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Abstract. We study an approximation scheme for a nonlinear stochastic wave equation in one-

dimensional space, driven by a spacetime white noise. The sequence of approximations is obtained

by discretisation of the Laplacian operator. We prove Lp-convergence to the solution of the

equation and determine the rate of convergence. As a corollary, almost sure convergence, uni-

formly in time and space, is also obtained. Finally, the speed of convergence is tested numerically.
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1. Introduction

Nowadays, stochastic partial differential equations (spde’s) are accepted as being

a very suitable framework to understand complex phenomena. An aspect of the

development of the theory consists in seeking methods of finding solutions

numerically. Some of them are inspired on those used in the deterministic

context. Let us mention for instance, finite differences [9, 10, 15, 16, 29], finite

elements [7], splitting up methods [1, 2, 12, 18], Galerkin approximations [8] and

time discretisation [17, 25]. Others are more genuine stochastic, based on the

Wiener chaos decomposition [20, 21] or on truncations of the Fourier expansion

of the noise [26, 27]. We refer the reader to [11] for a survey of some of these

methods, together with a more extensive list of references.

Lattice approximation schemes for parabolic spde’s in one spatial dimension,

developed in [9, 10], have been the starting point of several further investi-

gations. In [24], lattice schemes for parabolic spde’s in any spatial dimension are

considered and the influence of the particular covariance density of the noise

given by Riesz kernels is studied. A class of parabolic evolution equations on

Banach spaces with monotone operators are analysed in [14]. In [13], a finite

difference approximation scheme for an elliptic spde in dimension d ¼ 1; 2; 3 is
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studied. The results show how much the behaviour of this kind of approximation

depends on the differential operator driving the spde and are one of the very few

attempts of looking beyond the parabolic case. Let us also mention [5] for some

results on numerical approximations for elliptic equations.

In this paper we consider strong approximations for a stochastic wave equa-

tion in spatial dimension one by a sequence obtained substituting the derivatives

in space by finite differences. This is a first step towards the analysis of lattice

approximations for hyperbolic spde’s. In fact, to our best knowledge there are very

few results on numerical approximation for the stochastic wave equation [22].

We consider the nonlinear stochastic wave equation

@2u

@t2
ðt; xÞ ¼ @2u

@x2
ðt; xÞ þ f ðt; x; uðt; xÞÞ þ �ðt; x; uðt; xÞÞ @

2W

@t@x
ðt; xÞ;

t > 0, x 2 ð0; 1Þ, with initial conditions

uð0; xÞ ¼ u0;
@u

@t
ð0; xÞ ¼ v0; x 2 ð0; 1Þ;

and Dirichlet boundary conditions

uðt; 0Þ ¼ uðt; 1Þ ¼ 0; t > 0:

We assume that u0 and v0 are functions defined on ½0; 1�, u0 vanishes at x ¼ 0 and

x ¼ 1, and that W is the Brownian sheet on Rþ � ½0; 1�; that is, fWðt; xÞ; ðt; xÞ 2
Rþ � ½0; 1�g is a Gaussian stochastic process defined on some probability space

ð�;F ;PÞ with mean zero and covariance function

EðWðt; xÞWðs; yÞÞ ¼ ðs ^ tÞðx ^ yÞ:

Following a classical approach to spde’s, we attach a rigorous meaning to the

formal problem described above by means of the evolution formulation, as

follows:

uðt; xÞ ¼
Z 1

0

Gðt; x; yÞv0ðyÞdyþ @

@t

Z 1

0

Gðt; x; yÞu0ðyÞdy

� �

þ
Z t

0

Z 1

0

Gðt� s; x; yÞ�ðs; y; uðs; yÞÞWðds; dyÞ

þ
Z t

0

Z 1

0

Gðt� s; x; yÞf ðs; y; uðs; yÞÞdsdy;

ð1Þ

tU0, x 2 ð0; 1Þ, where G is the Green function of the wave equation with homo-

geneous Dirichlet boundary conditions.
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For any nU1, we fix the spatial grid xk ¼ k=n, k ¼ 1; � � � ; n� 1, and con-

sider the system of stochastic differential equations obtained by substituting

the Laplacian by its discretisation and freezing the evolution equation (1) at the

points of the grid (see (8)). This provides an implicit finite dimensional scheme.

By linear interpolation, we obtain a sequence of evolution equations which is

proved to converge in any Lpð�Þ, uniformly in t; x, to the solution of Equation (1)

with a given rate of convergence (see Theorem 1).

In comparison with parabolic examples, the rate of convergence differs sub-

stantially from the Hölder continuity order of the sample paths of the solution.

Indeed, assuming for simplicity that the initial conditions vanishes, sample paths

are jointly Hölder continuous in ðt; xÞ of order � < 1
2
, while the rate of con-

vergence is of order � < 1
3
. In fact this is the order of the quadratic mean error in

the approximation of the Green function by the approximation derived from the

discretised scheme. We have checked with a numerical analysis that one cannot

expect better results.

The paper is organized as follows. In the second section, we study the Hölder

continuity of the sample paths of Equation (1). Section three is devoted to prove

the main result on the approximation scheme. Finally, in an Appendix we test

numerically the optimality of the rate of convergence proved in section three.

2. Some Properties of the Solution

In this section we prove some properties of the solution of Equation (1). In par-

ticular, we analyse sufficient conditions on the initial data ensuring joint Hölder

continuity, in time and in space, of the sample paths of the solution.

We fix a finite time horizon T and assume that the coefficients f , � are real-

valued functions defined on ½0; T� � ½0; 1� � R, satisfying the following conditions:

ðLÞ

sup
t2½0;T�

�
j f ðt; x; zÞ � f ðt; y; vÞj þ j�ðt; x; zÞ � �ðt; y; vÞj

�
r Cðjx� yj þ jz� vjÞ;

ðLGÞ

sup
ðt;xÞ2½0;T��½0;1�

�
j f ðt; x; zÞj þ j�ðt; x; zÞj

�
r Cð1þ jzjÞ;

for every x; y 2 ½0; 1� and z; v 2 R.

Throughout the paper we shall use the expansion of the Green function

Gðt; x; yÞ ¼
X1
j¼1

sinð j�tÞ
j�

’jðxÞ’jðyÞ; ð2Þ
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where ’jðxÞ ¼
ffiffiffi
2
p

sinð j�xÞ, jU1, is a complete orthonormal system of L2 ð½0; 1�Þ
(see for instance [6], p. 94). Alternatively, for ðt; xÞ 2 ½0;T� � ½0; 1�,

Gðt; x; yÞ ¼
Xþ1

k¼�1
1f0ry�r1;jy�x�2kjrtg � 1f0ryr1;jyþx�2kjrtg
� �

ð3Þ

(see [3]).

Assume that u0, v0 belong to L2ð½0; 1�Þ. By the classical approach to the

deterministic wave equation on ½0; 1� with Dirichlet boundary conditions, we

know that

@

@t

Z 1

0

Gðt; x; yÞu0ðyÞdy

� �
¼
X1
j¼1

hu0; ’ji cosðj�tÞ’jðxÞ;

where h�; �i stands for the usual scalar product in L2ð½0; 1�Þ (see [19], p. 44).

Let F t, t 2 ½0;T �, be the �-field generated by the random variables Wðs; xÞ,
s 2 ½0; t�, x 2 ½0; 1�. Assume that the stochastic process u ¼ fuðt; xÞ; ðt; xÞ 2
½0;T � � ½0; 1�g in equation (1) is F t-adapted and satisfies supðt;xÞ2½0;T��R E

�
juðt;

xÞj2
�
<1, then all terms in the right-hand side of equation (1) are well defined,

when choosing as stochastic integral the extension of Itô’s integral with respect

to martingale measures developed by Walsh in [30].

By the standard technique based on Picard’s iterations scheme, it is not dif-

ficult to prove the existence and uniqueness of a measurable, F t-adapted sto-

chastic process fuðt; xÞ; ðt; xÞ 2 ½0; T� � ½0; 1�g such that

sup
ðt;xÞ2½0;T��R

E
�
juðt; xÞj2

�
<1

and satisfying Equation (1). Existence only requires the condition (LG), while

uniqueness needs (L). We refer the reader to [4] (see also [3] and [23]) for

a similar result on different types of equations that can be easily adapted to

equation (1).

For a function g: ½0; 1� ! R and � 2 R, we define

kgk�;2 :¼
X1
j¼1

ð1þ j2Þ�jhg; ’jij2
 !1

2

and denote by H�;2ð½0; 1�Þ the set of functions g : ½0; 1� ! R such that kgk�;2 <
1. Notice that H�;2ð½0; 1�Þ is a subspace of the fractional Sobolev space of frac-

tional differential order � and integrability order p ¼ 2 (see [28]).

The next result gives additional information on the existence and uniqueness

of solution of equation (1).
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PROPOSITION 1. Assume that v0 2 H�;2ð½0; 1�Þ for some � > � 1
2

and u0 2
H�;2ð½0; 1�Þ for some � > 1

2
; suppose also that the coefficients � and f satisfy con-

dition (LG). Then, for every p U 1,

sup
ðt;xÞ2½0;T��½0;1�

Eðjuðt; xÞjpÞ < þ1:

Proof. Consider the decomposition

Eðjuðt; xÞjpÞrC
X4

k¼1

Jkðt; xÞ;

with

J1ðt; xÞ ¼
Z 1

0

Gðt; x; yÞv0ðyÞdy

����
����
p

;

J2ðt; xÞ ¼
X1
j¼1

hu0; ’jicosð j�tÞ’jðxÞ
�����

�����
p

;

J3ðt; xÞ ¼ E

Z t

0

Z 1

0

Gðt� s; x; yÞ�ðs; y; uðs; yÞÞWðds; dyÞ
����

����
p� �
;

J4ðt; xÞ ¼ E

Z t

0

Z 1

0

Gðt� s; x; yÞf ðs; y; uðs; yÞÞdsdy

����
����
p� �
:

Since

Z 1

0

Gðt; x; yÞv0ðyÞdy ¼
X1
j¼1

sinð j�tÞ
j�

hv0; ’ji’jðxÞ; ð4Þ

CauchyYSchwarz inequality and the assumptions on v0 yield

sup
ðt;xÞ2½0;T��½0;1�

J1ðt; xÞ r
X1
j¼1

j2�jhv0; ’jij2
 !p

2

� sup
ðt;xÞ2½0;T��½0;1�

X1
j¼1

sin2ð j�tÞ
j2�2

j’jðxÞj2j�2�

 !p
2

r Ckv0kp
�;2

X1
j¼1

j�2ð1þ�Þ

 !p
2

r C:

Using similar arguments, we obtain that

sup
ðt;xÞ2½0;T��½0;1�

J2ðt; xÞ r Cku0kp
�;2

X1
j¼1

j�2�

 !p
2

r C:
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Owing to the expression (3),

sup
ðt;xÞ2½0;T��½0;1�

Z 1

0

jGðt; x; yÞj2dy < þ1: ð5Þ

In fact, supðt;x;yÞ2½0;T��½0;1�2 jGðt; x; yÞj <1. Hence, the measure on ½0;T� � ½0; 1�
defined by �t;xðds; dyÞ ¼ jGðt� s; x; yÞj2dsdy is finite, uniformly with respect to

ðt; xÞ 2 ½0;T� � ½0; 1�.
Applying Burkholder’s inequality and then Hölder’s inequality with respect to

�t;xðds; dyÞ yield

sup
x2½0;1�

J3ðt; xÞ

r C sup
x2½0;1�

E

Z t

0

Z 1

0

jGðt� s; x; yÞj2j�ðs; y; uðs; yÞÞj2dsdy

����
����

p
2

 !

r C sup
x2½0;1�

�Z t

0

Z 1

0

jGðt� s; x; yÞj2Eðj�ðs; y; uðs; yÞÞjpÞdsdy
�

r C 1þ
Z t

0

sup
x2½0;1�

Eðjuðs; xÞjpÞds

 !
;

where we have used the bound (5) and condition (LG) on �.

For the term J4ðt; xÞ, we apply Hölder’s inequality with respect to �t;xðds; dyÞ
and the property (LG) on f . We obtain

sup
x2½0;1�

J4ðt; xÞ r C

 
1þ

Z t

0

sup
x2½0;1�

Eðjuðs; xÞjpÞds

!
:

Bringing together the above estimates, we obtain

sup
x2½0;1�

Eðjuðt; xÞjpÞ r C

 
1þ

Z t

0

sup
x2½0;1�

Eðjuðs; xÞjpÞds

!
;

with a constant C independent of t. We conclude applying Gronwall’s lemma. Ì

We next study the Hölder property of the trajectories of the solution of

equation (1).

PROPOSITION 2. We assume that v0 2 H�;2ð½0; 1�Þ, for some � > � 1
2
, u0 2

H�;2ð½0; 1�Þ, for some � > 1
2
, and that the coefficients � and f satisfy conditions
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(LG) and (L). Then, for all pU1 there exists a positive constant C, depending on
�; �, such that

Eðjuðs; xÞ � uðt; yÞj2pÞ r Cðjt� sjpð1þ2�Þ þ jx� yjpð1þ2�Þ

þjt� sjpð2��1Þþjx�yjpð2��1Þ

þjt� sjp þ jx� yjpÞ;

ð6Þ

for every s; t 2 ½0; T� and x; y 2 ½0; 1�.
Consequently, the process u has a.s. H€oolder-continuous sample paths of order

�, for all � 2 ð0; �0Þ, where �0 ¼ ð12þ �Þ ^ ð�� 1
2
Þ ^ 1

2
.

Proof. Assume that s r t and y r x. We set

Hðt; xÞ ¼
Z t

0

Z 1

0

Gðt� s; x; zÞ�ðs; z; uðs; zÞÞWðds; dzÞ;

Fðt; xÞ ¼
Z t

0

Z 1

0

Gðt� s; x; zÞf ðs; z; uðs; zÞÞdsdz:

Thus we have the decomposition

Eðjuðs; xÞ � uðt; yÞj2pÞ r C
X4

k¼1

Jkðs; t; x; yÞ;

where

J1ðs; t; x; yÞ ¼
Z 1

0

ðGðs; x; zÞ � Gðt; y; zÞÞv0ðzÞdz

����
����
2p

;

J2ðs; t; x; yÞ ¼
X1
j¼1

hu0; ’jiðcosð j�sÞ’jðxÞ � cosð j�tÞ’jðyÞÞ
�����

�����
2p

;

J3ðs; t; x; yÞ ¼ EðjHðs; xÞ � Hðt; yÞj2pÞ;

J4ðs; t; x; yÞ ¼ EðjFðs; xÞ � Fðt; yÞj2pÞ:
The identity (4) and CauchyYSchwarz inequality yield

J1ðs; t; x; yÞ ¼
P1

j¼1

sinð j�sÞ
j�

’jðxÞ �
sinð j�tÞ

j�
’jðyÞ

� �
hv0; ’ji

����
����
2p

r kv0kp
�;2

P1
j¼1

sinð j�sÞ
j�

’jðxÞ �
sinð j�tÞ

j�
’jðyÞ

� �2

j�2�

 !p

:
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Hence J1ðs; t; x; yÞ r CðA1ðs; t; x; yÞ þ A2ðs; t; x; yÞÞ, where

A1ðs; t; x; yÞ ¼
X1
j¼1

sinð j�sÞ
j�

� sinð j�tÞ
j�

� �2

j’jðxÞj2j�2�

 !p

;

A2ðs; t; x; yÞ ¼
X1
j¼1

ð’jðxÞ � ’jðyÞÞ2
sinð j�tÞ

j�

����
����
2

j�2�

 !p

:

The mean value theorem yields

A1ðs; t; x; yÞ r C
X1
j¼1

j�2ð1þ�Þ 1 ^ j2ðt� sÞ2
� � !p

:

If � > 1
2
, we clearly have A1ðs; t; x; yÞr Cðt� sÞ2p

, for some positive constant C
depending on �. Assume now that � 2 ð� 1

2
; 1

2
�. Obviously,

X1
j¼1

j�2ð1þ�Þ 1 ^ j2ðt� sÞ2
� � !p

r C ðt� sÞ2
XN

j¼1

j�2� þ
X1

j¼Nþ1

j�2ð1þ�Þ

 !p

;

where N ¼ 1=ðt� sÞ½ � and ½�� stands for the integer value. Since

XN

j¼1

j�2� r CN�2�þ1;
X1

j¼Nþ1

j�2ð1þ�Þ r CðN þ 1Þ�1�2�;

and 1þ 2 � r 2, if � 2 ð� 1
2
; 1

2
�, we obtain

A1ðs; t; x; yÞ r Cðt� sÞpð1þ2�Þ:

Analogously, A2ðs; t; x; yÞ r Cðx� yÞpð1þ2�Þ
. Thus,

J1ðs; t; x; yÞ r C
�
ðt� sÞpð1þ2�Þ þ ðx� yÞpð1þ2�Þ�:

Let us now deal with the term J2. By CauchyYSchwarz inequality,

J2ðs; t; x; yÞ r Cku0kp
�;2

X1
j¼1

j�2�ðcosð j�sÞ’jðxÞ � cosð j�tÞ’jðyÞÞ2
 !p

:

Therefore J2ðs; t; x; yÞ r CðB1ðs; t; x; yÞ þ B2ðs; t; x; yÞÞ, with

B1ðs; t; x; yÞ ¼
X1
j¼1

j�2�ðcosð j�sÞ � cosð j�tÞÞ2
 !p

;

B2ðs; t; x; yÞ ¼
X1
j¼1

j�2�ð’jðxÞ � ’jðyÞÞ2
 !p

:
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The same arguments used in the analysis of the terms A1ðs; t; x; yÞ and

A2ðs; t; x; yÞ yield

J2ðs; t; x; yÞ r C
�
ðx� yÞpð2��1Þ þ ðt� sÞpð2��1Þ�:

Let us now study the stochastic integral term by considering the decomposition

J3ðs; t; x; yÞ r CðD1ðs; t; xÞ þ D2ðt; x; yÞÞ;

with

D1ðs; t; xÞ ¼ EðjHðs; xÞ � Hðt; xÞj2pÞ;

D2ðt; x; yÞ ¼ EðjHðt; xÞ � Hðt; yÞj2pÞ:

Set hðr; zÞ ¼ �ðr; z; uðr; zÞÞ, r 2 ½0;T�, z 2 R. Observe that the assumption (LG)

and Proposition 1 yield

sup
ðr;zÞ2½0;T��½0;1�

Eðjhðr; zÞjqÞ < C; ð7Þ

for any q 2 ½2;1Þ.
Clearly, D1ðs; t; xÞ r CðD11ðs; t; xÞ þ D12ðs; t; xÞÞ, with

D11ðs; t; xÞ ¼ E

Z s

0

Z 1

0

½Gðt� r; x; zÞ � Gðs� r; x; zÞ�hðr; zÞWðdr; dzÞ
����

����
2p

 !
;

D12ðs; t; xÞ ¼ E

Z t

s

Z 1

0

Gðt� r; x; zÞhðr; zÞWðdr; dzÞ
����

����
2p

 !
:

We apply first Burkholder’s inequality and then Hölder’s inequality with re-

spect to the finite measure on ½0;T� � ½0; 1� defined by jGðt� r; x; yÞ � Gðs� r;
x; yÞj2drdy. By virtue of Equation (7) we obtain

D11ðs; t; xÞ

r CE

Z s

0

Z 1

0

jGðt� r; x; zÞ � Gðs� r; x; zÞj2jhðr; zÞj2dzdr

����
����
p� �

r C

Z s

0

Z 1

0

jGðt� r; x; zÞ � Gðs� r; x; zÞj2dzdr

� �p�1

�
Z s

0

Z 1

0

jGðt� r; x; zÞ � Gðs� r; x; zÞj2Eðjhðr; zÞj2pÞdzdr

� �p

r C

Z s

0

Z 1

0

jGðt� r; x; zÞ � Gðs� r; x; zÞj2dzdr

� �p

:
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Replace the Green function G by its expansion given in Equation (2). Since the

family ð’j; j U 1Þ is orthonormal in L2ð½0; 1�Þ, we obtain

D11ðs; t; xÞ r C
R s

0

P1
j¼1

1
j2 jsinð j�ðt� rÞÞ � sinð j�ðs� rÞÞj2dr

� �p

r C
P1

j¼1 j�2 1 ^ j2ðt� sÞ2
� �� �p

:

Therefore, supx2½0;1�D11ðs; t; xÞ r Cðt� sÞp.

We can obtain an upper bound for D12ðs; t; xÞ by similar arguments, yielding

sup
x2½0;1�

D12ðs; t; xÞ r C

Z t

s

X1
j¼1

1

j2
sin2ð j�ðt� rÞÞ

 !
dr

 !p

r Cðt� sÞp:

Thus, sup x2 ½0;1�D1 ðs; t; xÞ r Cðt� sÞp. Similarly, one can check that

supt2½0;T�D2ðt; x; yÞ r Cðx� yÞp.

Summarising, we have proved

J3ðs; t; x; yÞ r C
�
ðt� sÞp þ ðx� yÞp

�
:

With the same type of arguments, but less effort one can check that

J4ðs; t; x; yÞ r C
�
ðt� sÞp þ ðx� yÞp

�
:

We leave the details to the reader. This finishes the proof of the upper bound (6).

The last statement of the proposition follows from Kolmogorov’s continuity

criterion. Ì

3. Strong Approximations

This section is devoted to the proof of the main result of the paper. We start with

the description of the discretisation of the stochastic wave equation and end up

with a result on the rate of the convergence in Lpð�Þ of the approximations. As a

by-product we also obtain almost sure convergence.

3.1. DISCRETISATION OF THE ONE-DIMENSIONAL STOCHASTIC WAVE EQUATION

Throughout this section we shall assume that u0, v0 belong to L2ð½0; 1�Þ.
One can express the stochastic boundary value problem we are studying in

this paper by means of a system of two first-order spde’s, as follows:

@u

@t
ðt; xÞ ¼ vðt; xÞ;

@v

@t
ðt; xÞ ¼ @2

@x2
uðt; xÞ þ f ðt; x; uðt; xÞÞ þ �ðt; x; uðt; xÞÞ @2

@t@x
Wðt; xÞ;
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t > 0, x 2 ð0; 1Þ, with initial conditions

uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ; x 2 ð0; 1Þ;

and Dirichlet boundary conditions

uðt; 0Þ ¼ uðt; 1Þ ¼ 0; t > 0:

For any integer n U 1, set xk ¼ k=n, k ¼ 1; . . . ; n� 1. Consider the system of

stochastic differential equations

dunðt; xkÞ ¼ vnðt; xkÞdt

dvnðt; xkÞ ¼ n2ðunðt; xkþ1Þ � 2unðt; xkÞ þ unðt; xk�1ÞÞdt

þ f ðt; xk; u
nðt; xkÞÞdt

þ n�ðt; xk; u
nðt; xkÞÞd Wðt; xkþ1Þ �Wðt; xkÞð Þ;

ð8Þ

with initial conditions

unð0; xkÞ ¼ u0ðxkÞ; vnð0; xkÞ ¼ v0ðxkÞ;
where

u0ðxkÞ ¼
X1
j¼1

hu0; ’ji’jðxkÞ; v0ðxkÞ ¼
X1
j¼1

hv0; ’ji’jðxkÞ;

k ¼ 1; . . . ; n� 1.

Conditions (LG) and (L) on the coefficients � and f guarantee the existence

and uniqueness of solution to the above system of equations.

We would like to write the stochastic system (8) in an evolution-like form.

Let us introduce a simplified notation by setting

un
kðtÞ ¼ unðt; xkÞ;

vn
kðtÞ ¼ vnðt; xkÞ;

Wn
k ðtÞ ¼

ffiffiffi
n
p

Wðt; xkþ1Þ �Wðt; xkÞð Þ;

k ¼ 1; . . . ; n� 1. Notice that WnðtÞ ¼
�
Wn

1ðtÞ; . . . ;Wn
n�1ðtÞ

�
is a ðn�1Þ-dimen-

sional standard Brownian motion.

Then Equation (8) is equivalent to

dun
kðtÞ ¼ vn

kðtÞdt

dvn
kðtÞ ¼ n2

Xn�1

i¼1
dkiu

n
i ðtÞdtþ f ðt; xk; u

n
kðtÞÞdt

þ
ffiffiffi
n
p

�ðt; xk; u
n
kðtÞÞdWn

k ðtÞ;

ð9Þ

with un
kð0Þ ¼ u0ðxkÞ, vn

kð0Þ ¼ v0ðxkÞ, k ¼ 1; . . . ; n� 1, where dkk ¼ �2, dki ¼ 1

if jk � ij ¼ 1 and dki ¼ 0 if jk � ij > 1.
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In the sequel we denote by D the square ðn� 1Þ-dimensional matrix whose

entries are dik.

The system (9) can be written as the R2ðn�1Þ-valued stochastic differential

equation

dwnðtÞ ¼ AnwnðtÞ þ FðwnðtÞÞ þ �ðwnðtÞÞdWnðtÞ;

wnð0Þ ¼ ðunð0Þ; vnð0ÞÞ*, with the following notations: unðtÞ ¼
�
un

kðtÞ; k ¼ 1; . . . ;
n� 1

�
, vnðtÞ ¼

�
vn

kðtÞ; k ¼ 1; . . . ; n� 1
�
, wnðtÞ ¼

�
unðtÞ; vnðtÞ

�
*, where the su-

perscript * means the transpose of the vector,

FðwnðtÞÞ ¼ ð0 . . . 0
zfflffl}|fflffl{n�1

; f ðt; x1; u
n
1ðtÞÞ; . . . ; f ðt; xn�1; u

n
n�1ðtÞÞÞ*;

and Wn ¼ ðZ;WnÞ*, with Z a ðn� 1Þ-dimensional Brownian motion independent

of Wn. Finally

An ¼ 0 In�1

n2D 0

� �
and �ðwnðtÞÞ ¼

ffiffiffi
n
p 0 0

0 B�

� �
;

where In�1 denotes the identity matrix in Rn�1 and B� is the diagonal matrix of

size n� 1 with diagonal elements �ðt; xk; u
n
kðtÞÞ, for k ¼ 1; . . . ; n� 1.

Itô’s formula yields

wnðtÞ ¼ etAn

wnð0Þ þ
Z t

0

eðt�sÞAn

FðwnðsÞÞds

þ
Z t

0

eðt�sÞAn

�ðwnðsÞÞdWnðsÞ: ð10Þ

As mentioned in [9], the n� 1-dimensional vectors

ej ¼
ffiffiffi
2

n

r
sin j

k

n
�

� �
; k ¼ 1; . . . ; n� 1

 !
; ð11Þ

j ¼ 1; . . . ; n� 1 are an orthonormal basis of Rn�1. In addition, they are eigen-

vectors of n2D with eigenvalues

�n
j ¼ �4n2 sin2

� j

2n
�
�
¼ �j2�2cn

j ;

respectively, where

cn
j ¼

sin2 j�
2n

� �
j�
2n

� �2
:

It is easy to check that 4=�2 r cn
j r 1.
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With these ingredients, it is possible to compute the exponential matrix erAn
,

r U 0. Indeed, by the definition of the matrix An, we have

ðAnÞ2k ¼ n2kDk 0

0 n2kDk

� �
; ðAnÞ2kþ1 ¼ 0 n2kDk

n2ðkþ1ÞDkþ1 0

� �
;

k 2 N [ f0g, which implies that

etAn ¼
E1ðt; nÞ E2ðt; nÞ
E3ðt; nÞ E1ðt; nÞ

 !
;

where

E1ðt; nÞ ¼
X1
k¼0

t2k

ð2kÞ! n2kDk; E2ðt; nÞ ¼
X1
k¼0

t2kþ1

ð2k þ 1Þ! n2kDk;

E3ðt; nÞ ¼
X1
k¼0

t2kþ1

ð2k þ 1Þ! n2kDkþ1:

With these expressions, we can write equation (10) coordinatewise and in

particular, the components of the vector unðtÞ, as follows:

un
kðtÞ ¼

1

n

Xn�1

l¼1

Xn�1

j¼1

cos j�t
ffiffiffiffiffi
cn

j

q� �
’jðxkÞ’jðxlÞu0ðxlÞ

þ 1

n

Xn�1

l¼1

Xn�1

j¼1

sin j�t
ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p ’jðxkÞ’jðxlÞv0ðxlÞ

þ
Z t

0

1

n

Xn�1

l¼1

Xn�1

j¼1

sin j�ðt� sÞ
ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p ’jðxkÞ’jðxlÞf ðs; xl; u
n
l ðsÞÞds

þ
Z t

0

1

n

Xn�1

l¼1

Xn�1

j¼1

sin j�ðt� sÞ
ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p ’jðxkÞ’jðxlÞ�ðs; xl; u
n
l ðsÞÞdWn

l ðsÞ;

where ’jðxÞ ¼
ffiffiffi
2
p

sinð j�xÞ and k ¼ 1; . . . ; n� 1.

Set

Gnðt; x; yÞ ¼
Xn�1

j¼1

sin j�t
ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p ’n
j ðxÞ’jð	nðyÞÞ;

where 	nðyÞ ¼ ½ny�=n, ’n
j ðxÞ ¼ ’jðxlÞ for x ¼ xl and

’n
j ðxÞ ¼ ’jðxlÞ þ ðnx� lÞ ’jðxlþ1Þ � ’jðxlÞ

� �
for x 2 ðxl; xlþ1Þ.
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We extend the definition of un
kðtÞ ¼ unðt; xkÞ to any x 2 ½0; 1� by linear inter-

polation, by setting

unðt; xÞ ¼ unðt; xkÞ þ ðnx� kÞ unðt; xkþ1Þ � unðt; xkÞð Þ;

if x 2 ½xk; xkþ1Þ.
The sequence of processes un ¼ funðt; xÞ; ðt; xÞ 2 ½0;T� � ð0; 1Þg, n U 1, is the

approximation scheme of the solution of the stochastic wave equation we are

considering in this paper. Notice that un satisfies the evolution equation

unðt; xÞ ¼
Z 1

0

Gnðt; x; yÞv0ð	nðyÞÞdy

þ @

@t

Z 1

0

Gnðt; x; yÞu0ð	nðyÞÞdy

� �

þ
Z t

0

Z 1

0

Gnðt� s; x; yÞf ðs; 	nðyÞ; unðs; 	nðyÞÞÞdsdy

þ
Z t

0

Z 1

0

Gnðt� s; x; yÞ�ðs; 	nðyÞ; unðs; 	nðyÞÞÞWðds; dyÞ; ð12Þ

t 2 ð0; T� and x 2 ð0; 1Þ.

3.2. THE RATE OF CONVERGENCE IN Lp

This section is devoted to the proof of the main result of this paper, as follows.

THEOREM 1. Suppose that u0 2 H�;2ð½0; 1�Þ, with � > 3
2
, v0 2 H�;2ð½0; 1�Þ, with

� > 1
2
. We also assume that the coefficients � and f satisfy conditions (LG) and

(L).

There exists a positive constant C depending on �, � such that, for any n U 1,

sup
ðt;xÞ2½0;T��½0;1�

Eðjunðt; xÞ � uðt; xÞj2pÞ r C

n2p�
; ð13Þ

for all � 2 ð0; �0Þ, with �0 ¼ 1
3
^ ð�� 3

2
Þ ^ ð� � 1

2
Þ.

Moreover, unðt; xÞ converges to uðt; xÞ almost surely, as n tends to infinity,
uniformly with respect to ðt; xÞ 2 ½0;T� � ½0; 1�.

Remark. Remember that, for any 
 > 1
2
, H
;2ð½0; 1�Þ is embedded in the space

of �-Hölder continuous functions on ð0; 1Þ, for any � 2 ð0; 
 � 1
2
Þ. Actually, one

could state an analogue to Theorem 1 assuming Hölder continuity of the initial

conditions.
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We prepare the proof of this theorem with some preliminary results.

In the next lemma we will use the inequality

Z 1

0

jhðyÞ � hð	nðyÞÞj2dy r
C

n2

Z 1

0

d

dy
hðyÞ

����
����
2

dy; ð14Þ

valid for every function h in C1ð½0; 1�Þ and any n U 1.

LEMMA 1. For every � 2 ð0; 2
3
Þ, there exists a positive constant C, depending

on �, such that

sup
ðt;xÞ2½0;T��½0;1�

Z 1

0

jGðt; x; yÞ � Gnðt; x; yÞj2dy r
C

n�
;

for every n U 1.
Proof. Set

Gnðt; x; yÞ ¼
Xn�1

j¼1

sinðj�tÞ
j�

’jðxÞ’jðyÞ:

We consider the upper bound

Z 1

0

jGðt; x; yÞ � Gnðt; x; yÞj2dy rC
X4

k¼1

In
k ðt; xÞ;

where

In
1ðt; xÞ ¼

Z 1

0

jGðt; x; yÞ � Gnðt; x; yÞj2dy;

In
2ðt; xÞ ¼

Z 1

0

jGnðt; x; yÞ � Gnðt; x; 	nðyÞÞj2dy;

In
3ðt; xÞ ¼

Z 1

0

Xn�1

j¼1

sinð j�tÞ
j�

�
sin j�t

ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p
0
@

1
A’jðxÞ’jð	nðyÞÞ

������

������

2

dy;

In
4ðt; xÞ ¼

Z 1

0

Xn�1

j¼1

sin j�t
ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p ð’jðxÞ � ’n
j ðxÞÞ’jð	nðyÞÞ

������

������

2

dy:

Owing to equation (2) and to the orthonormality of the family ð’j; j U 1Þ,

In
1ðt; xÞ r C

X1
j¼n

1

j2
r

C

n
:
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Notice that ð j; j U 1Þ defined by  jðyÞ ¼ cosð j�yÞ, is an orthogonal system in

L2ð½0; 1�Þ. Thus, by Equation (14),

In
2ðt; xÞ r

C

n2

Z 1

0

@

@y
Gnðt; x; yÞ

����
����
2

dy r
C

n2

Xn�1

j¼1

cos2ðj�tÞj’jðxÞj2 r
C

n
;

for all n U 1.

For h; g 2 L2ð½0; 1�Þ, set hh; gin ¼
R 1

0
hð	nðyÞÞgð	nðyÞÞdy. By its very defini-

tion, for any j; l U 1,

h’j; ’lin ¼ hej; elin�1 ¼ �j;l; ð15Þ

where h�; �in�1 denotes the Euclidean inner product in Rn�1, ðej; j ¼ 1 . . . ; n� 1Þ
is the basis of Rn�1 defined in equation (11) and �j;l is the Kronecker symbol.

Consequently,

In
3ðt; xÞ ¼

Xn�1

j¼1

sinð j�tÞ
j�

�
sin j�t

ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p
0
@

1
A

2

’2
j ðxÞ

and

In
4ðt; xÞ ¼

Xn�1

j¼1

sin j�t
ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p
0
@

1
A

2

ð’jðxÞ � ’n
j ðxÞÞ

2:

Set In
3ðt; xÞ r CðAn þ BnÞ, where

An ¼
Xn�1

j¼1

1

j2
1� 1ffiffiffiffiffi

cn
j

p
 !2

sin2ð j�tÞ;

Bn ¼
Xn�1

j¼1

1

j2cn
j

sinð j�tÞ � sin j�t
ffiffiffiffiffi
cn

j

q� �� �2

:

A Taylor expansion of the function sin x at x ¼ 0 yields

1�
ffiffiffiffiffi
cn

j

q
� C

j2

n2
; ð16Þ

for any j ¼ 1; . . . ; n� 1, and n U 1. Then, since cn
j is bounded below by 4=�2,

we obtain

An r C
Xn�1

j¼1

1

j2
1�

ffiffiffiffiffi
cn

j

q� �2

r
C

n
: ð17Þ
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Let 
 2 ð0; 1
6
Þ; the mean value theorem and Equation (16) yield

Bn r C
Xn�1

j¼1

1

j2cn
j

sinð j�tÞ � sin j�t
ffiffiffiffiffi
cn

j

q� �� �2


r C
Xn�1

j¼1

1

j2ð1�
Þ
1�

ffiffiffiffiffi
cn

j

q� �2


r C
1

n4


X1
j¼1

1

j2ð1�3
Þ �
C

n4

;

for some positive constant C depending on 
. Thus, for every � 2 ð0; 2
3
Þ

B r
Cð�Þ

n�
: ð18Þ

Putting together Equations (17) and (18) we obtain that

In
3ðt; xÞ r

C

n�
;

for all � 2 ð0; 2
3
Þ.

Observe that

j’jðxÞ � ’n
j ðxÞj

2 r C
j2

n2
: ð19Þ

Hence

In
4ðt; xÞ r C

Xn�1

j¼1

1

j2
j’jðxÞ � ’n

j ðxÞj
2 r

C

n
:

The proof of the lemma is complete. Ì

PROPOSITION 3. Assume that v0 2 L2ð½0; 1�Þ, u0 2 H�;2ð½0; 1�Þ, for some � > 1
2
,

and that the coefficients f and � satisfy condition (LG). Then for every p U 1

sup
n�1

sup
ðt;xÞ2½0;T��½0;1�

E junðt; xÞj2p
� �

< þ1:

Proof. By virtue of Equation (12), we have

E junðt; xÞj2p
� �

r C
X4

k¼1

Akðn; t; xÞ;
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with

A1ðn; t; xÞ ¼
Z 1

0

Gnðt; x; yÞv0ð	nðyÞÞdy

����
����
2p

;

A2ðn; t; xÞ ¼
Xn�1

j¼1

hu0; ’jincos j�t
ffiffiffiffiffi
cn

j

q� �
’n

j ðxÞ
�����

�����
2p

;

A3ðn; t; xÞ

¼ E

Z t

0

Z 1

0

Gnðt� s; x; yÞ�ðs; 	nðyÞ; unðs; 	nðyÞÞÞWðds; dyÞ
����

����
2p

 !
;

A4ðn; t; xÞ

¼ E

Z t

0

Z 1

0

Gnðt� s; x; yÞf ðs; 	nðyÞ; unðs; 	nðyÞÞÞdsdy

����
����
2p

 !
:

We can easily prove that

sup
n�1

sup
ðt;xÞ2½0;T��½0;1�

Z 1

0

jGnðt; x; yÞj2dy < 1: ð20Þ

Let h 2 H�;2ð½0; 1�Þ, with � > 1
2
, then

hh; ’jin ¼ hh; ’ji; ð21Þ

for every n U 1 and j ¼ 1; . . . ; n� 1. Indeed, Fubini’s theorem and Equation

(15) yield

hh; ’jin ¼
Z 1

0

X1
l¼1

hh; ’li’lð	nðyÞÞ’jð	nðyÞÞdy

¼
X1
l¼1

hh; ’li
Z 1

0

’lð	nðyÞÞ’jð	nðyÞÞdy

¼ hh; ’ji:

By CauchyYSchwarz inequality,

A1ðn; t; xÞ r
Z 1

0

jGnðt; x; yÞj2dy

� �p Z 1

0

jv0ð	nðyÞÞj2dy

� �p

:
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Since supn

R 1

0
jv0ð	nðyÞÞj2dy is finite, using Equation (20) we obtain

sup
n�1

sup
ðt;xÞ2½0;T��½0;1�

A1ðn; t; xÞ r C:

The identity (21) and CauchyYSchwarz inequality yield

A2ðn; t; xÞ r C
X1
j¼1

jhu0; ’jij2j2�

 !p X1
j¼1

j�2�

 !p

r Cku0k2p
�;2:

Applying first Burkholder’s inequality and then Hölder’s inequality with respect

to the finite (uniformly with respect to n, t and x) measure jGnðt� s; x; yÞj2dsdy
on ½0;T� � ½0; 1� yield

A3 r CE
R t

0

R 1

0
jGnðt� s; x; yÞj2j�ðs; 	nðyÞ; unðs; 	nðyÞÞj2dsdy

���
���p

� �

r C 1þ
R t

0

R 1

0
jGnðt� s; x; yÞj2E junðs; 	nðyÞÞj2p

� �
dsdy

� �

r C 1þ
R t

0
sup

x2½0;1�
E junðs; xÞj2p
� �

ds

 !
:

Similarly,

A4 r C
�

1þ
Z t

0

sup
x2½0;1�

E junðs; xÞj2p
� �

ds
�
:

Therefore

sup
x2½0;1�

E junðt; xÞj2p
� �

r Cþ C

Z t

0

sup
x2½0;1�

E junðs; xÞj2p
� �

ds;

with a constant C independent of n.

We apply Gronwall’s lemma to conclude the proof. Ì

With analogous arguments as those used in the study of the terms J3ðs; t; x; yÞ
and J4ðs; t; x; yÞ in the proof of Proposition 2 we obtain the following.

LEMMA 2. Let fhðt; xÞ; ðt; xÞ 2 ½0;T� � ½0; 1�g be an F t-adapted stochastic
process such that for any p U 1

sup
ðt;xÞ2½0;T��½0;1�

E jhðt; xÞj2p
� �

<1:
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The stochastic processes defined by

Hnðt; xÞ ¼
Z t

0

Z 1

0

Gnðt� s; x; zÞhðs; zÞWðds; dzÞ;

Fnðt; xÞ ¼
Z t

0

Z 1

0

Gnðt� s; x; zÞhðs; zÞdz ds;

ðt; xÞ 2 ½0;T� � ½0; 1�, are well defined. Moreover, there exists a positive constant
C such that

E jHnðs; xÞ � Hnðt; yÞj2p
� �

r C jt� sjp þ jx� yjpð Þ;

E jFnðs; xÞ � Fnðt; yÞj2p
� �

r C jt� sjp þ jx� yjpð Þ;

for all s; t 2 ½0;T�, x; y 2 ½0; 1�, n U 1.

Therefore, almost all the sample paths of both, Hn and Fn, are jointly H€oolder
continuous in time and in space, of any order � 2 ð0; 1

2
Þ.

In order to shorten the notation, we set

�ðt; xÞ ¼
Z 1

0

Gðt; x; yÞv0ðyÞdy;

�nðt; xÞ ¼
Z 1

0

Gnðt; x; yÞv0ð	nðyÞÞdy;

�ðt; xÞ ¼
X1
j¼1

hu0; ’jicosðj�tÞ’jðxÞ;

�nðt; xÞ ¼
Xn�1

j¼1

hu0; ’jincos j�t
ffiffiffiffiffi
cn

j

q� �
’n

j ðxÞ;

wðt; xÞ ¼ uðt; xÞ � �ðt; xÞ � �ðt; xÞ;

ð22Þ

wnðt; xÞ ¼ unðt; xÞ � �nðt; xÞ � �nðt; xÞ: ð23Þ

From the proof of Proposition 2 and the above Lemma 2, we clearly have

sup
n

Eðjwnðs; xÞ � wnðt; yÞj2pÞ þ Eðjwðs; xÞ � wðt; yÞj2pÞ
� �

r C jt� sjp þ jx� yjpð Þ;
ð24Þ

for every p U 1, s; t 2 ½0;T�, x; y 2 ½0; 1�.
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In particular, these estimates imply that, if the initial conditions v0, u0 vanish,

the trajectories of the stochastic processes un and u are a.s. jointly Hölder

continuous in time and in space, of any order � 2 ð0; 1
2
Þ.

PROPOSITION 4. Assume that v0 belongs to H�;2ð½0; 1�Þ, for some � > 1
2
. There

exists a positive constant C depending on �, such that

sup
ðt;xÞ2½0;T��½0;1�

j�nðt; xÞ � �ðt; xÞj r C

n�
;

for each n U 1 and every � 2 ð0; �0Þ, with �0 ¼ 1
3
^ ð� � 1

2
Þ.

Proof. Owing to CauchyYSchwarz inequality and Equation (20) we have

j�nðt; xÞ � �ðt; xÞj rCðN1ðn; t; xÞ þ N2ðnÞÞ;

where

N1ðn; t; xÞ ¼
Z 1

0

jGnðt; x; yÞ � Gðt; x; yÞj2dy

� �1
2

;

N2ðnÞ ¼
Z 1

0

jv0ð	nðyÞÞ � v0ðyÞj2dy

� �1
2

:

From Lemma 1, it follows that supðt;xÞ2½0;T ��½0;1�N1ðn; t; xÞ r C=n
, for every 
 2
ð0; 1

3
Þ.

Moreover,

N2ðnÞ ¼
R 1

0
j
X1
j¼1

hv0; ’jið’jð	nðyÞÞ � ’jðyÞÞj2dy

 !1
2

r kv0k�;2
X1
j¼1

j�2�
�
1 ^ j2

n2

� !1
2

ð25Þ

Hence, for � 2 ð1
2
; 3

2
�, (25) is bounded by C=n��

1
2 . If � > 3

2
, since the seriesP1

j¼1
j2ð1��Þ

is convergent, we can estimate Equation (25) by C=n. Consequently,

N2ðnÞ r
C

n��
1
2

:

The proof is complete. Ì
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PROPOSITION 5. Assume that u0 2 H�;2ð½0; 1�Þ, with � > 3
2
. There exists a

positive constant C depending on � such that

sup
ðt;xÞ2½0;T��½0;1�

j�nðt; xÞ � �ðt; xÞj r C

n

;

for each n U 1 and every 
 2 ð0; ~

0Þ, with ~

0 ¼ ð�� 3
2
Þ ^ 1.

Proof. By Equation (21) we have that

j�nðt; xÞ � �ðt; xÞj r C
X3

k¼1

Ikðt; x; nÞ;

with

I1ðt; x; nÞ ¼
X1
j¼n

hu0; ’ji cosð j�tÞ’jðxÞ
�����

�����;

I2ðt; x; nÞ ¼
Xn�1

j¼1

hu0; ’ji cosð j�tÞ � cos j�t
ffiffiffiffiffi
cn

j

q� �� �
’jðxÞ

�����
�����;

I3ðt; x; nÞ ¼
Xn�1

j¼1

hu0; ’ji cos j�t
ffiffiffiffiffi
cn

j

q� �
ð’jðxÞ � ’n

j ðxÞÞ
�����

�����:

CauchyYSchwarz inequality yields

I1ðt; x; nÞ r C
X1
j¼n

jhu0; ’jij2j2�

 !1
2 X1

j¼n

j�2�

 !1
2

r
C

n��
1
2

:

CauchyYSchwarz inequality and Equation (16) yield

I2ðt; x; nÞ r Cku0k�;2
Pn�1

j¼1 j�2� cosð j�tÞ � cos j�t
ffiffiffiffiffi
cn

j

p� ����
���2

� �1
2

r C
Pn�1

j¼1 j�2ð��1Þ 1�
ffiffiffiffiffi
cn

j

p� �2
� �1

2

r C 1
n4

Pn�1
j¼1 j2ð3��Þ

� �1
2

:

ð26Þ
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For �, the last term in Equation (26) is bounded by C=n��
3
2 . For � > 7

2
, the seriesP1

j¼1 j2ð3��Þ converges and therefore the last term in Equation (26) is bounded

by C=n2. Hence, since � > 3
2
, for any n U 1,

I2ðt; x; nÞ r
C

n

;

for every 
 2 ð0; ~

0Þ, with ~

0 ¼ ð�� 3
2
Þ ^ 2.

Similarly, by virtue of Equation (19),

I3ðt; x; nÞ r
C

n
:

Thus the proof of the statement is complete. Ì

PROPOSITION. 6 Suppose that u0 belongs to H�;2ð½0; 1�Þ, with � > 3
2
, v0 2

H�;2ð½0; 1�Þ, with � > 1
2
, and that the coefficients � and f satisfy conditions (LG)

and (L).
There exists a positive constant C, depending on �; �, such that

sup
ðt;xÞ2½0;T��½0;1�

Eðjwnðt; xÞ � wðt; xÞj2pÞ r C

n2p�
;

for each n U 1 and any � 2 ð0; �0Þ, with �0 ¼ 1
3
^ ð�� 3

2
Þ ^ ð� � 1

2
Þ.

Proof. By definition of wn and w;

Eðjwnðt; xÞ � wðt; xÞj2pÞ r CðAn
1ðt; xÞ þ An

2ðt; xÞÞ;

with

An
1ðt; xÞ ¼ E

Z t

0

Z 1

0

Gnðt� s; x; yÞ�ðs; 	nðyÞ; unðs; 	nðyÞÞÞWðds; dyÞ
����
�

�
Z t

0

Z 1

0

Gðt� s; x; yÞ�ðs; y; uðs; yÞÞWðds; dyÞ
����
2p
!
;

An
2ðt; xÞ ¼ E

Z t

0

Z 1

0

Gnðt� s; x; yÞf ðs; 	nðyÞ; unðs; 	nðyÞÞÞdsdy

����
�

�
Z t

0

Z 1

0

Gðt� s; x; yÞf ðs; y; uðs; yÞÞdsdy

����
2p
!
:
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Burkholder’s inequality and Hölder’s inequality with respect to the measures on

½0;T� � ½0; 1� given by jGnðt� s; x; yÞ � Gðt� s; x; yÞj2dsdy and jGðt� s; x; yÞj2
dsdy, respectively, yield

An
1ðt; xÞ r CðBn

1ðt; xÞ þ Bn
2ðt; xÞÞ;

where

Bn
1ðt; xÞ ¼

Z t

0

Z 1

0

jGnðt� s; x; yÞ � Gðt� s; x; yÞj2dsdy

� �p�1

�
Z t

0

Z 1

0

jGnðt� s; x; yÞ � Gðt� s; x; yÞj2
�

� Eðj�ðs; 	nðyÞ; unðs; 	nðyÞÞÞj2pÞdsdy
�
;

Bn
2ðt; xÞ ¼

Z t

0

Z 1

0

jGðt�s; x; yÞj2

� Eðj�ðs; 	nðyÞ; unðs; 	nðyÞÞÞ � �ðs; y; uðs; yÞÞj2pÞdsdy:

The assumption (LG), Proposition 3 and Lemma 1 yield, for any n U 1,

Bn
1ðt; xÞ r

Z t

0

Z 1

0

jGnðt; x; yÞ � Gðt; x; yÞj2dyds

� �p

r
C

n�p
;

for all � 2 ð0; 2
3
Þ.

From the Lipschitz condition (L) on � and Equation (5) we have

Bn
2ðt; xÞ r C

1

n2p
þ
Z t

0

�
sup

z2½0;1�
Eðjunðs; zÞ � uðs; zÞj2p

 

þ sup
z2½0;1�

Eðjuðs; 	nðzÞÞ � uðs; zÞj2pÞ
�
ds

!
:

Owing to Equations (22), (23) and the upper bounds provided by Propositions 2,

4 and 5, we obtain

Bn
2ðt; xÞ r C

1

n2p�
þ
Z t

0

sup
z2½0;1�

Eðjwnðs; zÞ � wðs; zÞj2pÞds

 !
;

for any � 2 ð0; �0Þ, with �0 ¼ 1
3
^ ð�� 3

2
Þ ^ ð� � 1

2
Þ.
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Taking into account the upper bound obtained for the term Bn
1ðt; xÞ, it follows

that

sup
z2½0;1�

Eðjwnðt; zÞ � wðt; zÞj2pÞ

r C 1
n2p� þ

R t
0

sup
z2½0;1�

Eðjwnðs; zÞ � wðs; zÞj2pÞds

 !
;

for all t 2 ½0;T�, every n U 1 and the same range of � described before.

With Gronwall’s lemma we complete the proof. Ì

We are now ready to end up with the proof of the main theorem.

Proof of Theorem 1. The first statement (see (13)) is a consequence of the

previous Propositions 4, 5 and 6.

Owing to Propositions 4 and 5, in order to complete the proof we only need to

check the almost sure convergence wnðt; xÞ ! wðt; xÞ, uniformly in ðt; xÞ 2
½0;T� � ½0; 1�.

Notice that, for any p 2 ½2;1Þ,
sup

ðt;xÞ2½0;T��½0;1�
jwnðt; xÞ � wðt; xÞj2p r CðJ1 þ J2 þ J3Þ;

with

J1 :¼
Xn�1

k¼0

Xn�1

l¼0

jwnðtnk ; xn
l Þ � wðtn

k; x
n
l Þj

2p;

J2 :¼ sup
k

sup
l

sup
jt�tn

k
jr1=n

sup
jx�xn

l
jr1=n

jwnðtnk ; xn
l Þ � wnðt; xÞj2p;

J3 :¼ sup
k

sup
l

sup
jt�tn

k
jr1=n

sup
jx�xn

l
jr1=n

jwðtn
k; x

n
l Þ � wðt; xÞj2p;

where tn
k :¼ k T

n , xn
l :¼ l

n, k; l ¼ 0; 1; . . . ; n� 1. By Proposition 6,

EðJ1Þr
C

n2ðp��1Þ ;

for all � 2 ð0; �0Þ and n U 1.

The joint Hölder continuity of the sample paths of the processes wn and w (see

(24)) yields

EðJ2 þ J3Þ r
C

n2p�
;

for every � 2 ð0; 1
2
Þ, n U 1. Consequently,

E sup
ðt;xÞ2½0;T��½0;1�

jwnðt; xÞ � wðt; xÞj2p

 !
r C

C

n2ðp��1Þ ;
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for all � 2 ð0; �0Þ. Hence

P sup
ðt;xÞ2½0;T��½0;1�

jwnðt; xÞ � wðt; xÞj2p U
1

n2

 !
r

C

n2p��4
;

for all n U 1.

Let p > 5=2�, BorelYCantelli’s Lemma yields, with probability one,

sup
ðt;xÞ2½0;T��½0;1�

jwnðt; xÞ � wðt; xÞj < 1

n

� �1
p

;

for n sufficiently large. The proof is now complete. Ì

4. Appendix

This section is devoted to a numerical analysis of the speed of convergence of the

sequence of approximations un, n U 1, given in Theorem 1. We study the op-

timality of the restriction given by the value 1
3

in the rate of convergence.

According to the proof of Propositions 6 and 4, the above-mentioned re-

striction comes from the uniform bound of the L2ð½0; 1�Þ norm of the difference

Gnðt; x; �Þ � Gðt; x; �Þ stated in Lemma 1 and more precisely, from the upper

bound proved for the term

In
3ðt; xÞ ¼

Xn�1

j¼1

sinð j�tÞ
j�

�
sin j�t

ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p
0
@

1
A

2

’2
j ðxÞ;

ðt; xÞ 2 ½0;T� � ½0; 1�.
With a computer program (written in C language) we compute In

3ðt; xÞ for

different values of t, x and n. First, we check that the term ’2
j ðxÞ ¼ 2sin2ð j�xÞ

has no significant influence in the behaviour of In
3ðt; xÞ, for fixed t 2 ½0; T� and

large n. Thus, it seems reasonable to focus our attention on

In
3ðtÞ ¼

Xn�1

j¼1

sinð j�tÞ
j�

�
sin j�t

ffiffiffiffiffi
cn

j

p� �

j�
ffiffiffiffiffi
cn

j

p
0
@

1
A

2

:

For a fixed t, we compute In
3ðtÞ for many different natural values of n in some

range ½n0; n1�. Then, we consider the function ft defined by ftðzÞ ¼ Iz
3ðtÞ, z 2 N

p½n0; n1�, and use the least square optimization method to fit ft to a function of the

form gtðzÞ ¼ eb=za, for some a > 0 and b 2 R. In the following table, the values

of a, b and the range of variation on n for some values of t are displayed.

We observe that the values of a in the above table are slightly less than 2
3
. It is

Appendix

328 LLUÍS QUER-SARDANYONS AND MARTA SANZ-SOLÉ



worthy mentioning that for values of t in the neighbourhood of integer numbers

we need to compute In
3ðtÞ for larger values of n in order to obtain a suitable

convergence.

In Figures 1 and 2, we simultaneously plot the functions In
3ðtÞ and gtðzÞ, for

t ¼ 1:002 and t ¼
ffiffiffi
2
p

, respectively. The coefficients a, b of the function gt and

the range of variation of n Y and therefore of z Y are specified in the above table.

Notice the almost perfect matching for t ¼
ffiffiffi
2
p

.

We conclude that the bound

In
3ðt; xÞr

C

n�
;

t Range of n a b

1 2 � n � 10000 0:662039 �2:54703

1:002 2 � n � 50000 0:665005 �2:10701ffiffiffi
2
p

2000 � n � 15000 0:659738 �2:00993

8:7 2 � n � 10000 0:65826 �1:40663

 0
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Figure 1. The dotted line corresponds to gt and the continuous one to In
3ðtÞ, for t =1.002.
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� 2 ð0; 2
3
Þ, is optimal. Therefore, the restriction in Theorem 1 given by the value

1
3

is intrinsic to the model and it is not due to the method of the proof.
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330 LLUÍS QUER-SARDANYONS AND MARTA SANZ-SOLÉ
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