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Abstract
In this paper, we study the positive solutions for nonlocal differential equations with
concave and convex coefficients:

1
—A <f (P (s) + uq(S))dS> u(t) = f(t,u(®), te€(0,1),
0

where 0 < p < 1 < ¢q. Using the fixed point index theory and fixed point theorems on
cones, existence and multiplicity results are obtained, when the nonlinear term f (¢, x)
is continuous, has a singularity at x = 0, changes sign, respectively.
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1 Introduction

In this paper, we are concerned with the existence and multiplicity of positive solutions
for the following nonlocal differential equation

1
—A (/ P (s) + uq(S))dS> u"(t) = f(t,u(®), te(0,1), (1.1)
0
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where 0 < p < 1 < g, the function A : R — R is continuous. Note the differ-
ential Eq. (1.1) is nonlocal due to the coefficient function A (fol uP(s) +ud (S))dS)
involving an integral, and u? is a concave function and u? is a convex function.

In order to better study the positive solutions for nonlocal differential Eq. (1.1),
we convert Eq. (1.1) coupled with different nonlocal boundary conditions into the
following integral equation

1 1
u(t) =y (t)H(p(u)) +/ (A (/ (?(r) +uq(V))dr))
0 0

G(t,s)f(s,u(s)ds, te]0,1], (1.2)

-1

where functions y, H and ¢ are involved in boundary data, and then investigate the
existence of positive solutions to the Eq. (1.2).

Nonlocal differential equations as (1.1) arise in various areas of physics and applied
mathematics (see [1-3, 7, 9] and the references therein). The nonlocal differential
equations and nonlocal boundary conditions are intensively studied by many scholars;
for example, see [4-0, 8, 10, 12-22, 24-33].

Recently, Goodrich [14] studied the following nonlocal differential equation Dirich-
let boundary value problems:

1
—A </ |u(s)|qu> u"(t) = Af(t,u(), te(,1),
0
u(0) =u(l) =0,

(1.3)

whereg > 1, A > 0, A : [0, +00) — R is continuous, and f : [0, 1] x [0, +00) —
[0, 400) is continuous. Under weak condition on the coefficient function A, the author
established the existence of at least one positive solution by using a nonstandard order
cone and fixed point index theory. In fact, (1.3) is a special case of the nonlocal elliptic
PDE

—A (/ |u|qu> Au(x) = Ag(u(x)), x € L,
Q

subject to u(x) = 0, for x € 9€2, where 2 is an annular region. There are also many
variants on (1.3). For example, the case u in coefficient function A of (1.2) is replaced
by u’ is a one-dimensional Kirchhoff-type problem (see [4, 13, 29]).

In [18], Goodrich discussed the following nonlocal differential equation:

1
—A (/ (go u)(s)ds) u”"(t) = Af(t,u(t)), te(,1), (1.4)
0

where A : [0, +00) — R is continuous, g : [0, +00) — [0, +00) is continuous
concave strictly increasing, and f : [0, 1] x [0, +00) — [0, 4-00) is continuous. In
contrast to [14], g is concave in the coefficient function. A model case of (1.4) is the
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nonlocal differential equation

1
—A (/ |u(s)|pds> u’(t)y=rf(t,u®)), te©,1), 0<p<l.
0

In [20], Goodrich considered the existence result of positive solution for the fol-
lowing perturbed Hammerstein integral equation:

1 1
u(t) =y ()H(p(u)) +K/0 (A (/0 Iu(é)l"dé»

G(t,s)f(s,u(s)ds, te(0,]1), (1.5)

-1

where g > 1, A : [0,400) — R, G : [0,1] x [0, 1] — [0,400), f : [0, 1] x
[0, 400) — [0,400), H : [0,+00) — [0,+0c0), and y : [0,1] — [0, 1] are
continuous, and ¢ (1) = fol u(s)da(s), where « is of bounded variation and monotone
increasing on [0, 1]. Solutions of (1.5) can be associated to solutions of a boundary
value problem, which possess two nonlocal elements. The nonlocality is embodied in
differential equation itself and boundary condition.

More recently, Goodrich [17] studied the following nonlocal convolution-type dif-
ferential equations

—A(a* (gow)(MNu" () = Af(t,u(®), te€(0,1), (1.6)

where g is a continuous function, and there exist constants ¢y, ¢» € (0, 00) and ¢3 €
[0, c0) such that

ciu? <gu) <calezs+u?), u=>0,1<p<gq<+oo.

The author established the existence of positive solution by using fixed point index
theory. If we choose a(x) = 1, g(u) = u? 4+ u? and A = 1, then convolution-type
Eq. (1.6) reduces to the nonlocal differential Eq. (1.1). We note that Goodrich only
consider the case 1 < p < q.

Greatly inspired by above works, in this paper, we study the positive solutions
for nonlocal differential Eq. (1.1) with concave and convex coefficients. Firstly, we
establish the existence and multiplicity results of Eq. (1.2) when the nonlinear term
f is continuous. Secondly, we obtain the existence of positive solutions of Eq. (1.2)
when f(z, x) is singular at x = 0. Finally, we discuss the existence result when f
changes sign.

2 Multiple positive solutions for Eq. (1.2)
In this section, by using the fixed point index theory in cones, we give the existence and
multiplicity results of positive solutions for integral Eq. (1.2), where 0 < p < 1 < g,

the functions f : [0, 1] x [0, 400) — [0, 400) and H : [0, +00) — [0, +00) are
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continuous. ¢(u) = fol u(s)da(s), where « : [0, 1] — R is of bounded variation and
monotonically increasing on [0, 1].
For example, when y () = 1 — ¢, and

t(1—s), 0
s(1—1), 0

~

IAIA
“

INTA
~ ==}
IAIA

G(t,s) = {

a solution of the integral Eq. (1.2) is equivalent to a solution of the boundary value
problem of differential equation

1
—A </ WP (s) + uq(s))ds) u”(t) = f(t,u), te(,1),
0
u(0) = H(p(u)), u(l)=0.

Set E = C([0, 1]). Then E is a Banach space with the norm ||u|| = sup |u(?)|.
1€(0,1]
We define the cone

P = {u €LE:u()>0,tel0,1], min u(t) > nollull},
tele,d]

where 0 < ¢ <Ad < 1, and the constant 59 will be given in (H1). In addition, for
o > 0, the sets V,, and 2, are given by

1
vV, = {u epP: [ WP (s) + ul(s))ds < ,0}
0
and
Q,={uecP:ul<p}

For H : [0, +00) — [0, 400) a continuous function and given numbers 0 < a <
b < +00, we denote

H", = min H(y), HM, = max H(®).
[a,b] la bl ) [a,b] vela bl 6))

el

For f : [0, 1] x [0, +00) — [0, 400) a continuous function and given numbers
M

0< ar < by <1 and 0.5 ay < by < +00, then by f[?l,bl]x[az,bz] and f[al,bl]x[az,bz]

we will denote, respectively, the numbers

o = min t,x),
Tiarbitan o) = (B iy T )
M
Jiar bi1xlaz.ba] = max £, x).

(t,x)€lar,bi]xlaz,br]
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Denote by 1 the function 1 : R — {1}. Similarly, the notation 0 will denote the
function that is identically zero. Define the operator 7 : E — E by

1 1
(Tu)@) = y(t)H(so(u))Jr/o <A (/0 (u”(r)+uq(r))dr>>
G(t,$)f(s,u(s)ds, t €0, 1].

-1

A fixed point of T is a solution of nonlocal differential Eq. (1.1) equipped with some
boundary data.

The following assumptions are used in this section.
(Hy) G :[0,1]x[0, 1T — [0, +00) is continuous, and there exist a set [c¢, d] < [0, 1]
and a constant 1o := no(c, d) € (0, 1] such that

min G(z,5) > noG(s), s €l0,1],
tele,d]
where G(s) = max G(t, s);
tel0,1]
(Hy) y : [0, 1] — [0, 1] is continuous, and H[liri!] y(t) = nolly |, where ¢, d and ng
telc,

are the same as we defined in (H);
(H3) A : [0, +00) — Ris continuous, and there exist 0 < p; < pp suchthat A(r) > 0

fort € [p1, p2].
Denote

Q1= min A(t), Q> = max A(t).
telpr,p2] telp1,p2]

Remark 2.1 From the definitions of f/\p and 2, itis clear that Vp and 2, are relatively
open sets in P.

Lemma 2.2 For each fixed p > 0, it holds that

QMP - Vp - QNp»

1
where M, € (O, p4> is the unique positive solution of x? + x4 = p and N, €

1
(0, %(ﬁ) 5) is the unique positive solution of (10x)? + (nox)? = .

Proof For any u € Qy,, we have |lu|| < M. Thus,
1
/ WP (@) +ul@)dt < |lull? + lull? < M) + M} = p.
0

Then we obtainu € V), i.e., QM/J CV,.
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Next, we prove Vp cQ N, In fact, for any u € Vp, we have

1 d
P Z/O WP (1) +u? (1))dt Z/ ((ollulD? + (nollulN®)dt
= (d =) ((ollulD? + (ollulH?).

Then

P
i (mollul)? + (nollul)?.
—c

Let

h(x) = (nox)” + (nox)? —

d—c

Itis easy to see that &(x) is a strictly monotone increasing function on [0, +00). Thus,

we obtain |lu|| < N,. Therefore, u € QNp’ ie., vp - QNp. This completes the proof.
O

By using standard arguments, we obtain the following result.

Lemma 2.3 Assume that (H{)-(H3) hold. Then T : V_M\Vpl — P is completely
continuous.

Lemma 2.4 [23] Let U be a bounded open set, and with K a cone in a real Banach
space X. Suppose both that Ux = U N K D {0} and that Ux # K. Assume that
T : Ux — K is completely continuous such that x # Tx, for any x € dUg. Then
the fixed point index ig (T, Uk ) has the following properties.

(1) If there exists e € K \ {0} such that x # Tx + Ae for each x € dUk and A > 0,
thenig(T,Ug) = 0.

) If ux # Tx forx € 0Ugx and u > 1, then ix (T, Ug) = 1.

3) LetU}( be a open set in X with UL c Ugk. Ifig(T,Ug) =0andig (T, U}() =1,

then T has a fixed point in Ug \U_Il(. The same result holds ifix (T, Ux) = 1 and
ix(T,Ug) = 0.

Theorem 2.5 Assume that (H,) — (H3) hold. If

p
(H4)/ |:<A(,0 )f[c d1x[noM, , N,J]]/ G(t,s)ds>

1 d q
+<A(p )fcd]x H0Mpy Npy ] / G(t, s)ds) j|dt > p1;
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1 1 p
1
H. HY — /Gt, d
( 5)/0 [( ONe) T oS J0xi0np | G 9)ds
M 1 M ! !
+ (H[o,Nﬂzgo(l)] + —A(/Oz) fIO,I]XIO,N,Oz]/O G(t, s)ds) dt < pp,

then Eq. (1.2) has at least one positive solution u with M, < |[u]l < N,.

Proof Clearly, 0 € \7,,1 - sz andcl € Vm for small constant ¢ > 0, so \7,,1\{0} # 0.
From Lemma 2.3 and the extension theorem of a completely continuous operator,
there exists 7T : sz — P, which is still completely continuous. Without loss of the
generality, we still write it as 7.

Now, we claim thatu # Tu + pl forany u > Oandu € 0 pr Suppose that T" has
no fixed points on 8\?81 (otherwise, the proof is finished). Assume by contradiction
that there exist u € dV,, and u > 0 such that u = Tu + p1. It follows from Lemma
2.2 that

My, < llull < Ny, VuedV,.
Therefore, for s € [c, d], we have
noMp, < nollull < u(s) < llull < Ny,.

Then for u € 3Vp1 R

1 d
(Tu)(l)_A( )f[”,lxlnoml Ny / G(t,s)ds, tel0,1].

It follows that

1 1
Pl = / W? +uf)(t)dt = / (Tu + p1)? + (Tu + pu)?)(t)dt
0 0

1 1 1 d p
= /0 (Tw? + (Tw) (1)d1 = /0 [( Aory Tearnty, Ny, / G. s)ds>

1 d q
+<A(p )f[Cd]X[VloMpl Ny 1 / G(t, S)ds) ] ’

which is a contradiction to (Hs). So we get
ix(T,V,)=0.

We next show that puu 7# Tu for any u € 8Vp2 and u > 1. If otherwise, there
exist u € Z)Vp2 and o > 1 such that pu = Tu. For u € Bsz, it is easy to check
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that My, < llull = Np, and 0 < u(r) < |lull = Np, fort € [0,1], and 0 =< ¢(u) <
lullp(1) < Npe(1). It follows that

1 1
M M
(TM)(t) =< H[O,szgo(l)] + —A(pz) f[o,l]X[O,sz]/O G(t, S)dS, t e [O, 1]

Then we deduce that
1 1
pr = / WP +u) (1)t < f ((u)” + (o)) (1)t
0 0

1
_ / (Tw)? + (Tw)?)(1)dt
0

1 u 1 y 1 P
= H, — G(t,s)d
_/o < 0,Np, o] T A(pz)f[o,l]x[o,zv,,z]/o (t,s) S)

u . 1 q
+ (H[O,Nﬂz(p(l)] + Aoy Ji0.11%10,3,,1 /o G(t, S)ds> dt,

which contradicts (Hs). So we obtain
ix(T,V,)=1.

It follows from Lemma 2.4 that 7 has a fixed point u € sz \V_p] with M, < |lu| <
N,,, and u is a positive solution of the Eq. (1.2). O

Corollary 2.6 If we reverse py and py in Theorem 2.5, then ix(T, Vpl) = 1,
ix(T, Vy,) = 0. We can get the same result as Theorem 2.5.
Next, we prove the following multiplicity results.

Theorem 2.7 Assume that (Hy)—(Hy) hold. If

(He) Npy < Mp,;

1 1 . d p
(H7)/0 [(mf[c’d]X[UOMﬂzvazl/; G(t,s)ds)

. d 4
+ (mf[c,d]x[noMpz,sz]/c G(I,S)ds> }dl > p2;
M [ !
(Hg) Hyg n, gy + Ef[O,I]X[O,Npl]/O G(s)ds < Np,,

then Eq. (1.2) has at least two positive solutions.

Proof Firstly, we prove that T has a fixed point which is either on 9 \7/,1 orinQy, \V_pl.
Ifx # Tx forx e val , by Theorem 2.5, we obtain

ix(T,V,)=0.
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We next prove that ||Tul|| < |lu|| for any u € 3QN,,1 . From Lemma 2.2, it follows
that

0y, S Qn, <SRy, S V-

Then
1
f WP (r) +ul(r))dr < pa.

0

Owing to
1 d
/0 uP(r) +ul(r))dr 2/ mollulD? + (mollulN?dr = p1,
C

we have

1
01<4A ( / Wl () + uqm)dr) < 0.
0
Since 0 < @(u) < |lullp(1) = Ny, ¢(1), we have

1

1
0, fl](l)/{llXIO,Npll/O G(s)ds < Np, = |lull.

M
ITull < Hyo.w, gy +

Therefore, it is obvious that Tu # u foru € asszl, and pu # Tu foru € ESQNpl
and u > 1. By Lemma 2.4,

ix(T, Q,) = 1.

Since Vp, - QNm , by Lemma 2.4, T has a fixed point in QNﬂl \f/\_p]. So T has a fixed
point which is either on 8V, or in Qy, \V,,.

__On the other hand, we prove T has a fixed point which is either on vaz or in
sz\QNpl Afx # Tx, x € dV,,, by Theorem 2.5, we conclude that

ix(T,V,,)=0.

It follows from Lemma 2.4 that T has a fixed point in vpz\Q Np, - So T has a fixed

point which is either on 0 sz orin \7,02\&2 Np, -
Therefore, T has at least two fixed points u; and up with 0 < M, < |lui] <
N, < M, < |luz|l £ N,,, i.e., Eq. (1.2) has at least two positive solutions. O
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Theorem 2.8 Assume that (Hy)-(H3), (Hs) and (Hg) hold. If

1 Iy 1 M 1 p

1 1 q
M M .
+ (H[O,Npl(/)(l)] + —A(p )f[O,l]X[(),Nﬂl]/ G(l, S)dS) :| dt < Pls

(Hl()) 0> fL e, d1%[10Np; Np, ] / g(S)dS>Npl,

then Eq. (1.2) has at least two positive solutions.

Proof Similar to the proof of Theorem 2.5, we obtain that ix (T, Vpl) = 1 and
ig(T, sz) = 1. So it suffices to show that ig (T, QNp ) = 0. Assume that there
existu € 8§2Np and © > O such that u = Tu + ul. From Theorem 2.7, we have

01 <A (fol W?(r) + uq(r))dr) < Q». Then we have

d
1o
Ny = llull = 1T+ 1)l 2 (Tu)(€) 2 G S aixtnohy Ny, / G(s)ds,

which contradicts the assumption. Then for all u € 9Qy, and © > 0, we have
u # Tu + pl. It follows from Lemma 2.4 that ig (T, QNPI) = 0. Then Eq. (1.2) has
at least two positive solutions. O

By arguments similar to Theorems 2.5, 2.7 and 2.8, we have the following results.
Theorem 2.9 Assume that (H,)—(H3), (Hg), (H7), (H9) and (H,o) hold. If

1y !
af[O'I]X[O'MpZ]/O g(S)dS < Mpzv

M
(Hi1) H[OsMpz‘ﬂ(l)] +
then Eq. (1.2) has at least three positive solutions.

Theorem 2.10 Assume that (Hy)-(Hg) and (Hg) hold. If

(H12) 0> fc le.d1x oM, . Mﬁz]/ G(s)ds > M,,,

then Eq. (1.2) has at least three positive solutions.

Example2.11 Let p = £, ¢ =2, A(t) =sint, o) = 1u (3) + Hu (), v =

1—1t, H@t) = %\/_ f(t, x) = tx. We consider the following nonlocal problem

Jhwis) + u2(s))ds) W'(6) = tu(t), te 1),
u(0) = io\/%”(;)jL 510“(1]0) u(1) = 0.

— SlIl
2.1)
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Then

G |19 0siss<
9= s(1—1), 0<s<t<

and G(s) = max G(t.s) = s(1 —s). Choose ¢ = 1. d = 3. Then ny =
telo,

min{c, 1 —d} = 41_1' Obviously, (H1) and (H3) hold. Take p1 = 0.002, py = %
Then A(t) = sint > 0 on [0.002, %], which implies (H3) holds. It follows from

Lemma 2.2 that M, ~ 4 x 107%, N, ~ 6.4 x 1075, M,, ~ 0.817, N,, ~ 5.598.
Direct computation demonstrates that

1 4 »
/0 |:<A(p1)f[¢ d1x[noMp, . Ny, / G(t, S)ds)
1 d q
- (A(P ) Td]x [n0Mpy.Np; ] / G, S)ds) :|dt
1

1 3 2
1 1 1
%/ ,—x—x—x4x1076x/4G(t,s)ds
0 sin(0.002) 4 4 1

1

3

1 1 1 _6 1
+| —— x - x-x4x10"" x
sin(0.002) 4 4 1

1

2
G(t, s)ds) dt
~ 0.0023 > py,

and

f 1 HM + ! M / 1G(: )d ’
_— ,8)ds
A [0.Npy o1 T Z ST 0.1x10N 021 J

1 1 q
M M
+ (H[o,szw(m S f[o,l]x[o,zvpz]/o G(”S)ds) ]df
1

! 9 13 1 2
z/ % /5598 x == +1 x 5.598 x/ G(t, s)ds
o | \ 100 25 )
2
(2« [5.598 x 22 41 x 5.508 /1G(t yds | | dt
— x,/5. X — x 5. X ,
100 25 0 s

~ 1.202 < p».

So assumptions (Hyz) and (Hs) hold. By Theorem 2.5 we conclude that problem (2.1)
has at least one positive solution u with 4 x 107¢ < ||lu| < 5.598.
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Remark 2.12 Note in Example 2.11 that the nonlocal coefficient function z +> sinz
is sign changing on R. This is in considerable contrast to most of the the existing
literature. Our main tool is topological fixed point theory in a nonstandard order cone
due to Goodrich (for example, [14,17,18,20]).

Example 2.13 Let p, g, A, ¢, y, c and d are same as those in Example 2.11. Take
p1 = 0.01 and pp = % Then (H;) — (H3) hold. From Lemma 2.2, we know that
M,, =~ 0.0001, N, =~ 0.0016, M,, ~ 0.817 and N,, ~ 5.598. Obviously, (He)
holds. Let f : [0, 1] x [0, 4+00) — [0, +00) be defined by

1 3
m}(-’-m, 0§X<01,

699993
140x — 550000 X = 0.1.

f(t,x) =108+ {

Choose H(t) = %\/f. By calculation, we obtain

1 1 d p
m
/0 (A(m)fl“‘”X‘%Mﬂv’VﬂlJ/C G(t’s)ds)

1 d q
1
! 1 10-%  0.0001 3 i 2
~ - X + + X G(t,s)ds
0 sin(0.01) 4 5000 ' 50000 !

2
. 1 10-8 L 00001 3 /3 Gt 51 "
X X ,8)ds
sin(0.01) 4 5000 ' 50000 !

~ 0.016 > pq,

1 1 d p
m
/(‘) <A(p2)f[c’d]><[770Mp2’Np2]\/; G(t, S)dS)
1 d q
m
+ <A(p_2) f[c’d]x[noMpTNPZ]v[C G(t, S)dS) dt
1
1 -8 3 2
1 10 699993 4
~ —— + 140 x 0.204 — —— G(t,s)d
/0 (sin%x(él 10X soooo)xﬂ (s)s>

2
1 10-8 699993 3
1140 % 0204 — 72 Gt,s)ds | |dr
+<singx< g T soooo)X/;‘ (@.5) s)

~ 1.642 > po,

1 1
M M
Hio N, o) T Ef[o,llx[o,zvm]/o G(s)ds
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9 13 1 1 3
~—— 100016 x — +— x (1078 + —— x 0.0016 + ———
1000 25 ' sin(0.01) 1250 50000

1
X f s(1 —s)ds ~0.0013 < 0.0016 ~ N, .
0

Therefore, (Hs), (H7) and (Hg) hold. By Theorem 2.7 we conclude that problem (2.1)
has at least two positive solutions.

3 The case f(t, x) is singularatx = 0

In this section, by applying the Guo—Krasnoselskii fixed point theorem on cones,
we obtain the existence of positive solutions for Eq. (1.1) with nonlocal boundary
conditions when the nonlinear term f (¢, x) has singularity at x = 0. It is worth
mentioning that the restrictions on functions A and H are different from those in
Sect. 2.

We continue to study the integral Eq. (1.2), where0 < p <1 < g, A : [0, 4+00) —
(0, 4-00) is continuous and monotone increasing, H : [0, +00) — [0, 4-00) is con-
tinuous and bounded (we will assume that there exists 0 < H < 400 such that
0 < H(x) < Hforx € [0, 400)). ¢(u) is the same as Sect. 2. f : [0, 1]x (0, 400) —
[0, +00) is continuous and singular at x = 0.

We define a cone

P ={u€E:u() > c@®lull, t €[0,1]},
and a set
Q,=f{ueP:ul <p),
where c(r) will be given in (H;)'.
(Hy) G :[0,1] x [0,1] — [0, +00) is continuous and there exists a continuous
function ¢ : [0, 1] — [0, 1] with O < ¢(¢) < 1 for ¢t € (0, 1) such that

G(t,s) = c(@)G(s), t,se][0,1],

where G(s) = max G(t,s), s € [0, 1];
te(0,1]

(Hy) y : [0, 1] — [0, 1] is continuous and y () > c(¢)||y || for ¢ € [0, 1], where c(¢)
is the same as we defined in (H;)';
(H3) Forany 0 < r < R < 400,

lim  sup G@s)f(s,u(s)ds =0,

MO0 QR \Q, Y elm)

where e(m) = [0, %] u [m747 1].
For a given 6 € (0, %), denote n = min{c(¢) : 0 <t <1 —0}.
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Lemma 3.1 Assume that (Hy)'-(Hz) hold. Then T : Qgr\Q, — P’ is completely
continuous.

Proof For any u € Qg\SQ,, we have r < |lul| < R,and 0 < ¢(u) < [ullp(1) <
Ry(1) < +o0. For any u € Qr\€2,, we have

0 < My 2 (1 = 20) () + ()
< f@l_g(nnun)l’ + llul)dr
< / W) 4 ut ()
< Jul? el < R+ R 2 by,

It follows from (H3)’ that there exists a natural number / > 0 such that

sup G(s)f(s,u(s)ds < 1.

ueQp\Q, e

[%, %1] we have 917 < niflull < u(s) < [lu]] < R, where ; = min{c(?) :

|—
A
IA M
H

hen for any ¢ € [0, 1], we have

Tu(r) < H + (AM) ™! [ / o GO GuoNds + fif sy, / g(s)‘“}

< H+(AM)™! (1+f1 — / g(s)ds) < +oo.

The proof of (T'u)(t) = c(#)||Tul| is similar to the proof of Lemma 2.3, so we omit
it. Thus, T (Qr\2,) C P/._
Suppose that u,, ug € Qr\2, and |ju, — ug|| - 0 (n - o0). Then

0 <@, < Rp(1) <400, 0=<0¢(uy) < Rp(1) < +o00,

and
1
0<M < / (n ()P + (un (P)D)dr < Mo,
0
1
0 <M =< / (o())? + (wo(r))dr < M.
0

By (H3)',V € > 0, there exists a natural number mq > 0 such that

€A(My)

sup / G(s)f (s, u(s))ds <
(mg)

ueQr\Q,
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Fors € [mlo, ’";L—g]], we have

mr <up(s) <R, nr <up(s) <R,

. o1 mo—1 . . . .
where 172 = min{c(s) : g =8 = 31—0}. Since f is uniformly continuous on
1 mo=l
[>Ty 1 > [nm2r, R], then

nlglgo [f (s, un(s)) — f(s,uo(s))| = 0.

Applying Lebesgue dominated convergence theorem, we have

mo—1

At [ GO = G5, ua(s)lds = 0 (1 > +00)

mg

For the above € > 0, there exists a natural number N; such that if n > Nj, then

mgy—1

Aot [ G016 — s motoplds < 5.

o

Since H and ¢ are continuous, then there exists a natural number N> such that for
n > N,

|H (¢ (un)) — H(p(uo))| < g

Therefore, forn > N = max{N1, N2}, we have

1T un — Tuoll < |H(p(un)) — H(puo))| + 2(A(M) ™! /( )g(s)f(s, uo(s))ds
e(mo
mo=1

+HAM) ™! / GO s () = £ (s, uo(s)lds < e,

g
which implies T is continuous.
Assume that B is a bounded subset in Qg \ 2, from Ascoli—Arzela theorem and the
Lebesgue dominated convergence theorem, it is easy to prove that 7'(B) is uniformly
bounded and equicontinuous. Thus, T : Qg\Q2, — P’ is completely continuous. 0O

The main tool is the Guo—Krasnoselskii fixed point theorem on cones.

Lemma 3.2 [23] Let E be a Banach space and let P be a cone in E. Let 21 and 2
be two bounded open subsets in E such that 0 € Q1 and Q1 C Q. Let the operator
A PN (20\Q1) — P be completely continuous. If the following conditions are
satisfied:

1) |Au|l < \ul| foranyu € P N2y, ||Au|l > ||lull for any u € P N 92y, or
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@) [|Aull = |lull for any u € P N oy, ||Aul|l < ||u]l for anyu € P N 92,

then A has at least one fixed point in P 0 (Q\Q1).
Denote

| 1 [0
L= M/O G(s)ds, = M/o G(s)ds,

where 0 € (0, %) is given previously.

Theorem 3.3 Assume that (Hy) -(H3)' hold. Further assume that the following con-
ditions hold:

(Hy)'
0<!""< % =1liminf min AU < o0;
x—0 t€[0,1] X
(Hs)'
0 < f*° = lim sup max f.x <L h

x——+o0 t€[0,1] X
Then (1.2) has at least one positive solution.

Proof From Lemma 3.1 and the extension theorem of a completely continuous oper-
ator, for any R > 0, there exists T : Qr — P’, which is still completely continuous.
Without loss of the generality, we still write it as 7.

By (Hy)', there exist €; > 0 and 0 < r < 1 such that

ft,x)>A""+edx, O<x<r,0<r<l.

For u € 02,, we have
/0‘(”,,(,,) Fut()dr < NullP + = 17+ <2,
Thus,
0<A (/:(up(r) ¥ uq(r))dr) < AQ).
It follows that
(Tw) (@) > ﬁ /0 Gt 5) £, u(s))ds
> ﬁ /0 LeG6I + enu(sds
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- c(t)
—AQ2)
2

1-0
> m(l_ +€1)||u||/9 G(s)ds > |ull, tel[6,1—0].

1-6
O e / G(s)nlullds

Therefore, || Tul| > |ju|| foru € 0K2,.
On the other hand, by (Hs)’, there exist 0 < €5 < L~'and R| > 1 such that

ft,x) <L ' —e)x, x>R,0<r<1

Let
-1

1 1
Mo =H+ sup / (A (/ WP (r) + ul (r))dr)) G(s)f(s,u(s))ds.
0

MEE)QRI

From Lemma 3.1, we know My < +00. We choose R > max{Ry, QLLMO}. Let
D) ={t €[0,1]:u(t) > R}.

Forany u € 0Q2g andt € D(u), we have R} < u(t) < R, which implies f (¢, u(t)) <
(LY — &)u(t). For u € 92, there exists #o € [0, 1] such that lull = u(ty). Let
u1(t) = min{u(t), R1}. Thenu(t) < Ryfort € [0, 1]andu (o) = min{u(ty), R} =
min{|ju||, R1} = Ry, which implies that u1 € dQg,. Thus, for ¢t € [0, 1],

1 -1
Tu(t) < H+ / (A (/ w? + uq)(r)dr)) G(s)f(s,u(s))ds
D(u) 0

-1

1
+/ (A (/ ((u1>"+(u1)4)<r)dr)) G(s) £ (s, 11 (5))ds
0.1] \D(u)

R 1_
<H+ A(2) (L —e) D(M)Q(S)Ilullds
-1

1
+f0 <A </O ((ul)p+(u1)q)(r)dr>> G(s) f (s, u1(s))ds

< (L' —e)L|ull + Mo < |lul.

Therefore, ||Tu|| < |ul|| foru € Q. o
By Lemma 3.2, we conclude that 7 has a fixed point u € Qz\$2,, and Eq. (1.2)
has at least one positive solution. O

Example 3.4 Let p = % q =2, Ax) =2+x, Hx) =3 —¢ %, o(u) =
fol u(s)d(2s), f(t,x) =2 —1t+ |Inx|. Consider the following nonlocal problem:

{ - (2 + [ wr(s) + u2(s))ds> W) =2—1t+|lnu), te,1), A

u(0) =3 — e~ Jo 462 (1) =,
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Obviously, f(z, x) is singular at x = 0. It is easy to see that y(f) = 1 — ¢, and

t(1l—s),0<t<s<l1,
G, ) = {s((l—ti, 0<s<t<l.
Let G(s) = s(1 — ), c(t) =t(1 —1). Then(_H])’ and (Hy)' are satisfied.

Forany 0 < r < R < +oo and u € Qr\Q,, we have 0 < rc(t) < u(t) <
R for t € [0,1]. Then |[Inu(z)] < |InR| 4 |Inrc(t)]. Due to fol [Inc(s)|ds =
f01(| Ins| + |In(1 — 5)|)ds = 2, the absolute continuity of the integral yields that
lim fe(m) [Inc(s)|ds = 0. Thus,

m—0Q

lim  sup G(s) f(u(s))ds

M7 L eQR\Q, Y em)

< lim Q2—=s+4+|InR|+ |Inrc(s)|ds

- e(m)

m-—00
1
= (3 +2/InR|+2|Inr]) lim — + lim / Inc(s)|ds = O.
m—o0 m m=00 Jo(m)

So assumption (H3)' is satisfied.

32 3
We choose § = 41'1' Then n = %, [ = %f;s(l —s)ds = %, L =

% fol s(1 —s)ds = 21—4. Direct computation shows that

. [ x) . f(t,x)
liminf min —— = o0, limsup max —— =0.

x—0 te[0,1] X Yoo t€[0.1] X

Therefore the assumptions of Theorem 3.3 are satisfied, and nonlocal boundary value
problem (3.1) has at least one positive solution.

4 The case f changes sign

In this section, we investigate nonlocal differential Eq. (1.1) subject to a specific
nonlocal boundary condition

au(0) — Bu'(0) =0, u'(1) = o(u), “.1)

wherea > 0, 8 > 0, § > 0, ¢(u)isthe same as Sect. 2. Using the fixed point theorem
in double cones, we obtain the existence of positive solutions. It is worth mentioning
that the nonlinearity is allowed to change sign and tend to negative infinity.

(H)" f :10,1] x [0, +00) — R is continuous, and f(z,0) > 0 (£ 0) for
t €[0,1].
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Let

IATA

1
_ B+ at _B s, O=s=t
A_l—fo o do(t), H(t’s)—;"' t, 0<t<s

By using standard arguments we obtain the following lemma.
Lemma 4.1 Suppose that A # 0. For any g € C([0, 1]), the nonlocal problem

A (Jy @P ) + 5D ) (1) = g(0), 1€ O, 1),
au(0) — Bu'(0) =0, 8su'(1) = @(u).

has a solution

1 1 -1
u(t) :/ (A (/ w? + u")(r)dr)) G(t,s)g(s)ds, te]0,1],
0 0

where

B+ at

G ="05a

1
f H(t,s)da(t) + H(t,s).
0

In the following we always assume that A > 0. Obviously, G : [0, 1] x [0, 1] —
[0, 400) is continuous.
Define two cones K and K':

K={uekE :ut)>0,te[0,1]}, K ={u e K :uisconcave on [0, 1]}.

Define ¢ : K — [0, +00) by

a(x) = min x(), 0¢€ (O, l)

teff,1-0] 2

Forp >0, a>0, b>0,let

1
Vp = {u €K: / WP (s) + ul(s))ds < p},
0

K, ={ueK:|u| <r}, Kr’ ={uecK :|ul<r}
Kb)y={uekK:au) <b}, K,b)={ueck:a<l|u|, a(u) < b}.

From the definition of ¢, we immediately obtain the following properties.

Lemma4.2 « is a continuous increasing function satisfying a(x) < ||x|| < Ma(x),
where M > 1 is a constant.
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Define operators S, T and T : E — E as follows:

-1
1 1

Su(t) = / (A (/ WP (r) + uq(r))dr)> G(t,s)f(s,u(s)ds, tel0,1],
0 0

1 1
Tu(t) = (/ (A (/ (u”(r)+uq(r))dr)>
0 0

-1

1 1
Tu(z)=/ (A </ (up(r)-l—uq(r))dr)) G(t,s)fT (s, u(s)ds, tel0,1],
0 0

—1 +
G(t,s)f(s, u(s))ds) , te]0,1],

where ft(t,x) = max{f(t,x),0}. We define v : E — K by (u)(t) =
max{u(t),0}. Then T = ¥ o S and u is a positive solution of problem (1.1) and
(4.1) if and only if u is a positive fixed point of operator S.

By the arguments similar to Lemma 3.2 in [11], we have the following result.
Lemmad43 If S : V_,,Z\Vm — E is completely continuous, then T = v o S :

sz\VpI — K is completely continuous.

Lemma 4.4 Assume that (H)" and (H3) hold. Then T : 17_/,2\?91 — Kand T :
K'Nn (\7,,2\‘7[)1) — K’ are completely continuous.

Proof From the continuity of f, itis easy to show that S :V_pz\ ‘7/71 — E is completely
continuous. So T : sz\{/\m — K is completely continuous by Lemma 4.3. By
standard arguments, T : K’ N (sz\vpl) — K’ is completely continuous. O
- —_ - 1
Lemma4.5 For any p > 0, Kz/vlp cCV,NK < K%p, where M, € (0, p4) is the
1
unique positive solution of x? + x4 = p and E, € (0, %(ﬁ)g) is the unique
positive solution of (0x)? + (6x)9 — ﬁ =0.

Proof The proof is similar to Lemma 2.2, so we omit it. O

Lemma 4.6 [11] Let X be a real Banach space with norm | - ||, and let K, K' cX
be two cones with K' C K. Suppose that T : K — K and T : K' — K’ are
two completely continuous operators and a(x) : K' — [0, +00) is a continuous
increasing functional satisfying a(x) < ||x|| < Ma(x) for all x € K’ and for some
constant M > 1. Suppose that there exist two constants b > a > 0 such that

(1) | Tx| < aforx € 3K, and a(Tx) > b for x € IK'(b);

(2) Tx =Tx forx € K, (b)({x : Tx = x}.

Then T has a fixed point y in K satisfying ||yl > a, a(y) < b.

Theorem 4.7 Assume that (H)" and (H3) hold, and 5 > ¢(1). Suppose that there
exist constants d > 0, 6 € (0, %) such that 0 < <1 + %) d < E, <0M,, <M,
and
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N f(,x) < @for (t,x) €[0,1] x [0, Ep, ], where I = Q max fo G(t,s))ds;

@ f.x) > M2 for (1,x) € [0,1 — 0] x [9Mp2,Mp2], where J =
éze[g,‘l_g] [, G, s)ds;
(3) f(t,x)=0for (t,x) €[0,1] x [d, M,].

Then boundary value problem (1.1) and (4.1) has a positive solution.

Proof For u € 8[(13/)1 and ¢ € [0, 1], we have 0 < u(t) < |lull = E,,. Then

E
+ Zpr
frt,u) < 1

Since [rgnilnelu(t)29||u||and3K% C K. CKj <V,[)K' wehave
teld,1—

1 1-0
/0 W (r) +ul(r)dr = /0 [@ulD” + @llul)?1dr = p1,

and

1 1
/O WP () + u (r))dr < /0 (ll? + [l Ddr < (M) + (M,,) = po

Then
~ 1 1
1l = Ezre?&xn/ G(t.5)f ¥ (s, uls)ds
1 1 /
< atgf&)ij G(t, s) Py = E,, ue aKE,,l'

Foru € 0K'(OM,,), we have E,, < OM,, = a(u) < ||lu|| < o%o't(u) = M,,. By

Lemma4.5, we deduce that p; < fol(up(r)+uq(r))dr < p2,andOM,, <u(t) < My,
fort € [0, 1 — 6]. Thus, we calculate

1-6 M
(Tu) = (Tu)(r) i G(t )9 224
— - -
a(Tu [%11111 u [15}11110] ; , 8 7 s

=0M,,, ucdK'(OM,).

On the other hand, for u € K‘/Em OMp,) NMu : Tu = u}, we have |ju|| > E, >
(1 + %) d, a(u) < OM,,, au(0) — Bu’(0) = 0 and Su’(1) = ¢(u). Since u is
concave, #(t) minimizes at t = O or ¢t = 1. Due to ¢(u) = fol u(s)da(s) > 0, we

have u/(1) = %go(u) > 0. Therefore, u(0) = ming<;<; u(t) and u(1) = [|u].
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We claim that u(0) > d. Otherwise, we assume u(0) < d. Then there exists
to € (0, 1) such that u/(tp) = u(1) — u(0) = ||u| — u(0) > %d. Thanks to the fact
that u is concave, u’(0) > u'(ty) > %d . It follows that

0 = au(0) — fu'(0) < ad — ﬁ%d —0,

which is a contradiction. Then for ¢t € [0, 1], we have d < u(0) < u(t) < |Ju|| <
%o’z(u) < M,,. By condition (3) of the theorem, we have fr,u®) = ft,u@®).
Thus, for u € K}sm (OMp,) (u Tu = u}, we obtain that Tu = Tu = u. It follows
from Lemma 4.6 that T has a fixed point u in K satisfying |lugl| > E,, > 0 and
G(uo) < 0M,,. Thus Ep, < Juoll < My, and py < [y (ul) (r) + ul()dr < po.

We next show that ug is a positive solution of problem (1.1) and (4.1). It is sufficient
to prove that ug is a fixed point of S. Arguing indirectly, we suppose that there exists
t1 € (0, 1) suchthatug(t1) # (Sug)(t1). Fromug(t) = (Tup)(t) = max{(Sup)(z), 0},
it follows that (Sug)(t;) < 0 and ug(#;) = 0. Assume that (#;, #3) contains ¢1, and it
is the maximum interval which satisfies (Sug)(z) < 0 for any ¢ € (12, 13). By (H)”,
we get [t2, 3] # [0, 1]. Thus r, > Qor 13 < 1.

For the case 13 < 1, we have (Sug)(t) < 0, uo(t) = 0 for any ¢ € (2, 13), SO
(Sug)(t3) = 0, and (Sug)’(r3) > 0. Noting that

-1

1
(Sup)(t) = — (A (/ (uh (r) + u(‘i(r))ds)) f(t,0)<0, te(t,t),
0

s0 (Sug)'(t) > (Sug)'(t3) > Ofort € [t, t3]. It follows that (Sug)(t) < (Sug)(t3) =0
for ¢ € [t2, 3], which implies , = 0, which contradicts (Sug)’(0) = %(Suo)(O) < 0.

For the case tr, > 0, we have ug(t) = 0 for t € [12, t3] and (Sug)(t2) = 0. Then
(Sug) (t2) < 0. From (H;)”, we have

—1

1
(Sup)”(t) = — (A (/ (uf (r) + ug(r))dr» f(,0)<0, te(nt),
0
and
(Sup)'(t) < (Sup)' (2) <0, t€l[n,nl

Then (Sug)(t) < (Sug)(r2) = 0 fort € [, t3]. Therefore, 13 = 1 and (Sug)’ (1) < 0.

We claim that (Sug)(t) > 0 for t € [0, rp]. If otherwise, there exists t5 € (0, 1)
such that (Sug)(t5) < 0 and ug(ts) = 0. Assume that (g, t7) < [0, t>) contains ts,
and it is the maximum interval which satisfies (Su)(#) < O for any ¢ € (#, #7). Due
tot7 < tp < 1, we can obtain a contradiction by a similar proof to the case of 13 < 1.
Thus, (Sup)(¢) > 0 for ¢ € [0, £»]. Explicit computations show that

1 1

(Suo)(t)da(1) Z/ (Suo)(t)da (1),

n

0> 8(Suo)'(1) = ¢(Sug) = /O
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and

18(Suo) (D] <

1
/m(sMo>a)da<o
15}

1
s/|wwmwmm.
n

In view of the fact that (Sug)’(t) < 0 and (Sug)(t) < 0 fort € [t, 1], we have

(Suo) ()] > I(Suo)(ti —:Suo)(tz)l’ P
-

Thus, |(Sug) ()] < (t — 1)|(Suo) (1)] < |(Sug)'(1)] for ¢ € (t2, 1). It follows that

1
18(Suo) (1) 5/ |(Suo) (D]da(t) < o(1)|(Suo) (1)].
5]

Hence § < ¢(1), which is a contradiction to § > ¢(1). In a conclusion, u is a fixed
point of S, i.e., ug is a positive solution of problem (1.1) and (4.1). O

Example4.8 Let p = 1, ¢ =2, a = B =8 = 1, p(u) = [ u(s)d(Ls). Then
6 > ¢(). Choose A(t) = sint, p; = 0.1 and po = 2. Then (H3) holds and
E, ~0.16, M,, = 1. Define the function f : [0, 1] x [0, +00) — R by

1 To00% > x €[0,0.2],
ft, x) = Tooo' * 15.98x2 — 3.195x, x € (0.2, 1],
—x + 13.785, x € (1, +00).

It is easy to see that (H)” holds. Consider the nonlocal problem

1 1
— sin (/ (u2(s) + uz(S))dS) u”(t) = f(t,u@), te(0,1),
0 4.2)

1
u) —u'(0)=0, ()= / u(s)d (ls> .
0 2

Letd = & >0, 0 =1 Then 0 < <1+%>d < E, < 60M,, < M,,. Simple

i _ 935 gy _ 895
calculation shows that I = =52, J = 37,

0.16
max f(,x)~0.00116 < — =~ 0.0015,
(t,x)€[0,11x[0,0.16] 1

0.2
min ft,x)~02>—~0.11
(.)€l 4, 31%10.25,1] Ji
and
min f@t,x)=0.

(1, 0)€l0,11x[ 5,11
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So,

all conditions of Theorem 4.7 are satisfied. Then nonlocal problem (4.2) has a

positive solution.
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