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Abstract

This paper investigates second-order optimality conditions for general constrained
set-valued optimization problems in normed vector spaces under the set criterion. To
this aim we introduce several new concepts of second-order directional derivatives
for set-valued maps by means of excess from a set to another one, and discuss some
of their properties. By virtue of these directional derivatives and by adopting the
notion of set criterion intoduced by Kuroiwa, we obtain second-order necessary and
sufficient optimality conditions in the primal form. Moreover, under some additional
assumptions we obtain dual second-order necessary optimality conditions in terms of
Lagrange—Fritz—John and in terms of Lagrange—Karush—Kuhn—Tucker multipliers.

Keywords Second-order directional derivatives of set-valued maps - Optimality
conditions - Set-valued optimization problems

Mathematics Subject Classification 54C60 - 90C46 - 46G05

1 Introduction

Recently, the first order optimality conditions for set-valued optimization problems
under set criterion (i.e., the solution concepts of the problem are based on feasible
points whose image sets are nondominated with respect to certain binary relations
on the power set of the objective space (see [13—15])) have been widely investigated,
and a lot of notions about directional derivatives for set-valued mappings have been
proposed and applied to set up the optimality conditions; for example we cite [2-5, 8,
9,11, 13-15, 20]. In [2], necessary optimality conditions have been obtained by using
continuous selections of the objective mapping and their directional derivatives. In [3,
20], necessary and sufficient optimality conditions have been proved by using different
graphical or epigraphical derivatives of set-valued mappings. Ha [8] introduced a
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Hausdorff-type distance relative to an ordering cone between two sets in a Banach
space and used it to define a directional derivative for set-valued mappings and studied
necessary and sufficient optimality conditions in the primal form. Based on a special
concept of the difference of sets, Jahn [11] introduced a directional derivative of a set-
valued map and applied it to formulate necessary and sufficient optimality conditions
for set optimization problems with set less order relation. Han et al. [9] employed the
oriented distance function of Hiriart-Urruty to define the Dini directional derivatives
for set-valued mappings, and when the data of the problem are convex they derive
necessary and sufficient optimality conditions in terms of this derivative. Burlica et
al. [4] present a main concept of directional derivative for set-valued maps defined by
means of excess from a set to another one, and established first order necessary and
sufficient optimality conditions in the primal form.

The purpose of this paper is to investigate second order optimality conditions for
set-valued optimization problems in the sense of set criterion. To this aim, inspired by
[4], we introduce several second-order directional derivatives for set-valued maps by
means of excess from a set to another one. By using these directional derivatives and
by adopting the notion of set criterion introduced by Kuroiwa [13—-15], the second-
order necessary and sufficient optimality conditions are given in the primal form.
Moreover, under some additional assumptions we obtain dual second-order necessary
optimality conditions in terms of Lagrange—Fritz—John and in terms of Lagrange—
Karush—Kuhn-Tucker multipliers. Since the set criterion of solution can be viewed as
a weaker version of Pareto efficient concept (see Remark 1), our optimality results are
sharper than those of [10, 16, 19] where the Pareto efficient notion was used. To our
knowledge, until now there is no study on second-order optimality conditions under
the set criterion. Therefore, this paper constitues an attempt in this field.

The outlines of the paper are as follows: Preliminaries results are described in
Sect.2. Second order directional derivatives of set-valued maps are introduced in
Sect.3. Primal second-order necessary and sufficient optimality conditions for the
unconstrained and the constrained problems are given in Sect.4. Dual second-order
necessary optimality conditions are established in Sect. 5.

2 Preliminaries

Throughout this paper, let X, Y and Z be real normed vector spaces and Oy, Oy, 0z,
0 be the origins of X, Y, Z, R, respectively. Moreover, We denote by ||.| x, ||.]ly,
II.llz the norms on X, Y, Z, respectively. Let C be a pointed (C N —C = {0y})
closed and convex cone with nonempty interior introducing a partial order in Y. We
denote by By, By and B  the closed unit balls of X, Y and Z, respectively. As usual,
we denote by int A, clA, dA, the interior, the closure, and the boundary of a subset
A C X.Throughout the paper, Y* and Z* will denote the continuous duals of Y and Z,
respectively, and we write (., .) the canonical bilinear form with respect to the duality
(Y*, Y). Moreover, we denote by Sx the unit sphere centred at the origin of X and v
denotes the orthogonal subspace to v € X.
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Let A;, A be nonempty subsets of ¥ and o € R. The next operations and rules
will be used:

Al+A = +y:y1€A,necA), aAi={ay:yeA},
O+AI=A+0=0, ad=0.

Consider a set-valued map F' : X = Y. In the sequel we denote the domain (dom F’)
and the graph (gr F) of F respectively by

domF :={xeX:F(x)#}andgrF ={(x,y) e X xY :ye F(x)}.

If V is a nonempty subset of X, then F(V) := UVF(x)
Xe

Recall that F is C-convex if for each A € [0, 1] and for each (x|, xp) € X x Y one
has

AF(x1)+ (1 —A)F(x2) C F(ax1 + (1 —A)x2) + C.

In the sequel, the epigraphical of F with respect to C is the set-valued map Epic F :
X = Y defined by Epic F(x) := F(x)+C.Moreover, let G : X = Z be a set-valued
mapping. In the sequel, the set-valued map (F, G) : X = Y x Z is defined by
(F,G)(x) :==F(x) xG(x)Vx € X.

Aset-valuedmap F : X = Y isLipschitzianatx € X, if there exist a neighborhood
V of X and k > O such that for all x;, x, € V,

F(x1) C F(x2) +kllx1 — x2 xBy.
Let f : Y - RU {400} be a function with domf :={y € Y : f(y) < +o0}, and
G : X =2 Y be aset-valued mapping. The composite set-valued map foG : X = RU
{400} isdefined by (f o G)(x) := f(G(x))ifx € dom(G) and (f o G)(x) := {+00}
otherwise. It is immediate that
dom(foG)={xeX:(foG)(x)# {+o0}}.
For a closed cone S of Y, §° will be the negative polar of S, that is

Se:={"eY*: (y",y) <0 Vye S}

Let B be a nonempty convex subset of Y. The normal cone N(B,b) to Batb € B
is

N(B,b) :={y*eY*:(y*,y—b) <0 Vy € B}.
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Let A be a nonempty subset of Y. The element y € A is said to be a weak Pareto
minimal point of A with respect to C if

(A—7y)N —intC = 2.

We shall denote by WMin(A, C) the set of all weak Pareto minimal point of A
with respect to C. If A = @, we put WMin(A, C) = @.

Definition 1 Let B be a nonempty subset of X and F : X = Y be a set valued
mapping. It said that X € B is,

(i) alocal weak Pareto minimal point of F' on B with respect to C, if there exists a
neighborhood V of x such that

F&®) NWMin(F(VNB),C) + 2.

(ii) alocal minimal point of F on B in set criterion (or local weak /-minimal point of
F on B) with respect to C, if there exists a neighborhood V' of X such that

F(x) & F(x)+intC, Vx e VN B.

(iii) In (i) (resp. (ii)), if V := X, then X is called a global weak Pereto minimal point
of F (resp. a global weak /-minimal point of F) on B with respect to C.

Remark 1 1t is easy to see that if X is a local weak Pareto minimal point of F on B
with respect to C, then it is a local weak /-minimal point of F' on B with respect to C.
The converse is not true, see for instance [1].

First of all, we recall some standard notions used in this paper.

Definition 2 (see [19]) Let S be a nonempty subset of X, X € ¢/S and v € X.

(1) The first order contingent cone to S at X is
K(S,x)y={veX:3@) | 0,3(v,) »> v, x+1tv, €S,Vn € N}
(2) The second-order contingent set of S at x with respect to v is
K*(S,%,v) :={we X :3(t,)  0,I(w,) = w, X+ t,v + 12w, € S, ¥n € N}.
(3) The asymptotic second order contingent cone to S at X with respect to v is the
set K”(S,x, v) of elements w € X such that there exist (#,, r,) — (01, 0") and
(w,) — w with ;_Z — Oand X + t,v + ty,ryw, € S foralln € N.
(4) The interior tangent cone to S at X is the set /(S, X) of elements v € X such that

there exists § > O withx +fu € Sforallu € v+ 8By and ¢ € (0, 5].
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Definition 3 (see Definition 5.21 of [18]) Let S be a nonempty subset of X and X €
cl(S). The Clarke tangent cone (or circa-tangent cone) to S at X is the set T¢ (S, X)
of v € X such that for all sequences (x,) C S and (#,) C Ry\{0} with (x,) — X
and (#,) — O there exists a sequence (v,) with limit v such that x,, + #,v, € § for all
neN.

Remark 2 Let S be a nonempty subset of X, X € ¢/S and v € X.

(a) Itis well known that the cone 7(S§, X) is open and convex.

(b) The cone K”(S, ¥, v) and the set K2(S, X, v) are closed. Moreover are convex
whenever S is convex.

(c) Note that if v ¢ K (S, %) then K2(S,%,v) = K"(S,%,v) = &
If v =0 then K2(S,x,v) = K”(S,X,v) = K(S,X).

(d) (see [6, Proposition 2.3]) If S is convex and intS # &, then
intK(S,x) = 1(intS,X).

(e) The cone T¢(S,X) is closed and convex. It is immediate that, Ox € T¢ (S, x)
and T¢(S,X) C K(S,x) C cl(cone(S — X)). Moreover, if S is convex, then one
obviously has (see also [12, Theorem 4.4.1 (3)], [7, Proposition 2.4 (i)] and [18,
Proposition 5.26])

Tc(S, %) = K (S, %) = cl(cone(S — X)).

Indeed, we present a proof for the reader’s convenience. Let v € R (S —x)\{0x}.
Then there exists s > 0 such that x + sv € S. Now, let (x,),eny C S with
lim x, = X, and let (t;),eny C Ry \{0} with ltm tn =0.As lim ’g =0,

n——+00o n—+00
then there exists ng € N such that ';’ e (0,1] for all n > ng. By convexity of §, it
follows that

X — Xy
Xp + 1y ( +v) €S, Vn > ny.

xX— Xn

Now, put vy, := + v for n > ng and v, := 0 for n < ng. Obviously, one has
(v,) > vasn — +oo Moreover, one has

X, +tv, €8S, Vn e N.

Therefore, v € Tc (S, x), and so R4 (S —X)\{Ox} C T¢c (S, X), which implies that
cl(Ry(S—%)) C Tc(S,x) since Tc (S, X) is closed and Ox € T¢ (S, x). Thus the
proof is complete since T¢ (S, X) C K(S,X) C cl(cone(S — X)).

(f) Let S1 and S; be nonempty subsets of X, and x; € S; fori := 1, 2. Itis immediate
that the following relation (E) holds (see also [12, Theorem 4.2.10 (13)] and [18,
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Proposition 5.28])
(E) 1 Tc(S1 x 82, (X1,%2)) = Tc(S1,X1) x T (52, X2).
Moreover, if S1 and S, are convex then by (e) and relation (E), it follows that
K (81 x 82, (x1,x2)) = K(51,X1) x K($2,X2).

Here, forx € X wesetd(x, C) := inf{|| x —a ||x: a € C} to denote the distance
function to a nonempty set C C X with d(x, @) := 4o0.

Now, let A, B be nonemty subsets of Y. The excess e¢(A, B) from A to B is defined
by

e(A, B) := sup d(a, B)withe(d, B) :=0, e(g, @) := 0ande(A, @) := +o00.

acA

Clearly, for p > 0 one has

e(A,B) < p= A C B+ pBy,
A C B+ pBy = e(A, B) <p.

Definition 4 (see [4]) Let F : X = Y be a set-valued mapping with nonempty closed
values, and x, v € X.

(1) The (H_)-directional derivative of F at x in the direction v the set, Dy_F(x)(v)
of all y € Y such that for all (#,) | 0 and (v,) = v

1
lim —e(F(x)+t,y, F(x + t,v,)) =0.

n—>+oot,

(2) The (H,)-directional derivative of F' at x in the direction v the set, Dy, F(x)(v)
of all y € Y such that for all (#,) | 0 and (v,) — u

1
lim —e(F(x +t,v), F(x) +t,y) = 0.
n—>+oofy,

Inspired by Definition 4, we introduce the following definition.

Definition5 Let F : X = Y be a set-valued mapping with nonempty values, and
x, veX.

(1) The lower (H_)-directional derivative of F' at x in the direction v, is the set
Dp_F(x)(v) of all y € Y such that

1
liminf—-e(F(x)+ty, F(x +tu) =0.

t{0,u—v
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(2) The lower (Hy)-directional derivative of F' at x in the direction v, is the set
Dy, F(x)(v) of all y € Y such that

lim infle(F(x +tu), F(x) +ty) =0.

t}0,u—v

Remark3 Let F : X — Y be a set-valued mapping with nonempty values, and
x, veX.

(1) (see [4]) Let 0 € {—, +}. So, Dy, F(x)(v) is closed, and if « > 0 and v' €
Dy, F(x)(v), thenav’ € Dy, F(x)(av). Moreover, if F is Lipschitzian at x, then
0 € Dy, F(x)(0).

(2) Let0 € {—I, +I}.If ¢ > 0 and v € Dy, F(x)(v), then ov’ € Dy, F(x)(av).
Moreover, gr Dy, F(x) is closed. Indeed, we only prove the conclusion for§ := —I
since the case when 6 := +/ is similar. As the part av’ € Dy ,F(x)(ov) is
obvious, we only check that gr Dy _, F'(x) is closed. Let (#,) — u and (y,) — ¥
with y, € Dy, F(x)(u,) for all n € N. Then for each n € N, there exists
(Wp,m) = up and (¢, ) | O such that

1
lim e(F(x)+tyn, F(x + ty mwpm)) = 0.

m%+ootn’m

So, for each n € N, there exists m,, > n such that forall n € N,

1
F(x)+ t,m, Yn C F(x + th,m, wn,mn) + th,m, Z_nBY

and

1
”wn,mn —upllx < E

Since (u,) — u as n — +oo, then (wy,m,) — u asn — +o0o. Now, let ¢ > 0.

Then, there exists ng(e) > 0 such that for all n > ng(e),

1
lye — ylly < €

and

=

N ™

1
2
Therefore, for all n > ng(e),

F(x)+ h,m,y C F(x + In,m, wn,m,,) + tn,m,,f;BY:

and this completes the proof.
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(3) 0 € D, F(x)(0), where 6 € {—1, +I}.
(4) Itis easy to see that
Dy_F(x)(v) C Dy F(x)(v) and Dp, F(x)(v) C Dy, F(x)(v).

The inclusions in (4) of Remark 3 are strict. We illustrate that by the following
example.

Example 1 Let F : R = R be a set valued map defined by F(x) = {x}if x > 0 and
F(x) = {—x+2}if x < 0. Then one obviously has Dy_, F(0)(0) = Dp,, F(0)(0) =
{0}. But Dy_F(0)(0) = Dy, F(0)(0) = @.

3 Second-order directional derivatives of set-valued maps

In this section, inspired by Definition 4, we introduce some new second-order direc-
tional derivatives for set-valued maps, which will be used in next sections.

Definition 6 Let F : X = Y be a set-valued map with nonempty values, and (x, v) €
XxX,vVevy.

(1) The second-order lower (H_)-directional derivative of F at x with respectto (v, v’)
in the direction w € X, is the set D%LIF(x, v, v)(w) of all w’ such that

1
liminf —e(F(x) + tv' + £*w', F(x + tv + t*u)) = 0.

t0,u—w

(2) The second-order lower (H,)-directional derivative of F at x with respectto (v, v’)
in the direction w € X is the set D%IHF(x, v, v)(w) of all w’ € Y such that

1
lim inf—2€(F(x +1v+2u), F(x) + 10 + tzw’) =0.

t{0,u—w

(3) The second-order (H_)-directional derivative of F at x with respect to (v, v’) in
the direction w € X is the set D%_LF(x, v, v')(w) of all w’ € Y such that

1
lim —e(F(x)+tv' + 2w, F(x +tv+ t*u)) = 0.

t}0,u—wt

(4) The second-order (H, )-directional derivative of F at x with respect to (v, v’) in
the direction w € X is the set D%,+F(x, v, v")(w) of all w” € Y such that

1
lim —e(F(x+tv+t2u), F(x)+tv +t*w') = 0.

t0,u—w t2
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(5) the asymptotic second-order lower (H_)-directional derivative of F at x with
respect to (v, v') in the direction w € X, is the set Dy, F(x, v, v')(w) of all
w’ € Y such that

1
liminf —e(F(x) +tv +tsw', F(x +tv +tsu)) = 0.
110,510,¢/s—>0,u—wlS

(6) the asymptotic second-order lower (H,)-directional derivative of F at x with
respect to (v, v') in the direction w € X, is the set D’IZIHF(x, v, v)(w) of all
w’ € Y such that

1
liminf —e(F(x +tv+tsu), F(x) +tv +tsw’) = 0.
t¢0,s¢0,t/s—>0,u—>wts

(7) the asymptotic second-order (H_)-directional derivative of F at x with respect to
(v, V') in the direction w € X is the set D}, F(x,v,v")(w) of all w’ € Y such
that

1
lim —e(F(x) + 1tV +tsw', F(x +tv +tsu)) = 0.
t0,500,t/s—>0,u—wts

(8) The asymptotic second-order (H)-directional derivative of F at x with respect
to (v, v') in the direction w € X, is the set DZ[+F(x, v, v)(w) of all w’ € Y such
that

1
lim —e(F(x +tv+tsu), F(x) +tv +tsw') =0.
t10,510,t/s—>0,u—wts

Remark4 Let F : X =% Y be a set-valued map with nonempty values, and
(x,v,w) € X x X x X and v' € Y. From Definition 6, we have the following
results:

(a) Leto € {—I, +I}.Ifw’ € D%{OF(E, v, v')(w) (resp. D}/{UF(E, v, v')(w)), then
v’ € Dy, F(X)(v). Note that if v ¢ Dy F(x)(v), then

D, F(x,v,v)(w) = D}, F(x,v,v)(w) = 2.
(b) Suppose that F is Lipschitzian at x. If w’ € D%{QF x,v,v)(w) (resp.
D};QF(E, v, v")(w)), then v' € Dy, F (X)(v), where 6 € {—, +}. Indeed, we only

prove the case where 6 := —, since the other case is similar. Let € > 0. Then there
exists § > 0 and a neighborhood U of w such that for all t € (0, §] and u € Uy,

F@) + 100 +°w' C F&+1v+17u) + tzngy.
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(©)

Since F is Lipschitzian at X, then there exist k > 0 and a neighborhood V of X
such that for all x1, x, € V,

F(x1) C F(x2) +kllx1 — x2||xBy.

Since lim X+4tv+tPu=x€V, lim x+tz=x¢€ Vandlimtw = Oy,
t}0,u—w t10,z—v t0

then there exist §; > 0 with §; < 8, and neighborhoods U; and U, of w and v,
respectively, with Uy C Uy such that for all # € (0,51], u € U and z € U, one
has

W] ™

— _ £
THtw+ttueV,x+tzeV,|tw]y < 5andk||v+tu—z||x <

Therefore, we conclude that
FX) 4+t C F(x +tz) + teBy

for all ¢ € (0, 61] and z € U;. Thus the proof is complete.
Foro € {—, —I, } one has

D, F(%,v,v) + C C Dy, (Epic F)@, v,v"),
D}y F(x,v,v)+C C Dy (EpicF)(X, v, ).

For o € {4+, +1} one has

D}, F(x,v,v) — C C Dy, (Epi—c)F)(®, v,v),
D}’{(’F(f, v,v)—C C D}’,U (Epi(—c)F)(X, v, V).

The proof of the following proposition is immediate.

Proposition1 Let F, G : X = Y and I" : X = Z be set-valued maps with nonempty
values, (x,v,w) € X x X x X and (v',v") € Y x Z. The following statements hold:

(1) Leto € {—, +, —I, +1}. Then

Dy, F(x,0x,0y)(w) = Dy F(x,0x, 0y)(w) = Dg, F(x)(w),

(2) D F(x,v,v)) C D} F(x,v,v)(w),

(3) D%LrF(x, v, V) C D%_IHF(x, v, V) (w),

(4) Dy, F(x,v,v")(w) C D}QLIF(x, (v, v))(w),

(5) D};+F(x, v, V) (w) C D}’{HF(x, v, V) (w),

(6) D%UF(x, v, v)(w) is closed for o € {—, +}. Moreover, for o € {—I, +l},

grD%,a F(x,v, V) is closed,

(7) For 0 € {—, +}, the set D};UF(x, v, v)(w) is closed, and if « > 0 and

a

w € D/IfIUF(x, v, v)(w) then aw’ € D’IfIaF(x, v, V') (@w). Moreover, for o €
(=1, +1}, grD}’{GF(x, v, V') is a closed cone,
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(8) Foro € {—, +}, one has

D}, F(x,v,v) + D} G(x,v,v") C D} (F + G)(x,v,v)(w),
Dy F(x,v,v)(w) + Dy G(x,v,v)(w) C Dy (F + G)(x,v,v)(w),
D, (F,T)(x,v,v',v")(w) = D F(x,v,v)(w) x D} I'(x, v, v")(w),
Dy (F, I)(x,v, v, v")(w) = Dy F(x,v,v)(w) x Dy I'(x, v, v")(w).

(9) Foro € {—1, +1}, one has

D, (F, I)(x,v,v',v")(w) C D, F(x,v,v)(w) x D, I'(x,v,v")(w),
Dy (F, I)(x,v,v,v")(w) C Dy F(x,v,v)(w) x Dy T'(x,v,v")(w).

Again, consider Example 1 above. We have
D}, F(0x,0,0)(0) = Dy, F(0,0,0)(0) = {0}
and
DZLZF(O, 0,0)(0) = DZIHF(O, 0,0)(0x) = {0}.

However, D, F(0,(0,0)(0), Dy F(0,0,0)(0), Dy F(0,0,0)(0) and Dj
F(0, 0, 0)(0) are empty. Therefore, the inclusions in (2), (3), (4) and (5) of Proposition
1 are strict.

Definition 7 (see [6, 19]) Let f : X —> Y be a vector valued function and X € X.

(1) f issaid to be first-order Hadamard directional differentiable at x, if forall v € X
the following limit exists

df (X, v) == lul)iﬁ)vfl[f(f—i- tu) — f(@)].

(2) f is said to be second-order Hadamard directional differentiable at X, if for all
v € X one has df (x, v) exists and for all w € X the following limit exists

d>f (@, v, w) = Mgim 2 f (X 4 tv+12u) —tdf (X, v) — f@)].
t}0,u—w

(3) f is said to be asymptotic second-order Hadamard directional differentiable at x,
if for all v € X one has df (x, v) exists and for all w € X the following limit
exists

dgf()_c, v, w) = zw,rw,ﬁﬁo,u—w(n)_l[f()_c+ tv+tru) —tdf(x,v) — f(X)].
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The results of the Proposition 2 bellow are inspired from [4]. The results in [4]
are established in terms of the first order (H_) (resp. (H,)) directional derivative of
F := f + C in the case where f is Fréchet différentiable at X under the closdness of
C + By.

Proposition2 Letv,w € X and f : X — Y be a second-order Hadamard differen-
tiable mapping at x. Then

d*f (¥, v, w) + C C D (Epic f)(¥, v, df (%, v))(w) (1
and
d*f(x,v,w) — C C Dy, (Epic f)(F. v, df (¥, v)) (w). 2)
Moreover, if C + By is closed, then

&’ f (%, v, w) + C = D} (Epic )X, v, df (%, v))(w)
= D% (Epic /), v.df &, v)(w) 3)

and

& f& v, w) — C = D} (Epic f)(X. v.df %, v))(w)
= Dy, (Epic /)X, v, df (¥, v))(w). 4)

Proof 1t is easy to check (1) and (2). Suppose that C + By is closed. We only prove
(3) since (4) is similar. By Proposition 1, we start by proving that

D} (Epic ). v.df (%, v)(w) C d*f &, v, w) + C. )

Letw’ € D%L] (Epic f)(X, v, df (X, v))(w). Then, there exists sequences (,,) — 07,
(w,;) — w such that

Lim 12 e((Epic [)) + tadf &, v) + 0, (Epic /) + tyv + 1300) = 0.
Let ¢ > 0. There exists ng(e) € N such that

(Epic /)®) + todf F, v) + 2w’
C (Epic ) + tav + t2w,) + 2By, Vn > ng(e).

So, for all n > ng(e) one has
w' — 17 f & 4 v + t2w,) — tydf (X, v) — f(T)] € C + eBy.
Since C + By is closed, then

w —d?>f(x, v, w) € C+eBy, Ve > 0.
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As C is closed, it follows that
w' ed®f(x, v, w)+C,

and this completes the proof of the inclusion (5). From (1) and the statement (2) of
Proposition 1, we conclude (3). O

The proof of the following proposition is similar to that of Proposition 2.

Proposition3 Letv, w € X and f : X — Y be a asymptotic second-order Hadamard
differentiable mapping at xX. Then

dgf()_c, v,w) + C C D}, (Epic )X, v,df (X, v))(w)
and
dg f (%, v, w) = C C D}y (Epic f)(X, v, df (&, v))(w).
Moreover, if C 4+ By is closed, then

d3 f &, v.w) + C = D}y (Epic f)(X. v, df (%, v))(w)
= Dy, (Epic f)(X.v.df (X, v))(w)

and

dg f (%, v, w) — C = Dy (Epic )X, v, df (X, v)) (w)
= Dy (Epic /)&, v, df &, v))(w).

4 Primal second-order optimality conditions

The purpose of this section is to establish second-order necessary and sufficient con-
ditions for local weak /-minimal solutions of set-valued optimization problems in the
primal form. We start with the unconstrained case.

Proposition 4 Let X € domF be a local weak [-minimal point of a set-valued map F :
X = Y with respect to C. Then, for allv € X and v’ € Dy_,(Epic F)(X)(v) N —3C,
the following results hold.

(i) Dy_,(EpicF)(X)(X) N —intC = 2,
(i) D}, (Epic F)(X, v, v)(X) NintK(=C,v) = 2,
(iii) DL_I(EpicF)()_c, v, V)(X)NintK(—C,V) = 2.

Proof (i) is a direct consequence of (ii), Proposition 1, (3) of Remark 3 and

intK(—C,0y) = —intC. We only prove (ii) since (iii) is similar. Suppose one
the contrary that there is w € X and w’ € D%_(EpicF)()_C, v, v)(w) with w’ €
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intK(—C,v). Since intC # &, then by (d) of Remark 2 on has intK(—C,v') =
I(—intC,v’). Hence, there exists § > 0 such that

vV +tz € —intC, VYt € (0,8] and 7 € w' + §By. (6)

By definition of D2 7I(EpicF)(Y, v, v')(w), there exists sequences (z,) | 0 and
(w,,) — w, and ng(8) > 0 such that

FX) + 1,0 4 12w C F(X + tyv + t2wy) + C + 128By, Vn > no(8).

By (6), there exists n1(8) > no(§) such thatz, € (0, 8] foralln > ny(5). Consequently
for each n > n{(8) on has

v + 12w’ + 8t2By C —intC. (7
As By = —By, we conclude that
F(X) C F(X + tyv + tywy) + intC, ¥n > n1(8),

which contradicts the fact that X is a local weak /-minimal point of F on X. O

Remark 5 Part (ii) and (iii) of Proposition 4 are valid for all v € X and v’ € Y,
but is only meaningful for v € X and v’ € Dy ,(Epic F)(X)(v) N —3C, since if
v' ¢ Dy ,(EpicF)(X)(v) then

D} (EpicF)(X, v, v)(X) = D} (Epic F)(X, v, v)(X) = &
(see Remark 4) and if v/ ¢ —C then K(—C, v') = @. Finally, if v’ € —intC then by
(1) of Proposition 4 one has v’ ¢ Dy _,(Epic F)(X)(v).
The following example illustate Proposition 4.

Example2 Let C := R, x R, and F : R> = R? be a set-valued map defined by
F(x) :={y = (y1,y2) € R : y1 = —x1, y2 = x{+|xal}, Vx := (x1,x2) € R?,

where R, := {x € R x > 0}. Take X := (0, 0) € R2. It is easy to verify that X is
a local weak [-minimal point of F on R2. It follows from Definition 5 that the set

A= {0 = (], vh) eR? : v:= (v, 1) € R, v € Dy ,(Epic F)X@)(v) N —C}
={v =], v)) eR? : vi= (v, 1) €R? 0> 0] > —vy, 0> v) > [v)

={v =@, vy eR? : v >0, v =0, 0> 0] >—vy, vj =0}

Thus, for every v :

= (v1, 12) € R? and every v = (v}, v]) € A, we have v; >
0, v =0and 0 > v

> —vq, vé = 0. Moreover, for every v := (v, v2) € R2,
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v = (v}, v5) € Aand every w 1= (wy, w2) € R2, it follows from Definition 6 that

D}, (EpicF)(¥,v,v')(w) = Ly and D}, (Epic F)(¥,v,v)(w) = L,

where
L= W= ey e R? wi > —wi, w) = vi + [wal} if vj = —v
{w = (w},w)) € R? w) € R, w) > v]2 + lwal}, if v > —v,
and
Lo [ =i wy) e R? w) > —wy, wh > [wal}if v| = —v
{w' = (w], w)) € R? wy € R, w) > |wal}, if v > —vy.

Thus, together with

e = [ o)
we have
D}, (Epic F)(F, v,v)(X) NintK (—C,v) = @
and

Dy (EpicF)®X,v,v)(X) NintK(=C,v) = 2.

Thus, Proposition 4 is fulfilled.

Now, we establish optimality conditions under an arbitrary constrained set. The
verification of the following result is similar to that of Proposition 4. We present a
proof for the reader’s convenience.

Proposition5 Let x € B C X be a local weak I-minimal point on B of a set-valued
map F : X = Y with respect to C. Assume that F is Lipschitzian at x. Then, for all
veK(B,X)andv' € Dy _(Epic F)(X)(v) N —3C, the following results hold.

(i) ([4]) Du_(Epic F)(X)(K(B,x)) N —intC = &,

(ii) D3, (EpicF)(x,v,v)(K*(B,X,v)) NintK(—C,v') = &,
(iii) D}, (EpicF)(X,v,v)(K"(B,X,v)) NintK(—C,v") = @.
Proof (i) is adirect consequence of (ii), Proposition 1, (1) of Remark 3, int K (—C, Oy)
= —intC and (c¢) of Remark 2. We only prove that (ii) holds since (iii) is
similar. Suppose on the contrary that there is w € KZ2(B,X,v)) and w' €
D3, (EpicF)(X, v, v')(w) suchthatw’ €int K (—C, v'). By definition of K2(B, X, v),
there exists sequences (,) | 0 and (w,) — w such that

X+ t,v+ t,w, € B,Vn € N.
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Since intC # @, then by (d) of Remark 2 one has intK (—C,v") = I(—intC, V).
Hence, there exists § > O such that

VvV + 1tz e —intC, ¥Vt € (0,8] and 7 € w' + §By.

So, there exists no(8) > 0 such that 7, € (0, 8] for all n > ny(8). Consequently for
each n > ng(8) on has

v + 12w + 8t2By C —intC. 8)
By definition of D%L (Epic F)(X, v, v')(w), there exists n1(g) > ng(8) such that

FX) + 1,0 4 12w C F(X + tyv + tyw,) + C 4+ t28By, ¥n > ny(8).
By (8), we conclude that
F&x) Cc F(x +t,v+ t,w,) +intC, Yan > n1(6),

which contradicts that X is a local weak /-minimal point of F on B. Thus the proof is
complete. O

Remark 6 Part (ii) and (iii) of Proposition 5 are valid for all v € X and v/ € Y,
but is only meaningful for v € K(B,X) and v € Dy (EpicF)x)(v) N —3C,
since if v ¢ K (B, ¥) then K2(B,X,v) = K"(B,X,v) = @ (see Remark 2), and if
v ¢ Dy_(Epic F)(X)(v) then

D} (Epic )X, v, v)(X) = Dy (Epic F)(¥, v, v)(X) = @
(see Remark 4 (b)) and if v/ ¢ —C then K (—C, v') = @. Finally, if v’ € —intC then
by (i) of Proposition 5 one has v ¢ K (B, X).

The following example illustrate Proposition 5.

Example 3 Let F and C be as in Example 2, and B := [0, 1] x [—1, 1]. Take X :=
(0, 0). It is easy to very that F is Lipshitzian at X, and X is a local weak /-minimal
point of F on B. It follows from Definitions 2 and 5 that K (B, Xx) = R} x R and

Ay = = (v],v)) € R? : v:= (v, ) € K(B,X),
vV e Dy (EpicF)(x)(v) N —aC}
= =LY eR? v >0, =0, 0>v,>—v, v)=0}.
Thus, for every v := (vy, v2) € K(B,X) and every v’ = (v}, v5) € Ay, we have vy >

0, v =0and 0> v} > —vy, v5 = 0. Moreover, for every v := (v{, v12) € K(B,X)
and every v’ := (v, v5) € Ay, it follows from Definition 2 that

Ry xR, if v; =0.

2 = _ - _
K*(B,x,v) = K (B,x,v)—{ RxR, ifv,>0.
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Also, for every for every v := (v, v2) € K(B,X), v := (v],v}) € Ay and every
w = (wy, wp) € K3(B, X, v), it follows from Definition 6 that

Dy, (EpicF)(x,v,v)(w) = L3 and D}, (Epic F)(¥, v, v)(w) = L,

where
/. / / 2 / / 2 . /
Ly = {w =W}, wy eR 2w1 > —wy, wy, > ;}1 + lwal}, if vi = —v1.
{w' = (W], w)) e R* wj e R, wh > vy + |wal}, if v] > —vy
and

Ly= {w' = (w], w)) € R2 wy = —wi, wy > |wal}, if v)=—v
' {w' = (w], w)) € R2 wy € R, w) > |wal}, if v > —vy.

Thus, together with

e = [
we have
D}, (EpicF)(E, v, v)(K*(B.%,v) NintK(~C,v) = &
and

Dy (EpicF)x,v,v)(K"(B,X,v)) NintK(—C,v') = @.

Thus, Proposition 5 is fulfilled.

Now, we state second order sufficient optimality conditions. To this end, we start
by the following recall.

Definition 8 Let B be a nonempty subset of X, F : X = Y be a set-valued mapping,
and X € B. It is said that X is a strict local weak /-minimal point of F on B with
respect to C if there exists a neighborhood V of X such that

F(x) ¢ F(x)+intC, ¥Vx € VN B\{x}.

Remark 7 1t is easy to see that every local /-weak minimal point is a strict local /-weak
minimal point. Reciprocally, if WMin(F(x), C) # & and X is a strict local weak
[-minimal point of F" on B, then one obviously has X is a local weak /-minimal point
of F on B.

Proposition 6 Ler B be a subset of a finite dimensional space X andlet F : X = Y
be a set-valued map, x € B and WMin(F(x),C) # @. Suppose that for every
v e K(B,X)\{Ox}andeveryv' € Dy, (Epic F)(X)(v)NAC, the following conditions
hold.
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(i) D§,+(EpicF)(7c, v, V)(w) NintK(C,v') # @ Yw e K*(B,x,v) Nvt,
(ii) D} (Epic F)(X, v, v)(w) NintK(C,v") # 2 Yw € K"(B, X, v) Nvh\{0x).

Then X is a strict local weak l-minimal point of F on B with respect to C.

Proof Suppose on the contray that there exists a sequence (x,) — X such that for all
n € None has x;,, € B\{x} and

F(x) C F(x,) +intC. &)

Setting #, := ||x, — X||x we may assume that v, := 1, L, = %) converges to some
unit vector v € K (B, x). Consider now, the sequence (wj,) such that

Xp =X + 1,0 + t2w,, Yn € N, (10)
We have two cases. The case (a): The sequence (w,,) is bounded. Observe that v +
tnw, € Sy forall n € N. Since K (Sx,v) = v+, so by passing to a subsequence,
we may suppose that (w,) converges to some w € K>(B,x,v)) Nv’. Take v €
Dy, (EpicF)(X)(v) N dC and
w' e D%,+(EpicF)(f, v, V) (w) NintK(C,v).
Since intC # @, then by (d) of Remark 2,
intK(C,v') =1(intC,v).
Hence, there exists § > 0 such that
v + 1tz €intC (11)
forallt € (0, 48] and z € w’ + 8By. So, there exists n¢(8) > 0 such that
ty € (0,8]Vn > np(d). (12)
Consequently for each n > ng(5) one has
v + 2w + 856°By C intC. (13)
By definition of D%I+(Epic F)(x, v, v")(w), there exists n1(8) > no(8) such that
F(X + tyv + t2w,) C FX) + v + 2w’ + C + 128By, Vn > n1(8).
The latter with (9), (10), (13) and By = —By, we get

F(x) C F(x) +intC,
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which contradicts that W.Min(F (x), C) # &. The case (b): The sequence (w,) is not
bounded. We may suppose that (||w, || x) — 400 (taking a subsequence if necessary).
Then the sequence (x;) can be written as

- 2 -1
Xn =X + tyU + 1 [[wa llx (Wa lwall x)- (14)
Observe that, ry, := ty|wyll = llv, — vl | 0, 2 = m — 0 and

v+ rn(wp |wa | x") = v+ tallwa |l x (walwallx') € Sx foralln € N.
without loss of generality we may assume that (w,|w, ||}1) — w. Then
w e K"(B,x,v) Nv\{0x}.
By (11) and (12) we have
1tV + 2 |lwpllxw’ + 822 |wy | xBy C intC Yn > no(8). (15)
By definition of D};+(EpicF)()_c, v, V) (w), there exists 11 (8) > ng(8) such that
F(X + tav + [ wa | x (allwall )
C F@®) + 1,0 + 2wyl xw’ + C + 2w, | x8By, Vi > ny(8).
The latter with (9), (10), (14) and (15) we get
F(X) C F(X) +intC,

which contradicts that WMin(F(x), C) # <. O
The following example illustrate Proposition 6.

Example4 Let C := Ry x Ry, B :=[0,1] x [—1,1] and F : R2 = R? be a set
valued map defined by

F(x):={y:= (. y2) € R®:y; > x3 +x1, y2 = x7 + |x2]}, Vx := (x1, x2) € R%.

Take x := (0, 0). It is easy to verify that WMin(F (x), C) # & and X is a strict
local weak /-minimal point of F on B. It follows from Definitions 2 and 5 that

KB, x)=R; xR
and

Ay = (v = (v],vh) € R? 1 v = (v1, 1) € K(B,X), v € Dp,,(Epic F)X)(v) NdC}
= =, v) eR*:v:= (v, 1) € K(B,X),0 < v} <vj, 0<v) < |va],v €dC}

={v’:=(vi,vé)eﬂ§2:v1zO,vze]R, 0<v] <wv, 0<v)<|wl, v edC}.
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Thus, for every v := (v, v2) € K(B,X)\{(0,0)}, and every v' := (v}, v)) € Az,
we have (v1,v2) € (Ry x R)\{(0,0)},and 0 < v} < vy, 0 < v} < [vz|,v" € 8C.
Moreover, for every v := (vi, v2) € K(B,X)\{(0, 0)} and every v" := (v}, v}) € A,
it follows from Definition 2 that

Ry xR, if vy =0.

2 — o = _
K“(B,x,v) =K (B,x,v)—{ RxR, ifv; >0

and
R x {0}, if vy =0, vp #0.
vl = {0} xR, if vi >0, v, =0.
{(0,0)}, if vi >0, vo #0.
So,
Ry x {0}, if vy =0, va #0.
K*’B,x,v)Nvt={ {0} xR, if vy >0, va =0,
{(0,0)},if vi >0, v2 #0
and

RA{0}) x {0}, if vi =0, va #0.

2 p — 1 _
K=(B,x,v) N 0. 0) —{ (0} x R\{0}), if v1 >0, vy = 0.

Also, for every v := (vi,v2) € K(B,X)\{(0,0)}, v' := (v],v}) € Az and every
w = (wy, wy) € K2(B, x,v)N v, it follows from Definition 6 that

Dy (Epic F)(X, v, v)(w) = L6,

where
{w = (wi, wh) € R?: wj < wy+v}, wh < |wa| + 0]}, if v} =vi, vh = |va.
Le = {w == (W), w)) € R?: w < wp + v%, w) € R}, if vi =vi, v < |val.
' {(w = (w/l,w/z)eRZ:w/zglwzl—i—vlz}, if v <vi, vy = vl
R x R, if v] <vi, V) < |v2l.

Further, for every v := (vi, v2) € K(B,X)\{(0,0)}, v := (v}, v}) € A2 and every
w = (wy, w2) € K*(B, %, v) N (v1\{(0, 0)}), it follows from Definition 6 that

Dy (Epic F)(x, v,v)(w) = L7,
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where
{w' = (w], w)) € R? wy < wy, why < |wal}, if v] =wv1, V5 = |val.
L= {w' = (w], w)) € R2 w) < w, w) € R}, .lf V) =y, V) < v
{w = (w), wh) e R? w)) < |wal}, if vi <vi, vh= vl
R x R, if vj <wvi, v5 < |val.

Thus, together with

Ry xRy, if vy =v, =0.
K(C,v)=4{ Ry xR, if v =0, v)>0.
Rx Ry, if v) >0, v =0,

we have
Dy (EpicF)(X, v, v')(K*(B, X, v) Nv") NintK(C,v') # @
and
Dy (EpicF)(x, v, v")(K"(B,¥,v) N (v"\{(0,0)})) NintK(C,v) # 2.

Thus, Proposition 6 is fulfilled.

5 Dual second-order optimality conditions

From the results established in Sect.4, we can derive dual second-order optimality
conditions in terms of Lagrange—Fritz—John and in terms of Lagrange—Karush—Kuhn—
Tucker multipliers. To this end, we start by the following lemmas.

Lemma 1 Let S be a nonempty and convex subset of X, F : X = Y be a set-valued
mapping, x € domF, (v,v) € X x Y. If F is C-convex and Lipschitzian at X, then
Dy _(Epic F)(X)(S), D% (EpicF)(x,v,v')(S) and D)}, (EpicF)(x, v, v')(S) are

convex.

Proof We only prove that D%i_ (EpicF)(x,v,v')(S) is convex since the cases
of Dy_(EpicF)(x)(S) and DY}, (EpicF)(x,v,v')(S) are similar. Let w, €
D%I_(EpicF)()_c, v,v")(S) for i € {1, 2}. Then, there exists w; € S fori € {1, 2}
such that w; € Dy_(EpicF)(X, v, v)(w;). Let ¢ > 0. Then there exist § > 0 and

a neighborhood U; of w; with i € {1, 2} such that for all r € (0, 4], u; € U; and
iefl, 2},

F®) +C + 10 + 12w € F(F +tv+2u;) + C + IQZIBy.
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Let A € [0, 1]. As F is C-convex and F(X) C AF(X) + (1 — 1) F(X), then

F@) 4+ C+ v + 220w + (1 — 2)wh)
C FE+1v+ 12y + (1 — Muz) + C + ﬂgmsy.

Since F is Lipschitzian at X, then there exist a neighborhood U of X and k > 0 such
that that for all x1, x2 € U,

F(x1) C F(x2) + kllx1 — x2/ xBy.

As x+rv+tPu)y=xeU,

lim
t0,u—Arw;+(1—A)wy

lim kllAuy + (1 — Vuz —ullx =0

t0,u1—>wi,ur—>wo,u—>rw+(1—1)wr
and

lim GH+tv+20u; +(1—Nup) =x €U,

t0,u1—>wy,ur—>wy

then there exist 7 > 0 with < 8, and neighborhoods U7, U; and Uj of wy, w> and
Awi + (1 —A)wo, respectively, with U C Uy and U C U; such thatforallz € (0, ],
uy € Uj,up € Uj and u € Uy one has

Kl + (1= Az = ullx < 3.
X+ tv+ 120w + (1 — Mug) e U
and
X+rw+rtuecl.
Therefore, we conclude that
F@) +C +tv' + 20w 4+ (1 — Mwh) € FE +1v+12u) + C + t*eBy
forall 7 € (0, 5] and u € Uj. So,
aw| + (1 —Mwh € Dy_(Epic F)(x, v, v)(Aw; + (1 — Mwa).
Thus the proof is complete. O
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In what follows the subset B C X is defined by:

B:={xeS:Gx)N—-0 # g},
where S is a nonempty subset of X and G : X == Z is a set-valued mapping, and
Q C Z denotes the pointed, closed and convex cone with nonempty interior.

Lemma2 Let X € B be a local weak l-minimal point on B of a set-valued map
F : X = Y with respect to C. Then X is a local weak l-minimal point of (F, G) on S
with respect to C x Q.

Proof Suppose on the contrary that there exists a sequence (x;) C S such that (x,,) —
X and
(F,G)(X) C (F,G)(xy) +int(C x Q), Vn e N.
Then for all n € N one has
F(x) C F(x,) +intC
and
GxX) C G(xp) +intQ.

Take 7 € G(x) N —Q. Then there exist y, € G(x,) and a, € intQ such that
Z = y, + a,.This means that y, =7 —a, € —Q —intQ C —Q, and so x,, € B,
which contradicts that X is a local weak /-minimal point of ' on B with respect to C.

O

Remark 8 (see [1]) Let B be a nonempty subset of ¥, F : X = Y be a set valued
mapping which is C-convex, and X € B. Then X is a local weak /-minimal point of F
on B with respect to C if and only if it is a global weak /-minimal point of F' on B
with respect to C.

Now, we are able to establish second-order necessary optimality conditions in terms
of Lagrange—Fritz—John multipliers.

Proposition7 Let X € B be a local weak [-minimal point on B of a set-valued map
F : X = Y with respect to C, and v € K(S§,x), v € Dy_(Epic F)(X)(v) N —9C
and v" € Dy _(EpipG)(X)(v) N —3 Q. Suppose that

(i) D};_(Epicxo(F, G)(X, v,v',v")(K*(S, X, v)) is convex,
(ii) F and G are Lipschitzian at X.

Then there exists (y*, z*) € (—C)° x (—Q)°\{(Oy+, 0z+)} such that (y*,v') =0,
(z*,v") =0 and

Ofw) + (" w") =20
forallw € K*(S,%,v), w' € D3 F(x,v,v)(w)and w" € D3, G, v,v")(w).
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Proof From Lemma 2 and (ii) of Proposition 5, it follows that

cl(D% (Epicxo(F, G)(X, v, v/, v")(K*(S, %, v)))
NintK((=C) x (—=Q), W', v") = @.

By the standard Hahn-Banach separation theorem, there exists (y*, z*) € (¥* x
Z*)\{(Oy+, 0z+)} such that

(", 29, ', w) = ((y*,. 2, (v, 2))
for all (w', w") € cl(D};_(Epicxo(F, G)X, v, v',v")(K*(§,X,v))) and (y, 2) €
intK(—C x (—=Q), (v, v")). Since K(—C x (=Q), (v',v")) is closed and convex
with nonempty interior, then
K(=C x (=Q), (v',v")) = cl(intK (=C x (=Q), (v, v"))).

By (c) of Remark 4 and (8) of Proposition 1, we get

O w +d) + (w4 da) = (v )+ (25 2) (16)
for all w € K*(S,¥,v), w € D% F(x,v,v)(w), w’ € D% G, v,v")(w),
(di,dr) € C x Q and (y,z) € K(—C x (=Q), (v',v")). Since (—C) and (—Q)
are convex, then by (f) of Remark 2 one has

K(=C) x (=Q), (v, v") = K(=C,v) x K(=Q,v").

This with (16) imply

0w + (@ w") = (v v+ (2 2) a7

forall w € K*(S,¥,v), w € D3 F(x,v,v)(w), w’ € D} G(,v,v")(w) and
(y,2) € K(—=C,v') x K(—0Q,v"). Hence

y* e (=C)°NN(=C,v)and z* € (—Q)° N N(—=Q,v").
Indeed, letwy € K*(S, X, v),w) € D7, F(x,v,v)(wo), wj € D} G, v,v")(wo),

(y,2) € K(—=C,v)x K(—Q,v")and A > 0. As K(—C,v') x K(—Q,v") is a cone,
then A(y,z) € K(—C,v') x K(—Q, v"). By (17) one has

1
X((y*, wg) + (2%, wg)) = (v, y) + (2F, 2)
Taking the limit as A — 400, we get
(y*, Y> + <Z*9 Z) E 07 V(y, Z) € K(_C’ U/) X K(_Qv U”).
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Since Oy € K(—C,v') and 0z € K(—Q,v"), then one obviously has y* €
(K(—C,v"))°and z* € (K(—Q, v"))°. By convexity of (—C) and (— Q), we have by
(e) of Remark 2 that

K(—C,V)=clRy(—C —v))and K(—Q,v") = cl(Ry.(—Q — V).
So, we get
y* e N(—=C,v))and z* € N(—Q,V").

As v’ € (=C) and v" € (—Q), it follows that y* € (—=C)° N N(—=C,v') and z* €
(—0)°NN(—Q,v"). Now, as v/ € —C and v € —Q, we get (y*,v') = 0 and
(z*,v") = 0. Since Oy € K(—C,v') and 07 € K(—Q, v”), we conclude from (17)
the proof of Proposition 7. O

The proof of the following proposition runs in analogous way as in Proposition 7,
when we apply Proposition 5 (iii) instead of Proposition 5(ii).

Proposition 8 Let X € B be a local weak [-minimal point on B of a set-valued map
F : X = Y with respect to C, and v € K(S,x), v' € Dy_(EpicF)(x)(v) N —3C,
v" € Dy (EpigG)(X)(v)N—03 Q and the assumption (ii) of Proposition 7 be satisfied.
Suppose that D}, _(Epicxo(F,G))(x,v,v',v")(K"(S,X, v)) is convex. Then there
exists (y*,z*) € (—=C)° x (—Q)°\{(Oy«, 0z%)} such that {y*,v') =0, (z*,v") =0

and

(" w) + (" w’) =0
forallw € K"(S,x,v), w' € D}, F(x,v,v)(w) and w” € D}, G, v,v")(w).
The following corollary is a direct consequence of Propositions 1, 7 and Remark 2 (c).
Corollary 1 Let x € B be a local weak [-minimal point on B of a set-valued map
F : X = Y with respect to C. Suppose that Dy _(Epicxg(F, G))(X)(K (S, X))

is convex and the assumptions (ii) of Proposition 7 is satisfied. Then there exists

(y*’ Z*) c (_C)O D% (_Q)o\{(OY*’ Oz*)} such that
y* w4+ 5w’y >0

forallw e K(§,%), w € Dy_F(Xx)(w) and w’ € Dy_G(X)(w).

In next, we establish second-order necessary optimality conditions in terms of
Lagrange—Karush—Kuhn-Tucker multipliers. To this end, we start by the following
recall.

Definition 9 Let U be a nonempty subset of X. The core of U, is the set core(U) of
elements a € U such that for all 4 € X, there exists « > 0 such that a + th € U for
allt € [—a, a].
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Let L(Z, Y) be the set of all continuous linear operators from Z into Y.

Proposition 9 Let the assumption of Proposition 7 be satisfied. Moreover, suppose
that there exists wo € K*(S, X, v) such that 0z € core(D3, G(X, v, v")(wo) + Q).
Then, the following statements hold:

(a) There exists (y*,z*) € (=C)° x (—Q)° with y* # Oy« such that (y*,v') = 0,
(z*,v") = 0 and

w4+ (" w") =0

forallw € K*(S,%,v), w € D27F()_c, v, V) (w) andw” € DziG(f, v, ") (w).
(b) There exists T € L(Z,Y) such that Tv" = Oy, T(Q) C C and

(D3 F&,v,v) + (T o D% G(X, v, v")(w) NintK(—C,v)
=, Vw € K*(S, %, v).

Proof (a) By Proposition 7, there exists (y*, z*) € (—C)° x (—Q)°\{(0y=, 0z«)} such
that (y*,v") =0, (z*, v”) = 0 and

O w)+ (" w") =0 (18)

for all w € K*(S,¥,v), w € D3 F(x,v,v)(w) and w” € D G(X,v,v")(w).
Suppose that y* = Oy. From (18) one has (z*, w” + d) > (z*,d) > 0 for all
w’ € D%,_G(f, v, v")(wp) and d € Q. By our assumption, for all 1 € Z, there exists
o > 0 such that

ah € Dy G, v,v")(wo) + Q.

Then (z*, h) > 0 for all h € Z. Thus z* = 0z+, which is a contradiction. (b) Since
intC # &, then there exists e € intC such that (y*, ¢) = 1. We define a continuous
linear operator T : Z — Y by Tz = (z*, z)e. Clearly, Tv" = Oy, T(Q) C C
and y* o T = z*. Suppose on the contrary that there exists w € K2(S, X, v) and
w’ € intK(—C, V") such that

w' € D} FX,v,v)(w)+ T o D} G, v, v")(w).

Since y* € (—C)° and (y*, v') = 0, then y* € N(—C, v'). Therefore, (y*, w’) < 0,
which contradicts (18). Thus the proof is complete. O

The following example illustrate Proposition 9 (b).

Example5 Let S :=[—1,1] x[—1,1], C := Ry x Ry, Q := R and the set-valued
maps F : R? = R?,

F(x):={y:= (1, ) € R* 1 y; > x1, y2 > x2}, Vx 1= (x1, x2) € R?
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and G : R? —> R,
Gx):={yeR:y>—xi},Vx := (x], x2) € R%
Then B :={x € § G(x) N (—Ry4) # @} =[0,1] x [—1, 1]. Take X := (0, 0). It
is easy to verify that X is a local weak /-minimal point of F on B, and F and G are
Lipschitzian at X. It follows from Definitions 2 and 5 that
K(S,x)=RxR

and

A= {0, V") = (], vh), ") € R® : vi=(v1, 1) €K (S,X), v € Ay, v €A}
= {(v], vh,v") eR} 1 v <] <0, 1y <Vy <0, 0>v" > —vy}
={(]. 05, V") eR? :v; =0, 11 <0, V] =0, v, <vy <0,v" =0},

where Ay := Dy_(Epic F)(x)(v) N —=9C and Ay := Dy_(EpipG)(x)(v) N —00.
Thus, for every (vi, v2) € K(S,X) and every (v}, v, v”) € A, we have v; = 0,

vy < 0and v] =0, va < v) <0,v” = 0. Moreover, for every v := (vi,v2) €
K (S, ) and every (v}, vy, v") € A, it follows from Definition 2 that

K*(S,%,v) = R%.
Also, it follows from Lemma 1 that D%if(Epic>< o(F,G)(x, v, v, v") (K%(S,%,v))
is convex since F and G are C-convex and Q-convex, respectively. Further, for every

vi= (v1,v2) € K(S,%), (v, v") := ((v], vy),v”) € A and every w := (wy, wp) €
K2%(S, X, v), we have

Dy, (EpicF)(x.v,v")(w) = Ly and D, (EpigG)(X, v, v")(w) = Lo,
where
Ly {w' = (W}, w)) € R2 wy > wi, wy > walif vh =1

DT = (), wh) e R2 w) > wy, wh € R}, if vh> v,
Ly ={w eR w > —-w}.

Thus, together with

T(z):=(z,2),Vz€R
and

—(R+ X R+) lf Ué =0

K(=C.v) = { (—Ry) x Rif v} <0,
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we have Tv” = (0,0), T(Q) C C and

(D% (EpicF)(X, v, V') 4 (T o D} (EpigG)(X, v, v"))(K*(S,X, v))
NintK(=C,v) = @.

Thus, Proposition 9 is fulfilled.

From Proposition 9, we derive the following result closes to the one established in
[7, Theorem 5.2]. The proof in [7, Theorem 5.2] deponds heavily on the us of Farkas’
lemma.

Corollary2 Let f : X —> Y and g : X —> Z be single vector-valued mappings,

which are twice Fréchet differentiables atX € B := SNg~V (= Q), where g™ (— Q) :=

{x € X g(x) € =0}, Y and Z are finite-dimensional, and S is a nonempty and convex

subset of X. Let v € K(S,%), Vf(X)v € —9C and Vg(x)v € —3Q. Suppose that

X is a local weak Pareto minimal point of f on B, K*(S,X,v) # @ and 07 €

core(Vg(X)(K (K (S,X), v))+ Q). Then there exists (y*, z*) € (—C)° x (—Q)° with

y* % Oy+ such that

(a) (y*, VX)) =0, (z*, Vg(x)v) =0,

(b) —y* o Vf(X) —z" o Vg(x) € N(§,%),

(c) (5, VI@w + 3V @, v)+{z*, Vg@w + 3V g@) (v, v)) = 0 for all
w e K(S, %, v).

Proof Let F : X = Y and G : X =% Z be set-valued maps defined by
F(x):={f(x)} and G(x) := {g(x)}, forall x € X.
Let v € K(S,X). From [4], we get Dy_(EpicF)(x)(v) = Vf(Xx)v + C and

Dp_(EpigG)(x)(v) = Vg(X)v+Q, where V f (x) is the first order Fréchet derivative
of f at Xx. Moreover, by computing, we get

D%, _(Epicxo(F, G) (X, v, Vf(®)v, Vg@v)(K*(S,X,v))

1
= V(f, ) @)(K*(S, %, v) + 5V2<f, 9@, v) +C x 0,

where V2 ( f, g)(x) is the second order Fréchet derivative of (f, g) at x. Therefore,
we have

v :=VfXv e Dy (EpicF)X)(v) N —3C,

V" :=Vg(X)v € Dy_(EpigG)(X)(v) N —3Q
and D%, (Epicxo(F,G)(X, v,V f(X)v, Vg(x)v)(K*(S,X, v)) is convex. Further,
as Vg(x)(K(K(S,x),v)) + Q is convex, it follows by relation (6,1) of [12] that
Oy € core(Vg(x)(K(K(S,x),v)) + Q) is equivalent to

Z =Vg(x)(K(K(S,X),v))+ Q.
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Since S is convex, then (see [7, Proposition 2.5]) one has
(R): K*(S,%,v)+ K(K(S,%),v) C K*(S,%,v).
As K2(S, X, v) # @, it follows that
Z =Vg®(K*(S, %, v) + 0.

which implies that

7= VE@(K(S.%.0) + 3 Ve @, ) + 0.
As
Dy G(¥.v, Vg(®v)(K*(S. %, v) = Vg®)(K*(S.X, v)) + %v2g(f>(v, v),
then we conclude that
0z € core(D% G(X, v, Vg@)v)(K*(S, %, v)) + Q).

Therefore, the proof follows from Proposition 9 and relation (R). O

Remark 9 (a) In Proposition 9, the operator T' := Orz,y) in general does not verify
the statement (b) of this proposition since X is a local weak /-minimal point of F
on B but it is not necessarily a local weak /-minimal point of F on S (see Example
5).

(b) InPropsitions 7 and 9, the vectorv € K (S, X) suchthatv’' € Dy (Epic F)(x)(v)N
—3C and v" € Dy _(EpigG)(x)(v) N —3Q is called the critical direction (see
for instance [7, 17]). Therefore, in order to establish second order necessary opti-
mality conditions, the vectors v” and v” are chosen appropriately as a function of
vector v (see Corollary 2 where v € K(S,X), v/ := V f(xX)v and v" := Vg(X)v).
Consequently, the dependence of the multipliers of these vectors is not a restriction
(for more details see [7, Theorem 5.2] and [17, Theorem 4.4]).

The proof of the following proposition runs in analogous way as in Proposition 9,
when we apply Proposition 8 instead of Proposition 7.

Proposition 10 Let the assumption of Proposition 8 be satisfied. Moreover, suppose
that there exists wo € K"(S,X, v) such that 0z € core(D%, G(x,v,v")(wo) + Q).
Then, the following statements hold:

(a) There exists (y*,z*) € (—=C)° x (—Q)° with y* # Oy+ such that (y*,v') = 0,
(z*,v") = 0 and

yw)+ (" w’) =0
forallw € K"(S,%,v),w € Dy F(x,v,v)(w)andw” € D}; G(x,v,v")(w).
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(b) There exists T € L(Z,Y) such that Tv" = Oy, T(Q) C C and

(D}, F(X,v,V)+ (T o Dy G(X,v,v")))(w) NintK(—C,v")
=o,Yw e K"(S,x,v).

The following result is a direct consequence of Propositions 1, 9 and Remark 1.

Corollary 3 Let the assumptions of Corollary 1 be satisfied. Moreover, suppose that
there exists wy € K(S,Xx) such that 0z € core(Dy_G(X)(wo) + Q). Then, the
following statements hold:

(a) There exists (y*, z*) € (—C)° x (—Q)° with y* # Oy such that
O w) + (" w’) =0

forallw € K(S,%), w' € D}y F(xX)(w) andw” € Dy_G(X)(w).
(b There exists T € L(Z,Y) such that T(Q) C C and

(Dy_ F@ (W) + (T o Dy_G®)(w)) N —intC = 3, Yw € K (S, %).

6 Conclusion

Inspired by [4], we propose several new concepts of second-order directional deriva-
tives for set-valued maps by means of excess from a set to another one, and discuss
some of their properties. By using these directional derivatives and by adopting the
notion of set criterion introduced by Kuroiwa [13—15], we obtain second-order nec-
essary and sufficient optimality conditions in the primal form. Moreover, under some
additional assumptions, we obtain dual second-order necessary optimality conditions
in terms of Lagrange—Fritz—John and in terms of Lagrange—Karush—Kuhn-Tucker
multipliers. The case of sufficient second order optimality conditions in terms of
Lagrange—Karush—Kuhn-Tucker multipliers will be treated elsewhere.

Acknowledgements The author would like to thank the anonymous referees for their helpful remarks that
allowed us to improve the original presentation.

Declarations
Conflict of interest The author has not any Conflict of interest.

References

1. Amahroq, T., Oussarhan, A., Syam, A.: On Lagrange multiplier rules for set-valued optimization
problems in the sense of set criterion. Num. Func. Analysis and Optim. 41, 710-729 (2019)

2. Alonso, M., Rodriguez-Martin, L.: Set-relations and optimality conditions in set-valued maps. Non-
linear Anal. 63, 1167-1179 (2005)

@ Springer



Second-Order Optimality Conditions... Page310f31 47

3. Alonso, M., Rodriguez-Marin, L.: Optimality conditions for set-valued maps with set optimization.
Nonlinear Anal. 70(9), 3057-3064 (2009)
4. Burlicd, M., Durea, M., Strugariu, R.: New concepts of directional derivatives for set-valued maps and
applications to set optimization. Optimization 72(4), 1-23 (2022)
5. Durea, M., Florea, E.A.: Subdifferential calculus and ideal solutions for set optimization problems.
arXiv:2311.15644 (2023)
6. Jeméniz, B., Novo, V.: Second order necessary conditions in set constrained differentiable vector
optimization. Math. Methods Oper. Res. 58, 299-317 (2003)
7. Jeméniz, B., Novo, V.: Optimality conditions in differentiable vector optimization via second-order
tangent sets. App. Math. Optim. 49, 123-144 (2004)
8. Ha, T.X.D.: A Hausdorff-type distance, a directional derivative of a set-valued map and applications
in set optimization. Optimization 67(7), 1031-1050 (2018)
9. Han, Y., Huang, N.-J., Wen, C.-F.: A set scalarization function and Dini directional derivatives with
applications in set optimization problems. J. Nonlinear Var. Anal. 5, 909-927 (2021)
10. Jahn, J., Khan, A.A., Zeilinger, P.: Second order optimality conditions in set optimization. J. Optim.
Theory Appl. 125, 331-347 (2005)
11. Jahn, J.: Directional derivatives in set optimization with the set less order relation. Taiwanese J. Math.
19(3), 737-757 (2015)
12. Khan, Akhtar A., Tammer, C., Zilinescu, C.: Set-valued Optimization. An Introduction with Applica-
tions, Springer, Cham (2015)
13. Kuroiwa, D.: Some duality theorems of set-valued optimization with natural criteria, in: Nonlinear
Analysis and Convex Analysis, Niigata, 1998, World Sci. Publ., River Edge, 221-228(1999)
14. Kuroiwa, D.: On set-valued optimization. Nonlinear Anal. 47, 1395-1400 (2001)
15. Kuroiwa, D., Tanaka, T., Ha, T.X.D.: On cone convexity of set-valued maps. Nonlinear Anal. 30,
1487-1496 (1997)
16. Li, S.J., Zhu, S.K., Li, X.B.: Second-order optimality conditions for strict efficiency of constrained
set-valued optimization. J. Optim. Theory Appl. 155, 534-557 (2012)
17. Penot, J.P.: Second-order conditions for optimization problems with constraints. SIAM J. Control.
Optim. 37, 303-318 (1998)
18. Penot, J.P.: Calculus Without Derivatives. Springer, Cham (2013)
19. Taa, A.: Second-order conditions for nonsmooth multiobjective optimization problems with inclusion
constraints. J. Global Optim. 50, 271-291 (2011)
20. Rodriguez-Marin, L., Sama, M.: Epidifferentiability and hypodifferentiability of pseudoconvex maps
in set-optimization problems. Nonlinear Anal. 71, 321-331 (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


http://arxiv.org/abs/2311.15644

	Second-order optimality conditions for set-valued optimization problems under the set criterion
	Abstract
	1 Introduction
	2 Preliminaries
	3 Second-order directional derivatives of set-valued maps
	4 Primal second-order optimality conditions
	5 Dual second-order optimality conditions
	6 Conclusion
	Acknowledgements
	References




