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Abstract

We present approximate solutions for the robust semi-infinite multi-objective convex
symmetric cone programming problem. By using the robust optimization approach,
we establish an approximate optimality theorem and approximate duality theorems
for approximate solutions in convex symmetric cone optimization problem involving
infinitely many constraints to be satisfied and multiple objectives to be optimized
simultaneously under the robust characteristic cone constraint qualification. We also
give an example to illustrate the obtained results in an important special case, namely
the robust semi-infinite multi-objective convex second-order cone program.

Keywords Robust symmetric cone optimization - Semi-infinite programming -
Multi-objective programming - Approximate optimality conditions - Approximate
duality theorems
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1 Introduction

Robust optimization [1-4] has become a very active methodological approach that
is established to deal with optimization problems under uncertainty. The uncertainty
means that the entering parameters of those problems are not acknowledged pre-
cisely on the time while an answer must be determined. In recent years, many authors
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have established approximate optimality conditions and duality theorems for approx-
imate solutions (e-solutions) for different classes of optimization problems [5-21].
More specifically, Jeyakumar and Li established strong duality for robust semidefi-
nite linear programming [8], Lee and Jiao established quasi approximate solutions for
robust convex programming [9], Lee and Lee established approximate solutions for
robust convex programming [11], robust fractional programming [12], robust convex
semidefinite programming [14], and robust semi-infinite programming [15]. Lee and
Lee also established optimality conditions and duality theorems for robust semi-infinite
multi-objective programming [13].

Convex symmetric cone optimization [22-26] problems are a class of convex opti-
mization problems in which we minimize a convex function over the intersection of
an affine set with the Cartesian product of symmetric cones. Well-known examples of
symmetric cones are the nonnegative orthant cone, the second-order cone, the cone
of symmetric positive semidefinite matrices, the cone of complex hermitian positive
semidefinite matrices, and the cone of quaternion Hermitian positive semidefinite
matrices. Therefore, well-studied special cases of symmetric programming are linear
programming, second-order cone programming [27-30] and semidefinite program-
ming [31-33]. Other special cases are optimization problems over complex Hermitian
positive semidefinite matrices, and optimization problems over quaternion Hermitian
positive semidefinite matrices [22, 23, 25].

To illustrate the modeling potential of conic programming and the extensive appli-
cability of symmetric cone programming, we mention that all convex programming
problems can be formulated as conic programs [34], and that almost all real-world
applications of conic programming are associated with symmetric cones [27, 28, 31,
32, 34]. There is a strong relationship between symmetric cone programming and
Euclidean Jordan algebras. When we optimize over symmetric cones, the importance
of Euclidean Jordan algebras stems from the fact that a cone is symmetric if and only
if it is the cone of squares of some Euclidean Jordan algebra. Some Jordan algebraic
notations, are listed in Table 1. These notations will be used in the sequel. Readers who
are unfamiliar with the theory of Jordan algebra are encouraged to read [22, Section
2].

Despite the genuine need for establishing an approximate optimality theorem and
approximate duality theorems for convex symmetric cone programming problems,
there are no symmetric conicity analogs of these approximate theorems. Inspired by
this gap in the literature, in this paper, we establish e-solutions for the robust convex
symmetric cone programming problem. Our setting is general in the sense that our
convex symmetric cone optimization problem involves infinitely many constraints
and multiple objective functions. That is, we establish an e-optimality theorem and
e-duality theorems for robust semi-infinite multi-objective convex symmetric cone
programming. We also apply our results to an important special case, namely the
robust semi-infinite multi-objective convex second-order cone program.
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Table 1 Some Jordan algebraic notations will be used throughout the paper

Notation Denotation

J" Euclidean Jordan algebra with dimension n (we drop n if it is
known from the context)

rank(7) The rank of 7

e The identity element of 7

xoy The Jordan product that maps (x, y) from J x J to J

x2 x ox (in general, forn > 2, x" := x""1 o x)

K7 The cone of squares of a Euclidean Jordan algebra 7 defined as
K7=?:xeJ}

int IC 7 The interior of the cone K 7

Aoyevoshp The eigenvalues of an element x in a rank-r algebra 7 (the roots of
its characteristic polynomial)

trace(x) The trace of an element x in J (trace(x) =,/ Zf:] Ai)

Xey The Frobenius inner product of x, y € J defined as
x ey :=trace(x oy)

[l || The Frobenius norm of an element

x:}CJO (x>;Cj 0)

V=K, X 3 =Ky D)

xeJ (nxn =VEey =Y A%)
x is an element in KC 7 (int IC 7)
We also write x > 0 (x > 0) if J is known from the context

Same as x Kz y (x Ky y)

The semi-infinite multi-objective symmetric programming problem is defined as

(SIMSP)

min <f1(X), fax), ..., fK(x))

m
s.t. ag) + Zx,-ai(t) >0, teT,

i=1

where x € R”, fi : R" - R,k =1,...,K,fora” € Jfori =0,1,...,m, 1 €
T, J is aJordan algebra with dimension » and rank r, and T is an arbitrary index set

that can be infinite.

The semi-infinite multi-objective symmetric programming problem with uncertain
data in the constraints is defined as

(USIMSP)

min (fl x), f2(x), ..., fK(X))

m
s.t. a(()l) + inaim >0, teT,
i=1
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where, foreachi =0, 1,...,mandt € T, the element al.(t) belongs to an uncertainty

set Vi(t) cJ.
The robust counterpart of USIMSP is defined as

min (fl x), L(x), ..., fk(x)>
(RSIMSP) m
s.t. ag) + Zx,-al.m >0, Vai(t) € Vi(t), i=0,1,....m, teT.
i=1

Hence, the robust feasible set Fp of RSIMSP is given as
Fp = [x e R™ :a(()’) +Z;":1x,-ai(t> >0, Vai(') € Vi(’), teT,ic I},

where I := {0, 1,2,...,m}. We make the following assumptions throughout this
paper.

Assumption 1.1 Foreacht € T andi € I, Vi(t) C J is compact and convex.
Assumption 1.2 The robust feasiblity set Fp has a nonempty interior.

Assumption 1.1 is necessary to give a characterization and prove properties of the
robust characteristic cone which will be given in the next section. Assumption 1.2 is
called the Slater condition and is necessary to prove and apply the robust version of
Farkas’ lemma.

We use R’jr = {(x1,...,xp) € R" : x; > 0,i = 1,...,n} to denote the nth
dimensional nonnegative orthant cone of R". Its interior, int R’jr ={(x1,...,x,) €
R" : x; > 0,i = 1,...,n}, is denoted by R} ,. Let € = (e1,..., &) € REK,
we say that x € Fp is an e-solution of RSIMSP if for any x € Fp we have that
fr(x) = fr(x) —ex foreachk = 1, ..., K. Our focus in this paper is to present the
approximate solutions (e-solutions) for RSIMSP.

The next pages of the paper are structured as follows: Sect. 2 defines the robust
characteristic cone and proves its convexity. The e-optimality condition theorem and
the e-duality theorems for robust semi-infinite multi-objective symmetric program-
ming are established in Sects. 3 and 4, respectively. In Sect. 5, we apply our results
to an important special case, robust semi-infinite multi-objective second-order cone
program.

2 The robust characteristic cone

In this section, we define the robust characteristic cone for our setting and and prove
that it is closed and convex. First, we present some preliminaries.

Let R := [—o0, 4+00] and f : R” — R be a function. We say f is proper if for
all x € R", f(x) > —oo and there exists xo € R” such that f(xg) € R. A proper
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function f is said to be convex if for all i € [0, 1], we have

A =wx+puy) <A —-wfEx)+unfy)

for all x,y € R”". The domain of f is defined to be the set domf := {x €
R" : f(x) < +oo}. The epigraph of f is defined to be the set epif :=
{(x,r) eR" xR : f(x) <r}.

The subdifferential of f at x € R” is defined as

x*eR": (x*,y—x) < f(y) — f(x), Yy e R"}, if x € dom f,
J, otherwise.

8f(X)={

In general, for any € > 0, the e-subdifferential of f at x € R” is defined by

x*eR": (x*,y—x)< f(y)— f(x)+¢€, Vy e R"}, ifx € dom f,
a, otherwise.

O f(x) = {

A function f is said to be a lower semi-continuous function if lim infy ., f(y) >
f(x) for all x € R". The conjugate function of any proper convex function g on R"
is the function g* : R” — R U {400} defined as

g (x*) = sup {(x*,x) —glx):xe R"}

for any x* € R". The following proposition is due to Jeyakumar et al. [35].

Proposition 2.1 Let f, g : R" — RU {400} be proper lower semicontinuous convex
functions. If one of the functions f and g is continuous, then

epi (f +8)* =epi f* 4 epi g*.

For a given set A C R", we write cl A and co A to denote the closure of A and the
convex hull generated by A, respectively. The indicator function 84 is defined as

SA(x)z{O’ xeA,.
+o00, otherwise.

In convex programming, a constrained minimization problem over a closed convex
subset C of R" can be reformulated as an unconstrained minimization problem by
replacing its objective function, say f, with the function (f 4 §¢)(x). The following
proposition is due to Hiriart-Urruty and Lemarechal [36].

Proposition 2.2 Let f : R" — R be a convex function, C be a closed convex subset
of R", and € > 0. Then

0(f+8c)D = |J {0 f @) +0q8c®D)}.
€0>0, €1>0,
€)ter=€
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We have also the following proposition [37, 38].

Proposition 2.3 Let I is an arbitrary index set, and g; : R" — R U {oc0} be a proper
lower semicontinuous convex function for i € I. Assume that there exists xyo € R”
such that sup; . gi (xo) < +00. Then

*
epi (sup g,-) =cl |co U epi g7 | .
iel icl
Let D be the robust characteristic cone defined as

D := U

a"eV® iel, teT

{Z (Z(Z) 'a?), e z® oa,(é), —z0 oa(()[) — r([)> 70 >0, r® > 0} .

teT

The following lemma shows that D is indeed a cone in R”*! under Assumption 1.1.
Lemma 2.1 The set D C R"*! is a cone.

Proof 1t s clear that 0 € D. To prove the desired result, we need to show that for
each x € D and 2 € R4y, we have Ax € D. Since x € D, there exist a; =

(al.(t))ter,i €I,z = Z)er,and r € Rf), where ai(t) € Vi(') and z® > 0,

forallt € T and i € I, such that x; = ZzeT(Zm ° al.(t)) fori = 1,...,m, and
Xmal = — D er (@D @ a(()’) + r®). 1t follows that Ax; = Y ,c7(Az(" e ai(t)) and
AXptl = — ZteT()‘Z([) ° a(()t) + 7). Note that Ar® > 0, and that Az\” > 0 because
K7 is a cone. Thus, Ax € D. O

The following lemma is due to [21, Lemma 4.2].

Proposition 2.4 Let € € R, then x is an e-solution of RSIMSP if

K K
Y A=) fiuld) —e
k=1 k=1

foranyx €e FpNi{ix e R": fr(x) > fx(x),k=1,...,K}.

We say that RSIMSP satisfies the convexity condition if for every t € T we have

i1 %y’ 7]

!
Vi(t) _ a(()t)+zul(;)a§t): (u(t) MON M(t)) c Ui(t) ’
j=1

where Ul.(t) is compact convex subset of R, a(()’) € J and ay) >0, foreacht € T,i
I,and j = 1,2,...,1. We point out that if the above convexity condition holds, then
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the uncertainty sets V! includes the box uncertainty sets of linear programming and
the spectrahedral uncertainty sets of semidefinite programming as special cases.

The closeness and convexity of the robust characteristic cone D are necessary for
the robust characteristic cone constraint qualification to hold. The following lemma
proves the convexity of D under the convexity condition of RSIMSP (see also [39,
Proposition 1]).

Lemma 2.2 [fRSIMSP satisfies the convexity condition, the robust characteristic cone
D is convex.

Proof Let x,y € D and let A € [0, 1]. We want to show that Ax + (1 — L)y € D.
From the definition of D, there exist h; = (hl@),er, ¢ = (clm),eT,i el,b =

ONyer,n = D)er,and r, s € Rf), where hl@, cl@ eV, and b, n = 0, for
i €l,teT,suchthat

Xi = Z (b(’) .hl(t)) ,iel — {0}, X+l = — Z (b(t) ° h(()t) + r(,)) ’

teT teT

v = Z (nm ocf”), il —1{0), ymil = _Z <n<z> o) —}—s(t)).
teT teT
Sinceh(t) 0 ¢ V, there exist (u(t), (t), .. (')) € U(t) and (v('), ('), e, vi(]t))

2
€ Ul.(t) such that, foreach i € I, we have

l
@ _ (t) (t) (t) (0 _ (t) ) (1)
hi +E and ¢ +E vijaj.
j=1

Fixing ani € I — {0}, we have that

a1 =2y =2 ) (50 eh?) + 1 =1 Y (0 e c?)

teT teT
l
=Y (16D e|af + Z Da |+ —an®
teT j=1

. <z)+zv<z> 2 )
Z e (160 + (1= 1n®)
eT
1
+3° (1?0 00 + (1 =300 1 0a)

j=l1
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Foriel,teTandj=1,2,.. lwedeﬁnew(”

)\us) b e a.(;) + (- A)vg) n® o ay)

L if (O + (1 —0n®) ea? £0,
(t) ()\b(z) +(1— A)n(f)) .ay) ( ) J

u® it (b0 + (1 —1n®) ea =0.

ll’

By the convexity of U( ), it is clear that (w(t), g) R wl.(lt)) € Ui(t) fori € I.In

addition, for each i € 1 — {0}, teTand j =1,2,...,1, we have that

w! (Ma“) +(— A)n@) ed) =u (Ab(’) . aj’)) p® ((1 n® o aj.’)) .
(D
Note that if Ab® 4+ (1 — )n®) e a;t) # 0, the equality in (1) follows trivially. If

(A® + (1 wn®) e a(t) = 0, then 10" o a(t) =1 =2n" e ay) = 0 because

b® n®, a] > 0, foralll €l —{0},t e Tandj = 1,2,...,1, and hence the
equality in (1) follows in this case as well. It follows immediately that

teT

=2 ((M)(’) +(- A)n(’)) . (a“’ Z ® (,)))

teT

1
i+ (L=Ry =Y ((Ab(” + 1 =n®) eal’ + 37 (w? (160 + (1 =n®) o aj.’)))
j=1

fori € I — {0}. Similarly it is also seen that

Mgt + (=D = = 3 | (00 + (1 =0 ) o [0 + Z wa?
teT

+ (Ar(t) +1- A)s(’)» .

Note that ar®+(1-2)s® > 0,4b®+(1=1)n® > 0.and (w”, w, ... w"’) €

s Wi
Ul.(t), for eachi € I and ¢t € T. This implies that Ax + (1 — A)y € D, and therefore
D is convex. The proof is complete. O

The following lemma proves the closeness of D under Assumptions 1.1 and 1.2
(see also [8, Corollary 2.1]).

Lemma 2.3 [f the Slater condition holds, the robust characteristic cone D is closed.

Proof Let {x(k)}72, := {(x1(k), x2(k), ..., xmy1(k))}Z2, be a sequence in D that is
convergent to the pointx := (x1,x2, ..., Xp+1) € R™*1 To show that D is closed, we
want to show that x € D. From the definition of D, there exista; (k) = (ai(”(k)),er, i €
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1, z2(k) = @O (k))er, and r(k) € RY, where a” (k) € Y and 2 (k) > 0, for all
t € T andi € I, such that

50 =Y (V0 ea®), i=12....m, )
teT
and
S (0) = = (270 0 af ) +rO0). 3)
teT

Based on Assumption 1.1, the sequence {a[(’) (k)12 has a convergent subsequence.
Therefore, after passing to a convergent subsequence, if necessary, we may assume that
al.(t) (k) — ai(t) € Vi(t). Now, we show that {||(z”) (k) ||} is a bounded sequence by con-
tradiction. Suppose on the contrary that || (z*) (k)| — +o00. Then, z® (k) /||z\ (k)| —
7 € K7 —{0}. Dividing both sides of (2) and (3) by ||z (k) || and applying the limit,
we obtain

Z (z(l) oai(t)) =0,i=1,2,....,m, and — Z (z(’) oaé”)

teT teT
O (k
=Y lim % >0
Simoe 20|

Based on Assumption 1.2, there exists x©' € R™ such that a(t) +>in 1x(0)a(l) 0,

for all a(t) Vi(t),

m
) o (am ZX(O) m) — 0 aal) +3 2O (Zm .aim) <.

i=1

This is on one side of the coin, but on the other side, since z" € K 7 — {0}, we
have z( o (a(()l) + Z;"zl xl.(o)al.(’)) > 0, which is a contradiction. Hence, the sequence
{11z (k) [1}22., is bounded. From (3), the sequence {r*) (k)}?° | is also bounded. There-
fore, after passing to a subsequence, if necessary, we can assume that z) (k) — 7z
and r (k) — 7. By applying the limit in (2) and (3), we have

Xj = Z(Z(” oaf”), i=1,2,....,m, and X, = —Z (Z(t) oa(()t) —l—f(’)).

teT teT

Thus, x € D. This completes the proof. O
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3 e-Optimality theorem

In this section, we establish the e-optimality theorem for our problem. First, we prove
two intermediate lemmas. The next lemma is the robust version of Farkas’ lemma for
our setting, and is based on Assumptions 1.2 and 1.1.

Lemma 3.1 Letf (ck,ar) € R" x Rfork =1, ..., K, then

K
Fp C {x eR™: (cp,x) > oy, k= 1,...,K} — Z(ck,(xk) eclcoD.
K=1
Proof Assume that Fp C {x € R™ : (¢, x) > o, k=1,..., K}, and let ¢ (x) =

(ck,x) —agfork=1,2,..., K. Then Fp C {x e R" : ¢y (x) >0, k=1,...,K}.
It follows that Zle ¢k (x) + 87, (x) = 0 for all x € R™. Note that ¢ is continuous
fork = 1,2, ..., K. Therefore, using Proposition 2.1, we have

k=1

K * K
(0,0) € epi (Z dr + 5}‘73) = Zepi ¢ +epi 8,
k=1
K
=) (e o) + {0} x Ry + epi 8%,
k=1

Thus,

K

Z(Ck,ak) € —epi 0%, — {0} x Ry. 4)
k=1

The desired result is obtained by showing that Zle (ck, o) € cl co D. To prove this,
in light of (4), it is enough to show that epi 8;_-73 = —clco D.

Note that, for each z() > 0, ai(t) € Vi(t), iel, teTandé&é € R", we have

<— z® oa(()t) —< ., (Z(t) oaft), oo z® oag)) >> &)

= sup (&, x) — (—z(’) ea) — <x, <z(’) eal” ... 0 oa,g?)>)}
xeR™m
m m
= sup 13 &xi+ ) (xi 7" e af”)} +79 eay
xeR™ Lz i=1
m
= sup { Y~ (xi (&' +2z0 e af”)) +z0 e0al’
XERU'I i:1
_ [P ea ifg =z ea” i=1,....m, 5)
+o00, otherwise.
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Note also that, for any x € R™, we have

SFp(x) = sup (t) + Zx, ® .
a}”evf”, iel,

70>0, teT

It follows that

epi 8%, = epi sup Z ( — 70 a(()') — < ., (z([) ° ai’), oz e a,(,f))>)
a‘.(’)ev,.('), iel, teT

z0e >0, teT

=cl | co U epiZ(—z(’)oaé’) —<., (z(’)oai’),.._,z(’)oag)>>)

a"ev? ier, €T

200, teT

o |co U {Z(_zm.a{n’ e —2 D ea®, 0, +r>:

a"ev el rer €T

>0, r® >0} | =—clcoD,

where the second equality follows from Propositions 2.1 and 2.3 and the third equality
follows from (5). The proof is complete. O

The following lemma is also based on Assumption 1.1.

Lemma3.2 Let x € Fp and € > 0. Let also fr : R™ — R be a convex function
fork = 1,2,..., K. Then x is an €-solution of RSIMSP if and only if for each
k=12,...,Kandt € T, there exist €x,¢; > 0 and & € 0¢ fr(X) such that

Z}f:l €+ D er & =€and
K K
(Z &k <Z &k )E> - Ze,) eclcoD.
k=1 k=1 1eT

Proof Assume that x is an e-solution of RSIMSP, where € > 0. Then, for any x €
Fp, Z,{;l Jr(x) > Zle Jx(x) — €. It follows that, for any x € R”, we have

K K
D HE) 85 (1) = D fi®) 4 85, () — e

k=1 k=1
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Then, according to the definition of e-subdifferentiability, we deduce that 0 €
ag(z,{;l Jie + 8.75)(x), which in view of Proposition 2.2 is equivalent to

K
0€ ) e fr®) + ) b5, (%),

k=1 teT

Therefore, foreach k = 1,..., K and t € T, there exist ;, ¢, > 0, & € 0¢, fi(X),
and —&; € 0,87, (x) such that

k k
Zék+2€,=6 and Zék—ZfE,:O.
k=1 k=1

teT teT

Equivalently, for each k = 1,..., K and t € T, there exist €;,¢; > 0 and & €
¢, fi(x) such that (§;, x) > (&, x) — ¢, forany x € Fp and ¢t € T, and hence

teT

for any x € Fp. By Lemma 3.1, we conclude that foreachk =1,..., Kandt € T,
there exist ¢, € > 0 and & € ¢, 87 (X) such that

K K
(Z €k <Z €k i> - 261) eclcoD.
k=1 \k=1

teT
The proof is complete. O

In light of Lemmas 3.1 and 3.2, we can obtain the e-optimality theorem under the
robust characteristic cone constraint qualification.

Theorem 3.1 (Approximate optimality theorem) Consider the RSIMSP problem, and
let x € Fp. Then x is an e-solution of RSIMSP if and only if there exist (€;)ieT €

RY e € Ry & € 0 fi(@), k = 1,2,...,K, @ = @ )rer,i € I, and 7 =
ZD),er, where &i(t) € Vl-(t) and 70 = 0,forallt € T andi € I, such that Z,le €+
Y oier € =€ and

K
Yg=Y (zm oa 20 eal .70 zzf,?) : (6)
k=1 teT
m
Yazy, <Z(’) . (éé’) + ZM,"’)) > 0. ™)
teT teT i=1
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Proof Assume that x is an e-solution of RSIMSP, where € > 0. By Lemma 3.2, for
eacht e Tandk =1,2,..., K, there exist €, ¢, > 0 and & € 0, fi(X) such that

Yot 6+ Ler & = € and

(oo 2) e,

1eT : EVI.(’), iel, teT
X {Z (zm oa}l), e, 70 oalg), —z® oa(()t) — r) 70 =0, r® > 0} .
teT

It follows that

K
Zék = Z (Z([) [ C_ZY), Z(t) [ ) L_lg), ey Z(t) [ ] éf,p) .
k=1

teT

K
(ter) - D= D e 7).
k=1

teT teT
for some (7F0),er € R, @ = @ )ier,i € I, and z = GO)er, with @ € V)

and 2 = 0, forallr € T andi € I.
By combining (3) and (3), we get

Yz Y (a-70) = Z()<Zs>

teT teT teT
m
=3 (e (s + S5a)) =0
teT i=1

This proves the first direction.
For the second, assume that there exist (¢;);er € ]R(T), ek € Ry, & € 0 fr(x),
k=12...K &= @"er.i €l adz = (EZ")er, where a” e V" and

z® > 0,forallt € T andi € I, such that the equality Y r_, ex +Y_,c7 & = € holds,
and that (6) and (7) hold. By the definition of the e-subdifferentiality of f, for any
x € R™, we have that

K K K K

Y AW =) AE = <Zék,x —X> - e

k=1 k=1 k=1 k=1
K

= <Z (Z(t) oc_lY), o, Z® ot_l,(,i)) , X —)E> — Zék
k=1

teT
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m m K
-3 (s (Snal) e (Saa)) - 2o
i=1 k=1

teT i=1

m K
> (Z(t) ° (c_l(()t) + Z)_Cic_li(t)>) — Zek — ZG;
teT i=1 k=1 teT
m
=3 <z<’> . (aé” + Zx,-a}”)) —€ > —¢
teT i=1

where the first equality is obtained from (6), the second and third inequalities follow
from (7). Therefore, Zle fr(x) > Zle fr(x) — €, for any x € Fp. Thus, from
Proposition 2.4, x is an e-solution of RSIMSP. This proves the second direction. The
result is established. O

In multi-objective optimization problems, a solution is called Pareto optimal if none
of the objective values can be improved without degrading some of the other objective
values. The following remark is an immediate corollary of Theorem 3.1.

Remark 3.1 1If the vectors (¢;);er € Rf) and (€x)1<k<k € Rf in Theorem 3.1 tend
to the null vector, we obtain (exact) optimality conditions for Pareto solutions.

4 e¢-Duality theorems
The (Wolfe-type) dual problem associated with the RSIMSP problem is the problem

(RSIMSD)

max (fl OEDS (z@ . (aé” +> ymf”)) N 1))

teT i=1

m
—2&@{@+zww»)
teT i=1

K
st. O€ Z e, fr(y) — Z (Z(t) ° aY), 7V o ag), o2V e a,(,f)) ,
k=1 teT
K
Yea<e =020 a"eV? 1eT iel k=12 .. K.
k=1

Note that RSIMSD has the feasibility set

K
Fp = { (v,a0,...,am,2) 1 a; = (af”)td , 7= (z(t)>t€T , 0¢€ Zaékfk(y)
k=1

—Z (z(’) oagl),...,zm oa,(,?),

teT
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K
Ye<e a=0,yeR" o eV 0 -0,
k=1

teT,ieI,k=1,2,...,K}.

Let € > 0. The point (X, do, . . ., @, ) is called an e-solution of RSIMSD if for
any (y’a()v ey Ay Z) € .7:D WehaVe

3 fi(®) — 0o lal + 3 xal
0 i
k=1 i=1

teT

K m
= Z Se) = Z (Z(I) * (a(()t) + Zyia;(t)>> — €.
k=1 i=1

teT

Now, we are ready to establish the e-weak duality theorem, which holds between
the RSIMSP problem and its dual, the RSIMSD problem.

Theorem 4.1 (Approximate weak duality theorem) For any feasible solution x of
RSIMSP and any feasible solution (y, ag, ai, ..., am, z) of RSIMSD, we have

K K m
PG EDIINEDS (z“) . (aé” + ymf”)) —e.
k=1 k=1

teT i=1

Proof Letx and (y, ag, ai, .. ., ay, z) be feasible solutions of RSIMSP and RSIMSD,
respectively. Then a; = (ai(t))teT and z = (z\V);c7, where al.(’) c Vl,(’) and 70 = 0,
forallt € T and i € I, and the inequality > ,.;(z @ (aét) + >0, xiai(t))) >0
holds. It follows that, for each k = 1,2, ..., K, there exist ¢, > 0, & € 9, fr(x)
such that Z,le &= jer (z(’) . aY), 7 o ag), . z0 e a,&?) and Z,f:] €x < €.
Then, by the definition of the e-subdifferentiability, we have that

K K m
> s (3003 (<00 (2 + 3 met)))
k=1 k=1

teT i=1
K K m
> <Z§k’x _ y> _ Zek + Z (Z(t) N (a(()t) + Zyiai(t))>
k=1 k=1 teT i=1
K
= <Z (z(t) o aY), 7V e ag), oz a,S?) X — y> - Zek
teT k=1
m
(e (o o))
teT i=1
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m K
= Z (z(t) ° (a(()ﬂ + inal.(l)>) — Zek
i=1 k=1

teT

IV
|
2
%
|
m

The proof is complete. O

Now, we state and prove the e-strong duality, which holds theorem between
RSIMSP and RSIMSD under the robust characteristic cone constraint qualification.

Theorem 4.2 (Approximate strong duality theorem) Assume that the robust charac-

teristic cone D is closed and convex. If x is an e-solution of RSIMSP, then there exist

a; = (al.(t)),eT,i €1, and z = (z),er, where al.(t) € Vl.([) and 7V = 0, forallt € T

andi € I, such that (x, ag, ai, ..., am, 2) is a 2e-solution of RSIMSD.

Proof Let x be an e-solution of RSIMSP, then by using Theorem 3.1, there exist
T - - - .

(e)ier € RY) ek € Ry & € e fi(B). k= 1.2,.... K. & = @")ier.i € I, and

7 = (ZD),er, where Ezl.(’) € Vl.(') and 2 > 0, forallr € T and i € I, such that

K K
Yat+) a=e > b= (Z(’) eal” zWeal" ... 70 .a},?) ,
k=1 k=1

teT teT
m
and Ze, > Z (Z(’) ° (C_l(()t) + Z)Eic_zi(l)>> > 0.
teT teT i=1
Therefore, the point (x, ag, ai, ..., am, z) is a feasible solution for RSIMSD. Then,
using Theorem 4.1, for any feasible solution (y, ag, ai, ..., am, z) of RSIMSD, we
have that
K m
PNAOEDS (z<'> . (ag” + le-c‘%’)))
k=1 teT i=1
K m
- (Z Ji(y) — Z (Z(t) o (a((f) + Zyia,-(t)>)>
k=1 teT i=1
m
z —€ — Z (Z(l) ° (C_Z(()t) + Z-x_lc_ll([)>>
teT i=1
S o
teT
K
:—e—e+Zek > — 2e.
k=1
This means that (x, ag, ai, ..., an, z) is a 2e-solution of RSIMSD. O
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Now, we give the e-strong duality between RSIMSP and RSIMSD under the Slater
condition and the weakened robust characteristic cone constraint qualification.

Corollary 4.1 Assume that the robust Slater condition holds and that the robust
characteristic cone D is convex. If X is an €-solution of RSIMSP, then there exist
a; = (ai(t)),eT,i €1, and z = (zV),cr, where al.(t) € Vl.([) and 7 > 0, forallt € T

andi € I, such that (x, ag, ai, ..., am, 2) is a 2e-solution of RSIMSD.

Proof By Lemma 2.3, the robust characteristic cone D is closed. The result immedi-
ately follows from Theorem 4.2. O

In the remaining part of this paper, we shall demonstrate in an example that the
approximate weak and strong duality of a second-order cone program hold true even
though the Slater condition fails.

5 Anillustrative example

Throughout this section, we use “,” for adjoining vectors and matrices in a row, and
use “;” for adjoining them in a column. So, for example, if a, and b are vectors, then
(@", b"" = (a; b).

Let £" be the n-dimensional real vector space R x R"~! whose elements are indexed
from 0. For each vector x € £", we write X for the sub-vector consisting of entries 1
through n — 1; therefore x = (x¢; X).

The nth-dimensional second-order cone (also known as the quadratic or Lorentz
cone) is defined as

&= {0 H) e Rx R 1 xo = 1}

where || - || denotes the Euclidean norm.
X0 3
&

X1
X2

The cone 8_’11 is closed, pointed (i.e., it does not contain a pair of opposite nonzero
vectors) and convex with nonempty interior in R”. It is also known that £/ is self-dual
(i.e., it equals its dual cone), and homogeneous (i.e., its automorphism group acts
transitively on its interior). Therfore, the cone £ is symmetric [22, 27]. The graph to
the right shows the 3rd-dimensional second-order cone Ei.

Table 2 lists some notions from the Euclidean Jordan algebra associated with the
second-order cone.
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Table 2 Some notions associated with the Jordan algebra of the second-order cone

Notion Definition

Euclidean Jordan algebra EN = {(xo; X):xpeR,x € R"*I}
Identity vector e:=(1;0) €&

Jordan product o : E" x E" — &£ Xoy:= (xTy; xoy + yoi>

Square of x x2i=xox= (\lx\|2;2x0)?>

Cone of squares Ken = {x2 ix € 8"} =&
Frobenius inner product @ : £" x £" — R xey:i=xly

Frobenius norm lx|| ;== /X 0x = VxTx

In this section, we consider the robust semi-infinite multi-objective convex second-
order cone programming problem:

min (x1 —i—x%; xl)

(RSIMSOCP) { s.t. al + x1a\" + x2al = 0, 1t € [0, 1],
a” eV c & relo1,i=0,1,2,

where V(l), Vl(t) and Vét), t € [0, 1], are the uncertainty subsets:

Vét) = {(ug); 0; u(()t)> : u(()t) € [—1, 0]},
Vl(t) = {(1; u(lt); 1) : ugt) € [—t, t]},

Vét) = {(ug); 0; u§[)> : ug) = t} .

Now, for any ¢ € [0, 1], we have

u(()t) +x1 + xzug)

() ) _ )
, =

a(()l) —I—xla1 4+ x2a
u(()t) + X1 + x2u,

One can see that Fp = {(x1; x2) : x;1 = 0, xp > 1} is the set of all robust feasible
solutions of RSIMSOCP. Let € > 0, then Sz, = {(0; x2) : 1 < x < /1 +¢€}isthe
set of all e-solutions of RSIMSOCP.

The robust characteristic cone is

T T T
D= U {Z (Z(r) ait); 0 aér); —;0 a(()t) _ r(t)) -0 ¢ gi’ PORS 0} )
a’ev?.i=0.12, rer \1€T
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Note that z(” € £3 means that z(()t) > H (ZY), b2 ) H = ((Z(l‘))2 + (Z(t))2)1/2~ It follows
that

p= U { Z( R e E A P

ul el—1,00,uy) =1, 1€T

u(ll>e[—t,t], teT

2 2
_ (Z(()t) + Zg)) u(()t) _ r(z)) :Z(()t) > <Zit)> + (th)) O > 0}’

which is the set R x R4 x R, hence D is closed and convex.
It is clear that a(()t) +x a{t) + xgag) is on the boundary of the second-order cone
for any (x1; x3) € Fp, hence the robust Slater condition fails.

We now formulate the Wolf dual problem, RSIMSOCD, of RSIMSOCP as follows

(RSIMSOCD)

T
max (yl + y% - Z (Z(l) ( " 4 yla1 ) 4+ yza(t)>)

teT

-
yl—Z(z(’) ( O 4 g +y2a(’)))>

teT
T T
st 0€00 i) +da o0 = Y (27 af”, 2 ag)) :
teT
€1+ e <e, 61>O 62>0 z(')€53 t V(t),tET 0,192-

LetUd = [—t,0] x [—t, t] x {t}. Then the feasible set Fp is

Fp = { (1320, a0, 20) € B2 x U x 11 (0,0) € By i(31, 2) + B 201, 32)

T
- Z <z(’) a{') + 70 ag)) ,

teT

ateas<ee=0e=0a" eV’ teT,i=0,1,2}

(v 32,0 0", 20) e R x U x €1 0,0) € (2}
X [2y2 = 2Ver €2, 20 + 2/€ T &)
— Z (( % +z(t) % +z(t)) ) ( ((f) + 5”) ug)), €1 +e <e€€ >0,

©>0,a"eV? teT,i=0, 1,2}

(yl,yz,aé), al", g),z“)> eRZxUXEL 12y — 2/ + &2
=D (& +2)ud s2m 2V T e,

teT

Z( O 420y +z(’>) =2 ei+ea<e e20,6>0,a" eV 1eT,i=0, 1,2}.
teT
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Then, for any (x1, x2) € Fp and any (y1, y2, a((f), al, ag), z(’)) € Fp, we have,

with x; = 0 and x, > y», that

fl(X1,X2)+f2(X1,X2)—(fl(ylym)-i-fz(yl,yz)—Z(z(’) (O)-i-yla + 14 )))

teT

= x% -y — y% -+ Z ((Zg) + g)> ug) + (z{)” + zi”uin + z;”) yi+ ( o + ZO)) ; yz)
teT

> (2n+2/e+e)(xa—y) —a+ ( 2+ Z( &+ z(')u([) +z([))) yI—e€

teT

N Z (( o (r)) u + ( 0 Zg)) u;nyz))
> Z ( o + Z(zr)) u(zr) (X2 —y2) —€1 —€2+ Z (( o + Z(r)> ug) + < % + Zé”) ug)y2>

teT teT
= Z (Zg) + Zg)> (M(t)xz + M(()t)> — €] — €2
teT
_ ol (,© ) %)
_Z(Z (ao +0.a," + x2a, ))—61—62
teT
> —€] —€ = — €.

Also, for any (x1, x) € Fp and any (y1, 2, “0 , al ag) 7)Y e Fp, we have, with
x1 = 0and xo < y», that

f1(x1, x2) + fa(xy, x2) — (fl 01, 32) + 201, 32) — Z (Z(”T (a((f) + }’IGY) + yzam))>

teT
=Yy + Z (( OR (t)) ug) + ( Q) +Z(t> 0] +z(')> v+ ( Q) +Z(t)> ug)m)

> (2y2 —2J€; +€2) (x2 —y2) —€1 + ( 2+ Z ( % +Z(t) 04 Z(t))) VI —€
teT
s (( o (t)) u + ( 0 zé’)) u;»yz) )
teT
> Z (Zg) +Zg)) D —y)—e—e+ Z (( ) 4 (t)> u® Jr( Q) +Zm> ug’)yz)
teT teT

= Z ( o + zé”) (u(t)xz + u(t)> — €1 —€
= Z (z(’) (a((f) + O.aY) + xzaé”)) —€—e

teT
> —€] —€ = — €

This implies that for any (x1, x2) € Fp and any (y1, y2, a(()t), al, ag), 20y e Fp, we

have

Fixnx2) + falrn,x2) = (ﬁ G192 + foOn) = 3 (2 (@ + yiaf” + yza“))))

teT
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- e ®)

Therefore, the approximate weak duality theorem (Theorem 4.1) holds.

For the strong duality, let (X1, X2) = (0, /1 +€) € Spp, €1+ = (V1 +€— 1)2.
Let also

214+ € — 2 /€1 + e —1
0 cal’=| o, a”=|-1/, and
0 ~1 1

7O —

c_zg)z , teT.

—_— O =

One can see that (x1, X7, Ezg), &ﬁ , Zzg), Z(t)) € Fp for t € T. Furthermore, for any

1, y2, a(()t), al, ag), M) € Fp, we have that

o . ~7 (= _ o
S1Ge1, x2) + fo(x1, x2) — Z (Z(l) (“(()t) + 5iay” +x2“§t)>)

teT
.
=101, y2) — 2001, y2) + Z (z(’) (a(()’) + ylafl) n yzaé”)))
teT
T (- o o
=z —€— Z (Z(t) (a(()t) + xlait) + XQag)))

teT

—6—(2v1+ —2\/61~|—62'(—1~|—\/1+€)
:—6—<(\/1+6—\/€1+62—1)2—61—62+6>

=—€+e€1+e—€e> —2¢

where we used (8) to obtain the first inequality. Thus, the approximate strong duality
theorem (Theorem 4.2) also holds.
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