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Abstract. In this paper, we prove two-sided pointwise estimates for the Green function of a parabolic
operator with singular first order term on a C 1’l—cylindrical domain 2. Basing on these estimates,
we establish the equivalence of the parabolic measure, the adjoint parabolic measure and the surface
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elliptic and less general parabolic operators.
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1. Introduction

To study the potential theory of a second-order elliptic or parabolic operator, one
of the ways led up to understand the behavior of its Green function and harmonic
measure. In the last years, this kind of problems have received much attention by
several authors. In [18], Hueber and Sieveking proved the comparability of the
Green function of an elliptic operator L with bounded Hoélder continuous coeffi-
cients to the Laplacian Green function on a C!*!-bounded domain. This result was
also studied by Ancona [1] on a Lipschitz domain, and as a consequence he estab-
lished the equivalence of the L-harmonic measure, the adjoint L-harmonic measure
and the surface measure, which initially proved by Dahlberg [6] in the classical
case. Some upper estimates for the Laplacian Green function on Liapunov—Dini
domains were proved by Widman in [24] and later extended by Griiter and Widman
in [14] to elliptic operators in divergence form with Dini continuous coefficients.
Lower estimates were proved by Zhao in [28] and Hueber in [17] on C L1_bounded
domains which provide a complete description of the boundary behavior of the
Green function. In [5], Cranston and Zhao studied the operator L = %A +b-V.
Assuming that |b| and |b|? are, respectively, in the Kato classes K, and K, (see
definition in [5]), they proved by a probabilistic method the comparability of the
L-Green function and the L-harmonic measure to those of A which enabled them
to obtain some potential-theoretic results for L which are known to hold for A.
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In the parabolic setting, it was shown that the fundamental solution satisfies upper
and lower Gaussian bounds in different situations which were used to prove some
interior and boundary estimates for weak solutions (boundness, Harnack inequal-
ities, Holder continuity, boundary Harnack principles, etc.). We refer the reader
to [2, 3, 11, 12, 15] and [27] and the references therein. In [7] Davies proved,
by using logarithmic Sobolev inequalities, upper estimates for the heat kernels of
some elliptic operators in divergence form on some subdomains (see also [8], The-
orem 4.6.9). In [19], Hui proved upper estimates for the Green function of the heat
equation in a smooth cylindrical domain which played an important role to prove
a Fatou theorem at the corner points. In the half-space, lower and upper estimates
were established in [22] and used to study the boundary behavior of parabolic
potentials. They were also used in [23] to prove boundary Harnack principles and
the existence of the Martin kernel function. In [25], Wu studied the heat equation
and he proved that if E is a null set for the surface measure on a general Lipschitz
domain in R"*!, n > 1, then there is a decomposition of E in two subsets, E| with
zero caloric measure, and E, with zero adjoint caloric measure. In this case the
caloric measure and the surface measure may be mutually singular (see [20]). How-
ever, for the heat equation on a Lipschitz cylinder the equivalence of the caloric
measure and the surface measure is established by Fabes and Salsa in [10]. In [15],
Heurteaux extended this result to the parabolic operator d/d¢t — div(A(x, t)V,)
on a Lip(1, % + &) domain. His idea is based on some boundary Harnack princi-
ples. Recently, Hofmann and Lewis [16] proved the same result for the operator
a/ot —div(A(x, t)V,) + B(x, t) - V, on a half-space provided that the coefficients
satisfy some conditions defined by Carleson measures. They studied the operator as
a pullback of the heat equation on certain time varying domains considered before
by Levis and Murray and Hofmann and Levis (see [16] for all details). They also
obtained the elliptic counterpart results.

Following the above mentioned works, our aim in this paper is to investigate the
behavior of the Green function and the harmonic measure for a parabolic operator
with first-order term in the so-called parabolic Kato class on a C'-!-cylindrical
domain. The parabolic Kato class is introduced in [26, 27], and is being proposed
as a natural generalization of the Kato class in the elliptic case. Our ideas of proofs
could be applied to other similar operators and our results imply their counterparts
in the elliptic setting. More precisely, we will consider the parabolic operator

L= % —div(A(x, 1)Vy) + B(x,t) - V,
on @ = D x 10, T[, where D is a bounded C!'-domain in R”, n > 1 and
0 < T < oo. By a domain we mean an open connected set. The matrix A(x,t) =
(aij(x, 1))1<i,j<n 18 assumed to be real, symmetric, and uniformly elliptic, i.e.,
(/WIENI* < (A(x, 08, &) < pll€l?, for some w > 1, all (x,1) € £ and all
& € R”, with u-Lipschitz coefficients with respect to the parabolic distance, i.e.,
laij(x, 1) —a;;j(y, )| < u(lx —y|l VIt — s|'/?). The vector B(x, t) is assumed to
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be in the parabolic Kato class, i.e., B € L!
where

(£2) and satisfies lim;_.o N (B) = 0,

loc

|X yl )
Ni(B) = sup/ /|B<y, o )M/z dy ds +
t—h

x,t

s+h \x }| )
+sup£ /|B(x ) ———— )(n+1)/2 dx dt

for some constant @ > 0. Note that the parabolic Kato class depends on the para-
meter «. The choice of o will be fixed later. The existence and uniqueness of the
L-Green function G for the initial Dirichlet problem on 2 are shown in [26] using
an approximation argument and the standard theory in [3].

In Section 2, we are interested in the problem of bounding the L-Green function
G on 2. With the help of some known results of parabolic equations, we have
proved lower and upper estimates for G which reveal its behavior especially near
the boundary. The proof is done in two steps. The first step is concerned with the
case B = 0 and the second with the proof on its generality. As a consequence
we deduce that G is comparable to the Green functions of parabolic operators of
the form 9/dt — cA,. In Section 3, we derive lower and upper estimates for the
L-Poisson kernel on €2 which allow us to prove the equivalence of the L-parabolic
measure, the adjoint L-parabolic measure and the surface measure on the lateral
boundary of 2. In Section 4, we apply the Green function estimates to prove the
counterpart results for the elliptic operator div(A(x)V,) + B(x) - V,, with B only
in the elliptic Kato class K,,+; on a bounded C L1_domain.

To prove our main results we need to give a few more notations and recall some
known results. We call a bounded domain D in R”, n > 2, a C"!-domain if there
exist positive constants ¢y and Ry such that for every z € d D there exists a function
V. : R*! — Rsatisfying |V, (x") — VY. (y)| < colx’ — y'| forall x’, y' € R*~!
and an orthonormal coordinate system CS, such that if y = (y’, y,) in the CS,
coordinate, then

B(z, R))N'D = B(z, Rp) N{y = (', yu) : yu > Y23}

and

B(z, R)) NdD = B(z, Ro) N {y = (¥, yu) : yu = ¥ (OO}

We will call ¢, the C"'-constant of D and R, the localization radius of D.

It is well known that the bounded C'! domain D satisfies the uniform interior
and exterior ball condition: There exists ryp > 0 depending only on D such that
for any z € 9D, there exist two balls B} and Bj of radius ry such that Bf C D,
B; CR" \ D, and 0B} N 0B = {z} (see [4], p. 179, we may take ryp = % A Ci).

For x € D, we denote by d(x) the Euclidian distance from x to the boundary of
D and d (D) the diameter of D. For r > O small, welet D, ={& € D : d(§) > r}.
Obviously for r € ]0, rgl, D, is an open connected set.
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We will use I'y and G to denote, respectively, the fundamental solution and the
Green function on 2 of the unperturbed operator Ly = 9/9t — div(A(x, t)V,). For
'y and G we recall the well known estimates:

(1) Gaussian estimates:
! =P Rt s
— -, Xp| — X X, ;9,8
k(i — 52 P\ T e —y) oW1y
k _ 2
<% exp(—c lx — yl
(t — s)n/2 r—s
forall x,y € R" and s < ¢, where k = k(n, u) > Oand ¢ = c(n, u) > 0 (see
[2, 3, 11]).
(i1) Estimate on the gradient of Gy:

|V O(Xal‘7y,5)|\(t_s)wexp —c )
forall x,y e Dand 0 < s <t < T, where k = k(n,u, T, D) > 0 and
c=c(n,u, D) > 0.

The inequality (ii) follows easily from the upper estimate in (i) and, depending on
whether or not d(x)* > t — s, from the interior or boundary estimates for solutions
to parabolic equations given by Theorems 4.8 and 4.27 in [21]. It is the reason that
we require the Holder continuity of A(x, t).

(iii) Rescaling property: For 0 < r < 1,let A,(x,t) = A(rx, r*t) which is pu-
Lipschitz, L, = 9/dt — div(A,(x, t)V,) and G, the L,-Green function on
Q, = (r~'D) x 10, 7 2T[. Then

G,(x,1;y,58) =r"Go(rx, r’t; ry, r’s)

forall x, y € r ID,0<s <t <r2T.
(iv) Reproducing property: The L-Green function G on 2 satisfies:

G(x,15,5) =f Gx,1;6,0)GE, 15y, 5)d8,
D

forall x,y € Dands < t < ¢ ([3] and [26]).

Note that the constant c in the inequality (ii) does not depend on T because of the
inequality on D x ]0, 1[ and the reproducing property. The choice of the Kato class
exponent o will be determined only by means of c.

For simplicity we will also use, when we need, for a > 0, the notation

1 lx — y|?
Fa(x,t;y,s)zmexp —a . )

forallx,y e R*and ¢ > s.
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(£)"T, is the fundamental solution of the operator &+ — - A, on R" x R and
so it satisfies the reproducing property.

2. Bounds for the Green Function G

The main result of this section is the following.

THEOREM 2.1. Let D be a bounded C"'-domain in R" and G the L-Green
function for the initial Dirichlet problem on D x 10, T[, 0 < T < oo. Then,
there exist positive constants k, ¢y and ¢, depending only on n, u, T, ro, d(D) and
on B in terms of the rate of convergence of N;'(B) to zero as h — 0, such that

1
zycz(x, ;y,8) SG(x,t5y,8) < ky,(x,t5y,5),

forallx,y € D,0<s <t <T, where

d@x)  d(y) ﬂmaw)wM—ﬂ%¥>
=5 Jt—s t—s (t —s)m/2

Proof. By translation with respect to time, we may assume s = 0. We divide the
proof into two steps.

Step 1: B=0,1.e., L = Ly and then G = Gy.

We first prove the upper bound. Let x, y € D and ¢ € ]0, T[ be fixed. Since
Go(z,t;y,0) = 0 for z € 9D then by the mean value inequality and (ii), we have

Ya(X,1;y,5) =min<1

Go(x,1;y,0) < d(x)|ViGo(x, 15y, 0)]
d(x) X — vy
< kt(n+l)/2 eXp(_C P ’

where |x — x| < d(x).
By using the inequality

1 1
X—yP > slx—yP =¥ —x* > <|x —y* — d*(x),
2 2
it follows that

) d(x) Ix—yP*  d*(x)
GO(X,T,)’,O)ngeXP(—C( - )

2t t
which yields

Y
Go(x,t;y,0) <k d(x) exp(—£|x y ) "

t(n+1)/2 2 t

forallx,y € D,t €10, T[ with0 < d(x)/+/t < 1.
We conclude the following cases:
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Case 1: 0 < d(x)/+/t <1landd(y)/+/t > 1.

The upper bound follows from (1).

Case2: 0 < d(x)//t <1and 0 < d(y)//t < 1.

By the reproducing property (iv), the inequality (1), we have

Go(x,1;,0) = /Go(x,t;é,f/2)Go($,t/2; y,0)dé
D

N

d(x)d
kzwf Lepp(x. 88, 1/2)Tepp(€,1/2; y, 0) d§
D

d(x)d

_ pd0dQ) ( CIX—y|2>
= — 0 €X —5 .

tn/2+l l»

N

Case 3: d(x)/+/t > 1 and d(y)/+/t > 1.
From the upper estimate in (i), we have

k _vl2
Golx,1;y,0) <To(x, 15 y,0) < Y eXP<—C|x tyl )

which completes the proof of the upper bound.

We next prove the lower bound.

We first note that by dividing 10, T[ into intervals of length rj and using the
reproducing property, it suffices to prove the lower estimate for 7 € 10, r3].

Case 1: d(x)/«/t > 1 and d(y)//t > 1.

Subcase 1: |x — y|//t < 1/2.

Let Go be the Ly-Green function on B(x, /1) x 10, T[ C . From Lemma 5.1
in [11], there is a constant k = k(n, ) > 0 such that

Go(x. 13y, 0) 2 Go(x. 13y, 0) > =7

Subcase 2: |x — y|/+/t > 1/2.

Since D is a C"! bounded domain then we can easily show that there exists
Ao = 1 depending only on D in terms of the ratio d(D)/ry and a parameterized
curve | C D connecting x and y with length |I| < Aglx — y| and d(I, dD) > /1.
Hence by following the proof of Theorem 2.7 in [11] and using Subcase 1, we

obtain
1 ex _c/ IX - y|2
ktn/? P t ’

where k = k(n, u) > Oand ¢’ = ¢’'(n, u,d(D)/ry) > 0.

Case 2: 0 < d(x)//t <1landd(y)/+/t > 1.

A point x in R” will be denoted by (x’, x,,), where x’ € R*~! and x, € R.
Without loss of generality we may assume (0, 0) € 9D and let v ) be the C L1
function which defines the boundary of D around (0, 0). By definition V(g o) is
co-Lipschitz.

Go(x,1;y,0) >
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Let Vio.0) = {x e R" : x| < ro, |xa] < 10}

Since for y € D with d(y) > ro, Go(-,-; ¥,0) is a positive Ly-solution on
(D N Vi0,0) <10, T[ vanishing on (3D N Vg0))x]0, T[ then by Corollary 2.8 in
[15], there exists a constant k = k(n, w, cg) > 0 such that

) 1d(x) )
Go(x,ry; y,0) = Er—GO((O’ ro/2),ry/2;y,0), (2)
0
forx e DN Vo and y € D with d(y) > ry.
From (2), Case 1 and the inequality
100, 70/2) = yI> < 210, r0/2) = xI” +2Ix — y > < 9r5/2 +2|x — y%,
it follows that
1 d(x) lx — y|?
2, /
Go(x,r5:y,0) > Ergﬂ eXP(—Zc T , (3)
forx € Vio,0) and y € D with d(y) > ry.
Clearly, by a compactness argument, we obtain the inequality (3) forall x, y €
D with 0 < d(x) < rg and d(y) > ry.
Since k' = k'(n, 1, ¢p) and ¢’ = ¢’ (n, u, d(D)/rp), then by using the rescaling
property (iii) with r = 4/t/ro and taking into account that the C'-'-constant of
r~'D is equal to rco < co, it follows that

1 d )
Go(x,1;5,0) = = 2 exp(_zc/lx ty| >

k' t(n+1/2

forallx,y € D,t € ]0, rg] with 0 < d(x) < +/t and d(y) > /.

Case 3: 0 < d(x)/+/t <1and 0 < d(y)//t < 1.

We know that there exists exactly one point yo € 0D with y = yo + d(y)ny,
where ny, is the unique inner normal at yo with |n,| = 1. Put zo = yog + %\/?n Yo-
We have B(zg, +/1/2) C Blyo C D and so B(z, +/1/2) C D s ,. Hence from the
reproducing property (iv), Case 2 and the inequality |x —£|?> < 2|x —y|>+2|y—£|?,
we have

Golx. 1 v,0)
> f Golx, 15 £, 1/2)Go(E. 1/2: v, 0) d&
D

Vij2

1 d(x)d(y) (X =P+ 1y - &P
st [ e ()

1 d(x)d -y — &
> 1 (x) 1(y) exp<_4c/|x vl )/ exp(_6c/|y £l )d%‘
k=t t B(o/i/2) t

1 d(x)d -y
> 1 A0dG) exp(—4c’7|x i >exp(—24c’) d&
k* gt t B(z0.v/1/2)

_ 1d)d(y) Xp<_4c,|x —y|2>

Tk /2t P
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It follows that

, 1 d(x)d(y) Jx =y
Go(x,t;,0) > o SXP —4c7 ,

forallx,y € Dandt € ]0, rg], satisfying 0 < d(x)/ﬁ < landO < d(y)/\/f <1
Step 2: General case: B € Kato class.
In order to prove the estimates in this case we need the following lemmas.

LEMMA 2.2 (see [27]). For b > a > 0 and o = min(b — a, a/2), there exists a
constant C, p, > 0 depending only on a and b such that for 0 < t < h, we have

Ix z\ lz—yI?
exp(—a==L) exp(—b=—"-)
// ),1/2 1BG. 0| — gy dadr

v o EXp(—a —'x:ylz)
< CupNy (B)T,

lx Z‘ =y
exp(—a ) exp(_bT)
// W= BE Ol G dadr

exp(—aw)

o

LEMMA 2.3. There exists a constant k > 0 depending only on n, u, T and D
such that

d(y)) exp(—5 )

IV.Go(z, 7;y,0)] < kmin (1 NG D2

forally, ze Dandt €10, T|.
Proof. From the reproducing property (iv), and the inequalities (i) and (ii), we
have

IV:Go(z, 7:y, 0)] < /IVzGo(Z,T;E,T/Z)IGo(S,T/Zy,O)dE
D

N

1
2w [ Sarne ) a2y, 00

< k ﬂr‘c/z(Z 7;y,0)

exp(—5 52F)

= Kd(y) n/2+1

Combining the last inequality and (ii), we obtain the inequality given in the
lemma. O
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Now we are ready to prove the estimates of Theorem 2.1. By dividing 0, 7'[ into
intervals of length 4 and using the reproducing property it suffices to prove the
estimates for ¢t € ]0, k], where A is a small positive number. From [26] we know
that G satisfies the integral equation:

G(x,t;y,0)
t
= Go(x,1;y,0) — f/ G(x,t;2,7)B(z,71)V.Go(z, 75 y,0)dzdr
0JD
= Go(x,1;5,0) — G x (BVGy)(x,t;y,0)

forallx,ye Dand0 <t < T.
By iteration we obtain

“+o00 “+o00
G(x,1;y,0) =Y Go* (—BVG)™(x,1;5,0) = Y Ju(x,1;5,0). (4
m=0 m=0

We will show by recurrence that there exists a constant X > 0 such that
[T (e, 153, O] < k(K NS (B)) " vepa(x, 13 3, 0), (5)

forallx,ye Dand0 <t < h.

In view of the formula J,, 1 = J,, * (—=BVGy) with Jy = G < ky,4 by Step 1,
it is sufficient to prove that y.,4 * |[BVGy| < k’N;/8 (B)Yc/4-

We have

Yesa ¥ |BVGol(x,1;y,0)

t
Z//J/c/4(x,t;Z,T)IB(Z,T)IIVzGo(z,f;y,O)ledf
0JD

t/2 t
=/ /...dzdr+//...dzdf
o Jp t/2J D

=L+ L. (6)
By Lemma 2.3, we have

Il(-xyt;y90)

e dx) \ d(z) O\ exp(—§h=
< [ f,mn(1. 2 Jmin{1. L) T
d(y) exp(—§ 2L
JT T(+1)/2

On the other hand by using the inequality d(z) < d(y) + |z — y|, we have

min(l 1@ > < min(l 2@) 0) )
Ji—t) dy)Ji—1

X |B(z,r)|min<1, dzdr. (7)
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. |z —yl) d(y) )
<min|l, {1+
( ( dliy) JJt—1
|z —yl) . ( d(y) )
< (14 min| 1, ,
< d(y) JE—T
which yields

: d(z) : d(y) lz =yl . d(y)
mm(l, ﬁ) mm(l, 7) < <1 + NG )mln(l, ﬁ) (8)

Combining (7) and (8), using the inequality (1 4 6)e™ §0* <1+ 2)1/2 and (1) of
Lemma 2.2, we obtain

1(x,8;,0) < mm X
N/

5 mm(l d(y) )exp< ) 5
=1 (t — )n/2

|z — yI'y exp(—
x 1B, T)|(1 LA Y

(o0 (2) s 2 o 22)

clx=z|* zl

clz v\ )

dzdt

t/2 eXp( = p( 3¢ lz—yl” VI )
/ / 4)tn/2 |B(z ,r)|—( Y dzdr
2 1/2 .
< 2k(1+ (E) )czv;/ (B)yesa(x. 13 3. 0), )

forx,ye Dand0 <t < h.
Now we estimate /. From Lemma 2.3 and (2) of Lemma 2.2, we have

t
L(x,t;y,0) =/ /yc/4(x,t;z,r)IB(z,T)IIVzGo(Z,f;y,O)Idzdf
t/2JD

e lx—z?
< / fmln( dx) >exp( =) X
1/2 Ji—t) @t —1)n?
d _clz—yP
X |B(z,r)|min<1, %))exp((iljl)/; )dZd'L'
< 2kmin<1 —\(/E)) i (1 —djy;))ﬁ X

ebi=dl Zl clz=y?
exp(— 1 1—¢ p(—— )
//2/D (t — 1) +D/2 |B(Z ”'W dzdr

< 2kCN;®(B)yepa(x. 1: 7. 0), (10)
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forx,ye Dand0 <t < h.
Combining (6), (9) and (10), we then have

Yesa % |BVGo|(x, 13 y,0) < kk'N/*(B)yea(x, 15 v, 0),

forx,ye Dand0 <t < h.
By going back to (4) and (5) and choosing # sufficiently small so that k&' N ;/ (B)
< 1/2, we obtain

G(x,1;y,0) < 2kycsa(x, 13y, 0),

forallx,ye Dand0 <t < h.
We next prove the lower bound. From (4), we have

+00
G(x,1;y,0) = Go(x, £, ,0) = Y Ju(x, 15y, 0),

m=1

and then by (5), it follows that
1G(x,1; ,0) — Go(x, 1; y, 0)| < kk' N> (B)yeja(x, 13 y, 0),

forx,ye Dand0 <t < h.
By recalling that Gy > %ch, we deduce

d(x) d(y) d(x)d(y)) !
VN

1 _ vl2
X |:% exp(—cz X [yl ) —kk/NZ/S(B)]

forallx,ye Dand0 <t < h.
Then, for 4 so small that k2k’e®2 N, ;/ 8(B) < 1/2, we obtain

e min<1 d(x) d(y) d(X)d(y)> 1 (11
2k VAV t /2’

forall x,y e Dand 0 < ¢t < h with |x — y|?/t < 1.

Now, to prove the lower bound we first consider x, y € D ;. By following the
proof of Theorem 2.7 in [11] and using (11), we obtain the existence of a constant
¢ =c(n,u,ry,d(D)) > 0 such that

G(x,t;9,0) > min(l

Gx,1;y,0) >

Gl tiy.0)> S alabls 12
(-x7taya )/ 2]{["1/2 eXp _Cf 9 ( )

forallx,ye Dand0 <t < h.
For the general case, when x, y are arbitrary inside D, let xo, yo € D NG such

that |x — xo| < /7 and |y — yo| < V7.
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From (11) and (12), we have

2t
G(x,t;y,0) > f / G(x,t;él,—> X
B(x0.v/7/2) B()o Vi/2) 3

><G<§1, s 62, ) (52, Y, )dfldfz
1 d(x) d(y)
> (1,57 ) mn(1.2) =

2
/ f eXp( 161 — ézl )d& a5y,
Bxo.1/2) J Bo.Vi/2)

Since
& — &1 < (& —x[+1x =yl + |y —&D?
< GVi+Ix—yD? <18t +20x — yP,
then, we obtain
G(x,t;y,0)
. (£)2”w2 mm(l dx) d(y) d(x)d(y))exp(—zc/%ﬁ
k\ 2 " VAV t 13n/2
= %Vzc’(X,ﬂ ¥, 0),
forall x, y € D and 0 < ¢ < h, which ends the proof. O

The following is a simple consequence of Theorem 2.1.

COROLLARY 2.4. There exists a constant k' > 0 depending only on n, u, T, D
and on B in terms of the rate of convergence of N;/S(B) to zero as h — 0 such
that

1

PGC]/CQ < G < k/Gcz/q’
where for a > 0, G, denotes the Green function of % —al, on Q.
We also deduce the following estimate on the gradient.

COROLLARY 2.5. There exists a constant k' > 0 depending only on n, u, T, D
and on B in terms of the rate of convergence of N,f/ 8(B) to zero as h — 0 such
that

d(y) \exp(—4 525
Ji—=s) - )(n+1)/2 ’

forallx,ye Dand0 <s <t <T.

IViG(x,t;y,8)| < kmln(l
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Proof. The estimate follows immediately from the equality

+o0
ViG(x,1;y,0) = Z ViGo* (=BVGo)™(x, 1 y,0),

m=0

by using (ii), (2) of Lemma 2.2, the inequality G < ky,, and the argument given in
Lemma 2.3. O

REMARKS 2.6. (1) From the proof we can see that the constants ¢, and ¢, which
occur in Theorem 2.1 depend only on n, u, ry, d(D) and do not depend on 7" and
B in any way. The independence on T is also clear from the estimates on D x ]0, 1]
and the reproducing property.

(2) Since A is C%! with respect to the space variables, we can also write L in
the non-divergence form:

9 ‘ 92
L=—— (et B+ B)(x,t) - V,,
o i;a](x Vamar, T B+ B

where B' = (Bj, ..., B)) with B, = = Y"_| "af e L®(Q).

From this observation we see that the estimates on the Green function are valid
for the operators in the non-divergence form as well.

(3) Although the adjoint operator L* = — % —div(A(x, 1)V,)—div(B(x, t).) has
a different structure, by symmetry with respect to x and y, the estimates in Theorem
2.1 are also valid for the L*-Green function G*(x, t; y,s5) = G(y, s; X, t).

(4) When the domain D is only Lipschitz, Theorem 2.1 may fail to hold. This

is clear from the following example. Let
D:{x:(xl,xz)eR2:0<x1 < 1,0 < x; < x1}.

Fix y e Dandlet V = D N B(0, r) with y does not belong to B(0, r). Consider
the parabolic operators

Li=2_a Lot (X, 2 | °
YT Y 2T \ox? " oxox, | ax2)’

and the functions
3 3 2 2
up(x) = xjxy — x1x35, Uy(X) = x7x2 — X1x5.

The function u; is a positive L;-solution on 2 = D x (0, 00) fori = 1, 2. Let

G; denote the L;-Green function on 2 for i = 1, 2. From the local comparison

theorem (Theorem 1.6 in [12] or Theorem 1.4 in [15]), it follows that there exist

two positive constants k; and k, such that, for ¢ > 0 and r small be fixed, we have
1 ui(x,t)

S MWD forallx e V.
oSGy, 0 S TOraRs
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1 ur(x,1t)
— < ————F— < ky, forallx eV.
ky = Ga(x,t;y,0)

Therefore

1 .
e ur(x,t) Gi(x, t;y,0) <k forallxeV.
k " ui(x,t) Gylx, t;9,0)

Suppose that the estimates of Theorem 2.1 are true, then

1 —y*\ _ Gi(x,1:9,0 —y?
L exp _ Py < 1(x, 25y )gk’exp alab ’
K t Ga(x, 15y, 0) t

forall x € D.

The previous two-sided inequalities now imply that u,/u; is bounded near zero,
which is a contradiction.

(5) In general, the estimates of Theorem 2.1 are not global in time. This is clear
from the following simple example. Consider L = 9/0t — Ay — u - V,, where
u € R" be fixed and Q2 = B(0, 1) x (0, c0). Denote by G the L-Green function
on 2. The L-fundamental solution is given by

1 |x —y + tul?
@mry2 P 41

forallx,y e R" and # > 0.
Suppose that there is a time global lower bound; then by recalling that G < T,
it follows that

lx—y[?

1 d d exp(—c s

Emin(l, %) min(l, \(/y_)) p tz/z ) <T'(x,t;y,0)
t t n

forallt > 0 and x, y € B(0, 1).
If we choose u, x, y such that x = y # 0 and |u| = 1, then we find

2
min(l, d (x)) < kexp(_£>
t 4

for all + > 0, which is a contradiction.

I(x,t;y,0) =

3. Estimates of the Poisson Kernel and Parabolic Measures

Let L be the parabolic operator introduced in Section 1 on the cylinder 2. We will
prove the equivalence of the L-parabolic measure, the L*-parabolic measure and
the surface measure on the lateral boundary dD x ]0, T'[ of 2. In particular, we
present a simple proof based on the Green function estimates (Theorem 2.1). We
first introduce the definition of the L-parabolic measure. From [9] and a limiting
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argument given in [26], for any ¢ € C(9,£2), there exists a unique solution u = H &2
of the Dirichlet problem Lu = 0 on €2 and u /8,2 = ¢. For all M € Q, the map
¢ > H Q(M ) is a linear positive continuous functional on C(9,£2) and so by the
Riesz representatlon theorem there exists a unique Borel measure 1y on 9,2 such
that

HEOD = [ 0@ duu®),

wp will be called the L-parabolic measure at M. The L*-parabolic measure u}, at
M is defined in a similar way. To establish our main result, we first prove a two-
sided estimate for the L-Martin—Poisson kernel P. The existence and uniqueness
of the L-Martin—Poisson kernel on €2 hold by using the Green function bounds
(Theorem 2.1), the Harnack inequality (Theorem 1.1 in [26]) and by closely fol-
lowing the arguments in [23] (for all details we refer the reader to [23]). We have
the following.

THEOREM 3.1. The L-Poisson kernel P on 2 satisfies the following estimates:
there exists a constant k > 0 depending only on n, u, D, T and on B in terms of
the rate of convergence of N Z/ 8(B ) to zero as h — 0, such that

1. d(x) | exp(—cy =2y
—min| 1,
k Jt—s/) (@t —s)nth/2

< P(x,t; Q,s) < kmm(l

m (l _ S)(n+l)/2 ’
forallx e D, Q €D, 0<s <t <T.

Proof. Since Q is of C!!-boundary then by the divergence theorem we have,
forallx e D,Qe€dDand0<s <t < T,

P(x,t; 0,s) = (x,t; Q,5s),

N(Q 5

where Ng ) = A(Q, s)ng with ny is the unit inner normal to 9D at Q.
We write

N.sy =T +a(Q,s)ng,

where T(¢ s is a tangential vector field to d D at Q. Therefore

(x,1;Q,5) +a(Q, )—( 5 0,5).
Neos o X, s)+a(Q,s X, s

Since G(x,t;-,5) = 0on 0D, then

(x,1;0,5) =

BT(QS) aT(Q 3 (G(x,15-,5)(Q) =0,
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and so

P(x,t; Q,s)

G
a(Q,S)%(X, I Q’S)

G(x,t; Q+rng,s)
. .

a(Q,s) linon+ (13)

For r > 0 small we have d(Q +rng) =r and so from the estimates in Theo-
rem 2.1, it follows that,

x—0—rnp|?
1 d(x) | exp(—c B=2mely

k mln(l, N s) (t —s)+D/2
< G(x,t; Q+rng,s)

b r
lx—Q-rngl®
d exp(—c1——=—)
< kmin( 1, L) FPTO (14)
JE— S ([ — S)(n+1)/2
By noting that 1/u < a(Q, s) = (N, no) < i, combining (13) and (14) and
letting r to zero, we get the estimates stated in Theorem 3.1. O

For (Q,s) e R* x Rand r > 0, let 7, (Q, s) be the cylinder
T.(Q,s) ={(x,0) e R" xR: |x — Q| <r, |t —s| < r?}.

Let o be the surface measure on the lateral boundary 0 D x ]0, T'[ of 2. We deduce
the following result.

COROLLARY 3.2. Let (Qq,59) € oD x 10, T[ such that My = (Qy, So) +
(ron gy, 2r§) € @, M; = (Qo,50) + (rong,, —2r§) € Q and set F =
(0D x 10, T[) N T,,(Qo, o). Then there exists a constant k > 0 depending only on
n, W, ro, d(D), T and on B in terms of the rate of convergence of N,f/g(B) to zero
as h — 0, such that

1

1
ZO/F S My p S koypand 0F S Wit < Koy

Proof. For any nonnegative continuous function f : 0D x 10, T[ — R, the
potential

u(x,t)=f/ P(x,1; Q,5)f(Q,5)do(Q,5)
0JaD

represents the L-solution of the Dirichlet problem with boundary data f on
dDx]0, T[ and zero on D x {0}.
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Set My = (xo, to) = (Qo, so) + (rong,, 2r§). By the estimates on the Poisson

kernel in Theorem 3.1, for any Borel subset A C F, we then have

/fLMo(A) = f/ P(xp, to; Q,5)do(Q, s)
A
exp(—ci lx?o b
< //A (ty — s)n+D/2 do (Q,s)
< rn+10(A)

0

On the other hand, we have

pon(A) = f/ P(xo, 10 0. $)do (0. 5)
A

d(xp) \ exp(—c2=0k)
// m1n( Jo=s S) (ty — 5)+D/2 do (0, s).

Since by the assumptions

[xo — QF < (X0 — Qol +1Q0 — o)? < (2r)

~ ~X 2
to— S fo— S ry

—4

and
dix)) _ rn _ 1
Vto_s/‘/ng V2

then it follows that

1 —4c
k2ro)y"tt /2
In a similar way we prove that

1

%U/F X MMS/F

P (A) 2 o (A).

< kO’/F.

O

REMARK 3.3. Since the operator L could be written in the non-divergence form
as is stated in Remark 2.6(2), then the previous results are also valid for such
operators. The concept of parabolic measures in the non-divergence form case is

introduced by Garofalo in [13] using an elementary barrier technique.

4. Applications to the Elliptic Operators

In this section we apply the estimates in Theorem 2.1 to obtain the counterpart
results for the elliptic operator £ = div(A(x)V,) + B(x) -V, on the C L1 _bounded
domain D in R”, n > 3 with matrix A(x) = (a;j(x))1<;,j<n uniformly elliptic
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and p-Lipschitz continuous, and vector B = B(x) in the elliptic Kato class, i.e.,
B € L! (D) and satisfies

loc
B

lim sup/ L)'l dy =0.

r=0xep DN(|x—y|<r) |x — )7|”_

We point out that || B|| = sup,.p /| D lx'f;f,fl,l dy < oo. Let g denotes the L-Green

function on D. We have the following estimates.

THEOREM 4.1. Let B in the elliptic Kato class with || B|| < Co, for some suitable
constant Cy. Then, there exists a constant k > 0 depending only on n, u, ro, d(D)
and || B|| such that

k
m%ﬂ(% ¥,

— mi dx) d@y) dxdy)
forall x, y € D, where ¢(x, y) = min(1, ol ol ).

Proof. Let L = 0/0t — div(A(x)Vy) — B(x) - V, and G its Green function on
D x (0,00). Then g(x, y) = [, G(x,; y,0)dr.
By integrating with respect to time the lower bound in Theorem 2.1, we obtain

1
—_— < ,¥) <
Klx — yln,zw(x, y) < gx,y)

dr < g(x,y).

1 fl | <1 4w d(y) duﬂ@))exp(—q@)
Ko T\ T e

Making the change of variable r = |x — y|?/t, it follows that

1 0o 1/2 1/2
f mm<1,r d(x) r'd(y) d(x)d(y))rn/z_ge_m "
[

2 ’ T 2
klx —y|"== Ji—yp lx =yl lx—=yl |x—y
< glx, y).
This implies
1 o

0 (x, y) r"PeT A dr < g(x, ),

klx — y|*= d(D)?
and so

1
T .5 < b
Kx = y|n_2<p(x, y) < gx,y)
for all x, y € D, where k' = k'(n, u, ro,d(D)) > 0, which proves the lower
bound.

On the other hand from the reproducing property (iv), the upper bound in The-
orem 2.1 and the global upper bound in Corollary 1.1 of [27], we have for all
t>1,
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G(x,t;y,0) = / Gx,t;6,t—1DGE, r—1;y,0)dE
D
= /DG(x, 1;6,00GE,t—1;y,0)d&
< [ kT (5,156 ORT 6 £ = 153, 00

_ klkd(x)/ Doy (6 15 £t — DTGt — 15 v, 0) d&
D
< Kd(x)Te (x,15y,0),

where k' is independent of ¢.
Using again the reproducing property, we also obtain

—y|?
exp(—ci )

G(x,t;y,0) <k'd(x)d(y) prTp

Then, we have, forall ¢t > 1,

T—vy[?
xp(—cy 220

G(x. £ y,0) < K min(1, d(x), d(y), d(x)d(y))~ 2 (15)
From (15) and the upper bound in Theorem 2.1, we have
g(x, y)
< k/ol min<1, d\(/xz)’ df/?’ d(X)td(y))exp(_tj;;_tyz) -

/o *© exp(_CIW)
+ k"min(1, d(x), d(y), d(x)d(y))/ —
1

k [e’e) I/Zd 1/2d d d
_ 2 / min(l’ r1Pd@) rPd) rde <§>>rn/z_26_mdr N
lx —y["== | lx =yl [x=yl  [x—=yl

dr

=y
S ey
;. exp(—c;——)
+ k"min(1, d(x), d(y), d(x)d(y)) Tdt
1
oo ‘] 1
< k/ e 2 dr———o(x, y) +
0 lx — y["~
+ k' min(1, d(x), d(y), d(x)d(y))m
< T A bl bl
Ty y|n—2(p(x y)
which proves the upper bound. O

REMARK 4.2. The same upper estimate was first proved by Widman in [24]
for the Laplacian Green function on Liapunov-Dini domains and later extended
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by Griiter and Widman in [14] to elliptic operator in divergence form with Dini
continuous coefficients. The lower estimate was first proved by Zhao in [28] for
the Laplacian Green function on bounded C'-!-domains and extended by Hueber
in [17] to elliptic operators with bounded Holder continuous coefficients.

Let p denotes the L-Poisson kernel on D. From Theorem 4.1 we derive the fol-
lowing estimates for p.

COROLLARY 4.3. Let B in the elliptic Kato class with ||B|| < Cy, for some
suitable constant Cy. Then, there exists a constant k > 0 depending only on n, u,
ro, d(D) and || B|| such that

1 dx) d(x)
%m <pix, Q) <k———

lx — o’
forall x € D and Q € 0D.
Proof. As in the proof of Theorem 3.1, the estimates hold by using that

8 9
P, Q) =a(@)g = (x. Q) = a(Q) lim 5.0 trmg)

where 1/ < a(Q) = (A(Q)ng, ng) < w and the estimates in Theorem 4.1. O

For x € D let m, (resp. m}) denotes the £ (resp. £*)-harmonic measure at x on
dD and o the surface measure on d D. We have the following.

COROLLARY 4.4. Let B in the elliptic Kato class with ||B|| < Cy, for some

suitable constant Cy. Then, the measures my, m and o are equivalent on 9 D.
Proof. For any Borel subset A C 9D, we have

my(A) = / p(x, Q)do(Q)
A
and so by Corollary 4.3, it follows that

1 d) A) < A) <
%d(D)"O—( ) < my( )\d(x)”—l

o(A).

The same inequalities hold for m7. O
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