as in the model
without high density [5-8]. Thus, if the limits without high density exist, then
increasing the initial density of particles does not change the results.

(b) Observe that assumption 2.6 is a restriction only if d < «/p.

(c) Ifd < a/pB, then the limit processes are extensions of those studied before [5-8]
in the sense that the ranges of the parameters are increased.

In [7] we discussed some basic properties of & defined by Eq. 2.1 fora/8 < d <
a(1 4+ B)/B. It turns out that & has the same properties also for the full ranges
of parameters. We collect them in the following proposition.

Proposition 2.4 Assume Eq. 2.5.

(a) & is (1 + B)-stable, totally skewed to the right if B < 1.

(b) & is self-similar with index b = 2+ B — dB/a)/(1 + B), i.e,
(Ealla"wsatk)éab(gl‘]a”'vslk)’ ﬂ>0.

(¢) & has continuous paths.
(d) & has the long-range dependence property with dependence exponent

d
— if eith =2 2 and
" if either ,ora<2an ﬁ>d+o¢’
K= (2.10)
d 1+ 58 d if 2 and B <
— - < .
o d+«o “ Td+a

All these properties are obtained the same way as in [7]. Property (a) follows
from the definition, (b) and (c) are consequences of Theorem 2.2, and (d) can be
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obtained exactly as in Theorem 2.7 in [7]. Recall that the dependence exponent of & is
defined by

‘ .7 i t I{: > : L?(Zh 2, U, v, S, t) = 0(1 V) as T }’
212 cR 0<u<v<s< Z u

where
D7(z1, z2:u,v,8,1)
=|log Eei(zl(Eu—$x¢)+zz(51+z—§r+x)_log Eeizl(éu—&)_log Eeizz(Sﬂr—STH)L (2.12)
see Definition 2.5 in [7].

The process & can be described more explicitly in the case g = 1.

Proposition 2.5 If f =1 and d <2, then & is a centered Gaussian process with
covariance

E&
p1(0)
(1-He-9H3-9

1
(5[(s+t)3‘d/°’+|s—t|3‘d/“]—s3‘d/°‘ —t3_d/°‘) ifd#a, (2.13)

p1(0)
2

1
(5[(54-[)21og(s—i-t)—|-(s—t)2 log |s—l|]—s2 logs—t2 10gl) ifd=a, (2.14)

s, t>0.

The Gaussian process & with covariance (2.13) is (up to a multiplicative constant)
a sub-fractional Brownian motion if @ <d < 2«, and a negative sub-fractional
Brownian motion if d < «. These processes are studied in [4] and [10], respectively.
The latter paper also contains a proof of the non-semimartingale property of the
process with covariance (2.14).

Next we consider the system without branching. In this case it is known that if
the initial intensity measure is A, then the limit of X7 exists for all dimensions [5, 6].
The observation in Remark 2.3 (a) also applies here, i.e., introducing high density of
the initial configuration does not have any effect on the results. For completeness we
give the corresponding theorem.

Theorem 2.6 Let X7 be defined by Eq. 1.2 for a system without branching with initial
intensity Hr), Hr — oo.

(@) Ifd<a and Fr= HIT/ZTI“W"‘, then Xr=cK)9 as T — oo, where ¥ is a
fractional Brownian motion with Hurst parameter 1 — d/2a, i.e., a centered
Gaussian process with covariance

1
E¥,0, = E(sH/“ + 27 s — g2 s 1> 0,

and

K 2T (d/ o) 12
B <na<2 —dfa)(1 - d/a)) '
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(b) Ifd=a and Fr=(HrTlogT)'? then Xr=cK A" as T — oo, where 9V
is a standard Brownian motion and

Ky = Q%27924r(d/2))~"/2.

(¢c) Ifd>a and Fr=(HrD)'? then Xr=c W as T— oo, where WO is an
S/(Rd)-valued Wiener process with covariance

E(WOs), o) (WO 0, 02)) = (s A D)2 / 91 (x)Gea(x)dx, 5,1 >0,
Rd
where G is given by (2.3).

An analysis of the proofs of Theorems 2.1 in [5] and [6] shows that the same
argument can be employed in the present case, therefore we omit the proof of
Theorem 2.6.

We now pass to the branching system with finite initial intensity measure.

Theorem 2.7 Consider the (d, «, B)-branching particle system with initial Poisson
intensity Hru, where u is a finite measure and Hy — oo. Let X1 be defined by
Eq. 1.2.

(a) Assume

a2+ B)

d < 2.15
1+ 8 @)
Let Hy be such that
Jim H;”T =0, (2.16)
and
F’;ﬂ-‘? — HTT2+ﬁ7(d/a)(l+ﬁ)' (217)
Then X1 =¢ K\¢ as T — oo, where ¢ is defined by Eq. 2.2 and
1% d P 1/(14+8)
K_<—mu(R )cosa(l—l—ﬂ)) .
(b) Assume
2
de o +,3), (2.18)
1+8)
let Hy satisfy Eq. 2.16, and
FyP = HrlogT. (2.19)

Then Xt =c. Kiin as T — oo, where 0, is a (1 + B)-stable random variable,
totally skewed to the right (see Eq. 2.9), and

B 174 d pl(y) T 1/(1+B)
K, —Ca,d(——Hﬁu(R )/IR s dyeos 5 ( +ﬂ)) ,

where Cy 4 is given by Eq. 2.4.
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(©)

Assume

a2+ B)

d> ——=,
a+p8)

(2.20)

let Hy satisfy Eq. 2.16 and
F*% = Hy. (2.21)

() If0<B <1, then X;p =c. X as T — oo, where X is an S’(Rd)-valued
random variable with characteristic function

Ee%9 = exp{— |Go(x)|'*?

1+ 8 Jr

[1 — i(sgnGo(x)) tan %(1 + ,8)] Gu(dx) cos %(1 + /3)}, (2.22)

where G is given by (2.3).

(@) If B =1, then X7 =c. X as T — oo, where X is a centered S’(Rd)-valued
Gaussian random variable with covariance

14
E{X, ¢1)(X, ¢)) = 2/Rd [@u(x)Gwz(x) + E(Gwn(x))(Gwz(X))} Gu(dx).
(2.23)

Remark 2.8

(a)

(b)

(©)

In parts (a) and (b) of Theorem 2.7 the dependence of the limit processes

on u is quite weak; ,u(Rd) appears only in constants. On the other hand, for
high dimensions [part (c)] u has a non-trivial effect on the spatial structure of
the limit.

The limit processes in parts (a) of Theorems 2.2 and 2.7 are similar, while parts
(b) and (c) of these theorems (the time structures of the limits) are substantially
different. Note also that for g < 1 in the present case the convergence is
stronger (= ¢, instead of =; and = ). On the other hand, it is clear that one
cannot expect to have convergence on the whole interval [0, 1], since the limit
process is discontinuous at 0.

For large dimensions [part (c)], analogously to the case of the Lebesgue
measure, the limit for § = 1 is not obtained from Eq. 2.22 by putting g = 1.
An additional term appears in the covariance, related to the system without
branching, due to slower growth of Fr (see Eq. 2.26 below).

In the next proposition we collect properties of the process ¢ in Theorem 2.7 (a).

Proposition 2.9 Assume Eq. 2.15 and let ¢ be defined by Eq. 2.2.

(a)
(b)
(c)
(d)

¢ is (1 + B)-stable, totally skewed to the right if B < 1.
¢ is self-similar with index 2+ B)/(1 + B) — d/«.

¢ has continuous paths.

¢ has long-range dependence exponent d/ .
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The long-range dependence exponent of ¢ does not depend on 8, whereas the
process € has two long-range dependence regimes, one depending on g (cf. Eq. 2.10).

We remark that the covariance of the Gaussian process ¢ in the case 8 = 1 does
not have a simple form (in contrast with &, see Proposition 5.2).

Finally, we turn to the non-branching high-density system with finite initial
intensity measure.

Theorem 2.10 Let X1 be defined by Eq. 1.2 for a system without branching with initial
Poisson intensity Hru, where u is a finite measure and Hr — oo.

(a) Ifd <aand
Fr = H> T4, (2.24)

then X1 =¢ (ZM(Rd)/(l —d/a) 2pi(0)rp as T — oo, where p is a centered
Gaussian process with covariance

INS
Epspr = / w L — )"V + (s — )"V du, s,t > 0. (2.25)
0

b) Ifd=«a and Fr = Hl/zlog T, then X7 =c. (21 Rd 1/2p1(0)y as T — oo,
T :
where y is a standard Gaussian random variable.
(¢) Ifd>«a and Fr = HIT/2, then X1 =c. X as T — oo, where X is a centered

d . . . .
S’ (R )-valued Gaussian random variable with covariance

EX. o)X =2 [ 010 G0 Gu(an), (2.26)
with G given by (2.3).

Remark 2.11

(a) Asin the branching case (Theorem 2.6), there is a substantial difference in the
time structures of the limits for d > «.

(b) The process ¢ with covariance (2.25) belongs to a class of weighted fractional
Brownian motions which is discussed in [10], in particular its long-range depen-
dence is studied.

3 Proofs

Proof of Proposition 2.1 1t is known that existence of the processes & and ¢ defined
by Egs. 2.1 and 2.2 is equivalent to

t t 1+8
u_r(X)dr drdx < oo, t>0, 3.1
. p
R Jo r

t t 1+8
/ / pr(x) (/ pu,,(x)du> drdx < o0, t>0, (32)
R Jo r
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respectively (see [24]). On the other hand, from Lemma A.1 in [17] it follows that

t 1+ 1
/ (f pu(x)du) dx <oo, t>0 if d< m, (3.3)
R* \Jo B
and
t 2+p
2
/ (/ pu(x)du> dx <oo, t>0 if d< w. (34)
R \Jo 1+8
Equation 3.1 is an immediate consequence of Eq. 3.3, and Eq. 3.2 follows from the
Holder inequality and Eq. 3.4. O

3.1 General Scheme

We present a general scheme which will be employed in the convergence proofs. We
consider a general (d, o, §)-branching system, initially Poisson with intensity measure
vy. Without loss of generality we take the time interval [0, 1],1.e., 7 = 1 (see the end
of Section 1). Let X7 be defined by Eq. 1.2.
Analogously as in [7] (Theorem 2.2) and [8] (Theorem 2.1), we prove that

Jim_ Ee~X1:®) — e~ (X.9) (3.5)
where X is the corresponding limit process, ® € S (Rd+1), ® > 0, and X 7 and X are
defined by Eq. 1.6. As explained in [7], due to the special form of the limit (either
Gaussian or (1 + B)-stable totally skewed to the right), Eq. 3.5 implies X7 =; X.
To prove convergence =¢ (or =¢.), according to the space-time approach [3], it
suffices to show additionally that the family {(X7, ¢)}7=0 is tight in C([0, 1], R) [or
C(le. 11, R)].

For simplicity we consider ® of the form

O(x, 1) =9 @Y(x,0) = oY), ¢eSRY), yeSMR), ¢y =0.

It will be clear from the proofs that for general ® the argument is analogous.
Denote

1 1
or="pm9 A0 =ft Y (s)ds, xr(®) =x (%) (3.6)

Let

t
vr(x, ) =1-— Eexp[—/ (N, o) xr (T —t—i—r)dr}, 0<t=<T, (3.7)
0

where N* is the empirical process of the branching system started from a single
particle at x. It is known that v satisfies the equation

! |4
vr(x, 1) = / t_u[mﬂ— (1 = vr(,w) = ﬂv;+ﬁ(~,u>}(x>du, 0<t<T,
0
(3.8)
(see [7], Eq. 3.3). From Egs. 3.7 and 3.8 we obtain immediately
0<vr =1, (3.9)
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and
t
vr(x, 1) 5/ LT (X) x7(T — wydu. (3.10)
0

By Eq. 1.2, the Poisson property, Eq. 3.7 and E(N}, ¢) = T,¢(x), we have

B T
Ee—(XT0®¥) _ exp{—/ vr(x, Tvr(dx) +/ / ’];(pT(x)XT(u)duvT(dx)}.
R? R Jo

(3.11)
Hence, by Eq. 3.8,
% |4
Ee~X198¥) — exp { 15 I(T) + I,(T) — T ;3[3(T)} , (3.12)
where
T s 1+
Ii(T) =/ / TP{(/ Ty—worxr(T — u)du) ](x)dsvr(dx), (3.13)
RrR? Jo 0
T
L(T) =/R"/ Tr—s(erx7(T — $)vr (-, 5)) (X)dsvr(dx), (3.14)
0

T s 1+
I(T)= / / TT_SK / ’TS_,,(pTXT(T—u)du) —u‘;ﬂ(.,s)](x)dsw(dx). (3.15)
RrRJo 0

In most of the cases (with the exception of large dimensions and § = 1, where I, has
a nontrivial limit), we prove

lim eV/IHANT) — po=(Xpoy) (3.16)
Jim I(T) =0, (3.17)

and
Jim I(T) =0. (3.18)

Note that if vy = HyA, then formulas (3.13-3.15) have simpler forms due to invari-
ance of A for 7;. If vy is finite (hence not invariant under 7;), then the proofs are more
involved.

To prove Eq. 3.17 we will use the inequality

T T
<< / / f T (¢ Tup) (¥)dudsvy (d), (3.19)
F7 JriJo Jo

which is an easy consequence of Eqs. 3.6 and 3.10.
To obtain Eq. 3.18 we apply the elementary inequality

(a+b)HF —gtF < p™F 4 (1 _|_’3)a(l+ﬁ)/2b(l+ﬁ)/2’ a,b>00<p<I,
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then by Egs. 3.10 and 3.8 we obtain

1+

T s s
osnn= [, [ TT—s( [ Festorar o+ [ zfuv;*ﬂ(v,um) (7 (@)
0 0 0

T s s | (1+p)/2
+<1+ﬂ)/,/ TH[U 7;7u(<prx<T—u>vT(-,u))+/ Tsfuv;““’(-,u)du>
R Jo 0 0

x v$+ﬂ>/2(.,s)](x)w(dx).

We apply the Schwarz inequality to the second term, then we use (a+ b)!™# <
C(@"*? +b'*), a, b > 0, in both terms, and finally, by Eq. 3.10, we arrive at

0< (7)< C<JI(T> + o (T) + (Ji(T) + h(T))‘”h(T)”z), (3:20)

where

T s u 1+8
J(T) = / / TT_SK / T (w / %_rwdr) du) ](x)dsw(dx)
R Jo 0 0
1 T T T 1+5+
< F%W‘/];gdfo ’]§|:(/(; 7, ((p/(; T,(pdr>du) _(x)dsvT(dx), (3.21)

T s u 1+8 1+84
J(T) = / / TT75|:</ T (/ thr(PTdr) du) (x)dsvr(dx)
R Jo 0 0 J
1 T T T 1+p 1+
F;}+ﬁ)(1+ﬂ) /Rd/O 7: |:</() 7:4 </0 Z(K)dr> du) ](X)dSVT(dx)

and

(3.22)
Given Eq. 3.16, in order to prove Eq. 3.18 it suffices to show that
Th_)n;o J(T)=0 (3.23)
and
Tlgr;o Jo(T) = 0. (3.24)

Note that our method of proof of =; convergence (based on Egs. 3.8 and 3.11)
gives also convergence of finite-dimensional distributions (see, e.g., the proof of
Theorem 2.1 in [8]).

In the proofs of tightness of {(X7, ¢)}rs2 we follow the idea of [7] (proof of
Proposition 3.3). Fix 0<t, <t, <1 (or ¢ <t; <, <1 in the proofs of= ¢ .convergence),

andlet y €S (Rd) be such that the corresponding x (see Eq. 3.0) satisfies
0 <x = 1[[112]. (325)

We now repeat the argument of the previous part with ¢ replaced by if¢, 6 > 0. Let
v, 7 be the analogue of Eq. 3.7. Using the inequality

I1—e?| <2lz] if [ef]<1, zeC, (3.26)
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we have

t
[ve,7(x, )| < 20/ (N, o) x7(T — t + 5)ds
0

t
=20 / Ti—sor(X) x7(T — s)ds. (327)
0

The function vy 7 also satisfies Eq. 3.8 with if¢ (we have not assumed ¢ > 0, but it is
not needed for Eq. 3.8 to hold). Hence by Eq. 3.11 we obtain

Eexp{—i0 (X7, ¢ ® %)} = exp{ Ag(T) + Bo(T)}, (3.28)

where

T
Ag(T) = i6 /R ) /0 Tps(mT(T—s)ve,T(-,s)>(x)dsvT(dx), (3.29)

T
By(T) = % /R | /0 TT,s<v9'fTﬁ(-,s)>(x)dsuT(dx). (3.30)

From Eqgs. 3.28, again by Eq. 3.26, we have
0 <1 —ReEexp(—if(Xr, ¢ @ ¥)} < 2(1Ag(T)| + | Bo(T))), (3.31)

and this implies

- 1/8
P((XT, 9 ®@¥)| =) < CS/ (1Ag(D)| + [Bo(THDdO, 6 >0, (3.32)
0

(see e.g., [11], Proposition 8.29). The tightness will be proved if we show that
|Ag(T)| < Clp. 0, H)O* (5 — 1), (3.33)
and
|Bo(T)] < Clg.o b, V. 5065 — 1), (3.34)

for some o, h > 0. Indeed, Eqs. 3.32-3.34 imply, for 0 < o < 1,
~ C
P((Xr.9®¥)| = 0) < (& — 1) *°. (3.35)

We take ¢ approximating &, — &, and we see that the left-hand side of Eq. 3.35 can
be replaced by P(|[(X7(%2), ¢) — (X7(t1), ¢)| > o). Hence tightness follows by a well-
known criterion [1]. (In the case of =, convergence we use additionally the fact
that, as observed above, (X7(¢), ¢) converges in law).

In the proofs of Egs. 3.33 and 3.34, we combine Eq. 3.27 with 3.29 or 3.30,
respectively, obtaining

|Ag(T)| < 26%A(T), (3.36)
2l+ﬂv
|Bo(T)| < le/30”“’11(T), (3.37)
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where

1 Tors s u
A =g [ [0 [ T (1= 3) x (1= 7) dudsvr@n. 639)

and [, (T) is given by Eq. 3.13.

Hence we have reduced the proof of tightness to estimating A(7) and [,(T) by
C@th — dnyl+e.,

A similar scheme is applied in the cases without branching. We also have Eq. 3.11
where v satisfies Eq. 3.8 with V = 0. Then instead of Eq. 3.12 we have

Ee~(Xre@¥) — (h(D)-I(T) (3.39)

where
T ps
I(T) = /]Rd/o /0 Tr—s(@rTi—uor) ) x7(T — w) x7(T — s)dudsvr(dx), (3.40)

T ps
I,(T) = /]R‘I/o /0TTfs(fpﬂluwTvT(xM))(X)XT(T—M)XT(T—S)dudSUT(dx), (341)

and we show that

Tlim N — Ee_u?"”@'/’), (3.42)
and
lim I,(T) =0. (3.43)
T—o0

Also, the proof of tightness uses the same method as before with By (T) = 0 (see
Eq. 3.30).

This general scheme is applied in all the proofs (with vy = Hri or v = Hyp,
finite measure). However, as we have mentioned in the Introduction, its implemen-
tation in specific cases is not straightforward.

Proof of Theorem 2.2 We will prove only part (a) of this theorem, as the remaining
parts can be obtained the same way as in [6] and [8]. Also, since the proof of (a) is
similar to the proof of Theorem 2.2. in [7], we present only the main steps.

We follow the general scheme. Recall that in this case v = HrA. In order to show
Eq. 3.16 it suffices to prove

1 1 r 1+
lim I,(T) =/ / (/ / (p(y)w(r)/ pu,s(x)dudrdy> dsdx, (3.44)
T—o0 R Jo R Js s

and this can be done the same way as Eq. 3.21 in [7]. Note that H; cancels out in
I,(T) (see Eq. 3.13), and in the proof of Eq. 3.21 in [7], «/B < d was not used, only
Eq. 3.1 was important.
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Next, we prove Eq. 3.17. By Eq. 2.7, after obvious substitutions Eq. 3.19 has
the form

1
L(T) < CH;—Z/(H—ﬁ)TZ(dﬂ/afl)/(lﬂS) /Rd/ (p(x)’TTu(p(x)dudx
0

— e~ TIx*
< cypasie i [0 G par, (3.45)
R [x[®
where we have used 1—-2/(14+8) <0, the Plancherel formula, and the fact that
T.o(x) =e "¥I"g(x) (" denotes Fourier transform, defined by ¢(z) = Jre X2 (x)dx,
zZ € Rd, where - is the scalar product in Rd). Hence it is clear that Eq. 3.17 holds if
a/f <d<a(l+p)/Bandifd < a/B (we use (1 — e THI") /(T|x|%) < C).
For d = o/, we estimate the right-hand side of Eq. 3.45 by

T N
ottt [ ( ) 00 P,

Tix|* |x[/2

which tends to 0 as 7 — oo, since o < d.

To prove Eq. 3.18 we show Eqgs. 3.23 and 3.24. By Eq. 2.7, on the right-hand side of
Eq. 3.21 Hy appears only as a factor Hy/H?% (which is bounded), and the remaining
term tends to 0 by the same argument as in [7] (see the proof of Eq. 3.33 therein,
where only Eq. 3.1 was used). Hence we obtain Eq. 3.23.

So far we have not used the assumption 2.6; it will be needed in the proof of
Eq. 3.24.

By Eq. 3.22, repeating the argument of [7] (see Eq. 3.35 therein and the estimates
following it), we obtain

Jo(T) < CH,P 1'%/ 5 0,

by assumption Eq. 2.6. This completes the proof of Eq. 3.5 by 3.44 and 2.1.
In order to prove tightness, we show Eqgs. 3.33 and 3.34 with # = 1 and
d
0<0<<1+ﬂ——'3>/\ﬂ. (3.46)
o
Note that in Eq. 3.13 Hy cancels out, and then the proof of Eq. 3.34 follows the lines
of the proof of Eq. 3.49 in [7]. The assumption o < 8 is needed in order to have
(1+8)/(1+0) > 1(see Eq. 3.56 in [7]).
It remains to show Eq. 3.33. By Eq. 3.38 we have

1 Hr T?
d 772/(0+B) T22+p—dB/a)/(1+B)
(2m) HY T o

A(T) =

1 1
/ X(S)/d @(X)Iz/ e Ty () dudxds
0 R s

1
<
~ @2m)d

1 l—0o
o~ 2 -
[ 1wl ( - TW) dx, (3.47)
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where in the last estimate we used

. 1 l1—0o 1 o
/ o TS (o < (/ e*T(”*S)'x‘“dr> </ X(u)du)

1—o
=< <m> (t —1)° (3.48)

for any 0 < o < 1. Hence Eq. 3.33 follows immediately if d < «/B. For d > «/8 (this
case was also treated in [7]) we write (1 + T'|x|*)~1=9) < T°~!x|*C~D we use @ < d
and Eq. 2.5, and we see that for o satisfying Eq. 3.46 the estimate 3.33 holds since the
term involving 7 tends to 0. O

Proof of Proposition 2.5 From Eq. 2.1, for = 1 we have

SAL s t
gee= [ [ [ [ pesopi diduasar

SAL N t
= p1(0) f f / W+ — 2r)" Y du dudr, (3.49)
0 r Jr

by the Chapman—Kolmogorov identity and the self-similarity of the standard «-stable
process. Hence Eqgs. 2.13 and 2.15 follow by calculus. O

Proof of Theorem 2.7 Proof of part (a). According to the general scheme, we show
Eq. 3.16, which amounts to proving

d 1 1 1+8 1+8
lim 1(T) = p(R / / ips(y)< / puﬁ(y)x(u)du) dyds( / 1w(z)dz) :
—o0 0 JR s R

(3.50)

In Eq. 3.13 with vy = Hypu we substitute u’' = (T —u)/T,s' = (T —s)/ T, we use
the self-similarity of the «-stable density,

Pse(x) = 17 py(xr 1), (3.51)
and by Egs. 2.17 and 3.6 we obtain

1
I(T) = T*d/“/df /dps«x—y)r”“)
R Jo JR

! 1+8
X ( / /R L Pus((y — z)T*l/“yp(z)x(u)dzdu) dyds(dx)

1
=/R/ /R,ps(xT—‘/“—w
0

1 1+8
(/ A@" Pu—s(y — Z)@T(Z)x(u)dzdu> dydsu(dx), (3.52)

where

Pr(2) = T p(zT"*). (3.53)
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We denote
1
hs(y) = / Pu—s(Y) x w)du, (3.54)
and we write
I(T) = I(T) + I/(D), (3.55)
where
1 1+
Ii(T) :f / Ds * hs1+ﬂ(xT*l/a)ds;L(dx) (/ (p(z)dz> , (3.56)
RrR? Jo RY

1
Iﬁ’(T)=/d/ /dps(xT"/“—y)[(hs*rﬁr(y))”ﬁ
r'Jo Jre
—(hs(y)/Rd (p(z)dz)”ﬁ}dydxu(dx).(3.57)

By Eq. 3.4, it is not difficult to see that /{(T) converges to the right-hand side of
Eq. 3.50. Therefore, to obtain Eq. 3.50 it suffices to show that lim7_, o 1{(T) = 0. Fix
any § satisfying

d 1
———— <8<, (3.58)
o
(such § exists by Eq. 2.15). We estimate Eq. 3.57 applying the Holder inequality to
the integrals with respect to the measure dys—°dsu(dx), obtaining

1 1/2+p)
= ([ [ [ nar e )P avasun )
0

1
(L[ s—‘S/i’(hs*aT(y»“ﬂ
R Jo R’
148 |2+B)/(1+8) (+8)/(2+8)
—(hs(y) / drp(z)dz) )
R

dydsu(dx)
The first factor does not depend on 7 and is finite by Egs. 3.51, 3.58 and finiteness
of u.

By Eq. 3.4 and the form of @7 (see Eq. 3.53) (hs* @7r)!*# converges to
(hs [g p(2)dz)' ™ in L1045 R?) for any s € [0, 1]. Moreover, hy(y) < fo1 pu(Mdu
(see Eq. 3.54), hence it is not hard to see that the dominated convergence theorem
can be applied to show that the right-hand side of Eq. 3.59 tends to 0 as 7 — oo. So
Eq. 3.50 is proved, and therefore so is Eq. 3.16.

To show Eq. 3.17 we make obvious substitutions in the right-hand side of Eq. 3.19
and use self-similarity, obtaining

.(3.59)

HTT272d/a _ _
(1) = ¢ [ [ RT3 £y = 80P @ dzdyucan, (360)
T
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where @7 is given by Eq. 3.53, and

1
f) = /0 ps(x)ds. (3.61)

By the Holder inequality applied to the integral on z, y, we have

2-2d/a

HrT d
(1) = C RSB g5 1y 14
T

Eqgs. 3.4,3.53 and 2.17 imply
L(T) < C T2@d/a+p)=1/0+B) _ 0,

by Eq. 2.15.
To complete the proof of Eq. 3.5 we show Egs. 3.23 and 3.24. From Eq. 3.21, by a
similar argument as in Eq. 3.60 we obtain

Hr T1+2(1+8)=2(d/a) (14+B)

J(T) < STiEw) / L, (Fx@r(f+ o) T~V u(d),
F; R

with f, 7 as above. Applying the Holder and Young inequalities several times we
obtain

Wf o (f % Gr(f =) Plloo < ARG 1B ) 145 -
Hence, by Eqgs. 2.17,3.53,3.61 and 3.4,
Ji(T) < CT(d/a)(Hﬂ)/(Z-Fﬂ)—l -0,

by Eq. 2.15.
Finally, by Eq. 3.22 and the usual argument we get

HTT2+/9+(1+ﬂ)(1+ﬂ)—(d/ot)(1+/3)(1+ﬂ) o 4By 14p Y
I (T) < e fR P (F @) )T ().
T

In this case

~ 2+ 1+B8)(1+ ~ 1+8)(1+,
Lf o (f % (f %)) e < 1 AIBTGILANS S P08 PP < ¢

since ||¢7||1 = ||l¢|l;- Hence, by Egs. 2.16 and 2.17,

T
I(T) < C— — 0.
HT

We now pass to the proof of tightness. To prove Eq. 3.33 we rewrite Eq. 3.38 as

HTT2

A(T) = / / / @) Tru—s 9 (x) (W T7s)(dx) x (1) x ()duds.

We use the following identity, which holds for any finite measure m,

1 -
/ P1(X)p2(x)m(dx) = 71/ P10 (y)m(x + y)dxdy,
R (2m)2 Jr
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obtaining
HyT? T(u=s)|yl“ o, Tslx+y1“7T (% - V).
AN =——— ) / f /R L Pe” (e [(x + y)dxdy x (u) x (s)duds.
(3.62)
Fix h satisfying
d\* 2+8 d
(1-9) <n=<(F5-9)n (3.63)
o 1+48 «

The function r — r!~"¢~" is bounded on [0, co), hence we have from Eq. 3.62

2 1 gl
A(T) < C AT /f(u—s)h_lsh_lx(u)x(s)duds

F2720h
/IR 1B y1*" Vx4 y|*"~Ddxdy

T—2(2+/3)/(1+/3)+2d/a+2h L b et et
=G (1—B)/(1+B) / / (u —8)""'s"" duds,
HT o Js

by Egs. 2.17, 3.25, and since «(l —h) <d by Eq. 3.63. The right-hand side of
Eq. 3.63 implies that the term involving 7 is bounded, so it is easy to see that Eq.
3.33 is obtained with o = A.

In order to prove Eq. 3.34 we use Eq. 3.37. By Egs. 3.52 and 3.25 we have

MDS/[&@T”%+&WTWHMML
Rd

where

I3l 15 1+.3
Ri(x) = / f  Ds(x =) ( / / L Pu—s(y — z)&r(z)dzdy) dyds, (3.64)
0 JRC n JR
b 53 1+p
Ry(x) = / /R ,Ps(x—y) ( / fR , Pu—s(y = z)&r(z)dzdy) dyds. (3.65)
4 N

Since p is finite, it is enough to show that

sup Rj(x) < C(th — '™, j=1,2 (3.66)
xeR?

for some positive 4 and o.
Fix § > 0 satisfying Eq. 3.58 and
(1+p7d
248 «

58 > (3.67)

Equation 3.67 holds for § sufficiently close to 1 because from Eq. 2.15 it follows that

2
A+p2d |,
24+ 8 «
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For any fixed s € [0, #,], by the Jensen inequality applied to the measure

(u—s7°

Ty
il

(this trick is borrowed from [17]), we have

] 1) B
Rl(x>s/ / ps(x—y)</ (r—s)*‘sdr)
0 R? t

53 1+8
<[ a-s ( =9 py - z)%(z)dz) dudyds
n

15 h
< Clty — 1)1~ / / (- )
h 0

/Rd Ps(x = ) (pu-s * gr(y) P dydsdu. (3.68)

By the Holder and Young inequalities,

1/(2+8) 21p (1+p)/2+p) _ 1+8
/R ey = ( fR 7 (y)dy) ( fR P (y)dy> ( /R , <pr(z)dz)

= G5B Q4B) 3y _ g)=( /) (1+5)/2+P) (3.69)

where we have used Egs. 3.51 and 3.53. Observe that by Eqgs. 2.15 and 3.67,

2
141 E G and 1+5ﬂ—4(1+’3) >0
a2+ 8 o 248

Hence, combining Eq. 3.69 with 3.68, substituting s’ = s/u and estimating the integral
on s’ by the corresponding value of the beta function,

15}
Ri(x) < Ci(t — tl)(lffs)ﬁ/ ul*(d/u)(l+l3)/(2+ﬂ)+55*(d/0t)(1+ﬁ)2/(2+l3)du

3

< Cy(tlf —¢")1+1-98, (3.70)
where

B = min{1,2—(d/a)(1 + )/ 2+ B) + 88 — (d/a)(1 + B)*/ 2 + )}
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To estimate R, (see Eq. 3.65) we use the Holder inequality as in Eq. 3.59, and then
the Young inequality, obtaining

t 1/2+B)
Ry(x) < [ / s~ / (& pae— y))”ﬁdyds]
t R¢

t -1 2+
X / s‘5/ (/ / pﬂy—z)%(z)dzdu) dyds
f R \Jo R?

b 1/@+8)
_ C( f sw—d/a><1+ﬂ>ds) (10 — {10y +B/2Hp)
h

bt 2+p (1+8)/2+B)
x [ / , ( / Pu * @'r(y)du> dy}
R 0

< O — 4 QI (3.71)

:| (1+8)/2+B)

where
PR d
h :mln{l—8,1+<8—7)(l+ﬂ)}
o

(note that /7 > 0 by Eq. 3.58), and

-1 248
o- |, ( | pu(y)du> dy.
R 0

To estimate Q we substitute «' = u/(t, —t;), we use self-similarity and Eq. 3.4,
obtaining

0=Ct, — tl)2+ﬁ*(d/vt)(l+ﬁ),
the exponent being positive by Eq. 2.15. Combining this with Eq. 3.71 we have
Ro(x) < Gyt — (' yHp=/0(1+52/ 45

This and Eq. 3.70 imply 3.66 with

2
h=min{h',h’} and o = min {(1 -8B, 1+8— 5(12—:_'? } )

This proves Eq. 3.34 and completes the proof of part (a) of the theorem.
Proof of part (b) According to the general scheme, we prove Eq. 3.16, and it is
easy to see that to this end it suffices to show that

148
. d —(d—a
fim 1(D) = p®OCT [ pryly™ =P dy ( /R ) w(z)dz) (xO)"F.

(3.72)

Observe that Eq. 2.18 implies that d > «, hence
sup Go(x) < oo, (3.73)

xeR?
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where G is defined by Eq. 2.3. This fact implies that if one of the limits below exists,
then so does the other, and

lim [,(T) = lim I}(T), (3.74)
T—o0 T—o0

where

I(T) =

1 T-1 s T—u 148
Tr_ T -
log T /Rd/() T—s (/0 s—uP X ( T )du) (x)dsu(dx)

(see Egs. 3.13, 3.6 and 2.19). By obvious substitutions,

1 T T—s u s 1+
I(T) = log T fR‘i/I /]Rd ps(x —y) (/0 /R“ Pu(y — D92 x (? + 7) dzdu)

dydsu(dx)

1 r Y

T—s u s 1+
ey oy — zs~ — + —)dzd dydsu(d
x (/0 fR(,s Puys(y — 25 F)e(2)x (T + T) z u) yds(dx),

where we have used self-similarity and the substitution y’ = ys~!/*, Next, we substi-
tute u’ = u/s, and using Eq. 2.18 we get

1 T
I/ T — —1 —1/0(_
1(T) logT/Rd/] /]R"S pi1(xs y)

T/s—1 y us s 1+p
Wy — zs 1@ — + =) dzd dyds(dx).
X (/0 /R‘,p (y—zs Me(2)x (T + T) z u) ydsiu(dx)

Now we make the substitution s’ = log s/ log T, which is the main trick in calculating
the limit. We obtain

1
Ii(T):/d/ /dpl(xT_s/“—y)
R"Jo JR

TI=5_1 1+8
X (/ A; p,,(y—zT“”")(p(z)x((u+1)TS“)dzdu> dydsj(dx). (3.75)
0 d

It is now seen that taking the limit as 7 — oo we arrive at the right-hand side of
Eq. 3.72. It remains to justify this procedure.
Denote

T'=—1
U(T,s,y) = / /R Puly = 2T )@ 5 (w+ DTV dzdu
0 d

and

1
Ux(T, x) = / / ip](xT_S/“ - y)UIHﬁ(T, s, y)dyds.
0 JR
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We will need the following fact, which can be found, e.g., in [20] (Lemma 5.3)

sup (1 4 [x]979)|Go(x)| < 00, ¢ € S(Rd), d> a. (3.76)

xeR?

We have

Ul(Ta S, }’) E C @(Z)dZ

1
/Rd |y _ ZT—S/otld—a
C s/ | d—a s/a
= i ST T Go(yTY)
C,
Tyl

by Eq. 3.76. On the other hand, using the well known estimate

p1(x) < T x|t ejdre (3.77)
we have
1 1+ |x|d+a
fos/a_ dS<C D ———
/opl( R N

hence it is not hard to see that U, (T, x) converges pointwise as 7 — 0o, since (d—«)
(1 + B) < dby Eq.2.18. Moreover, it is bounded in 7, x, since

/ ,PIET — )y dy < C.
R

This proves Eqgs. 3.72 by 3.74 and 3.75 because p is finite.
Next observe that Eq. 3.19 implies that

H
L(T) < C—=F / GpGe) () (dx), (3.78)
Fr Jr?
hence Eq. 3.17 follows by Egs. 3.73 and 2.19. Using Eq. 3.73, by Eq. 3.21 we have

C H I+8
WD S s F,fﬁ /R d / (f deu) (0dspa(d)

Ci

FitP

IA

— 0,

since from the proof of Eq. 3.72 it follows that

T s 1+
/ Tr_s (/ Z_L,wdu> (x)ds < oo. (3.79)
0
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To prove Eq. 3.24 it suffices to note that by Eqgs. 3.22 and 3.79,

L(T)<C T(log T)'*F = CH— — 0,

<1+ﬂ>2
Fr T

by (2.16). This completes the proof of Eq. 3.5.

To show tightness we prove Eqgs. 3.33 and 3.34 with & = 1 and o satisfying Eq. 3.46
(such o exists by Eq. 2.18). Recall that now we consider ¢, such that 0 < ¢ < f; <
t, < 1, hence in Eq. 3.62 the integral on s is taken over [¢, 1]. In Eq. 3.62 we estimate
|@(x)x(x + y)| by a constant and we integrate with respect to x, obtaining

Hp T4 .
A = T / / / ~da Gy e TU I ) (5)dydluads.
By Eqgs. 3.48 and 2.19 we have
1
A(T) < Crem T4t (1t —1y)° / X (s)ds / @y Py
e R*

< CZ(S)Tlfd/tha([z _ t1)1+a.

Hence Eq. 3.33 follows by Eqgs. 3.36, 3.46 and 2.18.
Now we pass to the proof of Eq. 3.34. In this case the formula 3.52 has the form

I/(T) = Qi(T) + Ox(T), (3.80)
where
0\(T) = — " peaT 1~y
1 _IOgT/R"/() Ds(X -y
1 1+8
( | o Z)&T(z)x(u)dzdu> dydsp(dx), (3.81)
1 1

O(T) = logT/Rd /;/Z A‘y...dydsu(dx). (3.82)

In Eq. 3.81 we have u — s > ¢/2, hence p,_s(y — 2) < C(g/2)~Y%. Therefore

1+8
o7 < C1(8)</Rd w(z)dz) M(Rd)(fz — )" < Cae)(ta — 1) (3.83)

In Eq. 3.82 we estimate p,(xT~"/% — y) by C(g/2)~%, hence

1 1 1+8
Ox(T) = C3(8)/0 /R" (/ /R“ pu_s(y—Z)&T(z)dzx(u)du) dyds.

The last expression is identical with the estimate of [ in [7], and it was shown there
that it can be estimated by C(t, — £,)!*°, provided that d < a(1 + B)/8, which holds
in our case by Eq. 2.18. This, together with Eqgs. 3.83, 3.80 and 3.37, proves Eq. 3.34,
so the proof of part (b) is complete.

Proof of part (c) First we show that under the assumption Eq. 2.20,

sup G((Gp)'™P)(x) <00, @€ S(Rd). (3.84)
xeR?
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We have

1
GG (x) = Cu / oy (G0 Wy + Cuag (G ),
[x—y|<1 -

where g(x) = ]l[l,oo)(|x|)|x|“‘d. The first term is bounded since G¢ is bounded. To
show that the second term is bounded it suffices to find p,q > 1, 1/p + 1/q = 1, such
that g € L? and (Gg)'*# e L. Fix g such that

g> > {761 1}
o T 0 pUd—a)

(such q exists by Eq. 2.20). Then Eq. 3.76 implies that G!'*fp € L9, and it is clear that
g € LP? for the corresponding p.
We now study the convergence of 1;,/, and I3 defined by Egs. 3.13-3.15. We have

T T— u 148
I(T) = /R ) fo T( 0 Tuox (7+7) du) () dspu(dx). (3.85)
It is not difficult to see that Eq. 3.84 implies that
Th_)ngo I(T) = /R" G((Gp)"™P) () (dx) (x (0)) '+ (3.86)
By Eq. 3.21, Egs. 3.73 and 3.84 we have
C
W = - [ 6@ i - o
Hr Jre
Similarly, using Eqs. 3.22 and 3.84,

T
SoT) < C—5 =0,
Hr

by Eq. 2.16. Hence we obtain Eq. 3.18, by Egs. 3.20 and 3.86. Next, for 8 < 1, Eq.
3.78 implies 3.17. This together with Eq. 3.18, 3.86 and 3.12 yield Eq. 3.5 in the case
B < 1 with X determined by Eq. 2.22. To obtain Eq. 3.5 in the case 8 = 1 it remains
to show that

Jim 1(T) = /R  GlpGo)u(dx) (x (0)*. (3.87)

Using Eqs. 3.14 and 3.8 we write
I(T) = I(T) = L(T) — I5'(T).

where

T — T —
I(T) = / / TTS(‘/)X( Ts>f T—uf/’X( T ) u) (x)dsp(dx),
y —s T —
L(T) = / / Trs<s0x( T ) T X T )vr(~,u)du> (x)dsp(dx),
77 _ V 1/2
IZ(T)—EHT 1 TH X T 72 W7 Cowydu | () dsp(dx).
R Jo 0
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It is easy to see that I5(T) converges to the right-hand side of Eq. 3.87. To show
that J(T) and I)'(T) converge to 0, we first apply Eq. 3.10, and then use Egs. 3.73
and 3.84.

Finally, we pass to the proof of tightness. For 0 < ¢ <1, < t,, by Eqgs. 3.38 and 3.25
we have

A(T) < Cu@®?) sup /0 ‘1 (q» f T (%) du) (o (5) ds

d
xeR

nT tT—s
sCiswp [ [ s - o) [ Tiptdudyds
xeR¢/uT JR 0

(—t)T
< e T (1, — 1) /R ,¢(y)dy sup / Tup(y)du
y Jo

< G T (6 — 1)) (sup G ()~

y
< Cy(e) (1, — 1),

for any
d
O<U<(——1>Al, (3.88)
o

so we obtain Eq. 3.33.
To derive Eq. 3.34 we use Egs. 3.37, 3.85 and 3.25, obtaining

I(T) < u(RY) sup (Z1(T, %) + Z>(T, x) + Z5(T, x)), (3.89)
xeR?
where
tlT/2 tT—s 1+
Z (T, x) = (/ u(pdu) (x)ds, (3.90)
HT—s
tzT s 1+
Zy(T, x) = ( M(del) (x)ds, (3.91)
tlT/2
I2T s 1+
Z3(T, x) = ( u(pdbt) (x)ds. (3.92)
0

By self-similarity we have

nT/2 tT—s 1+8
Z(T,x) < C/ (f u’d/"‘du) ds.
0 HT—s

Asu>t1tT—s>1T/2>¢eT/2, we get
Z(T, x) < Clglf(d/ot)(lJrﬁ) T2+ﬁ*(d/a)(l+ﬁ)(t2 _ tl)]+ﬁ,
< (&)t — )P, (3.93)

by Eq. 2.20.
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To estimate Z, we first use the bound p,(x — y) < C(Te/2)~% for s > t,T/2.
After obvious substitutions we have

Zo(T, x) < C(e)(Z(T, x) + Z5(T, x)), (3.94)
where
1 (t—t))T+s 1+8
Z(T,x) = T‘d/”f fd (/ ’Z;tp(y)du> dyds, (3.95)
o JR s
nT/2 +
Z(T,x) = T*dﬂx( / / l...dyds) . (3.96)
1 R¢

For any 0 < o < 8 we have

(tr—t))T+s B o
( / Tuw(y)du> < (Gw(y))ﬁ*“(smo w(y)) ((ty —t)T)°.

yeR!
<C(t,—1)°T°, (3.97)
by Eq. 3.73. Applying this to Eq. 3.95 we obtain
Zy(T, x) < C\ T "4 (1 — 1)!*7 < Ci(ty — 1), (3.98)
provided that
0<U<(g—l>/\ﬂ. (3.99)

In order to estimate Z/ we notice that ford > ¢ and0 <a < b,

b b —d/a
—d/a Cb —aya=,
fa Tup(y)du < C/a w Y du < {Cl(al—d/a).

Using these two bounds, instead of Eq. 3.97 we now have for 0 < o < 8,

(ta—t))T+s B
(/ wamo < Cos A0 E=0) (1 — 1) Ts~ )"
S

Putting this into Eq. 3.96 we obtain for #,7/2 > 1,

012
o e O
1
< C3 T—d/a+1+o max(1, T1—0+(1—d/a)ﬁ log T)(fz _ t1)1+a
< Cylta — )", (3.100)

provided that Eq. 3.99 holds, and we also use Eq. 2.20. Combining Eqs. 3.94,3.98 and
3.100 we arrive at

Zy(T,x) < C(ty —t)'*° (3.101)

for o satisfying Eq. 3.99.
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Finally, by the Holder inequality and using the fact that LT —s < (h, — )T,
we have

6T 1/2+B)
Zy(T.x) = ( [ ] p- y)dyds)
uT JR

- 6T (-t 248 (14+8)/+p)
x / / L Ps(x =) ( / Tugo(y)du) dyds]
LJyT JR 0

< C((ty —t)TH/*P

(3.102)

e (+5)/2+$)
X fT ‘/]Rd S_d/ﬂl(Ggp(y))2+/3—U((12 _ [])T)Udyds]
LJ 1)

for any 0 < 0 <2+ 8, by an argument as in Eq. 3.97. Observe that by Eq. 3.76,

/R J(Go)*P=0dy < o0
for o sufficiently small, satisfying

d 2 -
SEhlinly (3.103)
o 1+8—0
Hence, by Eq. 3.102 we have
ZA(T. x) < Cle)(ty — ;)" H0 AT/ TlH0 (1B 4 ~(d/) (1+5)/2+5)
< C(e)(ty — 1y) TP/, (3.104)
provided that
dl
< a1+h _ 1. (3.105)
a2+ 8

Combining Egs. 3.89, 3.93, 3.101 and 3.104, we conclude that Eq. 3.34 holds (with
o(1+ B)/(2 + B) instead of o) for any o satisfying Egs. 3.99, 3.103 and 3.105.
The proof of Theorem 2.7 is complete. u|

Proof of Proposition 2.9 Only part (d) of the proposition needs to be proved. The
argument is similar to that used in the proof of Theorem 2.7 in [7].

Observe that the finite-dimensional distributions of the process ¢ defined by
Eq. 2.2 are determined by

Eexpli(zi&, + ... + zx&y)}

148

— e[|

k 1’
X(1—isgn<2Z/Pi/‘l*“(x)n[o,fﬂ(r) f pu_,(x>du)tan’;<1+ﬂ))}drdx (3.106)

j=1

k ,/_
> zip P () Mg (r) / Pu—r(x)du
j=1 "

(see Proposition 3.4.2 of [24]).
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Denote

D} = Dr(1,z;u,v,5,0, z>0,

D, =Dr(1,-z;u,v,s,1, z>0,
(see Eq. 2.12). It suffices to show that for fixed 0 <u < v <s < tand z > 0,
Dy <CT ¥ Dy <CT™", (3.107)

and for T sufficiently large,

Dy > CT ™" (3.108)
(see Eq. 2.11).
It will be convenient to denote
+T
f=7Fn= z/ pr—r(x)dr’,
s+T

g1 =gxr) =/ Pr—r(x)dr’,
u

& =g, r) = [ pr_r(x)dr’.

It is not difficult to see that by Eq. 3.106,
u
D} =C [/ fR PO f + )" — [ — g *F)dxdr
0

+ f /Rd pr)((f + g — 1P — gé*ﬂ)dxdr] (3.109)

By the elementary inequality
0<(@+b)* —a"*f —p™F < (1 4+ prab”, a,b=0,0<p<1,
and the estimate
fee,r)y < CT "

we have

D} < C /R" [/0 pr(X)fg’fdr-ir/ Pr(X)fggd’} dx

u

v 1+8
< GT [ , ( / pr(x)dr) dx
R 0

< GT ", (3.110)

by Eq. 3.3. One can show that for D7 the estimate (3.110) also holds (see [7] for
details). Hence Eq. 3.107 follows.
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Next, by Eq. 3.109,

(u+v)/2
DY > C/ / prO((f +g)"F — f1P — g Pydxdr
u |x|<1

(u+v)/2
> C / / (f+g)'"™F — 1P — g"*Pydxdr,
u |lx|<1

and this is exactly the right-hand side of (4.18) in [7], and it was proved there that it
is greater than CT~%/* for large T. Thus Eq. 3.108 holds. O

Proof of Theorem 2.10 The theorem can be proved using the corresponding version
of the general scheme (see Eq. 3.39) and the discussion following it). The argu-
ments are similar to those carried out in the branching case and they are easier,
therefore we omit the proof. We only indicate how to obtain the process ¢ in

part (a).
It is easy to see that I,(7T) defined by Eq. 3.40 can be written as

1 1
I(T) = / , / / i f f SV = T Va9 x () (u — 5) 7
R Jo JR®Js JR

xpi((y — 2T (u—$)""*)p(2) x (W dzdudydsj(dx)

2 1 1
— pO)r®?) ( /R dw(y)dy> /0 / (u — )™y (5) x (w)duds,

and this is exactly the logarithm of right-hand side of Eq. 3.42 with

2 d 1/2
¥ (W) .

=
and p is Gaussian with covariance (2.25). O
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