Potential Anal (2006) 25: 269-282
DOI 10.1007/s11118-006-9016-2

Quasi-regular Dirichlet Forms and L?-resolvents
on Measurable Spaces

Lucian Beznea - Nicu Boboc - Michael Rockner

Received: 28 April 2005 / Accepted: 27 April 2006 /
Published online: 15 September 2006
© Springer Science+Business Media B.V. 2006

Abstract We prove that for any semi-Dirichlet form (€, D(€)) on a measurable Lusin
space E there exists a Lusin topology with the given o-algebra as the Borel o-algebra
so that (€, D(€)) becomes quasi-regular. However one has to enlarge E by a zero set.
More generally a corresponding result for arbitrary L?-resolvents is proven.
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Introduction

Let E be a Lusin topological space (i.e., £ is homeomorphic to a Borel subset of
a compact metric space) with Borel o-algebra B. Let m be a o-finite measure on
(E,B) and LP(E, m), p € [1, <], the corresponding (real) LP-spaces. Let (£, D(E))
be a semi-Dirichlet form on L?(E, m) in the sense of [14]. Modifying the main result
of [2, 14], in [13] an analytic characterization of all semi-Dirichlet forms on L?(E, m)
which are associated with a nice Markov process (more precisely a so-called m-special
standard process) was proved. Such semi-Dirichlet forms are called quasi-regular. An
elaborate theory for such Dirichlet forms has been developed both for its analytic
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and probabilistic components with numerous applications (cf. [14]). In particular,
invariance properties under change of topology, more precisely, the invariance under
quasi-isomorphism of the theory was discovered (cf. [1, 6] and the Appendix in [9])
and exploited subsequently (see, e.g., Chap. VI in [14]).

A fundamental question, however, remained open, namely whether it is enough to
have a measurable structure only, in the following sense: Let (E, B) be merely a Lusin
measurable space (i.e., it is measurably isomorphic with (F, B(F)), where F is some
Lusin topological space equipped with Borel o-algebra B(F)) and (€, D(€)) a semi-
Dirichlet form on [?(E, m) with m a o-finite measure. Can we find a topology on E
with Borel o-algebra equal to the given B and making E a Lusin topological space
such that (€, D(€)) is quasi-regular with respect to this topology? As a consequence
one could apply all results on quasi-regular Dirichlet forms only depending on
the measurable structure (such as measure representations for potentials, spectral
analysis, Beurling-Deny type representations etc.) for Dirichlet forms on arbitrary
Lusin-measurable state spaces.

This question has been addressed in [7] as a question formulated by G. Moko-
bodzki in 1991. In [7] a necessary and sufficient condition on (€, D(€)) and B was
formulated so that the answer to the above question is positive. This condition is,
however, quite close to what is needed in the proof and, therefore, not very useful
in applications (see the example in [7]). The main purpose of this paper is to show
that it is always possible to find a Lusin topology on E making (€, D(€)) quasi-
regular, however, one has to enlarge E by a set of m-zero measure (cf. Corollary 3.4
below). Our strategy of proof reveals that such an enlargement is probably necessary
in general, though we cannot formally prove that.

For illustration (and following the kind advice of a very conscientious referee)
we discuss an explicit example on the unit interval equipped with the Euclidean
topology, namely the classical maximal Dirichlet form (i.e., with Neumann boundary
conditions for its generator). It is well known that this Dirichlet form is (quasi-)
regular on [0, 1], but it is not when considered in [0, 1) (cf. [17]). Preserving the Borel
o-algebra we, however, construct another topology on [0, 1) so that this Dirichlet
form becomes quasi-regular (cf. the example after Corollary 3.4). On the other hand,
equipped with this new topology, [0, 1) turns out to be isomorphic to [0, 1] with the
usual Euclidean topology. Moreover, the latter is proved to be (essentially) necessary
for a topology on [0, 1) to make the classical maximal Dirichlet form quasi-regular
(cf. Proposition 3.5 below).

The organization of this paper is as follows. In Section 2 we first formulate and
prove a corresponding result more generally for L”-resolvents (cf. Theorem 2.2)
and apply it subsequently to semi-Dirichlet forms in Section 3 (see Theorem 3.3
and Corollary 3.4). Our proof relies heavily on results in [3], in particular the
characterization of resolvents of kernels which are associated to right processes.
Therefore, in Section 1 we recall the most essential notions, and list all relevant
results. In particular, we prove that the above characterization of resolvent kernels
can be generalized to the non-transient case (see Theorem 1.3).

1. Preliminaries on Sub-Markovian Resolvents of Kernels

Below we follow the terminology of [3]. Let U = (U,)q~0 be a sub-Markovian
resolvent of kernels on a Lusin measurable space (E, B). Recall that the resolvent
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U is called proper provided there exists a strictly positive function f € bpB such that
Uf < 1,where U = sup,,. U, is the initial kernel of U; pBB (resp. bpB denotes the set
of all positive numerical (resp. bounded positive) B-measurable functions on E. If
B > 0 then the family Ug = (Up+q)a-0 is also a sub-Markovian resolvent of kernels
on (E, B), having Uy as (bounded) initial kernel. Recall also that a function s € pBB
is termed U-supermedian if aU,s < s for all « > 0. A U-supermedian function s is
named U-excessive if in addition sup,.,aU,s = s. We denote by £@{) the set of all
B-measurable U-excessive functions on E. If s is U-supermedian then the function
§ defined by §(x) = sup,.,aU,s(x), x € E, is U-excessive and the set M = {x € E|
s(x) #3(x)} is U-negligible, i.e., U, (1) = 0 for one (and, therefore, for all) & > 0.
We denote by Dy, the set of all non-branch points with respect to U,

Dy = [x € E| inf(s, £)(x) = inf(s, 1) (x) for all s, r € EWU), 1(x) = 1] .

If U is proper then, since B is countably generated, we have Dy € B and the set
E\ Dy is U-negligible. Notice that in this case Dy = Dy, for all 8 > 0.

Let (F, B') be a second Lusin measurable space such that £ C E', E € B’ and
B = B'|g. For all @ > 0 define the kernel U}, on (E', B') by

1

U f=1gU,
=1k (f|E)+1+a

lpnef fepB.

Then the family U’ = (U),)4-0 is a sub-Markovian resolvent of kernels on (F/, B),
called the trivial extension of U to E'. If B > 0 then a function s € pB’ will be Uj-
excessive if and only if 5| g is U g-excessive. Particularly we have Du;} =Dy, U(E'\ E)
and: 0 (E(Up)) = Bif and only if & (E(U},)) = B'.IfU is proper then U’ is also proper.

Let M € B be such that U,(1g\m) =0 on M for one (and, therefore, for all)
o > 0. Then the family of kernels U|y = (Uy|pm)a=0 On (M, B|y) is a sub-Markovian
resolvent of kernels, called the restriction of U to M, the kernel U, |y is defined by
Uylm(g) = Uy ()| where g € pBand gy = g.

Recall that a o -finite measure & on (E, B) is called U-excessive if § o aU, < & for all
a > 0. We denote by Excy, the set of all U-excessive measures. Further, let L:
Excy x EU) —> R, be the energy functional (associated with U), L(&,s) = sup{u
()| u a o-finite measure, o U < &}, for all £ € Excyy and s € E(U). A U-excessive
measure of the form p o U (where u is a o-finite measure) is called potential.

For the rest of this section we suppose that Dy, = E and o (€(Up)) = B for one
(and, therefore, for all) 8 > 0.

1.1. The Transient Case

Suppose that U is proper. Notice thatif 4 o U = v o U € Excy, then = v. Moreover,
the set Excy is an H-cone with respect to the usual order relation on the positive o-
finite measures; see, e.g., [11].

A U-excessive measure ¢ is called purely excessive (resp. invariant) if inf, & o
alU, =0 (resp. £ oalU, = ¢ for all « > 0). Note that if & € Excy then the measure
&, = inf, & o aU, is invariant and & — &, is purely excessive. Also, every potential is
purely excessive.

The proof of the following lemma is given in the Appendix.
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LEMMA 1.1. If B > O then the following assertions hold.

a) Let & € Excy. Then the measure &' = & — & o BUp is Ug-excessive. If in addition
& is purely excessive then & = &' o (I + BU) and for every n € Excy with & — & o
BUg <n—mnoBUswehave& <.

b) If & € Excy, and the measure § = &' o (I + BU) is o-finite, then & € Excy. Fur-
thermore, it is purely excessive and &’ = & — & o BUp.

We collect now some results on the semisaturation and saturation of E; cf. [3]. The
set E is called semisaturated (resp. saturated) with respect to U provided that every U-
excessive measure dominated by a potential is also a potential (resp. every & € Excy
with L(§, 1) < cois a potential). If & € Excy, then E is termed &-semisaturated if every
U-excessive measure dominated by a potential dominated by £ is also a potential. The
following assertions hold.

1) If Eis saturated with respect to U then FE is semisaturated with respect to U.

2) The set E is semisaturated with respect U if and only if there exists a Lusin
topology on E such that 5 is the o-algebra of all Borel sets on E and there exists
a right process with state space E, having U as associated resolvent.

3) There exist a second Lusin measurable space (Ej, B;) such that E C E, E € By,
B = Bi|g, and a proper sub-Markovian resolvent of kernels u' = (U;)wo on
(E1, By) such that D, = E, c(EUY) =By, UDE(IE]\E) =0, E; is saturated with
respect to U' and U is the restriction of U' to E. In particular, U' is the
resolvent of a right process with state space E; for a suitable Lusin topology
on E;. More precisely one can take E; as the set of all extreme points of the
set {& € Excy|L(§,1) < 1}, endowed with the o-algebra B, generated by the
functionals 5, 5(§) = L(&,s) for all £ € E; and s € EWU). The set E; is called
the saturation of E.

4) Let (E',B') be a Lusin measurable space such that EC E', E€ B, B=B|g,
and there exists a proper sub-Markovian resolvent of kernels U’ = (U,,)4~0 On
(E,B)with Dy = E', 0 (EU")) = B, U,(1p\g) = 0, E' is saturated with respect
to U’ and U is the restriction of U’ to E. Then the map x —> g, o U’ is a
measurable isomorphism between (E', B') and the measurable space (Ei, ;)
defined in 3) above.

5) The set E is semisaturated (resp. £-semisaturated, where £ is a fixed U-excessive
measure) if and only if E; \ Eis a polar (resp. &-polar) subset of E; (with respect
toU"); recall that aset M € Bis polar (resp. &-polar) with respect toU if RM1 = 0
(resp. RM1 = 0 £-a.e.), where RM1 denotes the reduced function (with respect to
U)of 1 on M, RM1 = inf{s € EU)|s > 1 on M}.

6) If E is &-semisaturated then there exists a proper sub-Markovian resolvent of
kernels U' = (U))q~0 On (E, B) such that the set E is semisaturated with respect
toU and for all f € pBand « > 0theset [U, f # U, f]is &-polar.

7) Let A€ Bbe such that Uy(1g\4) = 0on Aand U’ the trivial extension of U| 4 to
E. Then Ais semisaturated with respect to U| 4 if and only if E is semisaturated
with respect to U’

PROPOSITION 1.2. Let 8 > 0. Then E is semisaturated (resp. saturated) with respect
to U if and only if it is semisaturated (resp. saturated) with respect to Ug.
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Proof. Suppose that E is semisaturated with respect to U and let &', uo Up €
Excy,, &' < po Ug. Clearly we may assume that y is finite and thus &’ is also a
finite measure. By Lemma 1.1 it follows that the measure & =&’ o (I + BU) is U-
excessive and & =& — & o BUg. Since £ < uo Ug(I + BU) = no U we deduce by
hypothesis that there exists a o-finite measure v on (E, B) such that £ =vo U and
thus & =vo Ul — BUp) =v o Up.

If E is saturated with respect to U and £’ € Excy, is such that Lg(&', 1) < oo (Lg
denotes the energy functional associated with U) then we claim that the measure
& =& o(+BU) is o-finite. Indeed, let (u,), be a sequence of positive measures
on (E, B) such that u, o Ug 7 &'. From p,(1) = Lg(p, o Ug, 1) < Lg(&', 1) it follows
that sup, u,(1) < oco. If f, € bpB is such that Uf, < 1 then we get £(f,) =& o (I +
BU)(f,) = sup, puy 0 Ug(I + BU)(fp) = sup,, u,(Ufy) < sup, u,(1) < co. Hence the
measure £ is o-finite and by Lemma 1.1 we obtain that & is U-excessive and &' =
& o (I — BUp). Since L(§, 1) = sup, u,(1) < oo and E is saturated with respect to U, it
follows that there exists a o-finite measure u on (E, B) such that & = o U and thus
& =poUg.

Assume now that E is semisaturated with respect to U and let &, u o U € Excy,
& < pnoU. The measure & is purely excessive and we may suppose that p is finite.
Consequently the measure u' = po (I + BU) is o-finite. Again by Lemma 1.1 it
follows that the measure £’ =& o (/ — BUp) is Ug-excessive. Since &’ < po U = ' o
Ug, by hypothesis there exists a o-finite measure v on (E, B) such that &’ = v o Us. As
aconsequence we geté =& o (I + BU) =vo U.

Let us suppose now that F is saturated with respect toUg and & € Excy, is such that
L(&, 1) < oo. If E is the saturation of E with respect to U then £ is a potential on E,
and thus it is purely excessive. Lemma 1.1 implies that the measure §' =& — & o SUp
belongs to Excy, and & =& o (I + BU). We consider a sequence (u,), of positive
o-finite measures on (FE, B) such that u, o Us /' &'. Consequently, we have u, o
U /& and Lg(&', 1) = sup, u,(1) = L(§, 1) < oo. Therefore, there exists a o-finite
measure p on (E, B) such that &’ = polUgandso§ =& o (I +pU)=poU. O

1.2. The Non-transient Case

Firstly recall some facts on Ray cones. Assume that the initial kernel U of U is
bounded. A Ray cone associated with U is a convex cone R of bounded U-excessive
functions such that: U,(R) C Rforalle > 0, U(R — R);) C R,o(R) = B, R is min-
stable, separable in the uniform norm and contains the positive constant functions.

We state here a slightly modified version of Proposition 1.5.1 in [3]: Let 8 > 0.
Then there exists a Ray cone Ry associated with Uy, such that U, (Rg) C Ry for all
o > 0.

We claim that the above assertion 2) is true without assuming that U is proper.
Namely the following result is a variant of assertion 2), in the case when the initial
kernel U is not necessary a proper one; compare with [19].

THEOREM 1.3. The set E is semisaturated with respect to Ug if and only if there
exists a Lusin topology on E such that B is the o-algebra of all Borel sets on E and
there exists a right process with state space E, having U as associated resolvent.
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Proof. 1t is known that E is semisaturated with respect to ¢g whenever U is the
resolvent of a right process; see [11]. For the converse statement we shall adapt the
proofs of Theorem 1.8.11 and Corollary 1.8.12 in [3].

First assume that £ is saturated with respect to Ug. Let Rg be a Ray cone associ-
ated with Uy such that U,(Rg) C Rg for all @ > 0, and Y the (Ray) compactification
of E with respect to Rg. By Proposition 1.5.8 in [3] there exists a Ray resolvent

(U )a=0 On Y such that U (5) = U s for all s € Rg and « > 0, where for each
s € Rp we have denoted by 5 the unique continuous extension of s to Y. Particularly
U, (1y\g) = 0on Eforall « > 0 and ¢ is the restriction to E of . Consequently (see,
e.g., [18]) the restriction of if to D = Dy; is the resolvent of a right process X with state
space D, endowed with the Ray topology induced by Ry (i.e., the trace on D of the
topology on Y). From Theorem 1.8.11 in [3] we have E = {x € D| U, (Ip\g)(x) = 0}.
In addition E is a Borel subset of Y, U (Ip\g) =0on Eanditisa ﬁnely closed set with
respect to L{,g, the fine topology is the topology generated by £ (L{ﬁ) As a consequence
we may consider the restriction of X to E and U becomes the resolvent of this right
process, since u lE=U.

If E is only semisaturated with respect to U g, then we consider the saturation E; of
E with respect to Ug and let u' = (UJ)(DO be the resolvent of kernels on on (E, By)
such that Dy = Ey, 6(EWUp)) = By, Us(1g\£) =0 and U' |z = U. By the first part
of the proof there exists a right process X with state space FE; (endowed with a Ray
topology), having U' as associated resolvent. By 5) we deduce that the set E; \ E is
polar (with respect to U}j) and, therefore, the restriction of X to E is a right process
with state space E and having U as associated resolvent, completing the proof. O

REMARK. By Proposition 1.2 it follows that the condition of semisaturation with
respect to Ug in Theorem 1.3 does not depend on 8.

Recall that a U-excessive measure & is called dissipative (resp. conservative)
provided that & = sup{u o U| Excyy > u o U < &} (resp. there is no non-zero potential
U-excessive measure dominated by &). The set of all dissipative (resp. conservative)
U-excessive measures is denoted by Dissy, (resp. Cong). Asin [11] one can show that
Dissy; and Cony, are solid convex subcones of Excys, Dissy; N Cony, = {0} and every
& € Excy has a unique decomposition of the form & = &; + &, where &; € Dissy; and
& € Cony. Moreover, if f € pB is strictly positive and £( f) < oo then &; = &|{yf<o0]
and & = &|[yy=cc); See also Proposition Al in the Appendix.

The next result is an extension of assertion 6) to the non-transient case.

PROPOSITION 1.4. Let & € Dissy be such that E is &-semisaturated with respect to
U (i.e., every U-excessive measure dominated by a potential dominated by & is also a
potential). Then there exists a proper sub-Markovian resolvent of kernelsUt' = (U.,)¢>0
on (E, B) such that E is semisaturated with respect to U' and the set (U, f # U, f1is
&-polar with respect to Ug for all f € pB and o > 0. Moreover there exists a &-polar
finely closed set A € B such that U(1,4) =0 on E\ A and U may be chosen as the
trivial extension to E of the restriction of U to E\ A

Proof. Let f € pB be strictly positive such that §(f) < co. Theset A= [Uf = o]
is finely closed, U(1 4) = 0 on E\ Aand from & € Dissy; we get £(A) = 0. Therefore,
the set Ais &-polar with respect to Uy. If V is the restriction of U to E'\ Athen we
deduce that V is a proper sub-Markovian resolvent of kernels on (E'\ A, B|g\ 4) such
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that 0 (£(V)) = Blg\a and Dy = E\ A. Clearly the measure £ belongs to Excy,. We
show that £\ Ais &-semisaturated with respect to V. Indeed, let n, u o V € Excy,
with n < woV < &, where u is a o-finite measure on £\ A We deduce that 5, u o
UeExcy and n < uo U <&. Since E is £-semisaturated with respect to U, there
exists a o-finite measure v on E such that n = v o U. Since the set Ais u-polar and
w-negligible, it follows that it is also v-negligible and consequently 7 = v|g\40 V. By
6) there exists a proper sub-Markovian resolvent of kernels V' = (V))4-0 on (E\
A, B|g\4) such that E \ Ais semisaturated with respectto V' and V,, f =V, f on E,
forall f € pBlp\aand a > 0, where E, € Bissuch that E, C E\ A, E\ E,is &-polar
and U(1 g g,) = 0 on E,. From 7) we conclude that the trivial extension U’ of V'|g, to
E satisfies the required conditions. O

2. Right Processes Associated with LP-resolvents

In the sequel u will be a o-finite measure on (E, B).

Let U’ = (U))q~0 be a second sub-Markovian resolvent of kernels on (E, B). We
say that Y and U’ are u-equivalent provided that U, f = U, f p-a.e. for all f € pB
and o > 0.

REMARK. There are examples of two sub-Markovian resolvents of kernels on the
same space E, which are &-equivalent (where & is a o-finite measure) and such that E
is semisaturated with respect to only one of them. Indeed, let U4 be a sub-Markovian
resolvent on a Lusin measurable space (F, 3,) such that F is not semisaturated with
respect to U°. We denote by E the saturation of F with respect toU” (i.e., E = Fy) and
let U be the resolvent on E such that U |z = U° and E \ F is U-negligible. Let further
U’ be the trivial extension of U’ to E. Then by 7) the set E is not semisaturated with
respect to U'. Clearly, since U, (1 r\r) = 0, we deduce that U/ and U’ are £-equivalent
with respect to every § € Excy.

LEMMA 2.1. Let N be a bounded kernel on (E, B) such that if B € B and u(B) =0
then N(1g) =0 p-a.e If E, C E, E, € B, is such that w(E\ E,) = 0 then there exists
FeB, FCE,suchthat w(E\ F) =0and N(1g\r) =0o0n F.

Proof. Since u(E \ E,) =0 we get by hypothesis that N(1g\g,) =0 p-a.e. Let
(Ep)n=1 C B be the sequence defined inductively by K, = E, N[N(1g\g,) = 0] if
n>0. We have u(E \ E,) =0 for all n and let F =(), E,. Then F C E,, F € B,
w(E\ F) =0and if x € F then N(1g\g,)(x) = 0 for all n. Therefore, N(1g\r)(x) =
N(1y, e\g,)(x) = sup, N(1g\g,)(x) = 0. o

REMARK. A procedure similar to Lemma 2.1 has been considered in [12] and [16].

THEOREM 2.2. Let p € [1, +00] and (V) =0 be a sub-Markovian strongly continu-
ous resolvent of contractions on LP(E, ), where (E, B) is a Lusin measurable space
and p is a o-finite measure on (E, B). Then there exist a Lusin topological space E,
with E C Ey, E € By (the o-algebra of all Borel subsets of E), B = Bi|g, and a right
process with state space E; such that its resolvent of kernels u' = (UJ)DO, regarded
on LP(E\, 1x), coincides with (Vy)y-0 and UO}(IEl \£) = 0, where [t is the measure on
(Ey, By) extending u by zero on E; \ E.
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Proof. Let (fi)x C bpBN LP(E, 1) be a sequence separating the points of E. For
every a > 0 we consider a kernel V,, on (E, B) such that V, coincides with V, as
an operator on LP(E, w). By Proposition 1.4.13 in [3] there exists a sub-Markovian
resolvent W = (W, )0 on (E, B) such that W, f = V,, f u-a.e. for all f € pB. Let us
consider the set

E, = {x € E| lima,W,, fi(x) = fi(x) for all k}.

where (o), is a strictly increasing sequence of natural numbers such that (o, Wy, fi)n
converges u-a.e. to fi for all k. We have E, € B and u(E \ E,) =0. By Lemma 2.1
there exists I € B, F C E,, such that u(E \ F) =0 and W,(1g\r) =0 on F for all
a > 0.Let 8 > 0and F, be the set of all non-branch points of F with respect to Wy r.
Then F, € B, Wg|F, is a sub-Markovian resolvent of kernels on (F,, B|f,), EWsglE,)
is min-stable, contains the positive constant functions and generates B|f,. Let U =
(Uy)as0 be the trivial extension of W|fg, to E. Then U is a sub-Markovian resolvent
of kernels on (E, B) such that Dy, = E, 0(£(Up)) = B and (U,)u>0 coincides with
(V)aso as a resolvent on LP(E, u). We consider now the set Ej, i.e. the saturation
of E with respect Uy (see 3) in Section 1) and the resolvent of kernels U' = (Ul)4-0
on (E;, B;) whose restriction to £ is U and Uo} (1g\g) = 0. Since E; is saturated with
respect to U}, we deduce from 1) and Theorem 1.3 that there exists a Lusin topology
on Ej such that B, is the o-algebra of all Borel sets on E; and U' is the resolvent
of a right process with state space E;. Clearly U! =V, for all @ > 0, regarded as an
equality of operators on L?(E}, ). O

REMARK 2.3. Under the assumptions of Theorem 2.2 we have proved that there
exists a sub-Markovian resolvent of kernelstd = (U, )4-0 on (E, B) such thatfor 8 > 0
we have Dy, = E,0(EUp)) = Band U, =V, as operators on LP(E, p) foralla > 0.
Moreover the following assertions hold.

a) U = (Uy)y=0 is the resolvent of a right process with state space E if and only if £
is semisaturated with respect to Uy (cf. Theorem 1.3).

b) If uis Ug-excessive and E is u-semisaturated with respect to Uy (or if u € Dissy
and E is p-semisaturated with respect to U) then by 6), Proposition 1.4 and
Theorem 1.3 there exist a Lusin topology on E and a right process with state
space E such that its resolvent and U are p-equivalent.

The following result is a consequence of Proposition 7.5.2 in [3], Theorem 2.2 and
Remark 2.3.

COROLLARY 2.4. Let U = (Uy)g-0 be a sub-Markovian resolvent of kernels on
(E, B) such that for B > 0 we have Dy, = E and o(EUp)) = B. If u € Excy then
there exists a second sub-Markovian resolvent of kernels U* = (U})q~0 on (E, B) such
that for g > 0 we have Dy; = E, 0 (EU})) = B and J5 fUsgdp = [ gUz fdu for all
f.g € pBand a > 0.

3. Tightness of Capacity and Quasi-regularity

In this section we shall give conditions on an LP-resolvent to ensure tightness of
the capacity induced by the reduction operator, the existence of quasi-continuous
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versions for the elements being in the domain of the generator and the standardness
property of the associated right process.

Let (V,)q-0 be a sub-Markovian resolvent on LP(E, i) as in Theorem 2.2 and
B > 0.Anelement u € LY (E, pu) is called a B-potential provided that o Vs ,u < u for
all & > 0. We denote by Py the set of all, B-potentials. It is known that (see, e.g.,
Proposition 3.1.10 in [3]) the ordered convex cone Py is a cone of potentials in the
sense of G. Mokobodzki, cf. [15] (see also [3]). Particularly if u, ' € Py, u < v/, then
there exists Rg(u — u') € Py, i.e. the réduite of u — /', defined by Rg(u — u') = \f{v €
Pgl v=u—u'} (here A\ denotes the infimum in Pg). An element u € Py is called
regular if for every sequence (u,), C Pg with u, /' u we have Rg(u — u,) \ 0.

REMARK 3.1.

a) If f e LP(E, n)then Vj fisregular. If u € Py then V,u is regular for every o > 0.

b) Let u € Pg. If there exists a sequence (u,), of regular elements from Pg with
u, /' u and Rg(u — u,) \ 0 then by Proposition 3.2.3 in [3] it follows that u is
regular. Consequently by a) we deduce that: u is regular if and only if Rg(u —
nV,u) N\ 0.

c) Assume that Vg = (Vgi4)as0 is the resolvent of a right process and let u €
EWVp) N LP(E, ), u < oo. Then u is regular if and only if there exists a con-
tinuous additive functional whose potential equals u u-a.e.

Let f, € LP(E, n) be strictly positive. We consider the following property of the
resolvent (V,,)q-0:

every B — potential dominated by Vg f, is regular. (%)

REMARK. Since Vs f, > 0, it follows from Propositions 2.4.6 and 2.4.7 in [3] that
condition (x) is equivalent with the following one: every S-potential dominated by a
regular element from Py is also regular.

PROPOSITION 3.2. Condition (x) does not depend on B.

Proof. Let g/ > B > 0 and assume that condition (x) holds for . If (u,), C Py,
u, /'ue Py, u=<Vgf, then the element v = u + (8’ — B)Vsu belongs to Pg, v <
Vs fo and thus v is regular. Setting v, = u,, + (8’ — B) Vyu we get v, /v, v, = u, +
(B — B)Veu, + (B — B)Vs(u — u,) € Pg and since Py C Py it follows that Rg (u —
u,) = Rg (v —v,) < Rg(v —v,) (0.

Assume now that condition (x) holds for " and let (1), C Pg, un /' u € Pg. Then
the element v = u — (8’ — B) Vyu belongs to Py. If u < Vp f,, since by Remark 3.1
Vs fo is a regular element of Py, we deduce that v is regular in Pg. Let (f,), C
LP(E, ) be such that Vi f, / v. Then Rg (v — Vi f) \ 0 and Vg f, /" u. To show
that u is regular, again by Remark 3.1 it suffices to prove that Rg(u — V; f,) \, 0.
Notice that if ', u” € Pg, f=u'—u", then Re(f) < I+ (B —BVp) Ry (f — (B’ —
B)Vp f). We conclude that Rg(u — Vpf,) < (U + (B — B Vi) Re (v — Vp f) W 0. O

REMARK.

a) Let U be the resolvent of kernels from Remark 2.3, U* be a second resolvent
given by Corollary 2.4 and suppose that they are associated with two right
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processes with state space E. Then condition (*) is equivalent with the fact that
‘the axiom of polarity’ holds for U, i.e. every semipolar set is p-polar with
respect to Uy (see Theorem 7.2.9 in [3]).

b) Recall (cf. [5], [13]) that a pair (&€, D(€)) is called a semi-Dirichlet form on
I*(E, ), provided that: D(€) is a dense linear subspace of L*(E,u); & :
D(&)xD(€)— R is a bilinear form such that €(u,u) > 0 for all u € D(€);
D(€) is a Hilbert space equipped with the inner product Ei(u,v) = %(8 (u,v) +
E(, w)) + (U, v)12(g,); (E1, D(€)) satisfies the sector condition, i.e., there exists a
constant K > 0 such that |&;(u, v)| < K& (u, w)'/?€, (v, v)/? for all u, v € D(E);
it has the following unit contraction property: for all u € D(€) we have ut A1 €
D) and Eu+utAl,u—ut A1) >0. If in addition Eu —ut Al,u+u™ A
1) > 0, then (&, D(&)) is called a Dirichlet form.

Let (V,)q0 be the resolvent of a semi-Dirichlet form (€, D(€)) on L*(E, u), i.e.,
Vo(I2(E, ) C D(€) and E,(V, fou) = (f,u) 12k, for all @ > 0, f € [*(E, ) and
u e D(&),where €, = € + a(, )2(E - Notice that the unit contraction property of €
is equivalent with the property of (V,)4-0 to be sub-Markovian. It was shown in [3]
(Theorem 7.5.19 and Corollary 7.7.8 applied to the (bounded) resolvent (Vgi4)a=0
associated with the semi-Dirichlet form (€4, D(€)) which satisfies the sector con-
dition; where B8 > 0 is fixed) that condition (%) holds and derived that a semi-
Dirichlet form associated with a right process is quasi-regular; compare with [8, 13]
and [14].

Assume further that in addition f, € L'(E, u), f, < 1, A, = f,-pandm = A, o V.

The next result is a consequence of Section 3.5 and Theorem 3.7.8 in [3] and
Theorem 2.2; see also [4].

THEOREM 3.3. Under the assumptions from Theorem 2.2 suppose that condition
(%) holds. If (E;, T) is the Lusin topological space and U" the resolvent of the right
process with state space E, given by Theorem 2.2, then the following assertions hold.

a) There exists an increasing sequence (K,), of T -compact subsets of E, such that

inf Ry py =0 (m+1o)-ae.

where p, = Uéﬁ (f> € pBi1, fole = f,) and R/]S”pg denotes the reduced function
(with respect to Ll}_}) of p, on the set M.

b) Every L{:g-excessive function s is T -quasi continuous, that is there exists an increas-
ing sequence (K,), of T-compact subsets of E, such that s|, is T -continuous
for all n and inf, Rf K Po =0 (m+ Ay)-a.e. Particularly, every element from
Vo (LP(E, 1)) (the domain of the generator of the resolvent (V)q~0) possesses a
T -quasi continuous [L-version.

¢) The right process havingU' as associated resolvent is (m + L,)-special standard.

As a consequence of the previous theorem and the main result in [13] and [14] we
obtain:

COROLLARY 3.4. Let (€, D(&)) be a semi-Dirichlet form on L*(E, ), where u is
a o-finite measure on the Lusin measurable space (E, B). Then there exists a (larger)
Lusin topological space E, such that E C E,, E belongs to B, (the o-algebra of all
Borel subsets of E), B = Bi|g, and (€, D(E)) regarded as a semi-Dirichlet form on

@ Springer



Potential Anal (2006) 25: 269-282 279

[*(E,, ) is quasi-regular, where 1t is the measure on (E, B)) extending u by zero on
E \E.

The next example completes the counterexample (b), page 194 in [17]; we thank
the referee for suggesting us to present it related to our results.

EXAMPLE. Let (€, D(€)) be the Dirichlet form associated with reflecting Brownian
motion on [0, 1]: D(€) = H'(0, 1), &, v) = %fE u'v'dm, m being the Lebesgue
measure. [t was shown in [17] that the Dirichlet form (&€, D(€)) is not quasi-regular,
considered on E = [0, 1) endowed with the canonical topology. However, regarded
on the enlarged space E; = [0, 1] (also endowed with with the canonical topology)
the form (&€, D(€)) is quasi-regular. We show that we can equip E with a second
topology, preserving the Borel o-algebra, such that (€, D(€)) becomes quasi-regular,
without enlarging E. Indeed, let M = {1} U {1 — }L| n > 2} and consider the bijection
¢ : E| — FE defined by

X if xe E\M,
P(x) = 1oifx=1,
1o 1
I—HT1 if x=:,n>2.
Let 7T'; be the canonical topology on E; and 7 = ¢(7 ), the biggest topology on E
making ¢ a continuous map. Since every element from H'(0, 1) has a 7 ;-continuous
m-version on Ej, it is easy to see that (&€, D(€)) is a quasi-regular Dirichlet form
regarded on E endowed with the topology 7, and notice that every point of E is not
&-polar.
The next result is a converse of the last statement.

PROPOSITION 3.5. Let T, be a Lusin topology on E = [0, 1) such that the Borel
sets are the canonical ones and assume that the Dirichlet form associated with reflecting
Brownian motion on [0, 1] is quasi-regular, regarded on E equipped with T , and every
point of E is not E-polar. Then the topological space (E, T ,) is compact and every
element from D(E) has a T ,-continuous m-version. Moreover, there exists a bijection
¥ E—> E; (where E, = [0, 1] and it is endowed with the canonical topology T ;)
which is a topological homeomorphism between (E, T ,) and (E, T 1) and the set {x €
E| ¥ (x) # x} is m-negligible.

Proof. We show firstly that every &€-exceptional subset of (E,7T,) is empty.
Indeed, let (F,), be a €-nest (of T ,-closed subsets of £) and u,, = 1 — R/f\F” 1. Since
the constant function 1 belongs D(€), it follows that the sequence (u,), converges to
1 in D(E). Assume that E'\ F, # ¢ for all n. The set E \ F, being not €-polar, we get
that m(E \ F,) > 0 for all n. Lemma 5.1 in [17] leads now to the contradictory fact
that there exists x € [0, 1] such that lim,_, 1(y) = 0. Hence there exists ng such that
F, =E.

The form (&€, D(€)) being quasi-regular on (E,T,), it follows that (E,7T,) is
a compact topological space and every u € D(E) has a m-version u which is 7 ,-
continuous on E. We shall denote by # the 7 |-continuous m-version of u € D(&)
on E;. Let D, be a countable subset of D(€) such that the family {zz| u € D,} (resp.
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{ti| u € D,}) separates the points of E (resp. of E;) and generates the topology 7
(resp. 71). We consider the set

M, = {x € E| there exists u € D, with u(x) # i(x)}.

Because u = & m-a.e. for all u € D(€), we find that the set M, is m-negligible and
consequently E\ M, (resp. E; \ M,) is a dense subset of (E, T,) (resp. of (Ej, T1)).
Therefore, for every x € E there exists a sequence (x,), C E\ M, converging to x
in T,. From u(x,) = U(x,) for all n and u € D,, we deduce that the sequence (x,),
converges in 7| to some point X € E; and u(x) = u(X) for all u € D,. We may define
amapy : E— E| byy(x) =X forall x € E and one can check that v is one-to-one,
it is continuous and ¥ (x) = x for all x € E\ M,. |

Appendix
Proof of Lemma 1.1.

a) If >0 then we have & oalUpie = Eo0alUpiq — & 0 BalplUpiy = Eo(a+
BUpra —Eo0BUg < § —£Eo0BUg =&'. For a < B we have also & o (1 + (8 —
Uy)= oI -BUs+(B—a)Uy — (B—a)BUUp) = § —§oal,. If & is
purely excessive then, letting « — 0, we deduce that &' o (I + SU) = &. Let
n € Excy be such that & < n —no BUs. The measure n; =n —inf, noa U, is
purely excessive and clearly n — o BUs = 1 — 11 o BUg. Therefore, £ =&'o
I+BU) =(m—moBUp) oI+ BU)=n =<1

b) Assume that the measure & = &’ o (I 4+ BU) is o-finite and let @ > 0. Then & o
aUy =& o+ BU)aU, = &' oalU, + BE o (U — U,). Therefore, if « > B then
EoalUy=8o0(@—-BU,+BEoU=<&+pocU=¢(Tfa<Bthenéoal, <
BE oU <& o(I+ BU) = &. Consequently the measure & is U-excessive. From
EolU,<&oUwegetéoalU, <a&' oU+ B& o (U - U,). The measure § o U
being o -finite we conclude that inf, £ c ¢ U, = 0.

The following proposition is close to the results of R. K. Getoor from [10] and [11].

PROPOSITION Al. If& € Excy then the following assertions are equivalent.

1) The measure & is dissipative.

2) If fepB, f>00nEand&(f) <oothenUf < oo &-a.e.

3) There exists F € Bsuch that§(E\ F) =0, U(1g\r) = 0on Fand U|F is proper.

4)  There exists a finely continuous function f € bpB, f > 0 on E such that Uf <1
E-a.e.

S) There exists f € bpBsuchthat Uf >0on Eand Uf < 1&-a.e.

6) There exists a sequence ( f,,), C pB such that Uf, is bounded &-a.e. for all n and
Ufu /' 0.

Proof. The equivalence 1) <= 2) follows from (2.11) in [11]. The implications
4) = 5) = 6) are clear. We have 3) = 1) since Excyy = Dissy, if U is proper.

2) = 3). Let g € bpB, g > 0 on E be such that £(g) < oo. Then Ug < oo §-a.e. If
we set A, = [Ug < n]then (A,), C Bisanincreasing sequence, §(E \ U, A,) = 0 and

U(gla,) < nforall n. The function f = g(14 + > ,.; —l4,) is strictly positive and

nzl on
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Uf <1 on [Ug < 0], where Ay, = [Ug = oo]. Taking E, = [Uf < 1] and applying
Lemma 2.1 we obtain the required set F.

3) = 4). Let g € bpB, g > 0 on E be such that Ug < 1 &-a.e. The function f =
U, g is bounded, finely continuous, strictly positive and we have £-a.e. Uf = UU,g =
Ug—-Ug=<Ug<l

6) => 5). Let (f)n C pB and (a,), C R% such that Uf, < «, &-a.e. for all n and

1
Uf, /' oo. Consider the function f =), —zfn. Clearly f € pB,Uf < 1&-a.e. and
o, 2"

Uf >0onE.

5) = 3). Let g€ pB, g <1, be such that Ug > 0 and Ug <1 &-a.e., and let
F =[Ug < o¢]. From Ug = U,g + aU,Ug we get that on F we have U,(1g\r) =
0 and, therefore, U(1g r) = 0. The function f =oaU,g-1r + 1g\r belongs to pB,
f<land Uf <aU,Ug+ U(1g\r) < Ug < oo on F. It remains to show that f >
0. If we assume that f(x) =0 then x € F and U,g(x) = 0. Consequently, we get
aU,Ug(x) = Ug(x) and thus BUgUg(x) = Ug(x) forall 8 > 0, Ugg(x) = 0. This leads
to the contradictory equality Ug(x) = 0. O
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