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Abstract. We study an approximation scheme for a nonlinear stochastic wave equation in one-
dimensional space, driven by a spacetime white noise. The sequence of approximations is obtained
by discretisation of the Laplacian operator. We prove L”-convergence to the solution of the
equation and determine the rate of convergence. As a corollary, almost sure convergence, uni-
formly in time and space, is also obtained. Finally, the speed of convergence is tested numerically.
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1. Introduction

Nowadays, stochastic partial differential equations (spde’s) are accepted as being
a very suitable framework to understand complex phenomena. An aspect of the
development of the theory consists in seeking methods of finding solutions
numerically. Some of them are inspired on those used in the deterministic
context. Let us mention for instance, finite differences [9, 10, 15, 16, 29], finite
elements [7], splitting up methods [1, 2, 12, 18], Galerkin approximations [8] and
time discretisation [17, 25]. Others are more genuine stochastic, based on the
Wiener chaos decomposition [20, 21] or on truncations of the Fourier expansion
of the noise [26, 27]. We refer the reader to [11] for a survey of some of these
methods, together with a more extensive list of references.

Lattice approximation schemes for parabolic spde’s in one spatial dimension,
developed in [9, 10], have been the starting point of several further investi-
gations. In [24], lattice schemes for parabolic spde’s in any spatial dimension are
considered and the influence of the particular covariance density of the noise
given by Riesz kernels is studied. A class of parabolic evolution equations on
Banach spaces with monotone operators are analysed in [14]. In [13], a finite
difference approximation scheme for an elliptic spde in dimension d = 1,2,3 is
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studied. The results show how much the behaviour of this kind of approximation
depends on the differential operator driving the spde and are one of the very few
attempts of looking beyond the parabolic case. Let us also mention [5] for some
results on numerical approximations for elliptic equations.

In this paper we consider strong approximations for a stochastic wave equa-
tion in spatial dimension one by a sequence obtained substituting the derivatives
in space by finite differences. This is a first step towards the analysis of lattice
approximations for hyperbolic spde’s. In fact, to our best knowledge there are very
few results on numerical approximation for the stochastic wave equation [22].

We consider the nonlinear stochastic wave equation

0* o? *wW
T (03) = 5 (6.2 £, u(t,0)) + ot u(1,x)) 5 (1),

t> 0, x € (0, 1), with initial conditions

u(0,x) = up, @

o (0,x) = vp, x € (0,1),

and Dirichlet boundary conditions

u(t,0) =u(r,1) =0, > 0.
We assume that o and v are functions defined on [0, 1], uy vanishes at x = 0 and
x = 1, and that W is the Brownian sheet on R, x [0, 1]; that is, {W (¢, x), (¢,x) €

R4 x [0,1]} is a Gaussian stochastic process defined on some probability space
(Q, F,P) with mean zero and covariance function

EW(t,x)W(s,y)) = (s At)(x Ay).
Following a classical approach to spde’s, we attach a rigorous meaning to the

formal problem described above by means of the evolution formulation, as
follows:

u(t,x) = /1G(t X, y)vo(y )dy+(.;9 (/01 G(t,m)uo(y)dy)

/ / — 5,5, )0 (s, , uls, ¥) )W (ds, dy) (1)

/ / — 5,2, )f (s, v, (s, ) dsdy,

120, x € (0, 1), where G is the Green function of the wave equation with homo-
geneous Dirichlet boundary conditions.
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For any n>1, we fix the spatial grid x; = k/n, k=1,---,n— 1, and con-
sider the system of stochastic differential equations obtained by substituting
the Laplacian by its discretisation and freezing the evolution equation (1) at the
points of the grid (see (8)). This provides an implicit finite dimensional scheme.
By linear interpolation, we obtain a sequence of evolution equations which is
proved to converge in any L”(£2), uniformly in ¢, x, to the solution of Equation (1)
with a given rate of convergence (see Theorem 1).

In comparison with parabolic examples, the rate of convergence differs sub-
stantially from the Holder continuity order of the sample paths of the solution.
Indeed, assuming for simplicity that the initial conditions vanishes, sample paths
are jointly Holder continuous in (z,x) of order a < %, while the rate of con-
vergence is of order p < % In fact this is the order of the quadratic mean error in
the approximation of the Green function by the approximation derived from the
discretised scheme. We have checked with a numerical analysis that one cannot
expect better results.

The paper is organized as follows. In the second section, we study the Holder
continuity of the sample paths of Equation (1). Section three is devoted to prove
the main result on the approximation scheme. Finally, in an Appendix we test
numerically the optimality of the rate of convergence proved in section three.

2. Some Properties of the Solution

In this section we prove some properties of the solution of Equation (1). In par-
ticular, we analyse sufficient conditions on the initial data ensuring joint Holder
continuity, in time and in space, of the sample paths of the solution.

We fix a finite time horizon T and assume that the coefficients f, o are real-
valued functions defined on [0, 7] x [0, 1] x R, satisfying the following conditions:

(L)

SBI‘;] (]f(l,x,z) _f(tayav)‘ + ‘U([,X,Z) - O'(I,y,V)D < C(’X—y‘ + |Z_ V’),

(LG)

sup  (If(t,x,2)] + |o(t, x,2)]) < C(1 + |2]),
(1x)€[0.T]x[0,1]

for every x,y € [0,1] and z,v € R.
Throughout the paper we shall use the expansion of the Green function

Gltx3) = Y- 2 o)), @

j=1



306 LLUIS QUER-SARDANYONS AND MARTA SANZ-SOLE

where ;(x) = v/2sin(jmx), j >1, is a complete orthonormal system of L? ([0, 1])
(see for instance [6], p. 94). Alternatively, for (¢,x) € [0,T] x [0, 1],

+00
G(t,x,y) = Z (Lo<ye<t yx—2ni<tt — Ljo<y<t,yrx—2b/<r}) (3)
k=—00
(see [3]).
Assume that ug, vo belong to L2([0,1]). By the classical approach to the
deterministic wave equation on [0, 1] with Dirichlet boundary conditions, we
know that

1 00
g </0 G(t,x, )’)MO()’)d)’> e Z(uo, ;) cos(jmt)pj(x),

Jj=1

where (+,*) stands for the usual scalar product in L*([0, 1]) (see [19], p. 44).

Let F,, t € [0,T], be the o-field generated by the random variables W (s, x),
s € 0,7, x €[0,1]. Assume that the stochastic process u = {u(t,x),(t,x) €
[0,T] x [0,1]} in equation (1) is F/,-adapted and satisfies sup(, ,cjo 7xr E(|u(t,
x)\z) < 00, then all terms in the right-hand side of equation (1) are well defined,
when choosing as stochastic integral the extension of It0’s integral with respect
to martingale measures developed by Walsh in [30].

By the standard technique based on Picard’s iterations scheme, it is not dif-
ficult to prove the existence and uniqueness of a measurable, F;-adapted sto-
chastic process {u(t,x), (t,x) € [0,T] x [0, 1]} such that

sup E(|u(t,x)]2) < oo
(1,x)€[0,T]xR

and satisfying Equation (1). Existence only requires the condition (LG), while
uniqueness needs (L). We refer the reader to [4] (see also [3] and [23]) for
a similar result on different types of equations that can be easily adapted to
equation (1).

For a function g: [0,1] — R and a € R, we define

8lla2 = (i(l +72)°1(g, 90;>|2>

J=1

and denote by H*?([0, 1]) the set of functions g: [0, 1] — R such that ||g[|,,, <
oo. Notice that H*2([0, 1]) is a subspace of the fractional Sobolev space of frac-
tional differential order o and integrability order p = 2 (see [28]).

The next result gives additional information on the existence and uniqueness
of solution of equation (1).
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PROPOSITION 1. Assume that vo € H**([0,1]) for some 3> —1% and uy €
H*2([0, 1]) for some o > %; suppose also that the coefficients o and f satisfy con-
dition (LG). Then, for every p = 1,

sup  E(Ju(t,x)|") < 4o0.
(1.0)€[0,7]x[0,1]

Proof. Consider the decomposition

4
E(|u(t,x)]") <CY " Ju(t,x),
k=1

with
1) =| [ Gy
Jo(t,x) = Z(Moa%)COS(jm)SOJ(X) ;
=£(|[ [ 6t-sxnotrutwas)| ),
E( —5,x,9)f (s, y,u(s,y))dsdy )
Since
! in j
/0 G(t,x,y)vo(y Z > vo,goj>g0j(x), (4)

j=1

Cauchy—Schwarz inequality and the assumptions on v, yield

%
sup < E J |(vo, ;)
(1)€[0.T]x[0, 1] ( ! >

00 .2/ 2
sin”(jmt) .
X sup (Zijzwz ()% 25)

(100,17 x[0,1] \ 5=

P
00 2
< Clwollf, (Zj‘z(”ﬁ)) <cC
j=1

Using similar arguments, we obtain that

p

o0
sup  Jo(t,x) < Clluol”, <Z j‘2“> <C
Jj=1

()€[0,T]x[0,1]
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Owing to the expression (3),

sup |G (t,x,y)|*dy < +o0. (5)
(£,x)€[0,T]%[0,1]

In fact, sup, . 1o T]><[01 2|G(t,x,y)| < 0. Hence, the measure on [0,7] x [0, 1]
defined by s, (ds,dy) = |G(r — s, x,y)|*dsdy is finite, uniformly with respect to
(1.x) € [0,T] x 0.1]

Applying Burkholder’s inequality and then Holder’s inequality with respect to
e x(ds, dy) yield

sup J3(t,x)
x€[0,1]

r ol 5
< C sup E( ; /0 G (1 = 5,%,y)]*[o(s,y, u(s, y)) "dsdy )

x€[0,1]

< C sup (/0’/01 |G(t—s,x,y)|2E(|a(s,y7u(s,y))|”)dsdy)

x€[0,1]

t
<C 1+/ sup E(Ju(s,x))ds |,
0 x€0,1]

where we have used the bound (5) and condition (LG) on o.
For the term J4(7, x), we apply Holder’s inequality with respect to p . (ds, dy)
and the property (LG) on f. We obtain

sup Ju(t,x) < C(l + /Ol sup E(|u(s,x)|p)ds>.

x€[0,1] x€(0,1]

Bringing together the above estimates, we obtain

sup E(|u(t,x)") < C(l +/0 sup E(|u(s,x)\p)ds>,

x€[0,1] x€[0,1]

with a constant C independent of . We conclude applying Gronwall’s lemma. O

We next study the Holder property of the trajectories of the solution of
equation (1).

PROPOSITION 2. We assume that vy € H**([0,1]), for some 3> —1, ug €
H*2([0, 1]), for some o > 3, and that the coefficients o and f satisfy conditions
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(LG) and (L). Then, for all p =1 there exists a positive constant C, depending on
a, B, such that

E(|u(s, x) — u(t,9)|*) < C(|jt — s 4 |y — ypp(1+29

p(2a—1)

"H S’p (2a—1)+|x—y| (6)

+r = 5" + [x = yI"),

for every s,t € [0,T] and x,y € [0, 1].

Consequently, the process u has a.s. Holder-continuous sample paths of order
8, for all 6 € (0,60), where 6o = (% +ﬂ) (=3 Al

Proof. Assume that s < fand y < x. We set

H(t,x) / / — 85, x,z)0(s,z,u(s,z))W(ds, dz),

F(t,) // 5.2, 2)f (5,2, u(s, 7)) dsdz.

Thus we have the decomposition

4

E(Ju(s,x) — u(t,y)|?) < CZJk(s, 1,X,5),
k=1
where
1 2p
Ji(s.0,%,y) = / (G5,x.2) — Glt,y,2)vol2)de]
0

2p
2(s,t,x,y) =

Y

i (0, 27) (cos(75)5(x) — cos(jm)pi ()

Js(s,t,x,y) = E(|H(s,x) — H(1,y)|"),
J4(s,t,x,y) = E(|F(S,X) _F(t7y)|2p)‘
The identity (4) and Cauchy—Schwarz inequality yield

sin(js) P

sin(jt)
in 0j(x) i

Ji(s,1,x,y) = ‘ZJ 1( wj(y)><vO,<pj>

p

< Ioll (Zf; (R gy - U ) jw) .

JT JT
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Hence Ji(s,t,x,y) < C(A(s,t,x,y) + Aa(s,t,x,y)), where

0o s /. . 2 p
Ar(s, 03, ) = <Z <SIHJ(~7JTM) _ s1n;7jr7rt)> |p,(x)|2j‘2ﬁ> |

Jj=1

> L N2 p
Aals ,x,3) = (Z(%’(X) ~ ¢i))* Smj(%t) j25> .
=

The mean value theorem yields

Ai(s,t,x,y) <Z}2 HB)( Ft—s) ))p.

If 3 > 1, we clearly have A; (s, t,x,y) < C(t — s) % for some positive constant C
depending on (3. Assume now that § € (— % , %] Obviously,

00 p oo p
(Zj_z(wﬁ)(l /\jz(z‘—s)z)> C( t—s 26_|_ Z j—2(1+ﬁ)> ,
j=1

J=N+1
where N = [1/(¢t — s)] and [+] stands for the integer value. Since

\\Mz

N 00
ijZﬁ < CN'725+17 Z j72(1+5) < C(N—I— 1)*1*23,
J=1 Jj=N+1

and 1 +2 3 < 2,if § € (—1,4], we obtain

A (s, t,x,y) < C(t_s)p(l+2‘d).
Analogously, As (s, 7,x,y) < C(x —y)""*?_ Thus,

Ji(s,t,x,y) < C((t— P20 4 (x _y)p(l+26)).

Let us now deal with the term J,. By Cauchy—Schwarz inequality,
p
p : 2
Ja(s,t.%,y) < Clluoll, <ZJ cos(js)py(x) — cos(jm)e(y) ) .
Therefore J,(s,t,x,y) < C(By(s,t,x,y) + Ba(s,t,x,y)), with

Bi(s,t,x,y) =

—

il

7 (cos(jms) - cosW))z) ,

7

Bz(w,x,y):( J 2 (pi(x) — %(y))2> :

j=1
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The same arguments used in the analysis of the terms A;(s,z,x,y) and
AZ(Sa Z,X,y) yleld

Dast2,y) < C((x=y)" 7Y 4 (1= 970,
Let us now study the stochastic integral term by considering the decomposition
J3(Sv f,X,))) < C(DI(S7 t,X) +D2(57X7)’))7

with
Di(s,t,x) = E(|H(s,x) — H(t,x)[?),

DZ(taxvy) = E(|H(tvx) _H(Zvy)|2p)'

Set h(r,z) = o(r,z,u(r,z)), r € [0,T], z € R. Observe that the assumption (LG)
and Proposition 1 yield
sup  E(|h(r,2)|) < C, (7)
(r,z)€[0,T]x[0,1]
for any ¢ € [2,00).
Clearly, Di(s,t,x) < C(Dyi(s,t,x) + D12(s,t,x)), with
2p>

Dy (s, t,x) = E( / / —r,x,z) — G(s — r,x,z)|h(r,z)W(dr,dz)

Dus(s,1,) :E<// — rox 2)h(r, )W (dr, d2) 2,,>.

We apply first Burkholder’s inequality and then Holder’s inequality with re-
spect to the finite measure on [0,7] x [0, 1] defined by |G(t — r,x,y) — G(s — r,
x,y)|*drdy. By virtue of Equation (7) we obtain

)

Dll(S, t,x)

< CE<
N 1 p—1
< C<// ’G(’—hx’Z)—G(S—r,x,z)\zdzdr>
0 Jo

” </o /o 6= rox) ~ Gls—rix z>|2E<|h<r,z>|2">dzdr>p

s 1 p
< C(/ / G(t —r,x,z) = G(s — r,x,z)fdzdr) )
o Jo

K 1
/ |G(t —r,x,z) — G(s — r,x,z)|2|h(r,z)|2dzdr
0
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Replace the Green function G by its expansion given in Equation (2). Since the
family (;,j = 1) is orthonormal in L*([0, 1]), we obtain

Dii(s,1,x) < C(fo =1 |51n(]7r(t—r))—sin(jﬂ(s—r))|2dr)n

< C(Z/ﬁlrz(l AR — s)z))p.

Therefore, sup,(o D11 (s, 1,x) < C(t —s)".
We can obtain an upper bound for Dy,(s, ¢, x) by similar arguments, yielding

Azl[J:)pl]Du(Stx < (/ (Z—sm J7rt—1))>dr> < C(t—s).

Thus, sup .o Di(s, 4, x) < C(r—s)’. Similarly, one can check that
supeio D2t x,y) < Clx —y)’.

Summarising, we have proved
J3(s,t,x,y) < C((t —s)’ + (x —y)p).
With the same type of arguments, but less effort one can check that
Ja(s, t,x,y) < C((r =)' + (x —y)F).
We leave the details to the reader. This finishes the proof of the upper bound (6).

The last statement of the proposition follows from Kolmogorov’s continuity
criterion. |

3. Strong Approximations

This section is devoted to the proof of the main result of the paper. We start with
the description of the discretisation of the stochastic wave equation and end up
with a result on the rate of the convergence in L”(£2) of the approximations. As a
by-product we also obtain almost sure convergence.

3.1. DISCRETISATION OF THE ONE-DIMENSIONAL STOCHASTIC WAVE EQUATION

Throughout this section we shall assume that ug, vo belong to L2([0, 1]).
One can express the stochastic boundary value problem we are studying in
this paper by means of a system of two first-order spde’s, as follows:

ou

E([’ x) = v(t,x),

Ov o0? o0?
E(tax) Ox 0.2 (t X) +f(t X, u(t x)) +J(t>xau(tax)) ItOx W(t>x)7
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t> 0, x € (0, 1), with initial conditions

u(0,x) = up(x), v(0,x) =vo(x), x€(0,1),
and Dirichlet boundary conditions

u(t,0) =u(t,1) =0, >0.

For any integer n > 1, set x, = k/n, k=1,...,n— 1. Consider the system of
stochastic differential equations

du" (t,x;) = V" (t, x;)de

V' (t,x) = n* (W (t,x01) — 20" (1, x¢) + (£, x,_1 ) )dt (8)
+ f(t, xp, u" (2, x7) )dt
+ no(t, i, 1" (,x) )d(W (8, Xk1) — W2, x)),

with initial conditions

u"(0,x) = uo(xx), vV'(0,xx) = vo(xz),

where
= (o, 0)ei(x), volxe) =D (vo, e)pi(xe),
j=1 j=1
k=1,...,n— 1.

Conditions (LG) and (L) on the coefficients o and f guarantee the existence
and uniqueness of solution to the above system of equations.

We would like to write the stochastic system (8) in an evolution-like form.
Let us introduce a simplified notation by setting

up(t) = " (t, xp),
vi(t) = v"(t, %),
Wi (t) = Vn(W(t,xi1) — W(t,x0)),

k=1,...,n— 1. Notice that W"(¢) = (W}(7),..., W
sional standard Brownian motion.
Then Equation (8) is equivalent to

dui (1) = vi(r)de
dvi(t) = n* Z diu? (£)dz 4 f (£, x¢, ] () de (9)
+ Vno(t, x, ul (1)) dW} (1),

with u}(0) = uo(xx), vi(0) =vo(xx), k=1,...,n— 1, where dy = =2, di; = 1
if [k —i] =1 and dy = 0 if [k —i| > 1.

(1) is a (n—1)-dimen-
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In the sequel we denote by D the square (n — 1)-dimensional matrix whose
entries are d.

The system (9) can be written as the R?"~_valued stochastic differential
equation

dw' (1) = A"W" (1) + F(w" (1)) + X(w" (1)) dW" (1),

w"(0) = (_ ( ),y”( ))*, with the followmg notations: u" (1) = (up(r),k =1,.
n—1), v Vi(t), k= 1,. —1), w'(r) = (u"(1),v"(t))*, where the su-
perscript * mean s the transpose of the vector,

n—1

FW' (1)) = (00 f (301, 0}(0)), o F (1 %o, 1, (1)),

and W" = (Z,W")*, with Z a (n — 1)-dimensional Brownian motion independent
of W”. Finally

Ar — (;?21) ”6—1> and (W' (1)) = ﬁ(?) 2),

where /,_; denotes the identity matrix in R"! and B, is the diagonal matrix of
size n — 1 with diagonal elements o(f,x;, u}(t)), fork =1,...,n— L.
It6’s formula yields

w' _ tA"Wn ' (t—s)A" w(s))ds
Wi(e) = e _@+Ae Fw"(s))d

t

+ [ IS0 (s))dW (s). (10)

S—

As mentioned in [9], the n — 1-dimensional vectors

2 [k
ej:(\/%Sll’l(];ﬂ'),kzl,...,n—l>, (11)

j=1,...,n—1 are an orthonormal basis of R""!'. In addition, they are eigen-
vectors of n?D with eigenvalues

A= —4n? sinz(ziw) = szzc;‘,
; n .
respectively, where
s 2 (jm
_ Sin (ﬂ)

i\ 2
B

It is easy to check that 4/7% < of <1
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With these ingredients, it is possible to compute the exponential matrix e",
r 2 0. Indeed, by the definition of the matrix A", we have

2k Hk 2k Pk
2%k n“*D 0 2k+1 0 n*D
(A")" = ( 0 nZka)v (A") = (nz(k+1)Dk+1 0 )7

k € NU {0}, which implies that

o <E1 (t,n) Et, n)>
E5(t,n) Ei(t,n) '

where
i t2k ek o0 t2k+l k
= n=D", E2 l‘ n ,
— (2k)! k:O 2/<+
o~ n2kphtl
DL
D=3 G

kO

With these expressions, we can write equation (10) coordinatewise and in
particular, the components of the vector u”(z), as follows:

n—1 n—

1 1
= cos (ﬂm /C )tpj(xk)%(xl)uo(xl)
=1 j=1
1 n—1 n—1 Sln<j7['l C}q
42 .
. o o (xi)pj (1) vo (x1)

- : ng(xk)QOJ(X[)f(S,X],M?(S»ds

_ / 5 (xe) i (x1) o (5, x1, 1 (5) ) AW (s),

where ;(x) = v/2 sin(jmx) and k = 1,...,n— 1.

Set
n=1 sin( jmt, /]
G'(t,x,y) = Z%@f@%(ﬁn()’)),
J

where £, (y) = [ny]/n, ¢} (x) = p;(x;) for x = x; and
@7 (x) = pj(xr) + (nx — 1) (@j(xii1) — i)

for x € (x7,x741)-
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We extend the definition of u}(f) = u"(t,x;) to any x € [0, 1] by linear inter-
polation, by setting

u"(t,x) = u"(t,x1) + (nx — k) (u" (¢, x551) — u"(t,x1)),

if x € [, Xg1)-

The sequence of processes u” = {u"(t,x), (t,x) € [0,T] x (0,1)}, n = 1, is the
approximation scheme of the solution of the stochastic wave equation we are
considering in this paper. Notice that " satisfies the evolution equation

1
(1) = / G (1,3, )0 (5n(y))dy
1
to ([ 6ex o)
- [ [ 6= sx s ma). a3

- ’ [ 6= sx ol mb)at s m W@ @), (12

t€(0,7T] and x € (0, 1).

3.2. THE RATE OF CONVERGENCE IN 17

This section is devoted to the proof of the main result of this paper, as follows.

THEOREM 1. Suppose that uy € H**([0,1]), with o > 3, vo € H?2([0,1]), with
8> % We also assume that the coefficients o and f satisfy conditions (LG) and
@L).

There exists a positive constant C depending on «, (3 such that, for any n = 1,

sup E(|Mn(t7x) - u(lvx)|2p) < 505 0 (13)
(2,x)€[0,T]%[0,1]

forall p € (0, po), with py = 3 A (a = 3) A (6 —3).
Moreover, u"(t,x) converges to u(t,x) almost surely, as n tends to infinity,
uniformly with respect to (t,x) € [0,T] x [0, 1].

Remark. Remember that, for any v > %, H"2([0,1]) is embedded in the space
of 6-Hélder continuous functions on (0, 1), for any 6 € (0, — ). Actually, one
could state an analogue to Theorem 1 assuming Holder continuity of the initial
conditions.
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We prepare the proof of this theorem with some preliminary results.
In the next lemma we will use the inequality

/ h(s) — APy < 5

valid for every function / in C'([0, 1]) and any n > 1.

1 2

fy )| d, (14)

LEMMA 1. For every 6 € (O,%), there exists a positive constant C, depending
on 6, such that

C
sup /IGtxy) G"(1,x,)|"dy < <5
(¢,x)€[0,T]%[0,1]

for every n = 1.
Proof. Set

Galtrry) =3 U ().

=T

We consider the upper bound

4

1
| 16653 - @'ty < cy

k=

where

1
I1(t,x) :/0 G(t,x,y) — Gu(t,x,y)[*dy,

1
B(1.x) = / 1Galt,3) — Gt 5, ()2,

n—1 sm(jm1 /c’?)
t
1(1,%) / sin jﬂ') J
0

= v
2
1| n=1 sin{ jrt,/c"
1;(t,x) =/0 (.J—nj)(wj( ) — ¢ ()i (ka(y))| dy.

2

—

©i(X)0i(kn(y))| dy,

~.

Owing to equation (2) and to the orthonormality of the family (y;,j = 1),

I (t,x) CZ

/n
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Notice that (¢;,j = 1) defined by ;(y) = cos(jmy), is an orthogonal system in
L?([0, 1]). Thus, by Equation (14),

c (Y19 - C
n 2 2
new < S [2 < 7 Seoimlaof < 1.

N

G,,(Z,x y

for all n = 1.
For h,g € L*([0,1]), set (h,g)" = fol h(kn(y))g(kn(y))dy. By its very defini-
tion, for any j,/ = 1,

(@i, 00" = (ej,en),_1 = b, (15)

where (*,*), , denotes the Euclidean inner product in R"™!, (¢;,j = 1...,n— 1)
is the basis of R"~! defined in equation (11) and ¢;; is the Kronecker symbol.
Consequently,

—

I(t,x) =
j

2
sin(jmt) S0 (1 i/ > 2
T m ave K

and

qmm:M %QEEQ (i07(x) — ¢ (x))*.

=\ g
Set I3(t,x) < C(A, + B,), where
2
, — —— | sin”(jmr),
= VG
2
= Z <sm jmt) —sm(;m[)) .

A Taylor expansion of the function sinx at x = 0 yields

c”<C
n

7 (16)

2 )

forany j=1,...,n—1, and n > 1. Then, since ¢} is bounded below by 4/7?,
we obtain

n—1

<SR- <

J=1
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Let v € (0, %); the mean value theorem and Equation (16) yield

zl (st — sinjmr, 7))

l

n—1

<3 (NG

I & 1 C
j=

for some positive constant C depending on . Thus, for every 6 € (0, %)

0

B <
nb

Putting together Equations (17) and (18) we obtain that

C
It x) < —,
3( X) I’lé

for all § € (0,2).
Observe that

2
2 J
i) =g )" < 5

Hence
n C

The proof of the lemma is complete.

319

(18)

(19)

O

PROPOSITION 3. Assume that vy € L*([0, 1]), uo € H**([0,1]), for some o > 1,
and that the coefficients f and o satisfy condition (LG). Then for every p = 1

sup  sup E(\u“(l,x)]z") < +o0.
n>1 (1.0)€[0.7)x[0,1]

Proof. By virtue of Equation (12), we have

4
E(ju(1,x)P7) < € Ax(n1,),
k=1
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with
1 2p
M) = | [ @l
1 2p
Ay(n,t,x) = Uup, ©; uy ; ,
(n,1,%) j21<oso>cos(1r[)so<>
As(n,t,x)
= E( ; G"(t — s,x,y)0(s, kn(y), u" (s, ku(y)))W(ds, dy) ),
Ag(n,t,x)

Gn(t - Saxvy)f(sv ”n()))v ”n(sv ’in(y)))d‘gdy

:E<

We can easily prove that

)

1
sup  sup / G" (1, x,y)|*dy < 0. (20)
[0,1]

n>1 (t,x)€[0,T]x

Let h € H**([0, 1]), with a > 1, then

for every n 21 and j=1,...,n— 1. Indeed, Fubini’s theorem and Equation
(15) yield

1 oo
/OZ o) ei(kn(¥))@i(Ka(y))dy

=1

=St [ )

=1
= <h7 (pj>‘

By Cauchy—Schwarz inequality,

i = ([ 166sf0) ([ monre)
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. 1 . . . . .
Since sup, [, [vo(kn (y))|*dy is finite, using Equation (20) we obtain

sup sup  Ai(n,t,x) < C.
n>1 (1,x)€[0,T]x[0,1]

The identity (21) and Cauchy—Schwarz inequality yield

00 5 pr 00 p )
As(n,1,x) < C<Z!(uo,%‘>|jza> (Zﬂa) < Clluoll)-
j=1 j=1

Applying first Burkholder’s inequality and then Holder’s inequality with respect

to the finite (uniformly with respect to n, r and x) measure |G"(r — s, x,y)|*dsdy
on [0,7] x [0, 1] yield

P

As < CE(|fis o 167(1 = 5,0, 3) Plo(s, sn(0), /(5. 5n(3)) sy

< (14 Jo Jo 1670 = s,x,3)PE(ju (s, ma(y)) [ ) dsly )

< C(l + Jfy sup E(\u"(s,x)|2”)ds>.

x€[0,1]

Similarly,

Ay < C(l —i—/l sup E<|u"(s,x)]2p>ds).
0

x€[0,1]

Therefore

t
mmEQw@wW)<c+c/’wa@Monﬁ&
x€[0,1] 0 x€[0,1]

with a constant C independent of n.
We apply Gronwall’s lemma to conclude the proof. |

With analogous arguments as those used in the study of the terms J5(s, 7, x,y)
and J4(s,t,x,y) in the proof of Proposition 2 we obtain the following.

LEMMA 2. Let {h(t,x),(t,x) € [0,T] x [0,1]} be an F-adapted stochastic
process such that for any p = 1

sup E(|h(t,x)|2p) < o0.
(2,x)€[0,T]%[0,1]
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The stochastic processes defined by

H"(t,x):/o /0 G"(t — s,x,z)h(s,z)W(ds, dz),

topl
F'(t,x) = / / G"(t — s,x,z)h(s,z)dz ds,
o Jo
(t,x) € [0,T] x [0, 1], are well defined. Moreover, there exists a positive constant
C such that
E(JH"(5,%) = H' (b)) < Cllt = sl + e = yP),

E(1F"(5,2) = F"(1,9)") < C(It = s + x = yP),

for all s,t € [0,T], x,y € [0,1], n > 1.
Therefore, almost all the sample paths of both, H" and F", are jointly Holder

continuous in time and in space, of any order 6 € (0,%).

In order to shorten the notation, we set

1
vtr) = [ Gl (22)
V03) = [ Gyl
(6%) = 3o, ) eos(jm) ),
(05) = S o 'cos ) 1),
w(t,x) = u(t,x) — v(t,x) — p(t,x),
(23)

w'(t,x) = u"(t,x) — V" (¢, x) — 1" (¢, x).
From the proof of Proposition 2 and the above Lemma 2, we clearly have
sup (B (5,x) = w'(1,) ") + E(w(s, x) = w(t,»)*))
< C(le = sl + e = 1),

for every p = 1, 5,t € [0,T], x,y € [0, 1].
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In particular, these estimates imply that, if the initial conditions v, 1y vanish,
the trajectories of the stochastic processes u#" and u are a.s. jointly Holder
continuous in time and in space, of any order 6 € (0, %)

PROPOSITION 4. Assume that vy belongs to H**([0,1]), for some 3 > 1. There
exists a positive constant C depending on 3, such that

sup ‘I/n(t,x)—l/(l‘,x)‘ <_E>
(1,x)€[0,T]x[0,1] n

for each n = 1 and every € € (0,¢), with ¢y = % A (B — %)
Proof. Owing to Cauchy—Schwarz inequality and Equation (20) we have

|V"(t,x) — v(t,x)| <C(Ny(n,t,x) + Na(n)),

where

1

1 2
Ny (n,1,x) = ( /O G (t,x,y) — Gt x, y)|2dy> ,

1
2

) = ([ a3 = vy

From Lemma 1, it follows that sup(, \c(o.r)x(0.yN1(n,1,x) < C/n7, for every v €
0,)
Moreover,

1
2

Na(n) = (fol !i(mm(w;(m(y)) - wj(y))\zdy)

1

00 5
<ol (wa(l A,%))
=1

Hence, for B € (4,3], (25) is bounded by C/n’~2. If 3> 3, since the series
Z;iljz(l_[ 7 s convergent, we can estimate Equation (25) by C/n. Consequently,

C
i

Nz(l/l) <

The proof is complete. |
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PROPOSITION 5. Assume that uy € H**((0,1]), with o > 3. There exists a
positive constant C depending on o such that

. C
sup |,LL (I,X) —,u(t,x)| < T
(1.x)€[0,7)x[0,1] n

for each n = 1 and every T € (0,7), with 7 = (o — %) Al

Proof. By Equation (21) we have that

3
" (1,) = (6, )| < CY It x,m),
k=1

with
e = >, ) cost i)
L(t,x,n) = i(uo,g@ (cos(]m) — cos(]m\/7>><p,( )|,

J=1

3(t,x,n) nZi (1o, ;) cos(ﬂrt\/‘)(%( ) — cp]”(x))‘

j=1

~.

Cauchy—Schwarz inequality yields

Ii(t,x,n) < c(i y<u0,<p,>|2ﬁa> (i j‘20‘>

j=n

C
ner
Cauchy—Schwarz inequality and Equation (16) yield

“lcos(jmt) — cos (jm, /c;?)

<

2)%
2\ 2 (26)

< C<Z" e (1 - ) )

ht,x,n) < cuuona,z(zr 1y

1
< c( ot o)’
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For «, the last term in Equation (26) is bounded by C/ n®2. For o > %, the series
Z;’fl 26 converges and therefore the last term in Equation (26) is bounded
by C/n*. Hence, since o > , forany n = 1,

I

DI(t < —

2( ’ X H) nr

for every 7 € (0,%), with 7o = (a — 3) A 2.
Similarly, by virtue of Equation (19),

C
Lt,x,n) < —.
3(t,x,n) ,

Thus the proof of the statement is complete. |

PROPOSITION. 6 Suppose that uy belongs to H**([0, 1]), with o >3, vo €
H*2([0,1]), with 3 > % and that the coefficients o and [ satisfy conditions (LG)
and (L).

There exists a positive constant C, depending on «, (3, such that

C

n 2
sup E(|W (f,X) _W(Z’X)‘ P) < Wa

(2,x)€[0,T]%[0,1]

for each n = 1 and any p € (0, py), with py =
Proof. By definition of w” and w,

TN (=N (B-D).

E(Jw"(1,x) = w(t,x)[") < C(A}(1,x) + A3(1,x)),

with

Gn — 5, X y (S Kfn(y) (S7 an(y)))W(dS,dy)

2p
)

G” 1= 5,0, 9)f (5, fn(y), (s, rn(y)))dsdy

|

Al(t,x) = <

// —5,x,y)o(s,y, u(s,y))W(ds,dy)

AS(t,x) (
[ [ - sonsats s
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Burkholder’s inequality and Holder’s inequality with respect to the measures on
[0,7] x [0,1] given by |G"(t — 5,x,y) — G(t — s,x,y)[*dsdy and |G(t — s,x, )|
dsdy, respectively, yield

Aj(t,x) < C(B(t,x) + Bj(t,x)),

where

p—1
B{(t,x) = <// |G"(t — s,x,y) — G(t—s,x,y)|2dsdy)
¢l
([ [ 16050 =6t sxnp
0 Jo

x E(|o(s, k()" (s. 7)) ") dsdy)

Bj(t,x) = //|Gtsxy

x E(|o(s, kn(v), u" (s, 5a(7))) = o (s, y,u(s, 7)) dsdy.

The assumption (LG), Proposition 3 and Lemma 1 yield, for any n = 1,

2,0\ <« €
th\<//\G 4,x,y) — (tx,y)|dyds><n7p,

for all 6 € (0,3).
From the Llpschltz condition (L) on ¢ and Equation (5) we have

z€[0,1]

1 t
Bi(t,x) < C<nTp+/ ( sup E(|u"(s,z) — u(s,z)|2p
0

+ sup E(|u(s, ka(z)) — u(s,z)|2p))ds>.

z€[0,1]

Owing to Equations (22), (23) and the upper bounds provided by Propositions 2,
4 and 5, we obtain

1 t
Bi(t,x) < C( o +/ sup E(|w"(s,z) — w(s,z)|2p)ds>,
0

z€(0,1]

for any p € (0, pp), with pg =1 A (a—3) A (B—3).
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Taking into account the upper bound obtained for the term B (z, x), it follows
that

sup E(|w"(1,2) — w(t,2)|”)
z€(0,1]

< C(ﬂzﬁ + fé sup E(|w"(s,z) — w(s,z)|2p)ds>,
z€(0,1]

for all 7 € [0,T], every n = 1 and the same range of p described before.
With Gronwall’s lemma we complete the proof. |

We are now ready to end up with the proof of the main theorem.

Proof of Theorem 1. The first statement (see (13)) is a consequence of the
previous Propositions 4, 5 and 6.

Owing to Propositions 4 and 5, in order to complete the proof we only need to
check the almost sure convergence w”"(f,x) — w(t,x), uniformly in (7,x) €
[0,T] x [0, 1].

Notice that, for any p € 2, 00),

sup  |w'(t,x) —w(t,x)[? < CUy + T2+ J3),
(¢,x)€[0,T]%[0,1]

with
n—1 n—1
2
Ty= S0 S ) = wlE ) P
k=0 =0
Jy :=supsup sup sup W' (4, x7) — w'(1,x) [,
k1 |t=g|<l/n|x=x}|<1/n
J3 :=supsup sup sup  |w(Z, X)) — w(t,x)|*,
koL je=tf|<1/n|x—x}|<1/n
where 1} := k%, X} = ﬁ, k,l=0,1,...,n— 1. By Proposition 6,
C
E(J)<
(1)< n2pp-1)"’

for all p € (0,pp) and n > 1.
The joint Holder continuity of the sample paths of the processes w” and w (see
(24)) yields

C
E(Jz +J3) < W’

for every 6 € (0,4), n > 1. Consequently,

C
E sup w(t,x) —w(t,x)|* | < C——,
((x v)e[O,T]x[0,1]| (r.x) (t,) ) n2pp=1)
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for all p € (0, po). Hence

1 C
P sup  wW(t,x) —w(t,x) ¥ = = | < ——,
<(r )e[0,7]x[0,1] n? np=4

for all n = 1.
Let p > 5/2p, Borel-Cantelli’s Lemma yields, with probability one,

N
sup W (%) — wlt, )] < (—) |

(t%)€[0,T]x[0,1] n
for n sufficiently large. The proof is now complete. |
Appendix

This section is devoted to a numerical analysis of the speed of convergence of the
sequence of approximations #”, n = 1, given in Theorem 1. We study the op-
timality of the restriction given by the value % in the rate of convergence.

According to the proof of Propositions 6 and 4, the above-mentioned re-
striction comes from the uniform bound of the L?([0, 1]) norm of the difference
G"(t,x,+) — G(t,x,+) stated in Lemma 1 and more precisely, from the upper
bound proved for the term

2
n=1 (Gin(int sin(jm /c’7>
B =Y (ST ) g,

= JjT jm\/cf

(t,x) €[0,T] x [0, 1].

With a computer program (written in C language) we compute /5(¢,x) for
different values of ¢, x and n. First, we check that the term 90]2 (x) = 2sin’(jmx)
has no significant influence in the behaviour of 4(z, x), for fixed ¢ € [0,T] and
large n. Thus, it seems reasonable to focus our attention on

—_

2
n—1 s i j ;
i sin(jmr) S ( Jmt /cj")
I5(1) = Z . - = :
. Jm Jm\/¢;

j=1

For a fixed 7, we compute /5(¢) for many different natural values of » in some
range [ng,n;]. Then, we consider the function f; defined by fi(z) = I5(7), z € N
plno,n1], and use the least square optimization method to fit f; to a function of the
form g,(z) = e?/z4, for some @ > 0 and b € R. In the following table, the values
of a, b and the range of variation on n for some values of ¢ are displayed.

We observe that the values of a in the above table are slightly less than . It is
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worthy mentioning that for values of ¢ in the neighbourhood of integer numbers
we need to compute /5(7) for larger values of n in order to obtain a suitable
convergence.

In Figures 1 and 2, we simultaneously plot the functions 75(f) and g(z), for
t =1.002 and t = /2, respectively. The coefficients a, b of the function g, and

t Range of n a b

1 2 < n < 10000 0.662039 —2.54703
1.002 2 < n < 50000 0.665005 —2.10701
V2 2000 < n < 15000 0.659738 —2.00993
8.7 2 < n < 10000 0.65826 —1.40663

the range of variation of n — and therefore of z — are specified in the above table.
Notice the almost perfect matching for r = /2.
We conclude that the bound

C
L(t,x) < —,
3( X) n(s

0003 T T T T T T T T T

0.0025

0.002

0.0015

0.001

0.0005

0
0 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000

Figure 1. The dotted line corresponds to g, and the continuous one to /%(¢), for £=1.002.
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0.0009 T T T T T T

0.0008 |- B

0.0007 | B

0.0006 | B

0.0005 B

0.0004 B

0.0003 B

0.0002 1 1 1 1 1 1
2000 4000 6000 8000 10000 12000 14000 16000

Figure 2. Graphs of g, and I(¢) for t = /2.

6 € (0, %), is optimal. Therefore, the restriction in Theorem 1 given by the value
% is intrinsic to the model and it is not due to the method of the proof.
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