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Abstract

In this paper, we consider a locally convex cone (P, V) and verify the dual of
(Conv(P), V) the locally convex cone of the non-empty convex subsets of P. Under
some semilattice conditions, we characterize the dual of Conv( o (Conv(P)).
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1 Introduction

Duality theory is a powerfull technique to study a wide class of related problems in
pure and applied mathematics. For example the Hahn-Banach extension and separation
theorems studied by means of duals (see [8]). The collection of all non-empty convex
subsets of a cone (or a vector space) is interesting in convexity and approximation
theory (for example see [5]). This collection is a cone. We consider the non-empty
convex subsets of a cone P, denoted by Conv(P), and verify the dual of it, when P
is a locally convex cone. We note that some elements of the dual of Conv(P) have
already been introduced (see [6], I: Example 2.1(e) and Example 5.31 (b)). Firstly we
review the structure of locally convex cones briefly:

A nonempty set P endowed with an addition and a scalar multiplication for nonnega-
tivereal numbers is called a cone whenever the addition is associative and commutative,
there is a neutral element 0 € P and for the scalar multiplication the usual associa-
tive and distributive properties hold, that is «(Ba) = (aB)a, (¢ + B)a = aa + Ba,
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a(a +b) = aa + ab, la = a and Oa = O for all a, b € P and nonnegative reals o
and 8.

The theory of locally convex cones as introduced and developed by K. Keimel and
W. Roth in [4]. It uses an order theoretical concept or a convex quasi-uniform structure
on a cone. In this paper, we use the former. For some recent researches see [1-3, 7].

A (preordered cone) is a cone P endowed with a preorder (reflexive transitive
relation) < which is compatible with the addition and scalar multiplication, that is
x < yimpliesx +z < y+zandr-x < r-yforall x,y,z € Pandr €
Ry ={r €e R : r > 0}. Every ordered vector space is an ordered cone. The cones
R = RU{+o0}and Ry = R U {400}, with the usual order and algebraic operations
(specially O - (+00) = 0), are ordered cones that are not embeddable in vector spaces.

A subset V of a preordered cone P is called an (abstract) 0O-neighborhood system,
if
(v1) O <vforallv eV,

(vp) forallu,v e Vthereisaw € V withw < wu and w < v;
(v3) u4+veVandav € V whenever u,v € Vand o > 0.

Leta € Pand v € V. We define v(a) = {b € P | b < a + v}, resp. (a)v =
{b € P|a < b+ v}, to be a neighborhood of a in the upper, resp. lower topologies
on P. The common refinement of the upper and lower topologies is called symmetric
topology. We denote the neighborhoods of a in the symmetric topology by v(a)v. The
pair (P, V) is called a full locally convex cone if the elements of P are bounded below,
i.e. forevery a € P and v € V we have 0 < a + pv for some p > 0. Each subcone
of P, not necessarily containing V, is called a locally convex cone.

We note that if (Q, V) is a locally convex cone, @ @ (V U {0}) with the algebraic
operation

(a,v1) + (b, v2) = (@ + b, v +v2),
a(a,v) = (aa, avy),

and the preorder

(@0 <®,0)sa<bh
0,v1) =0, 1) & v <m
(@,0) <, v) & a<b+u,

foralla,b € Q,vi,v2 € Vanda € RT, (Q @ (VU {0}), V) is a full locally convex
cone which Q and V can be embedded in Q & (V U {0}) by the mappings a — (a, 0)
andv — (0,v) foralla € Qandv € V.

For cones P and Q amapping ¢ : P — Q is called a linear operator ift(a+b) =
t(a) + t(b) and t(xa) = at(a) hold fora, b € P and « > 0.

A linear functional on a cone P is a linear mapping  : P — R.

Let (P,V) and (Q, W) be two locally convex cones. The linear operator ¢ :
(P, V) — (Q, W) is called uniformly continuous or simply u-continuous if for every
w € Wonecan findav € Vsuch that a < b + v implies t(a) < t(b) + w. It is
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easy to see that the u-continuity implies continuity with respect to the upper, lower
and symmetric topologies on P and Q.

According to the definition of u-continuity, a linear functional x on (P, V) is u-
continuous if there is a v € V such that a < b + v implies u(a) < wu(b) + 1. The
u-continuous linear functionals on a locally convex cone (P, V) (into R) form a cone
with the usual addition and scalar multiplication of functions. This cone is called the
dual cone of P and denoted by P*.

For a locally convex cone (P, V), the polar v° of v € V consists of all linear
functionals p on P satisfying w(a) < pu(b) + 1 whenevera < b+ v fora, b € P. We
have U{v° : v € V} = P*. The cones R and R = {a € R : a > 0} with (abstract)
0-neighborhood V = {¢ > 0 : ¢ € R} are locally convex cones. The dual cones of
R and R, under V consists of all nonnegative reals and the functional Os, such that
0so(a) = 0 forall @ € R and Ogg(400) = +00.

2 Dual of the cone of non-empty convex sets of a locally convex cone

A subset A of a cone P is said convex, if \a + (1 — A)b € A, whenever a, b € P and
0 < A < 1. Let P be a preordered cone and Conv(P) be the cone of all non-empty
convex subsets of P, endowed with the usual addition and multiplication of sets by non-
negative scalars, thatis«A = {@a |a € A}and A+ B ={a+b|a € Aand b € B}
for A, B € Conv(P) and « > 0. We consider the order on Conv(P) by

A<B if AC|B,

where | B = {x € P|x < b for some b € B} is the decreasing hull of the set B in P.
Note that | B is again a convex subset of P. The requirements for a preordered cone
are easily checked. The neighborhood system in Conv(P)is V := {v = {v} | v € V},
that is

A<B+7 if AC| (B+{v)

for A, B € Conv(P) and U € V. The cone Conv(P) with (abstract) 0-neighborhood
system V) is a locally convex cone. Via the embedding x — {x} : P — Conv(P)
the preordered cone P itself may be considered as a subcone of Conv(P) (see [6], I,
Example 1.4 (c)).

Definition 1 We say that a preordered cone P is a \/-semilattice cone if the order of
‘P is antisymmetric and if
(\/ 1) every non-empty subset A C P has a supremum sup A € P and sup(A + b) =
sup A + b hold for all b € P.

Moreover, if P with an abstract neighborhood system V is a locally convex cone
and
(\V/2)for# #ACP,bePandv e Vsuchthata < b+ vforalla € A, we have
supA < b+,
then (P, V) is said a \/-semilattice locally convex cone.

@ Springer



73 Page4of13 A. Dastouri, A. Ranjbari

In particular, every \/-semilattice cone P contains a largest element, that is +0c0 =
sup P, which can be adjoined as a maximal element to any \/-semilattice cone with
the convention that a + (+00) = 400, o - (+00) = +00,0- (+00) =0anda < 400
foralla € Pand o > 0.

Remark 1 We note that the condition (\/2) of definition 1 is necessary and the defi-
nition of supremum does not imply this condition in locally convex cones necessarily.
We show this in the following example.

Example1 Let Rbe asaconeand V = {€ = (—00,€) : € € R.g}.
Let

P ={(a,B) : acRand B € VU {{0}}}.
We define
(a,B)+(c+D)=(a+c, B+ D),
and
Ma, B) = (Aa, AB)
for all (a, B), (c, D) € P. Also, we define the preorder

a<c if B=D = {0}

(a,B)E(c,D)©{a+Bgc+D it D # {0} °

for all (a, B), (c, D) € P. Then (P, V) is a full locally convex cone. Now, we can
embedded Rin P by a — (a, {0}) and we can consider R as a subcone of P. We have

a<b+es (a{0}) < (—00,¢€) & {a}) S (—00,b+¢€)&ae(—00,b+e).

Now, for the set A = (0,5) C R, by considering the embedding, we have A =
{(a,{0}) : a€ (0,5} Letb=4and 1 = (—o0, 1) € V. Then

ac0,5 sac(0,4+1)=ac(—co,4+1)

for all (a, {0}) € A, i.e.
a<4+1,
foralla € A = (0, 5). On the other hand, sup A = 5 (in R) and we have
5¢(-00,5) =(-00,4+ 1) = (5,{0}) £ 4, {0}) + (0, (=00, 1)),

i.e. 5 £ 4+ 1. Although, P is not a \/-semilattice cone, R is a \/-semilattice cone.
Also, the locally convex cone (R, V) is not a \/-semilattice locally convex cone.
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Remark 2 We note that definition 1 is similar to the definition of “locally convex \/-
semilattice cone" in [6], I, 5.4. In this definition, the order do not coincide with the
weak preorder necessarily.

We define Conv™ (P) := Conv(Conv"~ ' (P)) forn = 2,3, ... and Conv'(P) =
Conv(P). Let

{a}":=={-Aa} -} ey
T
n times n times

for all @ € P. It is easy to see that {a}" € Conv"(P) for all n € N. This shows that
‘P is embedded in Conv™ (P) (the mapping a —> {a}" is the embedding). The cone
Conv"(P) with the (abstract) 0-neighborhood system V'isa locally convex cone,
where V" := " =" v eV}

Example 2 For the cone R, we have A! = [0, 1] € Conv(R) , A2 = {[0,a] | ,a €
[0, 1]} is an element of Conv?(R) and A% = {{[0,a]|,a € [0, b]} | b € [0, 1]} is an
element of Conv3(R).

For the element A" of Conv" (P) we define
sup®(A") == sup{supS(A”_l) | A" e Ay

forn = 2,3,...and sup®(A') = sup A. It is easy to see that sup®(A") € P for all
n e N.
The following lemma is an special case of Lemma 5.5 of [6].

Lemma 1 Let P be a \/ —semilattice cone and {A;};er be a collection of non-empty
subsets of P. Then

sup (U A,-) =sup{supA; |i € I}.

iel

Proof Let a € | J;; Ai be arbitrary. Then there exists i € I such thata € A;. We
have a < sup A; and soa < sup{sup A; | i € I}. Then

sup (U A,-) < sup{sup A; |i € I}.

iel

On the other hand, sup A; < sup(| J;.; A;) for all i € I. This conclude that

iel

{supA; |i eI} <sup (UA,).

iel

O
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Remark 3 Wenote that A2 € Conv?(P) but the elements of A% belong to Conv!(P) =
Conv(P). This implies that the union of the elements of A% (|J 142 A') belongs
to the power set of P. Also, A3 € Conv3(P) and the elements of A3 belong to
Conv?(P). Then the union of the elements of A3 (U 42 cA3 A?) belongs to the power
set of Conv?(P) and the union of these sets (Unzeas Uptea? A') belongs again to
the power set of P. By continuing this process, we conclude that A" € Conv" (P) and
the elements of A" belong to Conv™~!(P). Then

U uJ uaA
An—legAn AZeA3 AleA?

belongs to the power set of P. By Lemma 1, we have

sup®(A™) = sup U U U Al

An—leAn A2eA3 AleA?
Let P be a cone and 11 : P — R be a functional. We define
w(A) :==sup{u(a)|a € A}, A € Conv(P),
moreover, if P is a \/-semilattice cone, we define
(A) := u(sup A), A e Conv(P).

Lemma2 Let (P, V) be a locally convex cone and ju € P*. Then x € Conv(P)*.
Moreover, if (P, V) is \/-semilattice locally convex cone, then & € Conv(P)*.

Proof We have

(A + B) =sup{u(aa+b)|aec A, be B}
= sup{apu(a) + u) |a e A, b € B}
— asuplu(a) | a € A} +sup{u(b) | b € B)
=an(A) + 1(B),

forall A, B € Conv(P) and all « > 0. So it is linear.
Now, if (P, V) is \/-semilattice locally convex cone, then

sup(A + B) = sup (U(A + b))

beB
= sup{sup(A + b) | b € B} (by Lemmal)
=sup{supA+b|b e B}
= sup(A) + sup(B).
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This yields that j.(sup(A + B)) = pu(sup(A)) + u(sup(B)) and then WA+ B) =
w(A) +(B) forall A, B € Conv(P). Also,

(@A) = u(sup(eA)) = u(asup A) = apu(sup A) = aji(A),

foralle > 0 and A € Conv(P). Therefore [z is linear.

Now, we show that 7z and [z are u-continuous extensions of x to Conv(P). Via of
continuity of u, there is a v € V such thata < b + v implies p(a) < u(b) + 1. Let
A <X B + {v}. Then, for each a € A there exists b € B such thata < b + v. We have

(@) < ub) +1= u(a) <sup{u)|be B} +1
= sup{u(a) | a € A} < sup{u(b) | b € B} +1
= (A) <(B) + 1.

This shows that & is u-continuous. Also if (P, V) is \/-semilattice locally convex
cone, we have

a < sup(B) +v = sup(A) <sup(B) +v (by \/2)
= u(sup(A)) < u(sup(B)) +1
= H(A) <TI(B) + 1.

This yields that 7z is u-continuous.
O

Proposition 1 Let P be a preordered cone, i be a monotone functional on P and
1L be a monotone extension of w on Conv(P). Then & < [i. Furthermore, if P is a
\/-semilattice cone, then

n<@i<m ()

Proof Let ;i £ [i. Then there exists A € Conv(P) such that w(A) % H(A) ie.
w(A) < (A) = sup{u(a) | a € A}. Then there exists a € A such that [t(A) <
u(a) = m({a}) (by the supremum property). On the other hand, {a} < A and so
({a}) < p(A). This contradiction yields that 7t < /.

Now, let P be a \/-semilattice cone. Let A € Conv(P) be arbitrary. We have
A < {sup A}. Then Ji(A) < Ji({supA}) = ju(supA) = Ti(A). 0

Let P be a \/-semilattice cone. We denote
Q(P) :={u € L(P) |  is monotone and (A) = &(A), VA € Conv(P)},
where L(P) is the cone of all linear functionals on P.

Corollary 1 Let P be a \/ —semilattice cone. Then the elements of Q (P) have unique
extensions to Conv(P).
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By the assumptions of the Corollary 1, we conclude that the elements of €2 (P) have
unique extensions to Conv”" (P).

Proposition 2 Let P be a \/ —semilattice cone. Then
sup®(A™) + sup®(B") = sup® (A" + B"),

foralln € Nand A", B" € Conv"(P).

Proof Forn = 1,let A! = A and B! = B be elements of Conv!(P) = Conv(P).
We have

sup®*(A + B) = sup (U(A + b))

beB
= sup{sup(A +b) | b € B} (by Lemma 1)
=sup{supA+b|b e B}
= sup®(A) + sup®(B).

Now, let
supS(An—l) +SupS(Bn—l) — SupS(An—l + Bn—l)'
Then

sup® (A" + B") = sup* (A" + B""' | A" € A", B""! € B"))
= sup({sup* (A" ' + B" Y| A" L e A", B" ! € B"})
= sup({sup* (A" V) +sup*(B" 1) | A"V e A", B! € B"})
= sup({sup* (A" 1) | A" € A"}
+ sup({sup® (B"~') | B"~' € B"})
= sup®(A") + sup®(B").

m}

Let coh(F) denote the convex hull of the set F', the smallest convex set containing
F. We set

coh® (A") := coh({coh® (A"~1) | A"~ € A"} U {sup®(A")}")

forn =2,3,...and coh®*(A') = coh(A U {sup(A))}).

Proposition 3 Let P be a \/ —semilattice cone. Then
sup(coh®(A™)) = sup(A"),

all A" € Conv"(P) andn € N.
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Proof First we show that sup(cohs(Al)) = sup(Al). Let x € coh®(A') be arbitrary.
Then there are Ay, Ay, ..., A > O and ay,ap,...,ar € Al U {sup(Al)} such that
Zle A = 1land x = ZL] Aia;. On the other hand, A;a; < A; sup(A') for all
i=1,2,..., k. We have

k k
X = Zkiai < ZAI- sup Al = sup(A]).
i=1 i=1
This yields that
sup(coh’ (A")) = sup(A),
since sup(Al) € coh®(A).

Now, let sup(coh® (A" 1)) = sup(A"~!) for all A”~! e Conv"~'(P). Con-
sider A" € Conv"(P) and X € coh®(A™). Then there are Ay, Ay, ..., Ax > 0
and A", ASTY L ADT! € A" U (sup(A™))” such that 3 4 = 1and X =
S5, hicoh® (A"™1). On the other hand,

hicoh® (A} ™YY < hilsup® (coh® (A7) = {sup® (A7) < di(sup® (A",
foralli =1,2,...,k.So

k k
X =" nicoh® (AL =Y hilsup® (A" = {sup* (A")",
i=1 i=1
and so
sup®(X) < sup®(A").
Since {sup®(A™)}" € coh’(A"), we have
sup®(coh® (A™)) = sup®(A").
O
Remark 4 By Proposition 3 and by considering the construction of coh® (A™), we have
{sup® (coh®* (A")}" € coh®(A™)
foralln € N.

Example3 For the cone R, we have {0}, {0,400} € Conv(R) and A% =
{{0}, {0, +-00}} is an element of Conv?(R). We have sup* (A%) = sup{0, +00} = 400
and coh® (A?) = {{0}, {0, 400}, {+00}}.
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For every positive integer n we introduce
Conv" (P) := {coh®*(A") | A" € ConV"(P)}.

Theorem 1 Let P be a \/ —semilattice cone. Then Convs"(P) is a subcone of
Conv"(P) foralln € N.

Proof Let A, B € Conv,' (P). Then there exist A!, B! € Canv(P) such that
A = coh®(A") = coh(A" U {sup(A"})
and
B = coh®(B") = coh(B' U {sup(B")}).
We conclude that A, B € Canv(P). Put A+ B = C. We have
sup(A) + sup(B) = sup(A + B) = sup(C),

by Proposition 2 (for case n = 1). Since A, BB contain their suprema, then C contains
its supremum. Hence

C = coh(C U {sup(C)}) = coh®(C),
which conclude that C € Convy 1 (P). On the other hand, for each o > 0,
a A = acoh® (A" = coh® (@A) = coh(a A U {sup(aA")}),

andsoa.A € Convg! (P). Hence Convg ' (P) is asubcone of Conv(P). For completion
of induction, first we show that Convy"T!1(P) € Conv"T!(P). For this, let A €
Convy"t1(P). There is A"T! € Canv™*!(P) such that A = coh® (A1) and so

A = coh® (A" = coh({coh® (A") | A" € AT} U {sup® (A"TH}).
Let X € A be arbitrary. There exist Ay, A2, ..., Ar > 0 and A}, A7,..., A} €

A" U {sup(A"H))" such that 35 A = 1and X = Y°F_| A;coh®(A7). On the
other hand, A;coh® (A?) € Conv"(P),foralli =1,2,..., k. Hence

k
X = Z)Licohs(A;‘) € Conv" (P),
i=1

and then A € Canv"(P).
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Now, let A, B € Conv,""!(P). Then for all X € A C Canv’(P)and ) € B C
Canvy(P), we have X + ) € Canv} (P). By Proposition 3 and Remark 4, we have
{sup®(A)}" € A and {sup®(B)}" € B. Also, by Proposition 2, we have

{sup*(A+B)" e A+ B,
and then
A+ B =coh({coh®(Z)| Z € A+ B}U {sup® (A + B)}" .

Now, by considering the properties of sup and coh (convex hull of a set), we have
aA € Conv," 1 (P) foralla > 0 and A € Conv," T (P). O

Now, we characterize the elements of Conv," (P)*. First we recall a theorem.

Theorem 2 ([4], 11, 2.9) Let Q be subcone of the locally convex cone (P, V). Then
every u-continuous linear functional on Q can be extended to a u-continuous linear
functional on P.

Theorem 3 If (P, V) is a \/-semilattice locally convex cone, then for all n € N,
(Conv™(P))* and P* coincide, in the sense that any vector of P* has a unique
extension to a vector of (Conv" (P))* and conversely any vector (Conv" (P))* can
be restricted to a vector of P*.

Proof By considering (1) we can embed P into Conv;" (P). It is easy to see that the
restriction of each element of Convs" (P)* on P belongs to P* and by Theorem 2, the
extension of each element of P* to Conv," (P) is an element of Conv," (P)*. So it
is sufficient to show that each element of P* has a unique extension in Conv," (P)*.
Let o € P*. Define (f1)" as follows:

(i)' (A) := [i(A) = sup{u(a) | a € A} (A € Convs(P)), (3)

and
()" (A") = sup{()" "1 (A" | A" 1 € A"} (A" € Conv"(P)), ()
forn = 2,3, .... By Lemma 2, the functional (/1)] is u-continuous and by repeat-

ing this process (jz)" is u-continuous too. We have (1)'(A) = u(sup®(A)) and
(W)™(AY) = ()" ({sup®(A™)}"~1), since A contains sup A. By Remark 4 and
Proposition 2 the mapping (f2)" is an extension of u to Convs" (P). Let ¢, be another
u-continuous extension of u to Convg" (P) (which exists by Theorem 2). We show
that 9, = "

Let A" € Convl(P). Since A" < {sup*(A™)}" and {sup®(A™)}" < A", then
On(A") < 0 ({sup®(A™)}") and 9, ({sup®(A")}") < 9,(A,) and so

I (A") = O (fsup® (AN} = pn({sup® (A")}") = (" {sup® (AM}") = (W)" (A").
This completes the proof. O
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In the following example we consider the locally convex cone E and we characterize
all elements of the dual of the locally convex cone (Conv" (R), Vn), where V = {€ >
0le eR}.

Example 4 We know that R is a \/ —semilattice locally convex cone. It is easy to see
that

Convs(R) = {[a, b], (c, d], (—00, d], {e}, AU {+o0} | A € Conv(R),
a,b,c,d,e e Rwitha < b and ¢ < d}
= Conv(R)\{(a, b), (—o0, b), [c,d) | a, b, c,d € R}.

According to Theorem 3, (Conv" (R))* and R* coincide, in the sense that any vector
of R* has a unique extension to a vector of (Conv" (R))* and conversely any vector
(Conv™(R))* can be restricted to a vector of R* for all n € N.

Since Q[R) = K*\{Ooo} = R*, every element of R* has a unique extension
in (Conv"(R))* by Corollary 1. The element Oy, violates the 2 condition at just

one poi_nt +00. So two different extensions @(A) and O can be written for it in
Conv(R)* as the following:

0o (A) = sup{Ono(a)|a € A} =0,
0o (A) = Ono(sup A) = 0,

forall A € Conv(@) which sup(A) # +o0,

0o (A) = sup{Ouo(@)|a € A} = 400,
0o (A) = Ono(sup A) = +00,

for A € Conv(R) with 400 € A and

00(A) = sup{Ong(@)]a € A} =0,
000 (A) = Osg(sup A) = 00(00) = +00,

forall A € Q, where Q := {A € Conv(R) | sup(A) = +ooand 4 oo ¢ A}. Let
y be another extension of O to Conv(@). Then y(A) = 00 (A) = ﬁ(A) = 0 for
all A € Conv(R) which sup(A) # +00 and y(A) = 0o (A) = 0o (A) = o0 for
A € Conv(R) with +00 € A, by Theorem 3. Now, let A, B € Q. Itis easy to see that
A <X Band B < A and then y(A) = y(B). In particular, y(A) = y(aA)_: ay(A)
since «A € Q for all positive reals «. By the above consideration y = Os = 0 or
Y= @ = 400 on Q. Therefore O and @ are only extensions of O, On Conv(R).
This yields that (Conv(R))*\ {0, 0o} and R coincide.
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Now, we show that the extensions of the mappings 00 and @ to the cone Conv" (K)

are unique: Let Og and_()%.on be the extensions of 0o and 0o, on Conv™(R), respec-
tively. Let A € Conv™ (R)\Conv"(R). Then {+o0}" < A and A < {+o0}". These
yield that

0o (A) = 000" ({00}") = 0o (+00) = +00,
0o (A) = 0oy ({00}") = g (+00) = +00.

On the other hand, if A € Conv"(R), then A < {(0, —}-oo)_}”_1 and so E(A) < 0.
Also there exists a € R such that {a}" < A. Then 0 = 0" ({a}") < 0co (A). We
conclude that Ooon (A) =0forall A € Conv"(R).

If there is b € R such that A < {b}", then Oxc(A) < 0 and 50 Ooo(A) = 0 by
the similar way which applied for 0o (A). Otherwise {b}" < A forall b € R. Then

{(0, +00)}" 1 < A and 50 +00 = 0o ({(0, +00)}"~1) < Ouo(A). This yields that

0o (A) = +00. We conclude that the elements of (Conv”(R))* are all non-negative

reals, O and 0w forall n € N. Also we have showed that the cones (Conv(R))*
and (Conv™ (R))* coincide.

— — —x ..
We conclude that (Conv™(R))*\{0s , 000 } and R coincide.
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