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Abstract. Let X be a Lévy process in RY, d>3, obtained by subordinating Brownian motion with
a subordinator with a positive drift. Such a process has the same law as the sum of an independent
Brownian motion and a Lévy process with no continuous component. We study the asymptotic
behavior of the Green function of X near zero. Under the assumption that the Laplace exponent of
the subordinator is a complete Bernstein function we also describe the asymptotic behavior of the
Green function at infinity. With an additional assumption on the Lévy measure of the subordinator
we prove that the Harnack inequality is valid for the nonnegative harmonic functions of X.
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1. Introduction

Let X = (X;, P,, x € RY) be a conservative strong Markov process on RY. A
nonnegative Borel function / on R is said to be harmonic with respect to X in a
domain (i.e., a connected open set) D C R? if it is not identically infinite in D
and if for any bounded open subset B C B C D,

h(x) = Ec[h(X(78)) 1 1y<0), VX € B,

where 75 = inf{r > 0: X, ¢ B} is the first exit time of B.

We say that the Harnack inequality holds for X if for any domain D C RY
and any compact subset K of D, there is a constant C > 0 depending only on D
and K such that for any nonnegative function 4 harmonic with respect to X in D,

< Ci .
)S(lelllg h(x) < C 1161[1; h(x)
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It is well known that the Harnack inequality holds true for many Markov
processes with continuous paths. A probabilistic proof for diffusions generated
by elliptic operators in non-divergence form was given by Krylov and Safonov
[15]. The proof is based on the fact that the diffusion hits sets with positive
Lebesgue measure with positive probability. Until very recently almost all results
concerning the Harnack inequality were restricted to Markov processes with
continuous paths, i.e., to harmonic functions corresponding to local operators.
The only exception was the rotationally invariant «-stable process, a € (0,2), in
which case the Harnack inequality follows directly from the explicit form of the
exit distribution from a ball (i.e., the corresponding Poisson kernel) and was
proved in [17].

A serious study of the Harnack inequality for discontinuous Markov processes
on RY began with the paper [3] by Bass and Levin. They proved the Harnack
inequality for the Markov process on R? associated with the generator

_ ) — £y KY)
L= [ e )

where k(x, —y) = k(x,y) and k is a positive function bounded between two
positive numbers. Vondracek [27] adapted the arguments of Bass and Levin [3]
and proved that, when X is a (not necessarily rotationally invariant) strictly a-
stable process, « € (0,2), with a Lévy measure comparable to the Lévy measure
of the rotationally invariant «-stable process, the Harnack inequality holds. In
[8], the Harnack inequality was proved by using a different method for
symmetric a-stable processes under the assumptions that o € (0, 1) and its Lévy
measure is comparable to the Lévy measure of the rotationally invariant a-stable
process. In their work, Bass and Levin [4] established upper and lower bounds on
the transition densities of symmetric Markov chains on the integer lattice in d
dimensions, where the conductance between x and y is comparable to |x — y\dm,
a € (0,2). One of the key steps in proving the upper and lower bounds in [4] is
the parabolic Harnack inequality. Chen and Kumagai [9] showed that the
parabolic Harnack inequality holds for symmetric stable-like processes in d sets
and established upper and lower bounds on the transition densities of these
processes. All the processes mentioned above satisfy a certain scaling property
which was used crucially in the proofs of the Harnack inequalities. In their paper,
Song and Vondracek [24] extracted the essential ingredients of the Bass—Levin
method by isolating three conditions that suffice to prove the Harnack inequality
and showed that various classes of Markov processes, not necessarily having any
scaling properties, satisfy the Harnack inequality. In a recent paper [2], Bass and
Kassmann proved the Harnack inequality for a class of processes corresponding
to non-local operators of variable order. Their method is also based on [3], but the
arguments are more delicate, yielding a weaker form of the Harnack inequality
for balls in the sense that the constant may depend on the radius of the ball.
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A common feature of all the papers mentioned above is that they all deal with
purely discontinuous processes. To the best of our knowledge, except for the
very recent paper [25], the Harnack inequality has not been established for dis-
continuous Markov processes with a nondegenerate diffusion part. In this paper
we try to fill this gap by considering subordinate Brownian motion using a sub-
ordinator with a positive drift term.

Subordination of Markov processes has a long history going back to Bochner.
The renewed interest in subordination in recent years has come from different
directions. In [12] (see also the references therein) it has been argued that asset
price processes should be modelled as subordinate Brownian motion instead of
Brownian motion itself. With this application comes the need to study properties
of subordinate Brownian motions. Connections of the subordinate Brownian
motion (using stable subordinators) with pseudo differential operators were ex-
plored by Jacob and Schilling [14]. Some potential-theoretic aspects of the sub-
ordinate killed Brownian motion (using stable subordinators) were studied in
[22, 23]. Connections of subordinate processes with jump processes on fractal
were studied by Kumagai in [16] and Stés in [26].

A subordinator T = (T, : t >0) is a nondecreasing Lévy process with the
state space [0,00). The law of T is characterized by its Laplace exponent ¢
through the relation Elexp{—AT;}] = exp{—t¢(A\)}. In this paper we will
consider Lévy processes X = (X, : +>0) in RY, d >3, that can be obtained by
subordinating a d-dimensional Brownian motion Y = (Y,: 1>0) by the
subordinator 7. To be more precise, we define X, := Y(T;). Our main interest
will be in subordinators with a non-zero drift of the type T, := br + T, where
b >0 and T is a pure jump subordinator. In this case the subordinate process X
has the same law as the independent sum of a Brownian motion and a Brownian
motion subordinate by T. A prominent example of such a process is a sum of
independent Brownian motion and a rotationally invariant a-stable process.

It is well known that for the pure jump subordinator T, we have lim,_oT, Jt=
0 a.s. Therefore, the small time behavior of the subordinator 7, = ¢ + T, is det-
ermined by the drift. As a consequence, the small time behavior of the sub-
ordinate process X; = Y(T,) should be similar to the small time behavior of
Brownian motion Y. We make this statement precise by showing that the Green
function G(x,y) of X is asymptotically equal to the Green function of the
Brownian motion as |x —y| — 0. We obtain this result from the asymptotic
behavior of the Laplace exponent of 7' at infinity. Another advantage of sub-
ordination is that the Lévy measure of X can be described explicitly in terms of
the Lévy measure of T, leading to properties of the former needed for the proof
of the Harnack inequality.

The paper is organized as follows. In Section 2 we recall some properties of
subordinators, in particularly the connection with the Bernstein functions and
complete Bernstein functions. In Section 3 we introduce the subordinate process
X and study the asymptotic behavior of its Green function at 0 and at infinity.
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The subordinators that we use include subordinators with drift, but are more
general. As a consequence of the behavior of the Green function at 0, we obtain
the asymptotics of the exit times from small balls as well as capacity of small
balls. In Section 4 we prove the Harnack inequality for the nonnegative harmonic
functions of X by use of a modified approach from [3]. In the last section we
briefly indicate how some of our results extend to the case in which Brownian
motion is replaced by a uniformly elliptic diffusion or a fractal diffusion.

In the paper we use following notation: If f and g are two functions, then
f ~ g asx — 0 (respectively, x — 00), if (f/g)(x) converges to 1 as x converges
to O (respectively, x converges to oo), and we write f < g if the quotient f/g
stays bounded between two positive constants.

2. Subordinators and Complete Bernstein Functions

Let T = (T,: t=0) be a subordinator, i.e., a Lévy process taking values in
[0,00) and having almost surely non-decreasing paths. The Laplace transform of
the law of T is given by the formula

Elexp(—AT,)] = exp(—tp(A)), A >0. (2.1)

The function ¢ : (0,00) — R is called the Laplace exponent, and its form is
given by

H(N) = b\ + /0 00(1 —e M u(dr). (2.2)

Here b >0, and v is a o-finite measure on (0, co) satisfying
/ (tA1)v(df) < oco. (2.3)
0

The constant b is called the drift and v the Lévy measure of the subordinator T.

Recall that a C* function ¢ : (0,00) — [0, 00) is called a Bernstein function
if (—=1)"D"¢ <0 for every n € N. It is well known that a function ¢ : (0, 00) —
R is a Bernstein function if and only if it has the representation given below

d(\) = a+br+ / (1= e M) w(d), (2.4)

where a,b =0, and v is a o-finite measure on (0, c0) satisfying (2.3).
The potential measure of the subordinator 7 is defined by
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and its Laplace transform is given by

i 1
LU = E /0 exXp(AT;) dr = s (2.6)

We will be interested in subordinators with absolutely continuous potential
measures. Suppose that the drift coefficient b is positive. Then the potential mea-
sure is absolutely continuous with a density u : (0,00) — R that is continuous
and positive, and u(0+) = 1/b (e.g., [6], p. 79).

LEMMA 2.1. Let T = (T, : t =2 0) be a subordinator with the Laplace exponent
given by (2.2). Suppose that b > 0, and let u be the potential density of T. Then
u(0+) = u(x) for every x > 0.
Proof. Recall that x — U([0,x]) is subadditive ([6], p. 74). Thus, for all
x>0,r>0,
U([x,x+r]) = U([0,x+r]) = U([0,x]) < U([0,r]),

which can be rewritten as

[ uers [Cuar.

Dividing by r, letting » — 0, and by using continuity of u, it follows that u(x) <
u(0+). m

A function ¢ : (0,00) — R is called a complete Bernstein function if there
exists a Bernstein function v such that

$(N) = NLPp(A), A >0,

where L stands for the Laplace transform. The following result is due to
Schilling [20], and its proof can also be found in [13] (pp. 192-193).

LEMMA 2.2. Let ¢ be a complete Bernstein function with ¢(\) = N> Lap(N\). If
the Bernstein function v has the representation

Y(\) = a+ bA+ /00(1 —e M) p(dr),
0

then ¢ has the representation

d(\) =b+aX+ /oc(l —e M) y(dr)
0
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with an absolutely continuous Lévy measure v. In particular, ¢ is a Bernstein
function.

The family of all complete Bernstein functions is a convex cone containing
positive constants and it is closed under compositions. Most of the familiar
Bernstein functions are complete Bernstein functions. The following are some
examples of complete Bernstein functions ([13]):

A a € (0,1],
A+ 1" -1,
log(1+ A),

A
A+17

\/X arctan L .
VA
The first family of complete Bernstein functions corresponds to a-stable subordi-
nators when « € (0, 1) and to the pure drift when « = 1, the second family to
relativistic «-stable subordinators, and the third to gamma subordinators. An
example of a Bernstein function which is not a complete Bernstein function is
|
Suppose that T is a subordinator whose Laplace exponent is a complete
Bernstein function. The following theorem shows that if the drift & of T is
positive or the jumping measure v of T satisfies v(0,00) = oo, the potential
measure of T is absolutely continuous with respect to the Lebesgue measure and
the potential kernel is completely monotone. The theorem also gives an explicit
formula for the potential kernel. For results related to this theorem, see Section
14 of [5].

THEOREM 2.3. Suppose that T = (T, : t = 0) is a subordinator whose Laplace
exponent

H(N) = b\ + /O Oo(l — e M) u(dr)

is a complete Bernstein function. Assume that b > 0 or v(0,00) = 0. Then the
potential measure U has a density u which is completely monotone on (0, 00).
Proof. Since ¢ is a complete Bernstein function, ¢(\) := \/p()) is also a
complete Bernstein function ([13], pp. 193-194), so there is a Bernstein function
£ such that
A

AT _ 12
S0y = 600 = Xely.
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Therefore we have

1
SO = M. (2.7)

It follows easily that
1

Also, since b > 0 or v(0,00) = oo, we have that

N B
L N LT VA

Therefore, ¢Z must have a representation

1 oo
e+ [ (L= ) u(dr)
b+ / tv(dr) /0

0

for some Lévy measure p on (0,00). It follows from Lemma 2.2 that the
Bernstein function ¢ must have the representation

p(\) =

A o0
(N =——F—+ / (1 —e)~(dr)
b +/ tv(dr) 70
0
for some Lévy measure v on (0, 00). Consequently £(0+) = 0, and from (2.7),
1
—— = (LEH()N).
500 (LE)(N)

Together with (2.6) this gives
LUN) = LE(N).

This equality of Laplace transforms implies that we can take u(x) := &' (x),x > 0,
as a density of the potential measure U. Since £ is a Bernstein function, & is
completely monotone. O

3. Green Function Estimates

Let Y= (Y, t=0) be a d-dimensional Brownian motion, d =3, with the
transition density given by

2
plt.x,y) = <4m>d/2exp<— %) %y €RG>0.
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The Green function of Y is
I'd/2-1)
4md/2 |

Let T = (T, : t=0) be a subordinator independent of the Brownian motion Y,
and let

GP(x,y) = .

H(N) = b\ + /0 00(1 —e M) p(dr)

be the Laplace exponent of 7. We assume that T is not a compound Poisson
process. Denote by p, the distribution of T;: y,(ds) := P(T, € ds). The process X
subordinate to Y by the subordinator T is defined as X, := Y (T}), t = 0. We call X
a subordinate Brownian motion.

The transition density of X is

oo
q(t,x,y) ::/0 p(s,x,y) i (ds)
o0
The potential operator Gf (x) := E* / f(X;)dr of X has a density given by
0
oo
G(x,y) :== /o q(t,x,y)dr. (3.1)

We call G the Green function of X. When the potential measure U of the subor-
dinator T has a density u, we have

G(x,y) Z/OOo /Oocp(s,w) pue(ds) di

:/ p(s,x,y) U(ds) (3.2)

0
= /Oop(s7x, y)u(s) ds.
0

In the rest of the paper the asymptotic behavior of the Laplace exponent at
infinity will play a crucial role. Note that if the drift b of the subordinator T is
strictly positive, then ¢(A) ~ bA as A — oco. Conversely, if ¢p(\) ~ bAas A — oo
for some b > 0, then b is the drift of the subordinator. We will be also interested
in the case when the Laplace exponent of T is a complete Bernstein function
satisfying ¢(\) ~ v 'A% as A — oo for o € (0,2) and a positive constant .
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Note that in this case the drift of the subordinator must be zero. We will put these
two cases into the following assumption:

d(N) ~ 7 IA2 N = 0, a € (0,2], (3.3)

where in the case a € (0,2) we always assume that the Laplace exponent is a
complete Bernstein function. Note that in the case o = 2, we have that v ! =b,
the drift of the subordinator.

THEOREM 3.1. [f the Laplace exponent of the subordinator T satisfies the as-
sumption (3.3), then

N y F(d;a)
w0227 T(g)

G(x,y) v =y

as |x —y| — 0.
Proof. Case o =2. Since b > 0, the potential measure U has a density u.
Note first that by change of variables

/ (4 t)—d/Ze |X|2 (l) dr |’C|7d+2 / d/2—26—s |X‘2 d (3 )
T X _— = —_— . .
| p 4 u 2, S u P s 4

By Lemma 2.1, lim, _ou(|x|*/(4s)) = u(0+) = 1/b for all s > 0 and the conver-
gence is bounded by u(0+). Hence, by the bounded convergence theorem,

. 1 > —d/2 \x|2 I'(d/2—-1)
lim—— [ (4 — S Vu()yde =L 3.5
o yxyd“/o ) ex"( ar ) O = g (33)

Case 0 < o < 2. Note that by Theorem 2.3 the potential measure of the
subordinator has a decreasing density. By use of the Tauberian theorem and
monotone density theorem (e.g. [7]), the assumption () ~ "y_lX’/ Zas A — 0o
implies that

u(t) ”ﬁ e B S (3.6)

Hence, there is a constant ¢ > 0 such that

u(t) Je 1<1,
Y t(y/271 = C[_a/2+l, t=1.
I'(a/2)
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By use of (3.4) we have

2
/ (4mt) d/zexp< |4|> (1) de
_ I~ /oosd/Z 265, | |
471'd/2 0

2
00 a/2—1
_ 8 |X|d+a/ (/2265 ! 4S> (i) / ds
47Td/2F(04/2) 0 ~y (v\ )04/2 1 \ 4¢

T(a/2) \ 4s
gl °° ”@)
_ —d+a d2—a/2—1 ,—s s
= X s e ds
2a7.‘-d/2r(a/2)‘ ‘ /0 F("’/z) (‘4‘ )a/z 1
v —d+a
= I +1
s M (),

where

Wl /4 u
I, = / Sd/Z—oz/Z—le—s
0 i

. ()
J _/ (d/2—a/2—1 s 4s ds
, =
/4 v (ﬁ)“/z‘l
)\ 4s

T(o/2

In the second integral I,, the integrand is bounded by the integrable function
s — ¢s%/?7%/2=1¢= hence by the dominated convergence theorem and (3.6),

lim I, = /Oosd/z—“/z—le—s ds=T d—a )
x| =0 0 2

For the first integral we have

W[ /4 2\ —@/2+1
I < /A s?/2mal2" g5 (ﬁ> ds
0 4s

5 Il /4
_ C4a/271|xra+ / sd/272efs ds.
0
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As |x| — 0, the right-hand side above also converges to zero. Hence, lim_q
I, =0.
Therefore,

2
4grr) =2 i Ndt = lim———— (I, +1
u%wlﬂ“ dJ/ (4 exp( ar ) \ﬁng“WdﬂIKa/Z)(l_+ 2

v D59
2072 T(2) O

Remark 3.2. Recall that the Green function G'®) of the rotationally invariant
a-stable process in R? has the form

1 F(d_Ta) |x_y’0z—d
/220 T'(%) ’

G (x,y) = x,y € R?,

with v € (0,2]. It follows from the theorem above that there exist two positive
constants, ¢; and ¢, (depending on +), such that for all x,y € R? satisfying
-yl <2,

ch(“)(x, y) <G(x,y) < G\ (x,y) . (3.7)

We look now at the asymptotic behavior of the Green function G(x,y) for
e —y| — oo.

THEOREM 3.3. Suppose that T = (T, : t = 0) is a subordinator whose Laplace
exponent

d(\) = bA + /0 T (1= ) w(d)

is a complete Bernstein function. If ¢(\) ~ v~ 'A% as X\ — 0+ for a € (0,2]
and a positive constant -y, then

(d=a
v (2)|X— ’a—d

G(xay)Nﬂ,d/22a F(%)

as |x — y| — oo.

Proof. Note that the assumption that ¢(\) ~ 7~ 1A% as A — 0+ implies that
either b > 0 or (0, 00) = co. Thus by Theorem 2.3 the potential measure of the
subordinator has a decreasing density. By use of the Tauberian theorem and
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monotone density theorem (e.g., [7]), the assumption ¢(\) ~~ 'A*/% as X\ —
0+ implies that

u(t) NLIQ/LI, t— 0.

[(a/2)

Since u is decreasing and integrable near 0, it is easy to show that there exists
to > 0 such that u(¢) <t~! for all # € (0,)). Hence, we can find a positive
constant C such that

u(t) <C( ' v o>, (3.8)
By use of (3.4) we have

/ (47rt)d/2exp< Al ) (1) dt

0
_ 1 | ’—d+2 * dj2-2 s |X|2 d
_4ﬂ'd/2 X A N e 'u s A

_ g —d+a dj2-2_—s
42T (e /2) il /0 s ¢ / (ﬁ)
(a/2)

‘ I_)
v | |—d+a/ (/2-/2-1 5= (4
0

= 20702 (a)2)

Let |x| = 2. Then by (3.8),

o —a/2
”( 45) xf?
<
<"Y‘2)(v/271 ¢ < 4s v

< C(s*?v 1),

It follows that the integrand in the last formula above is bounded by an integrable
function, so we may use the bounded convergence theorem to obtain

. 1 > —d)2 | _ (452
lim dm/ (4mt) exp( a7 u(t)a’t—z%rd/2 O (3.9)

el =00 |x]| 0
which proves the result. i

Typical examples that satisfy the assumptions of the last theorem are sub-
ordinators of the form T; = br + T, where b is nonnegative, Tis a (3/2-stable
subordinator, or a relativistic /2-stable subordinator, or a gamma subordinator.



SUBORDINATE BROWNIAN MOTIONS 13

In the first case the « in the theorem above is equal to 3, while in the last two
cases we have a = 2. In fact, whenever T is a subordinator with finite expec-
tation and such that the Laplace exponent of T is a complete Bernstein function,
the proposition will hold true with o =2 and v~ ! = ¢'(0+).

Remark 3.4. Suppose that T, = bt + T, where b is positive and f, is a pure
jump subordinator with finite expectation and the Laplace exponent that is
a complete Bernstein function. Then ¢(\) ~ bA, A — oo, and ¢(A) ~ ¢'(0+)A,
A — 0. This implies that the Green function of the subordinate process X satisfies
G(x,y) < GP(x,y) for all x,y € R?,

For any Borel subset A of RY, we use o4 to denote the first hitting time of A:
op=inf{t >0:X, € A}.
For any open set D in R?, we use 75 to denote the first exit time from D:
7p = inf{r > 0:X, ¢ D}.

In the remaining part of the paper we fix a constant ¢ such that

¢ > (=), (3.10)
where ¢ and ¢, are constants from (3.7). Note that ¢ > 1.

PROPOSITION 3.5. Assume that the Laplace exponent of the subordinator T
satisfies the assumption (3.3). Let ¢ > 0 be as in (3.10). Then there exist positive
constants c3 and c4 such that for every r € (0, 1)

c3r® < inf E.7p0,) < sup E.7p(,) < car® . (3.11)
zeB(0,(7¢)7'r) ' z€B(0,r)

Proof. Recall that B, 75 ) fB 0r) Gg(0,)(z,y) dy, where G, is the Green
function of the process X kllled upon ex1t1ng the ball B(0,r) and it is given by
GB(O,} (Zay) G( ) EG( (TBOI)) )’ fOI'y,ZEB(O,V).

The right-hand side estimate in (3.11) follows immediately from the estimate
(3.7) and the fact that Gp(o,)(z,y) < Gz, y) For the left-hand side estimate, let
y,z € B(0,(7¢)"'r). Then |z —y|<2(7¢)'r and IX(780,9) — ¥l Z7 — (7¢) 7!
r=r/2 (since ¢ > 1). By use of the estimate (3.7) and the fact that the radial
part of G is decreasing, we get

GB(O,r) (Zvy) > 01(2(7C)_1r)a_d - C2(’ﬂ/2)a_d
> ey (7/2)(ea /1) — 2979)
= o ((7/2) = 207
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Now for z € B(0, (7¢)”") we have

E.7p0,) = /B(O ) G0, (z,y)dy

/ . Gpon(z,y)dy
B(0,(7¢) 'r)

= Czl’aid((7/2)d_a - 2d7(y) |B(07 I’)‘

\Y

= Cc3r o O
Remark 3.6. By use of a different argument, it is proved in [25] that under more
general assumptions on the underlying process there are positive constants c3 and
¢4 such that

car*< inf B, S sup Eo7p,) <car”.
z€B(0.r/2) z2eB(0,r)

In the sequel we will use Cap(A) to denote the O-capacity of the set A with
respect to X and Cap(“)(A) to denote the O-capacity of the set A with respect to
the rotationally invariant a-stable process.

PROPOSITION 3.7. Assume that the Laplace exponent of the subordinator T
satisfies the assumption (3.3). Then for any Borel subset A C B(0, 1),

¢; 'Cap'®(A) < Cap(A) < ¢ 'Cap@(A), (3.12)

with constants c¢| and c;, from the estimate (3.7).
Proof. 1t is well known that

Cap(A) = sup{u(A) : supp(p) C A and Gu <1 a.e. on R?}.

Using Remark 3.2 we get that if x is a measure supported in A with Gu <1
almost everywhere on R?, then the measure v := ¢ is a measure supported in A
with Gv <1 almost everywhere on RY. Here we also used the maximum
principle for the potential of measures. Thus we have

Cap(A) = sup{u(A) : supp(s) C Aand Gu<1a.e. on R’}
= ¢y 'sup{cip(A) : supp(p) C Aand Gu<1a.e.on R}
< ¢;'sup{r(A) : supp(v) C A and Gv <1a.e. onR?}
= c7'Cap@(A).

The left-hand side inequality is proved in the same way. a



SUBORDINATE BROWNIAN MOTIONS 15

4. Harnack Inequality

In this section we prove the Harnack inequality for the nonnegative harmonic
functions of X. The first necessary ingredient is the lower bound on the proba-
bility of X hitting sets of positive capacity before exiting a small ball.

LEMMA 4.1. Assume that the Laplace exponent of the subordinator T satisfies
the assumption (3.3). Let ¢ >0 be as in (3.10). Then there exist positive
constants cs and cg such that for any r € (0,(7¢)”"), any closed subset A of
B(0,r) and any y € B(0,r),

Cap'®)(A)
Cap'® (B(0,7))”

Cap(A)
Cap(B(0,r)) -

Py(oa < TB(07¢r)) = C5

Py(oa < T8(0,7¢r)) = Co

Proof. 1t follows from Proposition 3.7 that it is enough to prove one of the
inequalities above. We will only prove the first inequality.

Without loss of generality we may assume that Cap(“) (A) > 0. Let Gp(0,70r) be
the Green function of the process obtained by killing X upon exiting from
B(0,7cr). If v is the capacitary measure of A with respect to X, then we have for
all y € B(0,r),

G701V (Y) = By[Gpo7env(Xs,) : 04 < TB(0,70r)]

< sup GB(0,7CI‘)V(Z)]P)y (UA < 7—153(077(,'1'))
z€R?

< ]py(UA < TB(O,7C:‘))'

On the other hand, we have for all y € B(0,r),

GB(o,7cr)V()’) :/GB(O,7CI‘)(y’Z)V(dZ) >v(A) inf GB(o7m (,2)

zeB(0,r)

= Cap(A )ZelBrg’)GB(om)()’a z)

>C2_1C3p(a)( ) inf GB(07U)(y7 )

2€B(0,r)

Since Gg(o.70r) (¥, 2) = G(,2) — By[G(X7, 5.5 2)], We have for all y,z € B(0,r),

(0,7cr)?

GB(0,7L'r) (ya Z) = CIG(Q) (yv Z) - CZEy [G(a) (XTB(OJL.,.) ) Z)]

> (20— ep6er) et = B8
el a0,
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In the first inequality above we used the estimate (3.7) and the fact that the radial
part of G is decreasing. Therefore

Cap)(A)

Py(0a < T0.7er)) = €5 ———————.
/(04 < Tho7en) > Cap@ (B(0, 1)) o

The Lévy measure of the subordinate Brownian motion X has a density given
by the formula

o) = / " (4t exp (-";—L) V(dr) (@.1)

0

(see, for example, [19], pp. 197-198). Here v is the Lévy measure of the
subordinator. In this section we will assume that the Lévy measure has a density:
v(dt) = v(t)dt. In order to study the properties of the Lévy measure of X, we
introduce the following function j : [0, c0) — [0, 00):

2

J(u) == /0 " il2exp <— %) v(t)dr, u>0. (4.2)

Note that ¢(x) = (47)"/?j(|x|) for all x € R?. In the following, rather technical,
lemma we give conditions on the density v that imply properties of j described as
(3.3) and (3.4) in [24].

LEMMA 4.2. Suppose that there exists a positive constant cg > 0 such that
v(t) < cou(2t) for all t € (0,8) (4.3)
v(t)<cov(t+1) forallt>1. (4.4)

Then there exists a positive constant cyo such that

J(u) <ci0j2u)  forallu € (0,2), (4.5)

Ju)<cpju+1) forallu>1. (4.6)

Also, u — j(u) is decreasing on (0,00).
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Proof. Let 0 < u < 2. We have

jmhlﬂ Zexp(—i /(1) di

o0

zww<%uwf&tem2mo

1/2

S—

N —

+ /0 i 4 exp(—u? /1) (1) dt + /2 N P exp(—u? /1)v(1) dt)

/2 0

> 1 ( / " exp (i [1)() de + / 4 Pexp(—i (1) dt>

Now,

bzlrdm<vao

Vv
|
o
A
(Y
~
3
*
o\
[
(Y
~
S
[¢)
>
o
VR
| N
“
\/
—
A
N—
[oN
[y
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Combining the three terms above we get that
JQ2u) = cyyj(u), wu€(0,2).
To prove (4.6) we first note that for all =2 and all u = 1 it holds that

2 2
(w+1) woo_
t t—1

This implies that

1) 2
exp<—%>26_1/46?(1)(—40”_1))’ forallu > 1,r>2. (4.7)

Now we have

Ju+1)= /Oootd/zexp< —(u%ly>u(i) dr

For I3 note that (u 4 1)* <4u? for all u > 1. Thus

8 2
Iz = / t_d/zexp( - M) v(r)de
0 4t

8
> / P exp(—1 /0 (r) dt
0

2
> g 24742 / sd/2exp< — Z—S> v(s)ds.

0
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Next,

00 2
Iy = / t_d/zexp< - M) () dt
s 41

2

> /30O td/zexp{—l/4}exp< - ﬁ) v(t) de

t

00 2
:e1/4/ (s—l)d/zexp(—Z—s>u(s+l)ds
2

00 2
>cyle 1/ / sd/zexp< — Z—) v(s) ds.
2 S

Combining the three terms above we get
Ju+1)=cppj(u), wu>1. O

Remark 4.3. Suppose that T, = bt + T,, where b is nonnegative and T is an
a/2-stable subordinator, or a gamma subordinator, or a relativistic «/2-stable
subordinator. In the first case the Lévy measure is given by v(t) = c(a)r'=%/2,
in the second case by v(f) =¢'e™!, and in the third case by v(f) =
c(a)e™t717%/2 (see, for instance, [10] or [18]), where c(a) = (a/2)/T(1 — a/2).
It is straightforward to verify that in all three cases v/(¢) satisfies (4.3) and (4.4).

Using the same argument as in the proof of Lemma 3.5 of [24], which is a
modification of the original argument from [3], we can easily get the following
result.

LEMMA 4.4. Suppose that the Lévy measure of the subordinator T satisfies
(4.3) and (4.4). Then there exist positive constants cy3 and ci4 such that if r €
(0,1), z€ B(0,r) and H is a nonnegative function with support in B(0,2r)",
then

BH(X(70,1)) < 13 Borion) / H)i(ly))dy

and
EH (X (m500)) > ¢1(E:7a0,)) / H)(y])dy.

THEOREM 4.5. Assume that the Laplace exponent of the subordinator T sat-
isfies the assumption (3.3) and that the Lévy measure of the subordinator T
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satisfies (4.3) and (4.4). Let ¢ > 0 be as in (3.10). Then there exists a constant
c1s > 0 such that, for any r € (0,4#%), xo € R? and any function h which is
nonnegative and bounded on R4, and harmonic with respect to X in B(xo,50cr),

we have

h(X) <C15h(y)7 X,y GB(X(),F).

Proof. This proof is based on the proof given in [3]. By looking at & + € and
letting € | 0, we may suppose that % is bounded from below by a positive con-
stant. By looking at ah for a suitable a > 0, we may suppose that infp,, i =
1/2. Choose zg € B(xo, ) such that 4(zg) < 1. We want to show that / is bounded
above in B(xo, r) by a constant C > 0 independent of / and r € (0,4-). We will
establish this by contradiction: If there exists a point x € B(xo, ) with i(x) =K
where K is larger than a constant to be determined later in the proof, we can
obtain a sequence of points in B(xy,2r) along which /4 is unbounded.

By Proposition 3.5 and Lemma 4.4, we can see that there exists cj > 0 such
that if x € R?, s < r, and H is nonnegative bounded function with support in

B(x,2s)", then for any y,z € B(x, (7c)”'s),
EZH(X(TB(x,s))) < C16EyH(X(7—B(x,s)))- (48)
By Lemma 4.1, if A C B(xo, 7r) then

o Cap'V(4)
: Cap(“) (B(x0,7r))

Py(O'A < TB(xo,49cr)) = , Yye B()C(), 77‘). (49)

Again by Lemma 4.1, there exists ¢;7 > 0 such that if x € RY, s € (0,1) and
F C B(x, (7¢)"'s) with Cap'® (F)/Cap'® (B(x, (7¢)"'s)) = 1/3, then

P (o < TB(xs)) = C17- (4.10)
Let
C17 1 1
== = zA—n. 4.11
" 3’ <3 Cl6 >77 ( )

Now suppose there exists x € B(xg, ) with h(x) = K for

2Cap' ™ (B(xo,7r)) . 2(49¢)°
> V .
(18 csC

Let s be chosen so that

K

B 2Cap(a) (B(x0,7r))
N Cs CK

Cap'® (B(x, (7¢)"'s)) <1. (4.12)
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Note that this implies

2 1/(d—a)
5= 49cr(—> KV <, (4.13)
¢sC

Let us write B, for B(x,s), 7, for 7p(, ), and similarly for By, and 7,,. Let A be a
compact subset of

A" ={ueB(x,(7¢)"'s) : h(u) > CK}.

It is well known that h(X,) is right continuous in [0, 75y, 490r)). Since zp €
B(xo,7) and A’ C B(x, (7¢)"'s) C B(xo,2r), we can apply (4.9) to get

1= h(ZO) > EZ() [h<X(0A A TB(X0~,49CI‘))) 1 {oa <TB(XO,49(-1~)}]

= CK]PZO [UA < TB(x0,49cr)]

Hence

Cap'™)(4) _ CapYB(x,7r)) 1

Cap ) (B(x,(7¢) '5))  e2(KCap®)(B(x, () 's)) 2

This implies that Cap'®(A")/Cap'® (B(x, (7¢)"'s)) <1/2. By subadditivity of
Cap<“) and capacitability of Borel sets, there exists F, a compact subset of
B(x, (7¢)"'s) \ A’, such that

(@)
Cap'™(F) 21
Cap® (B(x, (7¢)"'s)) 3

(4.14)

LetH=h" 1355. We claim that
Ex[n(X(7)); X(7) & Bas] < nK.
If not, B.H(X(7;)) > nK, and by (4.8), for all y € B(x, (7¢) '), we have
h(y) = Byh(X(7y)) = By [h(X(75)); X (75) £ Bas]
> JBH(X(1y)) = e dnK = CK,

contradicting (4.14) and the definition of A’.
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Let M = supg, h. We then have
K = h(x) = Ech(X(7))
=E,[h(X(oF));0r < 75| + Ex[h(X(75)); 75 < 0F; X(75) € Bay)
+ B [h(X(75)); 75 < oF; X(75) & Bay]

< (KPP (oF < 75) + MP (15 < 0F) + 1K

= (KP(oF < 75) + M(1 — Py(oF < 75)) + 1K,
or equivalently

M - 1 —n—(P(oF < Ty)

K~ 1- P.(oF < 75)

Using (4.10) and (4.11) we see that there exists > 0 such that M > K (1 + 23).
Therefore there exists X' € B(x,2s) with h(x') = K(1 + ().

Now suppose there exists x; € B(xg,r) with h(x;) = K;. Define s, in terms
of K| analogously to (4.12). Using the above argument (with x; replacing x and
x, replacing x’), there exists x, € B(xy,2s;) with h(xz) = K, = (1 + 8)K;. We
continue and obtain s, and then x3, K3, s3, etc. Note that x;; € B(x;,2s;)
and K; > (14 3)"'Ky. In view of (4.13), 3, [xiet — xi| < 197K, /. So if
K > cﬁlg “, then we have a sequence xi,x,... contained in B(xo,2r) with
h(x;) > (1 + 3)'K; — 00, a contradiction to 4 being bounded. Therefore we
can not take K; larger than ¢{g®, and thus supyeB(XW.)h(y) < ¢fg®, which is what
we set out to prove. |

By using standard chain argument, we can easily get the following conse-
quence of the theorem above.

COROLLARY 4.6. For any domain D of R? and any compact subset K of D,
there exists a constant ci9 > 0 such that for any function h which is nonnegative
and bounded in R and harmonic with respect to X in D, we have

]’l(X) <Cl9h(y)7 X,y €K.

In the next result, we remove the boundedness assumption on the harmonic
functions in Corollary 4.6.

THEOREM 4.7. For any domain D of RY and any compact subset K of D, there
exists a constant cyo > 0 such that for any function h which is nonnegative in R?
and harmonic with respect to X in D, we have

h(X) < CZOh(y)7 X,y € K.
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Proof. Choose a bounded domain U such that K CU C U CD. If h is
harmonic with respect to X in D, then

h(x) = Ex[h<X(TU))l{TU<Qo}]7 xeU.
For any n = 1, define

ha(x) = Bo[(h A n)(X(70)) 1y <o), X € RY

Then A, is a bounded nonnegative function on R?, harmonic with respect to X in
U, and

lim &, (x) = h(x), x¢€ R

nloo
It follows from Corollary 4.6 that there exists a constant ¢y = ¢20(U,K) > 0
such that

hn(x)SCZOhn(y)a X7y€K7n>1-
Letting n T oo, we get that

h(X) < Czoh()’), X,y € K. |

5. Extension to Subordinate Diffusions

In this section we extend our results to subordinate diffusions. We will first
consider elliptic diffusions on RY, d > 3.

Let a;; be Borel functions on R? such that a;(x) = a;;(x) forall i,j = 1,...,d
and all x € RY, and suppose there exists a constant ¢,; > 0 such that

d

) 2

clyl” < E azj(x)yi)’j<6‘211|Y|
ij

for all x,y € RY. The operator L := 1 Z?J 0;(a;;0;) is called a uniformly elliptic

operator in divergence form. Let Y = (Y, ") be the corresponding diffusion in
the sense that for every f € C?(RY) and every x € R?, the process

) g (xo) - [ LA(v) ds

is a P*-martingale.
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Let P'f(x) := E'[f(Y,)] be transition operators of Y. It is well known that
there exists a symmetric function p'(¢,x,y) such that PYf(x) = [p¥(t,x,y)
f(y) dy. The function p¥ (¢, x,y) is the heat kernel of the operator L and it satisfies
the following Gaussian bounds: There exists positive constants ¢y, €23, €24, C25
such that

et Pexp{—calx — J’|2/f)} <pY(t,x,y) < ot exp{—cas|x — )’|2/f)}
(5.1)

for all > 0 and all x,y € R? (e.g., [11]). Let GYf( =k fo 5) ds be the
potential operator of Y. Then

_ / * / Pty dydi = / G O)dy,

where GY (x,y) fo Y(¢,x,y) dt is the Green function of Y. The function G is
symmetric, and it follows immediately from (5.1) that there exists positive
constants c¢»g, ¢»7 such that

ool — y7 < GY (x,y) < cmlx — y[P (5.2)

for all x,y € R%.

Let T = (T,: t=0) be a subordinator independent of the diffusion ¥ with
Laplace exponent ¢, let X; := Y(T;), t =0, be the subordinate diffusion, and let
G(x,y) denote the Green function of X. By use of (5.1) we can easily obtain the
following analogs of Theorem 3.1, respectively Theorem 3.3. If ¢(\) ~ bA,
A\ — oo, for b > 0, or if ¢p(\) ~~v 'A/?, X — oo, a € (0,2), and ¢ is a com-
plete Bernstein function, then

Glx,y) = e =y

when |x —y| — 0. If ¢(\) ~~+ 'A%, X =0, a € (0,2], and ¢ is a complete
Bernstein function, then

Glx,y) = o=y

when |x —y| — co. The asymptotic behavior of the Green function at zero
implies that Propositions 3.5 and 3.7 and Lemma 4.1 are valid. We note that in
the case of a//2-stable subordinator, Selmi [21] has established that the transition
density of Y subordinate with an «/2-stable subordinator is comparable to the
transition density of symmetric stable processes. This implies that G(x,y) =<
e —y|*“as |x —y| — 0 and |x — y| — oo.
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In order to obtain the analogs of (4.5) and (4.6), besides (4.4), we have to
assume that there is a positive constant c,g such that

v(t) <csv(2t), 0<t<oo.

(The assumption above is satisfied, for example, when T, = bt + T, with T being
a stable subordinator.) Moreover, instead of one function j, we have to work with
two such functions, because of different exponents in (5.1). Consequently, the
proof of Lemma 4.4 requires minor changes. Proof of the Harnack inequality
remains the same.

We further indicate extensions to some fractional diffusions. We refer the
reader to [1] for background information on fractional diffusions. Let F C R4,
d >3, be a nonempty closed set such that diam(F) = oo, and let df € (0,d]. A
Borel measure 41 is a dy-measure on F if there are constants ¢y9, 390 > 0 such that

Coor < pu(B(x,r)) <csor¥, x€F,r>0.

The set F is called a dr set if F' = supp(y) for some dr measure p. A fractional
diffusion on F is a Feller process Y = (Y,, P,) with continuous paths and the state
space F such that Y has a symmetric transition density p(z,x,y) = p(t,y,x),
t >0, x,y € F, which is jointly continuous for each ¢ > 0 and satisfies

)2 e — y[\ @/
et/ exp —C32<W) <p(t,x,y) (5.3)

/2 lx =y =)
< 33t Texp —C34< 1/dy >

for all t > 0 and all x,y € F. Here c31, 32, ¢33, €34 are positive constants, d,, > 0
and d, = 2dy/d,,. We assume that d; > 2 which implies that the process Y is
transient ([1], p. 40).

Let T = (T,;: t=0) be a subordinator, independent of Y, with a complete
Bernstein Laplace exponent ¢. Let u denote the potential density of 7. Let
X, := Y(T;) be the subordinate fractional diffusion. The case when T is an «/2-
stable subordinator was studied in [16, 26]. The Green function of X can be
written as

G(x,y) = /Ooop(t,x,y)u(t) dr. (5.4)

By using the lower bound (5.3) for p(¢, x,y), and by change of variables, we can
obtain the following lower bound for G(x,y):

00 d,—1 d,,
dy—ds / g5/ 2 —dy s, 35—yl ds
dw71 !
0 S

where ¢35 > 0, and similarly for the upper bound.

G(x,y) Zc3slx —y
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Assume that ¢ satisfies (3.3), i.e., () ~~y A2 as A — oo, a € (0,2].
Similarly as in the proof of Theorem 3.1 we obtain that G(x,y) satisfies

Glx,y) < v =y,

[x—y| —0.
If (A) ~ 7 'A%, X — 0, a € (0,2], and ¢ is a complete Bernstein function, the
analog estimate is valid for G as |x — y| — oc.
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