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1. Introduction

In this paper we prove existence and regularity of distributional solutions in an
appropriate function space for nonlinear anisotropic elliptic equations. A prototype
example is

N -2
0 ou |"'~ du . .
- —(,Bl(x) — —) —divg)+ ulu=f inRY, (1.1
— axl 8x1 8x1
where N > 2, each B; : R¥ — R is a strictly positive and bounded function;
g = (g1,...,gn) is a continuous vector field with components that grow like

|u]*~" for s > 1 and some n € (1,s); and f is locally integrable. We also prove
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corresponding results for nonlinear anisotropic parabolic equations. For (1.1) we

assume that the exponents py, ..., py and s are restricted as follows:
oy L1 Al
p<N, === -,
p NTm
PN — 1) PN — 1) (1-2)
pp>1 and —= < <— I=1,...,N,
Np-1) N —

s>p, l=1,...,N.

We recall that for isotropic elliptic equations with p =2 for/ =1,..., N and
s > 1, and no advection field, existence and uniqueness results for distributional
solutions are proved in [7]. In the isotropic case with p, = p > 2 — 1/N for
[=1,...,Nands > p — 1, still with no advection field, existence and regularity
results for distributional solutions are proved in [5]. The corresponding results for
isotropic parabolic equations are developed in [6].

Compared to [5, 6], the main feature of of the present paper is the combination
of an anisotropic diffusion operator, nonlinear advection and lower-order terms,
a locally integrable right-hand side f, and an unbounded domain. In the case of
the Dirichlet problem on a bounded domain, existence and regularity results for
distributional solutions with L'-data have been obtained in [4, 11] for a class of
anisotropic elliptic and parabolic equations. For an anisotropic parabolic reaction—
diffusion—advection system with a zero-flux boundary condition, still on a bounded
domain, similar results are established in [2].

Our main purpose is to prove the existence of at least one functionu € Lj .(RV)
that possesses the regularity

Np-1

mpz, (1.3)

N
u e m Wli)’fl(RN), 1< g <
I=1

where p is defined in (1.2), and solves (1.1) in the distributional sense. The aniso-
tropic Sobolev spaces appearing in (1.3) are defined in the next section. Observe
that (1.2) implies p > 2 — 1/N and thus 5((5:};])1 > 1, which is in accor-
dance with the “isotropic” theory [5]. On the other hand, the condition s > p;
in (1.2) is stronger than in [5]. This is a consequence of the anisotropic Sobolev
inequality [17] that we have at our disposal here.

As in [5, 6], the strategy of an existence proof consist of deriving “good” a
priori estimates for suitable approximate solutions (u. )¢ (to which the standard
variational framework applies) and passing to the limit as ¢ — 0. There are two
difficulties associated with this strategy. In view of the assumption that f is only
locally integrable on R”, the first difficulty is to obtain suitable local a priori esti-
mates on u, and the partial derivatives du./dx;,[ = 1, ..., N, that are independent
of ¢. The second difficulty lies in passing to the limit in the nonlinear vector field
A(x, Vu,) + g(u,) and the nonlinear term |u,|* ' u,.
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The remaining part of the paper is organized as follows: In Section 2 we recall
some basic notations and a Sobolev inequality for anisotropic Sobolev spaces. In
addition, we prove an “interpolation” lemma that will be used later to obtain local a
priori estimates. Our main “elliptic” results are stated in Section 3, while the proofs
are given in Section 4. In Section 5 we briefly discuss the Dirichlet problem on a
bounded domain. Finally, we convert our “elliptic” results to “parabolic” results in
Section 6.

2. Anisotropic Sobolev Spaces and a Technical Lemma

We start by recalling the notion of anisotropic Sobolev spaces. These spaces were
introduced and studied by Nikol’skii [14], Slobodeckii [16], and Troisi [17], and
later by Trudinger [18] in the framework of Orlicz spaces.

Let Q be a bounded domain in RY with Lipschitz boundary dQ2. Let py, ..., py
be N real numbers with p; > 1,1 =1, ..., N. With a slight abuse of the notation,
we introduce the anisotropic Sobolev space

5
Whe(Q) = {u e LP(Q) : a—”

ELP’(Q)},
X

which is a Banach space under the norm

k)

LPH(Q)

||u||W'm(gz) = |lullLri (@) + ” ax,
fori=1,...,N.

Let us recall the anisotropic Sobolev imbedding theorem due to Troisi [17] (see
also [1]).

THEOREM 2.1. Let Q be a cube of RN with faces parallel to the coordinate
planes. Suppose u € ﬂllil WLri(Q), and set

ND

1 12N:1 ) ﬁ*;:Np_, if 7" < N,

- = — —_—, = —-p

P NiZp any number from [1,00), ifp* = N
Then there exists a constant C, depending on N, p1, ..., py if p < N and also on
r and meas(Q) if p = N, such that

1/N
lullzro) < Cl_[|: + ”M”LPZ(Q)j| . (2.1)
8)61 LPI(Q)

Theorem 2.1 is used to prove the “interpolation” lemma below, which is a technical
result we will use later to obtain a priori estimates. A similar result is found in [4]
with W71 (Q) replaced by W(} "P1(Q) in the case of a Dirichlet boundary condition.
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LEMMA 2.2. Let Q be a cube of RN with faces parallel to the coordinate planes
and (ug)o<c<1 be a sequence in ﬂllil WLPL(Q) with p < N. Suppose that there

exists a constant c, independent of €, such that

luellzroy <c, I[=1,...,N,
and
N
u pi
SUPZ/ | dx <,
y>01 1 B, axl

where B, ={x € Q:y < |us| <y +1}fory >0, or

()ué
z /
1+ Iusl)V

Then for every q; such that

h PIN—-D"
there exists a constant C, depending on Q, N, p1,..., PN, q1, - - -
not g, such that
ou,
<C, I=1,...,N,
0x; L91(Q)
and
N
1 1 1
llugll L7 <C, =—=—= —.
ellzaco) 7N ; 7

(2.2)

(2.3)

2.4)

(2.5)

, qn, and c, but

2.6)

Q2.7)

Proof. We adapt the proof in [3, 4] to our setting. Let ¢; < p; and 3y > 1. Then,

using (2.3),
3 q1 r-1 P qi oo P q

f te :Z/ te dx—l—Zf el d
0| 0x; =B 0x; v By 9x;

o

aua q1
<oy [ 5 w
Y=y Y
> ou,

N

O

S

+
| [~]
VO
.

N

oo
Cy +Ci Z (meas(By))(PI*qz)/pz_
Y=Y0

pi qi/ pi
dx) (meas(B,))' /7

(2.8)
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Clearly, o f B, lu |7
we deduce

211

> meas(B, ). From this estimate and Holder’s inequality,

Ju. |4 o 1 ., (p1—q1)/pi
fde S GG Y | el dx
ox L
el o v=n Yy " By
00 1 q/pi
— a4
y=vo Y

(p1—a)/pi
(Z/ lug |7 dx) . (2.9)
Y=Y B

The anisotropic Sobolev inequality (2.1) gives

N
( f |7 dx)

1/q 1/qiq1/N
CSH[(/ x) +<f Iusl‘”dx> ] , (2.10)
o
where ¢* :=

= Nq/(N —¢q) (note g € (1, N)). Since ¢; < py, it follows from (2.10)
and (2.2) that

(/ e |7 dx)q <c6]_[</ )‘”_N el @2.11)

By (2.11), (2.9), and the fact that %q’ > 1 thanks to (2.5)

(s

ou, |?

8)61

du, |?

8)6[

Pr—4a

N
— q,plN
cg+clo]'[</ 7 dx)
=1 W@

N PI—4q

- Zl:l qp|N
= C9+C10(/ |uel dx)
o
= C9+C10(/ |Me|q*dx)
o

N

=
Sl=

In other words,

P—4q_
luellpa* o) < Co + Clo”“&‘”Lq*(Q)’ a:= 77 —q"

One checks easily that the assumption p < N implies a < 1, and we can therefore
conclude that (2.7) holds. Moreover, (2.6) follows from (2.9) and (2.7)
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Letq; = kp;, I =1,...,N, forany « € (0, gg:i;). Let y = 1%"@*, so that
PI—q1 =%

y# = q*. Recalling Z=25* > 1, we see that y > 1. Using Holder’s inequality
and t?len estimate (2.4), we obtain

a ‘(’)ﬂ |7 a/p a (pi—an)/p1
/ dx < (/ x%dx> (f (1 + |ug|) Pi=a dx)
0 o (I +luc) 0

@ (pi—qn)/pi
Y or—ar
< Cll(/ (1 + lugl)” ria dx)
0

ou,

. (Pi—q1)/ pi
< Clz(f lug|? dx) + Cy3. (2.12)
0
Inserting this into (2.11) and proceeding as above, we conclude that (2.6) and (2.7)
hold under condition (2.4) instead of (2.3). O

3. Statements of Results

Instead of (1.1) we will consider more general nonlinear anisotropic elliptic equa-
tions of the form

—divA(x, Vu) —divg(x,u) + h(x,u) = f(x) in RV, 3.1
The vector field A : RY x RY — R has components ¢; : RY x RY — R,
I =1,..., N, and we assume that there exist two constants C4 and C’; such that
for all £, & e RY and for a.e. x
N
A(x. &) £ >Ca ) 7, (32)
=1
N
jar (x, )] sc;(stu”—l), I=1,...,N, (3.3)
=1
[A(x, &) — A(x, )16 — &1 >0, & #&. 34
The advection field g : RY x R — RY has continuous components g :
R¥Y xR — R,I=1,..., N, and satisfies the following conditions:
lg(x,0)| < Cylo|*™", forae.x e RY and forall o € R, 3.5)
|div, g(x, 0)] < Cg,|a|“_’7, fora.e. x € RY and forall o € R, 3.6)

for some constants C,, C;, and some 71 € (1, s).
The nonlinear function # : RN xR — R is assumed to be measurable in x € RV

for all o € R and continuous in o € R for a.e. x € R". Furthermore,
h(x,0)c 20, forallo e Randa.e. x € RV, 3.7)
sup{|h(x,0)| : |o| <t} e LL (RY), VreR. (3.8)

loc
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Finally, there should exist s > p;,/ =1, ..., N, such that
h(x,o)sign(o) > |o|*, foralloc € Randae.x € RV, 3.9)

We look for distributional solutions to (3.1) in the following sense:

DEFINITION 3.1. A distributional solution of (3.1) is a function # : RY — R
such

ue WH@®RYN LS (RY),  Ax, Vu) € (L1 (RV)V,

loc loc loc

and Vo € C}(R")
/ (A(x,Vu) + g(x,u)) - Vo dx +/ hx,u)pdx = / fedx. (3.10)
RN RN RN

Note that (1.3) and the conditions on g, 4 imply that all the terms in (3.10) are
well-defined.

Our main results are collected in the following theorem:

THEOREM 3.1. Assume (3.2)-(3.9) hold and the corresponding exponents
P1,..., py and s are restricted as in (1.2). Let | € LIIOC(RN). Then (3.1) has at
least one distributional solution u. If f > 0, then u > 0. Moreover, u possesses the

regularity stated in (1.3). Finally, if f € L'(RY) and p > N, then u € L2 (RV).

loc

4. Proof of Theorem 3.1

Forany R > 0, let By = {x € R" : |x| < R}. In what follows, it is always
understood that ¢ takes values in a sequence tending to zero. Let (f:)o<e<1 C
C2°(£2) be a sequence of smooth approximations of f such that

1
< - < :
| fel < A and | f| < | f1; @.1)
fe— f inLl (RV)ase— 0.

Then classical results, see, e.g., [13, 12, 10], provide us with the existence of a
sequence of functions

N
(uedo<e<t C [ )Wo' (B1) N L* (By),
=1

each of them satisfying the weak formulation

(A(x, Vue) + g(x, ue)) - Vo dx + /
B B

1
3

hx,u)p = | fepdx, (4.2)
B

1
3

@
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forall g € M, Wol’p’(Bl) N L*®(B.), where
L _ 1,1 . du i
Wy (By) = {u e Wy (By) : == € LV (By).
& & 'xl &

The proof of Theorem 3.1 consists of three main steps. First, we prove
e-uniform local a priori estimates for u,, which imply a.e. convergence of u,.
Second, we prove strong L[ . convergence of the nonlinear terms in (4.2). Finally,
we complete the proof of Theorem 3.1 by passing to the limit in (4.1) as ¢ — O.

In the remaining part of this paper, we use C, C;, C», etc. to denote constants

that are independent of .

4.1. A PRIORI ESTIMATES

PROPOSITION 4.1. Assume (3.2)—(3.9) hold, and that the exponents p1, ..., py
and s are restricted as in (1.2). Set R := 1/¢, and let p be any number such that
0 < 2p < R. Then, there exist a constant C, not depending on ¢, such that

lwellLs s,y < € (4.3)
and

IACe, ue)liis,) < C. 4.4)
Moreover, for every 1 < q; < ]7;/((15:3 pi there exists a constant C, depending on

B, N, pi,..., PN, q1, .., 4N, ||f||L1(32p) but not &, such that

3
‘ te <C, I=1,...,N, (4.5)
dx; L9 (B,)
and
N
11 1

_ <C, =—:=— —, 4.6

lutell s, ) - N;ql (4.6)

for any p’ such that 0 < p’ < p.
Proof. Following [5], we introduce for y > 1 the test function
( 1) ’ ! dr =1 ! >0
- = T N1 o =20,
@) =17 ) Wy (1t o)
_(py(_a)v o< 0,

4.7)

and a smooth cut-off function & = 6(x) that is supported in the ball B,, (recall
0 <20 < R)suchthat 0 < 0 < 1,60(x) = 1 for [x] < p, and |VO| < 2/p.
Observe that |¢, | < 1 and, by assuming p > 2, there holds V0| < 1.
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Let o > 1. Inserting ¢ = ¢, (u,)0“ into (4.2) gives
[ AT g e as + [ gt Vieg o ax
Bgr

Br

+/ h(x, ue)p, (u:)0” dx+a/ A(x, Vu,) - VO ¢, (u)0% " dx
Bgr B

R

ta / g(x, u2) - VOg, ()% dx
Bg

= / Sewy (ue)0* dx. (4.8)
Bpr
Now we choose y and « so that (recall from (3.5) and (3.6) that n € (1, 5))
s s
1l<y< , oz>max{s, },
p=1 n—1 (4.9)
and o > p;’ l=1,...,N.
s—ypi—1
Let us introduce the vector field G = (G, ..., Gy) defined by

Gz(x,0)=/ gx, g, ()de, 1=1,...,N.
0

Using the divergence theorem, G(x,0) = 0, (3.5) and (3.6), the condition (4.9)
ona, |VO| < 1,0% < 0% and Young’s inequality, we estimate as follows:

/ (¥, 1) - Vo), (ue)0° dx‘
Br

Ug
/ divG (x, u,)0* dx — / </ div, g;(x, t)(p)’/ @) dt>9”‘ dx‘
Bpr Bg 0

— ‘_/ a0 'G(x,u.) - VO dx — (9“[ 'divxg(x,typ;(t)dt) dx
Bg Bg 0

< C1/ |u€|s_”+16“_ldx+C2/ lue |10 dx
Br Bgr

s—n+1

_ _ _ n=l,_
<Cs/ "6 1dx=Ca/ ju P79 g e dy
Br Br

1 s
< _/ <Py(1)|us|39a dx + C4/ 0% T dx
8 /s, i

R

1
< §/ @, (D ]ug*0% dx 4+ Csmeas(B,,). (4.10)
Br

Similarly, we deduce the estimate

/ g(x, ue) - VO, (u)0% " dx
Bg
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1
lg(x, u:)]0% " dx < §/ 0, (D|us|*0% dx + Cemeas(By,).  (4.11)

B, Br

Using the structure conditions (3.2) and (3.3) in (4.8) along with (4.10) and
(4.11), we get

CA/BZ

(py(u )0% dx —|—/ h(x, ug)p, (u)0" dx

R =] 3)6 Br
S/ |f|—|—C7/ 0“’1dx
By, Br 1, 3X1
1
+Z/ 0, ()|u|*0% dx 4+ Csmeas(B,,). 4.12)
Bpr

An application of Young’s inequality gives

| e
" " ) T8 (g a0)
" ]
<5 | PO
= 2% zz, 6% + Cuo(1 + Vg
= ZC—CA7 8811 mso; ()0 + Crilue " P67 + Cra6* 7. (4.13)

We can estimate the last term in (4.13) by another application of Young’s inequality
and (3.9):

V(pl D s—y(pp—1
Ciilus |)/(p1 Dgoe—pm — = Ci1ue |V(Pl Dge QY5 — P

<py( )

< 0 0% 4 €0 T (4.14)

From (4.7) and (3.9), it follows that
h(x,0)p,(0) > |ol*¢,(1), foro >1andae.x € RY,

and hence

Py (o)

+1, foroc e Randae.x € RV, (4.15)
@y (1)

lo]* < h(x,0)
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Using (4.13) (4.14), and (4.15) in (4.12) we obtain

YLy

</ | fldx + Cigmeas(Bs)). (4.16)
By

0

8u8

1
0% d — h(x, u, 0% d
DI o) Hz/BR (X, 1)@y ()6 dx

Using the definitions of ¢, and 6, we obtain from (4.16) and (4.15) that
/ lug” dx < Cis, (4.17)
By

which proves (4.3) and, via (3.9), also (4.4). Moreover, it follows that

Bug

dxl
dx < Cys. 4.18
Z/B At ey St (415)

Now let0 < p’ < p. We cover Ep/ with a finite number of cubes well contained
in B, with edges parallel to the coordinate axes, and let Q be any of them. We
deduce from (4.17) and (4.18) that

/ lugl” dx < Cyy 4.19)
)
Ws |71
Z / o dx < Cis. (4.20)
(1 + fue)Y
Estlmates (4.5) and (4.6) are then direct consequences of (4.19), (4.20), and
Lemma 2.2. O

4.2. STRONG CONVERGENCE

In this section, we will denote B, by B,. Given any p > 0, let ¢ be such that
1/e > 2p. In view of Proposition 4.1, u, is uniformly (in &) bounded in W a0 (B,),
where

= 4.21
0= g}1<nN qr, (4.21)
and ¢y, ..., gy are restricted as in Proposition 4.1. Without loss of generality, we

can therefore assume that
{ u, — u strongly in L% (B,) and a.e. in B,,,

,’l(.x’ Mg) —> h(x, Ll), g(_x’ ug) — g(x’ I/l) a.e.in Bp- (422)

By a standard diagonal process, we can in fact assume thatu, — u in L] ((R") and
a.e.in RV, u, — u weakly in Wl ORN), and h(x,u;) = h(x,u), g(x, us) —
g(x,u)ae. in RV,
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For passing to the limit in (4.2), we prove first the convergence in L'(B,) of the
sequences (h(x, ug))o<e<i> (X, us))o<e<1 to respectively h(x, u), g(x, u).

PROPOSITION 4.2.  Assume (3.2)—(3.9) hold, and that the corresponding
exponents pi,..., py and s are restricted as in (1.2). Then the sequences
(h(x, ue))o<e<t and (g(x, ug))o<e<1 converge to respectively h(x, u) and g(x, u)
a.e. in RN and strongly in L'(B,) for any p > 0.

Proof. In view of (4.22) and a theorem of Vitali (see, e.g., [8]), it is sufficient
to establish the equi-integrability of (h(x, u,))o<.<1 on B,. To this end, we follow
[5, 6] and introduce for y, B > 1 the test function ¢, g defined by

(/)y (U - :B)’ o 2 ﬁ!
@y,p(0) =10, lo| < B, (4.23)
_(py,ﬂ(_a)» o < _ﬂ’

where ¢, is defined in (4.7). Let o > 1. Inserting ¢ = ¢, g(u.)0* into (4.2) and
proceeding more or less as we did up to (4.16), we find

7z

R =1 2
< / |l dx + Cymeas(By O {lue] > BY). 4.24)
BopN{lue| =B}

ou,
8x1

)Zi 1
@) 5 ()6 dx + - / hx, )@y, p(u:)0% dx
Br

Since f € L! (Bp) and u, is bounded in L! (B,) uniformly with respect to ¢,
/ | f1dx + meas(By, N {lus| = B}) — 0, aspf — oo. 4.25)
BypM{Jue| 2B}

From (4.23), (3.7), (4.24), and (4.25), we conclude that

f (s )| dx < c/ hx 1)y ()0 dx P23 0
ByN{lug|ZB+1}

Br

(uniformly in ¢).

By (3.8), this implies the desired equi-integrability of (2 (x, u:))o<e<i-
From (3.5) and the convergence proof just given, we deduce easily that g(x, u,)
converges to g(x, u) a.e. in RY and strongly in L'(B,) for any p > 0. O

PROPOSITION 4.3.  Assume (3.2)—-(3.9) hold, and that the corresponding
exponents pi,...,py and s are restricted as in (1.2). Then the sequence
(A(x, Vug))o<e<i converges to A(x, Vu) a.e. in RN and strongly in Ll(Bp) for
any p > 0.

Proof. As in [5, 6], we prove first that the sequence (Vu,)o<.<1 converges to
Vu in measure on B,, which implies a.e. convergence after passing to a suitable
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subsequence. It suffices to show that (Vu,)o.<: is a Cauchy sequence in measure
on B,,i.e., forany u > 0,

meas({x € B, : |(Vuy — Vu,)(x)| > pu}) - 0, ase, & — 0.
For any y, § > 0, we have
{x € By : [(Vug — Vue)(x)| =2 u} C L1 ULy UL3U Ly,
where Ly = {x € B, : |Vu,(x)| = y}, Lo ={x € B, : |[Vug(x)| > v},
Ly={x € B, : |(ug —ug(x)| = 8},
and

Ly = {x e B, : [(Vug — Vue)(x)| 2 p, [Vu(0)| < v,
Ve ()] <y, [(ue — ug)(X)] < 8}

In view of Proposition 4.1, by choosing y large we can make meas(L;) and
meas(L,) arbitrarily small. Since (u,)o<.<1 is a Cauchy sequence in L! (B)), then,
for § > 0O fixed, meas(L3) tends to 0 as &, &’ — 0. It remains to control meas(L,).
Since the set of (&1, &) such that |§1] < y, |&] < y,and |§; —&;| < p is acompact
setand & — A(x, &) is continuous for a.e. x € B, the quantity

[A(x, &) — A(x, )16 — &]

reaches its minimum value on this compact set, and we will denote it by g(x).
By (3.4), it is not hard to verify that g(x) > 0 a.e. in B,. Consequently, for any
B > 0 there exists 8 > 0 such that

f q(x)dx < p' = meas(Ls) < B. (4.26)
Ly

Hence, it is sufficient to show that for any given 8’ > 0, one can produce a small
enough § > 0 such that

f g(x)dx < . (4.27)
Ly

For any 6 > 0, define T5(z) = min(§, max(z, —4)). Note that Ts is a Lipschitz
continuous function satisfying 0 < |75(z)| < §. By the definitions of g(x) and L4,
we have

f g(x)dx < [A(x, Vue) — A(x, Vue)][Vue — Vue 11y, -, <oy dx
Ly Ly

= [A(x, Vu,) — A(x, Vuy)IVTs(u, — uy) dx. (4.28)
Ly
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Let O be the cut-off function used in the proof of Proposition 4.1. Set p°:=
max;g/<n Pi» and let go be the number defined in (4.21). Thanks to Proposition 4.1,
we can find a g € [p® — 1, go) such that ||g—’j;|| Li(B,,) 1s bounded independently
of e foralll = 1,..., N. Specifying Ts(u. — u.)0 as test function in the weak
formulations for u, and u, and then subtracting the results, we find

[A(x, Vug) — A(x, Vug)] - VTs(ug — uy) dx
By
N

o, pi—1
<28|Cr+ Cz/ dx + CslluellLs By, + 1 f 1118y
By, =1 axl
ug |?
<28 Cr+Cy dx + Cslluells 8y, + 1 fllL1(8,,)
B, aX[
290 (uniformly in ¢ and ). (4.29)

For § small enough, we have from (4.28) and (4.29) that (4.27) holds, and, by (4.26),
also that meas(L4) < B. Thus, we have the convergence of (Vu,)o<.<1 to Vu in
measure. Thanks to this measure convergence and (4.5), we can finally conclude
that along a subsequence

A(x, Vu,) — A(x, Vu) strongly in L'(B,). m]

4.3. COMPLETING THE PROOF OF THEOREM 3.1

In view of the previous results, we can indeed send ¢ — 0 in the weak formu-
lation (4.2) with ¢ € C Cl (RY), thereby obtaining the existence of a distributional
solution (in the sense of Definition 3.1) to (3.1), which possesses the regularity
stated in (1.3). If f > 0, then u, > 0 a.e. in RV for any ¢ > 0. Hence the limit u
is also nonnegative. The L} -bound for u, is proved by replacing g* in the proof
Lemma 2.2 by any number » € [1, o) and using Theorem 2.1.

5. The Dirichlet Problem on a Bounded Domain

Let Q be an open bounded domain in RY (N > 2). In this section we wish to
point out that the existence result obtained in the previous section also applies to
the Dirichlet problem on a bounded domain. In fact, on a bounded domain (under
stronger assumptions) it is possible to prove that the constructed distributional solu-
tion has regularity corresponding to the limiting case of equality in the upper bound
on g; in (1.3). Our results generalize those obtained in [4] to general problems of
the form

—divA(x,Vu) —divg(x,u) + h(x,u) = f(x) in €,

{ u=0 onod,

where A, g, h satisfy the conditions stated in (3.2)—(3.9).

6D
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THEOREM 5.1. Assume (3.2)—(3.9) hold, and that the exponents py, ..., py and s
are restricted as in (1.2). In addition, assume

1
Py (=l NoneG L), ©-2)

where 1 is given in (3.5) and (3.6). Let f € L'(Q). Then the exists at least one
function u € Wy () N L*(Q) such that A(x, Vu) € L'(RQ), 2 e Lu(Q) with

? 0xg

1 <gq < g((lf,’ };pl, I =1,...,N, and (5.1) holds in the distribution sense. If

feLlogL (), ie.,

jLIJWIOg(l—%IJW)dx < o0,

then there exists a distributional solution u of (5.1) such that

ou N(P—l)
— e L1(Q), =——p,l=1,...,N. 5.3
8x1€ (), a _(N—l) (5.3)

Proof. Let (u,)o<c<1 be a sequence of approximate solutions satisfying the weak
formulation (4.2) with B. replaced by 2. The first part of the theorem can be

proved by adapting the prsoof of Theorem 3.1. Let us prove (5.3). Since, by (5.2),
G=r 1 we deduce from (3.5)

pi—1
Vu,

(1 + ue

Vu, uy "

(L + [u)I=1p

g(X, Ug)
Q

<

Bus |p1 | | (V”")ll’l
dx; Ug| P

dx +C / dx

Z/OHM) IZ (1 + [uel)

8145 N

9x; vprl
ZLOHM)+Q§fM| .

du
£\|P s=mpy

dx; pi—1
Z/Q(l_i_'ugl)dx—i—ClZ/(l—i—lug) dx

//\

//\

//\

Sue

<2 0 dxC/l ) dx. 5.4
ZLUHM>+2Q“WDX 64

Following [4], we shall modify the proofs of Proposition 4.1 and Lemma 2.2.
Inserting the test function ¢ = log(1 + |u.|)sign(u.) into the weak formulation for
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u. and using (5.4), we find after some work the following a priori estimate:

E)u‘8

dxl
Z/ (1+ |us|)

< cgfa i) dx + c4/ £ log(1 + [u, ) dx
Q Q
< c4/ [ folog(1 + 1 £.) dx + (Cs + c4>/<1 - Jue) dx
Q Q
< c5+c6/<1 + ) dx, (5.5)
Q

where we have used the well-known inequality xy < xlog(1 + x) + exp(y) for
x,y =0.

To turn (5.5) into an L% (€2) estimate on du./dx;, we proceed as in (2.12). As
in the proof of Proposition 4.1, one can prove that u, is uniformly (in &) bounded
in L*(2) and thus L' (). By Holder’s inequality and then (5.5),

q due | py ai/p
/ 2”3 ! < (f (1|jfl|| - dx ) ! l(/(l N |u€|)ql/(Pl_‘”) dx)(p/—qz)/m
Q| 09X Q Ue Q
(p1—a1)/pi
< c7( f <1+|ug|)qf/<"f—q“dx) . (5.6)
Q
we find

pPr—a1

7* v N qpN
(/ lug|? dx) < Cg+ C91_[(/ (1+ |u8|)qz/(pzfqz) dx)
@ =1 W&
. \Va-p
< C10+C11(/ |ug|? dx) ,
Q

and then we obtain (5.3) as in the proof of Lemma 2.2. O

6. Parabolic Case
We consider nonlinear anisotropic parabolic equations of the form

{ u; —divA(t, x, Vu) —divg(t, x,u) + h(t, x,u) = f(t, x), ©.1)

u(x,0) = up(x),

where (¢, x) € (0,T) x RY and T > 0 is a fixed number. The vector field A :
(0,T) x RN x R¥ — R" has components a; : (0,7) x R¥ x RY — R, [ =
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1,..., N, and we assume that there exist two constants C, and C/, such that for all
£,& e R" and for a.e. (¢, x)

At x,€) - &> CAZW (6.2)

la,(t, x, €)| < C' <1+Z|§g|m 1) l=1,...,N, (6.3)
=1

[A(z, x, &) — A(t, x, 5[ — &1 >0, & #&. (6.4)

We assume that the advection field g : (0, 7) x RV x R — R" has continuous
components g; : (0, T) x RY xR — R,I=1,..., N, and satisfies the following
conditions:

lg(t,x,0)] < Cylo[*™", forae. (t,x) € (0,T) x RY

and forallo € R (6.5)
|div, g(t, x, 0)| < C£,|0|‘Y_’7, forae. (t,x) € (0, T) x RY
and for all o € R, (6.6)

for some constants C,, Cg, and some 1 € (1, s).

The function / : (0, T) x RY x R — R is assumed to be measurable in (¢, x) €
(0, T) x RY for all o € R and continuous in o € R for a.e. (t,x) € (0, T) x RV,
Furthermore,

h(t,x,0)0 >0, forallo € Randae. (¢,x)€ (0,T) x RY, (6.7)

sup{|h(t, x,0)| : |o| <t} e L'(0, T; L;,.(RY)), VreR. (6.8)
Finally, there should exist s > p;,/ =1, ..., N, such that

h(t, x,o0)sign(o) > |o|’,

forallo € Randae. (t,x) € (0,T) x R". (6.9)
The data f, ug are assumed to satisfy
feL0,T; L, RY),  uge L RY). (6.10)
We assume that the exponents pi, ..., py and s satisfy the following condi-
tions:
N
N 1 1
<N+ ——7, ==—= —
P N+1' p N 121:
1 (N + 1 (6.11)
— <p<—, [I=1,...,N,
N +1 N

s>p, l=1,...,N

We seek solutions to (6.1) in the following sense:
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DEFINITION 6.1. A distributional solution of (6.1) is a function
ue L'(0,T; W) (RV)) N L*(0, T, Lj . (RY)),

A(t, x, Vu) € (L0, T; LL RV )",

that satisfies

T
/f ugo,dxdt—i—/ (A(t,x,Vu)+ g(t,x,u)) - Vodx dt
RN RN

// h(t,x,u)pdxdt
RN

= f feodxdt +/ up(x)e (0, x) dx, (6.12)
0 JRN RN
forall p € CJ([0, T) x RY).
Our main existence result for (6.1) is stated the following theorem:
THEOREM 6.1. Assume (6.2)—(6.10) hold and that the corresponding exponents

D1, --., py and s are restricted as in (6.11). Then (6.1) has at least one distribu-
tional solution u. If f,ug = 0, then u > 0. Moreover, u possesses the regularity

1 D1 N
u € qu, 0,7, W' ®RY)), 1<q < ;(P - N_—|-1> (6.13)
Finally, if f,ug € L'"(RY) and p > N, thenu € LX((0,T) x RY).

Proof. The proof is similar to the proof of Theorem 3.1, so we just sketch it. Let
{feJo<e<i and {ug ¢ Jo<s<1 be sequences functions satistying

fe € C([0,T] x RY) and Ups € CSO(RN);
[ fel < g Ifel <Ifl, fe— f in Ll(oa T, Llloc(RN)) ase — 0; (6.14)

luoel < =, |uoel < luol, uoe — uo in Li (RY)ase — 0;

o=

Set R = 1/¢. Then, classical results, see, e.g., [12, 9], provide the existence of
a sequence of functions

N
Us € ﬂL”’(O, T; Wy (Bg)) N L*((0, T) x B) N C([0, T1; L*(Bg)),

=1
N

dug € Y L0, T; (Wy™(Br))).

=1
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each of them satisfying the weak formulation

T T
/ (te, @) dr + / (A(t, x, Vite) + gt %, 1)) - Voo dx dl
0 0

Bpr
T
+ / h(t,x,u.)edxdt
0Ja
T

_ / / fopdxdr, (6.15)
0JQ

forallp € ﬂlNzl L7, T; WOI’P’(BR))HL‘X’((O, T)x Bg). Moreover, the maximum
principle holds, so that uy . > 0 and f, > O imply u, > 0.
We introduce the function

Yy (o) = / ¢, (s)ds, where @, is defined in (4.7). (6.16)
0

As in the proof of Proposition 4.1, we take ¢ = ¢, (u,)0“ as a test function in (6.15)
and find

T
Wl Y0 et [ [ A Vi) - Vi 6 d
Br 0 JBgr
T
+// g(t, x, ue) - Vueg, (u:)0" dx d
0 JBg
T
+// h(t, x,ug)p, (u:)0 dx dt
0 JBg
T
+oe// A(t,x, Vuy) - VO, (u)0% " dx dt
0 JBg
T
+oz// g(t, x,u.) - Vg, (u:)0* " dx dt
0 JBg

T
= %/ (Mo,s)ea dx + / fs(py (u5>9a dx dz.
0 JBg

Bg

We choose y and « according to (4.9).
Proceeding as in the proof of Proposition 4.1 up to (4.16), we find eventually

that

ou,

i
@) (u:)6" dx dr

8)61

Ca (T &
fBR Uy (ue (x, T))O(x) d”T/ofBR;

1 T
+—/f B %, 1)y (40" dx dr
2 Jo Jag

T
< Yy (uo(x)) dx + / / | f1dx dt + CiTmeas(B,,), (6.17)
BZ/J 0 BZP
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which in turn implies the existence of a constant C,, independent of ¢ as long as
R =1/e > 2p for a given p, such that

Bué

|3x1
Z//B T+ ey &S © ©1%

and
T
/ lug|® dx dt < Cs. (6.19)
0 JB,
Note that from definition of v, and estimate (6.17), we deduce also that
sup f lug|dx < C,. (6.20)
1e(0.7) JB

Now let0 < p’ < p. We cover Fp/ with a finite number of cubes well contained
in B, with edges parallel to the coordinate axes, and let Q be any of them. In view
of (6.18), (6.19), (6.20), we can then carry out the “interpolation” step as in [2, 11]
and obtain

0
‘”8 <C;, I=1,...,N, 6.21)
%1 || a1 0, 1)% 0)
and
luellLzo,ryx0) < Ca, (6.22)

for every ¢; satisfying the condition in (6.13).
Then we deduce from (6.21) and (6.22) that

du
‘ “ <Cs, I=1,...,N, (6.23)
ax; LU ((0.T)x B /)
and
luellLao,r)xB,) < Cos (6.24)

for every g, satisfying the condition in (6.13).

Let g0 = min;<;<y ¢;. Given any p, p’ such that 0 < p’ < p, u, is uni-
formly bounded in L% (0, T’; Wl*qO(Bpr)) as long as 1/e¢ > 2p. This is a con-
sequence of (6.23) and (6.24). This implies that d,u. is uniformly bounded in
L0, T; (W (B,))) + L'(0, T; L'(B,)).

We can therefore assume that as ¢ — 0 (see, e.g., [15, Corollary 4])

u, — u strongly in L%((0, T') x B,) for any p' and a.e.in (0, T) x RV,

and h(t, x,u,) — h(t,x,u) ae.in (0, T) x RV,
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We prove the strong convergence in L' (0, T; L. _(R")) of

loc

(h(t’xv ME))0<£<17 (g(tvxau&'))0<3<1 9 (A(tax, vuS))0<8<1

as in the proofs of Propositions 4.2 and 4.3. Hence we conclude that the limit func-
tion u is a distribution solution of (1.1) possessing the regularity stated in (6.13). O
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