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Abstract

We focus on two topics that are related to moduli of elements in partially ordered
vector spaces. First, we relate operators that preserve moduli to generalized notions
of lattice homomorphisms, such as Riesz homomorphisms, Riesz* homomorphisms,
and positive disjointness preserving operators. We also consider complete Riesz homo-
morphisms, which generalize order continuous lattice homomorphisms. Second, we
characterize elements with a modulus by means of disjoint elements and apply this
result to obtain moduli of functionals and operators in various settings. On spaces of
continuous functions, we identify those differences of Riesz* homomorphisms that
have a modulus. Many of our results for pre-Riesz spaces of continuous functions lead
to results on order unit spaces, where the functional representation is used.
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1 Introduction

One of the important features of the lattice structure in a vector lattice is that every
element x has a modulus |x|. In a partially ordered vector space that is not a lattice,
some elements do have a modulus and some do not. As a first theme in this paper,
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we study operators that preserve moduli, and related notions of homomorphisms. The
second theme is to characterize the elements in a pre-Riesz space that have a modulus.

In vector lattices, Riesz homomorphisms are the linear operators that preserve
moduli. Various generalizations to partially ordered vector spaces have been studied,
such as Riesz* homomorphisms [10] and Riesz homomorphisms [5]. Complete Riesz
homomorphisms [5] generalize the notion of order continuous Riesz homomorphisms
on vector lattices. These notions of homomorphisms in partially ordered vector spaces
are defined by means of relations of sets of upper bounds. Furthermore, one consid-
ers operators that preserve moduli or disjointness. We establish new properties and
relations between these classes of homomorphisms.

Concerning the second theme, it is difficult, in general, to determine which elements
have a modulus, in particular in spaces of operators. For operators between vector
lattices, the modulus of an operator is known to be given by the Riesz-Kantorovich
formula only in specific cases. We characterize elements with a modulus in pre-Riesz
spaces. Hereby, we use vector lattice covers of pre-Riesz spaces. In particular, we
consider moduli of functionals and certain instances of operators on order unit spaces.

A large part of the paper deals with pre-Riesz spaces of continuous functions. These
results can be applied to order unit spaces by means of their functional representa-
tions. More precisely, we consider an order unit space (X, K, u) and its functional
representation ®: X — C(A), where A consists of the extreme points of the set of
positive linear functionals ¢: X — R with ¢(u) = 1, and where we consider the
weak-# topology on the dual of X. Hayes [11, Corollary 1] has established that the
elements of A are exactly the nonzero Riesz homomorphisms on X scaled to be one
at u, and it is due to van Haandel [10, Theorem 5.10(iii)] that A consists of the scaled
nonzero Riesz* homomorphisms. So far, it has been unknown which elements of A
are complete Riesz homomorphisms.

The first theme (homomorphisms) is investigated in the Sects. 3—6 and 8, whereas
the second theme (existence of moduli) is considered in the Sects. 7 and 9. Note
that the discussions of the two themes are not strictly separated, as the themes are
interrelated. The necessary preliminaries are listed in Sect. 2. In Sect. 3, we prove
some new properties of the van Haandel extension of Riesz* homomorphisms, and
Sect. 4 is devoted to basic properties of Riesz* homomorphisms and complete Riesz
homomorphisms on order unit spaces. In Sect. 5, we show that the scaled nonzero
complete Riesz homomorphisms from X toR are the ¢ € A for which {¢} is openin A,
see Proposition 24 below. On pre-Riesz spaces, every complete Riesz homomorphism
is an order continuous Riesz homomorphism [9, Proposition 2.3.20]. Example 26
below shows that the converse is not true even for functionals.

Our results on relations of homomorphisms (Sects. 6 and 8) are summarized in the
following scheme.
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In Sect. 6, we show that if A = A, that is, every Riesz* homomorphism from X to
R is a Riesz homomorphism, then every Riesz* homomorphism from X to Y is a Riesz
homomorphism, where Y is an arbitrary order unit space. Similarly, if A is discrete,
i.e., every Riesz* homomorphism from X into R is a complete Riesz homomorphism,
then every Riesz* homomorphism from X to Y is a complete Riesz homomorphism,
see Theorem 29 below.

In Riesz spaces, an operator is a Riesz homomorphism if and only if it is a positive
disjointness preserving operator. In pre-Riesz spaces, every Riesz* homomorphism is
positive and disjointness preserving [9, Theorem 5.1.12], and the converse is not true, in
general [13, Example 2.29]. In Sect. 8, we provide sufficient conditions on the domain
such that every positive disjointness preserving operator is a Riesz* homomorphism.
More precisely, if P is a nonempty compact Hausdorff space and X is an order dense
subspace of C(P) such that the points of P are separated by disjoint elements of X
(condition (SD)), we show that every positive disjointness preserving operator from
X into an appropriate range space is a Riesz* homomorphism, see Theorem 49 below.
A similar result for order unit spaces follows in Corollary 51.

Concerning the second theme, in Sect. 7, we show that an element x of a pre-Riesz
space X has a modulus if and only if |i(x)| € i[X], where i: X — Y embeds into
a vector lattice cover Y of X, see Theorem 35(ii) below. We also relate the modulus
to disjointness and show that the existence of |x| is equivalent to the existence of two
positive disjoint elements @ and b in X with x = a — b, see Lemma 34. Consequently,
an operator preserves moduli if and only if it is disjointness preserving on the positive
elements, see Proposition 39. In Sect. 9, we apply these results to functionals and
operators. For some specific cases, we calculate the set of operators with modulus.
For instance, we identify the differences of Riesz* homomorphisms on certain pre-
Riesz spaces of continuous functions that have a modulus, see Proposition 60 and
Theorem 63. This leads to a discussion on the disjointness of Riesz* homomorphisms
in operator spaces.

2 Preliminaries

Let X be a real vector space containing a cone K, i.e., K is convex, AK < K for
every A > 0,and K N (—K) = {0}. The cone K induces a partial order < in X by
x < yify—x € K. We call (X, K) a partially ordered vector space. We mostly
assume that (X, K) is directed, meaning that X = K — K. The space (X, K) is called
Archimedean if, for every x,y € X withnx < y foralln € N, we have x < 0. A
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linear subspace D of X is order dense in X if, for every x € X, we have
x =inf{d € D;d > x}.

The concept of order denseness originated in [5, p. 360]. A linear mapi: X — Y,
where X and Y are partially ordered vector spaces, is called bipositive if for every
x € X, x > 0isequivalent to i (x) > 0.

A partially ordered vector space X is called a pre-Riesz space if there is a Riesz
space Y and a bipositive linear map i: X — Y such that i[X] is order dense in Y.
We call (Y, i) a vector lattice cover of X. An intrinsic definition of pre-Riesz spaces
is given by van Haandel in [10], see also [9, Section 2.2]. Note that every directed
Archimedean partially ordered vector space is pre-Riesz, and that every pre-Riesz
space is directed, see, e.g., [9, Proposition 2.2.3]. Clearly, every Riesz space is pre-
Riesz. For standard notations in Riesz spaces, see [2]. If (Y, i) is a vector lattice cover
of a pre-Riesz space X such that no proper Riesz subspace of Y contains i[X], then
we call (Y, i) a Riesz completion of X. Such a space is unique up to isomorphism
(for details see, e.g., [9, Section 2.4]). Given a concrete example of a partially ordered
vector space, the challenge is to find a convenient realization of a vector lattice cover
such that the order in the vector lattice cover is pointwise. In general this is hard,
but one can use the functional representation in case of order unit spaces. Also for
some spaces of operators, it is possible to calculate such a vector lattice cover, see
Example 59.

A pre-Riesz space X with Riesz completion (Y, i) is called pervasive if for every
ye Y\ {0}, y>0,thereis x € X \ {0} such that 0 < i(x) < y. Instead of the Riesz
completion, one can also use an arbitrary vector lattice cover in this definition, see [9,
Proposition 2.8.8].

For A C X, denote A" = {x € X;Va e A: x za}andA1 ={x € X;Va e
A: x < a}. Riesz* homomorphisms are defined in [10, Definition 5.1 and Corollary
5.4(iv)], Riesz homomorphisms and complete Riesz homomorphisms in [5].

Definition 1 Let X and Y be directed partially ordered vector spaces. A linear map
T: X — Yiscalled

— a Riesz* homomorphism if, for every nonempty finite subset F of X, one has
T I:Ful:l c TIF™,
— a Riesz homomorphism if, for every x, y € X, one has
T [t y1']' = Trix, 1,
— a complete Riesz homomorphism if, for every nonempty set A € X, we have
infA=0 = inf T[A] =0.

If X and Y are pre-Riesz spaces, then every complete Riesz homomorphism is a Riesz
homomorphism, every Riesz homomorphism is a Riesz* homomorphism, and every
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Riesz* homomorphism is positive, see [9, Theorem 2.3.19]. If X is, in addition, a
vector lattice, then T is a Riesz homomorphism if and only if, for every u, v € X,
there exists T(u) VvV T(v)inY,and T(u) VT (v) = T(u v v). If X and Y are vector
lattices, then the notions of a Riesz homomorphism and a Riesz* homomorphism both
coincide with the notion of a Riesz homomorphism from vector lattice theory, see,
e.g.,[9, Lemma 2.3.2]. Moreover, in this case, T is a complete Riesz homomorphism if
and only if 7 is an order continuous Riesz homomorphism, see [9, Proposition 1.4.5].

We will need the following characterization of Riesz* homomorphisms and Riesz
homomorphisms in the case that the range space is a vector lattice, see also [9, Propo-
sition 2.3.26].

Proposition 2 Let X be a partially ordered vector space, let Y be a Riesz space, and
let T: X — Y be a linear map.

(i) T is a Riesz* homomorphism if and only if
n
sup [Ty x € far, . a)} = \/ T(@p)
k=1

foreveryay,...,a, € Xandn € N.
(ii) T is a Riesz homomorphism if and only if

inf {T(x); x € {ay, . ..,an}“} = \/ T (ay)
k=1

foreveryay,...,a, € X andn € N.
The following modification of Proposition 2(ii) will be of use.

Proposition 3 Let X be a partially ordered vector space, Y a Riesz space, X, an order
dense subspace of Y, and T : X1 — X3 a linear map. T is a Riesz homomorphism if
and only if, for every x, y € X1, we have

inf{Tv; ve X, ve{x, "} =Tx)VvT(y) inY.

Proof LetT: X| — X, beaRieszhomomorphism.Letx, y € X.Since T is positive,
Tx v Tyisalowerboundof {Tv; v e X, v e {x, y}"}. Letw € Y be alower bound
of {Tv; v e Xy, v e {x,y}"}. As X, is order dense in Y, it suffices to show that, for
every z € Xo withz < w,wehavethatz < Tx Vv Ty.Letz € X, besuchthatz < w.
Then we have

ze{Tv; ve Xy, vefx, y)"} ={Tx, Ty}
in X5, as T is a Riesz homomorphism. Hence z < Tx Vv Ty in Y, which implies
w=<TxvVvTy.

Conversely, let x, y € X1. We have that

{Tv; veXi,ve{x, WY ={TxvTy)={Tx, Ty}"
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in Y. Intersecting with X» yields that 7 is a Riesz homomorphism. O

Recall that two elements x and y in a pre-Riesz space (X, K) are disjoint, denoted
x Ly, if {x +y,x —y}'* = {x —y, —x + y}". The disjoint complement of a set
M C X is denoted by M dIf (¥, i) is a vector lattice cover of X, then x L y if and
only if i (x) L i(y), see, e.g., [9, Proposition 4.1.4]. Let X and V be pre-Riesz spaces.
A linear map T': X — V is called disjointness preserving if, for every x, y € X with
x L y,one has T(x) L T(y).If T is a Riesz* homomorphism, then T is a positive
disjointness preserving operator, see [9, Theorem 5.1.12].

We collect standard definitions concerning operators. Let X, Y be a partially ordered
vector spaces. As usual, a linear operator 7 from X to Y is called positive if T maps
the cone in X into the cone in Y, order bounded if T maps order bounded subsets
to order bounded subsets, and regular whenever T can be written as a difference of
two positive operators. For the set of all linear operators, we write L(X, Y). The set
of all order bounded operators is denoted by Lb(X , Y), whereas the set of all regular
operators is denoted by L"(X, Y). If X is directed, the set of all positive operators is
a cone, which yields a natural partial order in these spaces of operators. Recall that
L'(X,Y) C Lb(X , Y).If X is directed and has the Riesz decomposition property, and
Y is a Dedekind complete vector lattice, then LP(X,Y) = L'(X,Y) is a Dedekind
complete vector lattice, and the lattice operations are given by the Riesz-Kantorovich
formulas, see, e.g., [3, Theorem 1.59].

We say that a net (x4)qe4 in a partially ordered vector space X order converges to
x € X if there is a net (yy)yea With y, | O (which means that the net is decreasing
and inf{yy; ¢ € A} = 0) and o9 € A such that, for every o € A, o > «p, we
have £(xy, — x) < y,. In this case, we write x, 2 x. The following statement on
order continuity in finite dimensions is convenient if one studies examples. Note that
the (Euclidean) norm in R” is semimonotone if the cone K in R” is generating and
closed, for details, see, e.g., [9, Proposition 1.5.16]. Therefore, order bounded sets are
norm bounded, see [9, Lemma 1.5.7]. In particular, every order interval [a, b] := {x €
R"; a < x < b}in (R, K) is compact.

Proposition 4 Let K be a generating closed cone in R”.

(i) Let (xo)aca be anetin R" and let x € R". If x4 % x, then Xy M) X.

(ii) Every continuous linear map ¢ : R" — R is order continuous.

Proof (i) First, let (x4 )qca be anetin R” such that x,, | 0. We show that every subnet

of (xo) has a subnet converging to 0, which implies x LiN 0, by [15, Proposition

2.1.31]. Indeed, let (yg)gep be a subnet of (x) and let g: B — A be increasing with
yg = Xg(p) forevery B € B and g[B] cofinal in A. Fix By € B. For every 8 > f, we
have 0 < yg < yg,, hence yg belongs to the order interval [0, yg,], which is compact.
Hence, there exists a subnet (z, )y ec of (yg) and z € [0, yg,] such that ||z, —z|| — O,
see [15, Proposition 2.1.37]. Let h: C — B be increasing with z,, = yy(,) for every
y € C and h[C] cofinal in B. To show that z = 0, fix « € A. As g[B] and h[C] are
cofinal, there is B, € B with g(B,) > « and y, € C with h(yy) > By. For every
Y > Y4, We have

2y = LYy = Yh(ve) = YBo = Xg(Ba) = Xy
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Since K is closed, it follows that z < x,. From x, | 0, we obtain z = 0.

Second, let (xy)qea be a net in R” and let x € R” be such that x, 2 x. Then
there is a net (yy)oeca With yo | 0 and g € A such that, for every o > o, we have
—Va < Xo¢ — X < yq. Due to the first part of the proof, we obtain ||yy| — 0. Since
the norm is semimonotone, it follows that ||x, — x| — 0, see also [9, Theorems 3.6.3
and 3.6.8].

(ii) is an immediate consequence of (i).

3 The van Haandel extension revisited

Van Haandel observed that Riesz* homomorphisms are exactly those operators
between pre-Riesz spaces that can be extended to Riesz homomorphisms between
the corresponding Riesz completions, see [10, Theorem 5.6] or [9, Theorem 2.4.11].

Theorem 5 Let X| and X, be pre-Riesz spaces with Riesz completions (Y1, 1i1) and
(Ya, i2), respectively. Let T : X1 — X3 be a linear map. The following statements are
equivalent.

(i) T is a Riesz* homomorphism.
(ii) There exists a Riesz homomorphism S: Y1 — Y satisfying Soi; =iroT.

Moreover, if (i) is satisfied, then the Riesz homomorphism in (ii) is unique.

The operator S in Theorem 5(ii) is called the van Haandel extension of T . If the operator
T is a Riesz homomorphism or a complete Riesz homomorphism, somewhat stronger
conclusions than those of Theorem 5 can be drawn. For Riesz homomorphisms, a
stronger uniqueness result holds.

Proposition 6 Let V and W be Riesz spaces and let X be an order dense subspace of
V that generates V as a Riesz space. Let T : V. — W be a positive linear operator. If
T|x: X — W is a Riesz homomorphism, then T is a Riesz homomorphism.

Proof First, let x1, ..., x, € X. We show that

Tx1V---Vx)=Tkx)V---VT(xp). (1)

Indeed, as T is positive, we have T(x; V --- V x,) > T(x1) V---V T(x,). As
T|x: X — W is a Riesz homomorphism, Proposition 2 yields that

Tix(x1) V-V T|x(x,) =inf{T|x(x); x € X, x € {x1,..., x}"}.

For every x € X with x € {xy,..., x,}", we have x > x| V --- V x,, in V, therefore
Tx)>T(x1V---Vaxy). Itfollowsthat T(x1) V---VT(x,) >Tx1V---Vxy).

Second, observe that V is the Riesz completion of X and denoteby S: V — W the
van Haandel extension of the Riesz* homomorphism 7| x. We show that 7 = §, which
is a Riesz homomorphism. Indeed, let v € V. Then there are ay, ..., ay, b1, ..., b, €
X withv = \/{L,; @ —\/j_; b;. By (1), we obtain
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m n

Tv= T(\/ai) - T(\/bj> = \m/T(ai) - \n/ T(b;)
i=1 j=1

i=1 j=1
=\/ S@)—-\/ 5b;) = Sv.
i=1 j=1

O

The condition in Proposition 6 that W need to be a Riesz space can be relaxed to W
being a pre-Riesz space.

Corollary 7 Let V be a Riesz space, let W be a pre-Riesz space, and let X be an
order dense subspace of 'V that generates V as a Riesz space. Let T: V. — W be a
positive linear operator. If T |x : X — W is a Riesz homomorphism, then T is a Riesz
homomorphism.

Proof Let (W”, i) be the Riesz completion of W. Since i is a complete Riesz homo-
morphism by [9, Proposition 2.3.27], it follows from [9, Proposition 2.3.24(ii)] that
ioT|x: X — WP is a Riesz homomorphism. Therefore, Proposition 6 yields that
ioT:V — WP isaRiesz homomorphism. With the aid of Proposition 3, it follows
thati o 7: V — i[W]is a Riesz homomorphism. As i is an order isomorphism, 7" is
a Riesz homomorphism. O

Corollary 8 Consider the setting of Theorem 5. If T: X1 — X is a Riesz homomor-
lzhism and S,S: Y1 — 1> are positive linear operators such that S oi; = ip o T and
Soiy =ipoT,then S = S. Moreover, S equals the van Haandel extension of T.

This corollary has a useful consequence for the van Haandel extensions of sums of
operators.

Proposition9 Ler X| and X, be pre-Riesz spaces with Riesz completions (Y1, i1)
and (Y2, i2), respectively. Let S, T : X1 — X» be Riesz* homomorphisms with van
Haandel extensions S, T : Y| — Y, respectively. If S + T is a Riesz homomorphism,
then the van Haandel extension of S + T equals S + T.

Proof Since S+ T is a positive operator extending S + T, it follows from Corollary 8
that S + T equals the van Haandel extension of S + 7. O

For complete Riesz homomorphisms, observe the following result, which is a slightly
more general version of [12, Lemma 4.3].

Proposition 10 Let Y1, Y2 be partially ordered vector spaces and X1, X2 order dense
subspaces of Y1, Ya, respectively. Let T : Y1 — Y3 be a positive linear operator with
T[X1] S Xo. Then T is a complete Riesz homomorphism if and only if T|x, : X1 —
X5 is a complete Riesz homomorphism.

Proof First, observe that for A € X and s € X, we have

inf A =sin X if and only if inf A = s in Y. 2)
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Indeed, assume that inf A = s in X. If y € Yj is a lower bound of A in Yy, then, as
X1 is order dense in Y1, we have y = sup{x € X; x < y}. Every x in the latter set
is a lower bound of A, hence x < s, and, therefore, y < s. The converse implication
is straightforward.

Now let T be a complete Riesz homomorphism. Let A € X be such thatinf A = 0
in X1, then, by (2), inf A = 0 in Y. As T is a complete Riesz homomorphism, we
get inf T[A] = 0 in Y3. Since T[A] C X», we conclude inf T[A] = 0 in X7, hence
T|x,: X1 — X2 1is acomplete Riesz homomorphism.

Conversely, let T'|x, : X1 — X3 be a complete Riesz homomorphism. Let A C Y
be such that inf A = 0 in Y;. Define

Ag:={x € Xy; Jae€ A: x > a}.

Clearly, 0 is a lower bound of Ag. Let v € X be a lower bound of Ay. For every
a € A, as X is order dense in Y|, we have ¢ = inf{x € X|; x > a} > v. Thus,
0 = inf A > v. This implies inf Ag = 0 in X;. By assumption, we get inf T[Ag] = 0
in X», and also in Y by (2). As T is positive, 0 is a lower bound of T[A] in Y>. Let
y € Y, be a lower bound of T[A]. Then y < b for every b € T[Ap]. Indeed, let
b € T[Ag]. Then there is x € Ag such that b = T (x). Further, there isa € A such that
x >a.Thus,y < T(a) < T(x) = b.Weconclude thaty < inf T[Ag] = 0. Therefore,
inf T[A] = 0 in Y>, which means that T is a complete Riesz homomorphism. O

Corollary 11 Consider the setting of Theorem 5. If T: X1 — X2 is a complete Riesz
homomorphism, then its van Haandel extension is a complete Riesz homomorphism,
as well.

4 Riesz* homomorphisms and complete Rieszhomomorphisms on
spaces of continuous functions

For Riesz* homomorphisms on order dense subspaces of spaces of continuous func-
tions, a representation as weighted composition operators (similar to the vector lattice
setting) is given by van Imhoff in [12, Theorem 3.2], see also [9, Theorem 5.1.14],
which we state in Theorem 12 below. We say that a subspace X of C(P) strongly
separates the points of P if, for every py, p» € P with p; # pa, there is x € X such
that x(p1) = 0 and x(p2) = 1.

Theorem 12 Let P and Q be nonempty compact Hausdorff spaces and let X and Y
be order dense subspaces of C(P) and C(Q), respectively. Let T : X — Y be linear.

(i) If T is a Riesz* homomorphism, then there exist w: Q — Ry anda: Q — P
such that, for every x € X and q € Q, we have

(Tx)(q) = w(g)x(a(g)). 3)
If, in addition, X strongly separates the points of P, then w can be taken such that

w is continuous on Q, the map « is uniquely determined on {q € Q; w(q) > 0},
and, on this set, a is continuous.
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(ii) Ifthere existw € C(Q), w > 0,anda: Q — P continuouson{q € Q; w(q) >
0} such that (3) holds for every x € X and q € Q, then T is a Riesz* homomor-
phism.

Since we will need the statement later on, we extract a part of the proof of Theo-
rem 12 as a proposition, see also [12, Proof of Theorem 3.2].

Proposition 13 Let P and Q be nonempty compact Hausdorff spaces and let X be an
order dense subspace of C(P) that strongly separates the pointsof P. Letw: Q — R4
anda: Q — P be such that g — w(q)x(x(q)) € C(Q) for every x € X. Then w is
continuous on Q and « is continuous on {g € Q; w(q) > 0}.

The following result is given in [12, Lemma 4.2].

Lemma 14 Let P be a nonempty compact Hausdorff space and let X be an order
dense subspace of C(P). Let G C X be a set of positive elements. Then the following
statements are equivalent.

(i) inf G = 0.
(ii) For every ¢ > 0 and every nonempty open set U C P, there exist x € G and
p € U such that x(p) < e.

For complete Riesz homomorphisms, the representation as weighted composition
operator in Theorem 12 can be specified as follows, see [12, Theorem 4.4]. Hereby,
a: Q — P is called weak-open if, for every nonempty open set U C Q, the set «[U]
is dense somewhere, i.e., there exists a nonempty open set V C P such thata[U]NV
is dense in V.

Theorem 15 Let P and Q be nonempty compact Hausdorff spaces, let X be an order
dense subspace of C(P) and let Y be a subspace of C(Q). Let T : X — Y be given
by (3), where w € C(P), w > 0, and a: Q — P. Then the following statements are
equivalent.

(i) T is a complete Riesz homomorphism.
(ii) o is weak-open on {q € Q; w(q) > 0}.

In the setting of the previous theorems, pervasiveness can be characterized as fol-
lows, see also [12, Lemma 6.4].

Proposition 16 Let P be a nonempty compact Hausdorff space and X an order dense
subspace of C(P). The space X is pervasive if and only if for every nonempty open
set U C P, there exists an x € X \ {0}, x > 0, such that coz(x) C U, where
coz(x) :={u € P; x(u) # 0}.

Proof Let X be pervasive in the vector lattice cover C(P) and let U € P be nonempty
and open. Let g € U. By Urysohn’s lemma, there exists a positive function y € C(P)
such that y(¢g) = 1and y =0 on P \ U. Hence coz(y) € U. Since y # 0 and X is
pervasive, there is x € X \ {0} with 0 < x < y. Therefore, coz(x) C U.

Conversely, let y € C(P)\ {0}, y > 0.Fixe > Osuchthate < || y|lco. Define U :=
{p € P; y(p) > ¢}. Then U is nonempty and open, hence there exists v € X \ {0},
v > 0, with coz(v) C U.Forx := —t—v € X \ {0}, we get 0 < x < y, hence X is

. vl
pervasive. O
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Next we consider order unit spaces and recall a characterization of functionals
that are Riesz* homomorphisms. Let (X, K) be an Archimedean partially ordered
vector space with order unit u, equipped with the order unit norm || x|, := inf{A €
(0,00); —Au < x < iu} for x € X, see, e.g., [9, Section 1.5.3]. Every order unit
space is pre-Riesz. We construct a vector lattice cover with pointwise partial order.
The functional representation of X is given by means of the weakly-* compact convex
set

¥ i={p € X; ¢[K]1C[0,00), p(u) =1} “)

and the set A of the extreme points of . The weak-s closure A of A in X is (with
the weak-* topology) a compact Hausdorff space, and the map

®: X - C(A), x> (¢ o)) &)

is a bipositive linear map, Eld hence injective (for details, see, e.g., [9, Section 2.5]).
In [8], it is shown that (C(A), ®) is a vector lattice cover of X, see also [9, Theorem
2.5.9]. We recall the statement in [9, Proposition 2.5.5].

Proposition 17 Let X be an order unit space and let ¢ € X.

(a) One has ¢ € A if and only if ¢ is a Riesz homomorphism.
(b) One has ¢ € A if and only if ¢ is a Riesz* homomorphism.

Example 18 (Lorentz cone) Let H be a Hilbert space and let X := R x H be ordered
by the Lorentzcone Ly = {(r,z) € Rx H; r2—(z,z) > 0 and r > 0}. We deal with
the functional representation with respect to the order unit u := (1, 0), for details, see
[9, Lemma 2.6.3 and Theorem 2.6.4]. If H is n-dimensional, then we have A = A,
and A can be identified with the (n — 1)-sphere in R”. In this case, by Proposition 17,
the set A in (5) consists of Riesz homomorphisms.

Example 19 (Polyhedral cone) Let X := R”" and let K be a generating polyhedral
cone in R”. Then there is an order unit « in K, and there are kX > n linear functionals
D, £% such that

K:{xeR"; Vie{l,...,k}:f(i)(x)zo}, (6)

where each f @) defines a facet' of K and f @ (u) = 1; for details, see also [9, Section
2.6.1]. In view of (5), we get

A=A={fD, ..., oy
and ®: (R", K) — (RF, RK),

D) = (1), ..., fitx))T forx e R". 7

! This means dim({x € R"; fm(x) =0)=n—-1.
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In [8], it is shown that (Rk, ®) is the Riesz completion of (R”, K), see also [9, Theorem
2.6.2].

Lemma 20 Let X be an order unit space, where u is an order unit, and (C(A), @)
its functional representation corresponding to (5). Then ®[X] strongly separates the
points of A.

Proof Let @1, p» € A with ¢ # 5. Then there is z € X with ¢1(z) # ¢2(z). We
have that ¢ (1) = ¢2(u) = 1. We define

P P1(z)u
C »m@ - 1@

and observe that (®(x))(¢1) = ﬂ(x) = 0and (®(x))(¢2) = ¢2(x) = 1. Thus, O[X]
strongly separates the points of A. O

Remark 21 Let X be an order unit space and let v be an order unitin X. If w € X is
such that w L v, then w = O.lndeed, using the functional representation, we have
(@ ())(p) > 0 forevery p € A. As P(v) L ®(w), we get ®(w) = 0 and, hence,
w=0.

5 Characterization of functionals that are complete Riesz
homomorphisms

In the spirit of Proposition 17, we characterize those functionals on order unit spaces
that are complete Riesz homomorphisms. First, we study point evaluations that are
complete Riesz homomorphisms.

Lemma22 Let P be a nonempty compact Hausdorff space, let p € P, and let
¢: C(P) — R be given by p(x) = x(p) for x € C(P). Then ¢ is a complete
Riesz homomorphism if and only if { p} is open in P.

Proof We view ¢ as a map from C(P) to C(Q), where the set Q consists of one point g,
and, forevery x € C(Q), the real number ¢ (x) is interpreted as the continuous function
g +— ¢(x)on Q. Definea: Q — P by a(g) := p. Then, for every x € C(P), we
have

(p(x)) (q) = x(p) = x(a(g)).

We show that « is weak-open if and only if {p} is open in P. For a proof, assume first
that @ is weak-open. Then o[ Q] = {x(q)} = {p} is dense somewhere, that is, there is
anonempty open set V. C P such that {p} NV is dense in V. We obtain that V = {p}.
Indeed, if p ¢ V, then {p} NV = @ is not dense in V as V is nonempty. If there is
po € V \ {p}. then there is a net in {p} converging to pg, which contradicts the fact
that P is Hausdorff. We conclude that {p} is open in P.

Conversely, assume that { p} isopenin P.Let U € Q be nonempty and open. Then
U ={q},s0a[U] = {a(q)} = {p}. We thus have that {p} is open and nonempty and
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a[U]IN {p} = {p} is dense in {p}. Hence, « is weak-open. Now, the requested claim
follows from Theorem 15. O

Example 23 1t is well-known that for every ¢+ € [—1,1] the point evaluation
¢ C[—1,1] - R, x — ¢/(x) := x(t), is a Riesz homomorphism, but not order
continuous. Hence, it is not a complete Riesz homomorphism, as is also indicated by
Lemma 22. Observe that point evaluations on order dense subspaces of C[—1, 1] are
not Riesz homomorphisms, in general. For instance, the Namioka space X in Exam-
ple 42 below is order dense in C[—1, 1], but the restriction of ¢y to X is not a Riesz
homomorphism, see Proposition 17.

The next statement provides the characterization of functionals that are complete
Riesz homomorphisms.

Proposition 24 Let (X, K, ||-||,)) be an order unit space and let (C (A), @) be its func-
tional representation according to (5). Then ¢ € A is a complete Riesz homomorphism
if and only if {p} is open in A.

Proof By Lemma 22, the set {¢} is open in A if and only if the point evaluation
¢: C(A) = R, x — x(p), is a complete Riesz homomorphism. This is equivalent to
¢ o ® = ¢ being a complete Riesz homomorphism, due to Proposition 10. O

Example 25 (Polyhedral cone) In Example 19, the set A = A consists of complete
Riesz homomorphisms. Indeed, for every ¢ € A, we have that {¢} is open in A, thus
¢ is a complete Riesz homomorphism by Proposition 24.

In Riesz spaces, a linear map is a complete Riesz homomorphism if and only if
it is an order continuous Riesz homomorphism, see, e.g., [9, Proposition 1.4.5]. In
pre-Riesz spaces, every complete Riesz homomorphism is an order continuous Riesz
homomorphism, see [9, Propositions 2.3.16 and 2.3.20]. We give a functional on a
pre-Riesz space that is an order continuous Riesz homomorphism, but not a complete
Riesz homomorphism.

Example 26 (Lorentz cone) We continue Example 18 with H being an n-dimensional
Hilbert space, X := R x H and Ly the Lorentz cone in X. Let ¢ € A = A. We
already observed that ¢ is a Riesz homomorphism. As A can be identified with the
(n — 1)-sphere in R", the set {¢} is not open. Proposition 24 yields that ¢ is not a
complete Riesz homomorphism. By Proposition 4, the map ¢ is order continuous.

6 Rieszhomomorphisms and complete Rieszhomomorphisms on
order unit spaces

By means of the functional representation, we characterize in Theorem 29 the order
unit spaces on which every Riesz* homomorphism is a Riesz homomorphism, or a
complete Riesz homomorphism, respectively. First, we consider operators that are
represented as weighted composition operators as in Theorem 12. As preparatoy work
for Theorem 29, we prove the following technical proposition, whose main content
is part (i), since part (ii) follows from Theorem 15. Nevertheless, the consequence in
Theorem 29(ii) below has not been observed, so far.
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Proposition 27 Let (X1, K1, ||-ll,), (X2, K2, |I-Il,) be order unit spaces and
(C(AY), 1), (C(A2), D7) their functional representations, respectively. Let w €
C(A») be positive and o : Ay — Aj. Let the linear operator Ty: ®1[X1] — C(Ay)
be such that To[D1[X1]] € P2[X2] and given by

(Tov)(q) = w(g)v(a(q)) forve ®1[X1], g € As. ®)

If we define the linear operator T: X1 — Xo by T := d>2_1 o Ty o @1, then the
following statements hold.

(i) If. for every nonempty open set U C {q € Ay; w(q) > 0}, there exists ¢ € U
such that a(q) € Ay, then T is a Riesz homomorphism.

(ii) If. for every nonempty open set U C {q € Ay; w(g) > 0}, there exists g € U
such that {a(q)} is open in Ay, then T is a complete Riesz homomorphism.

Proof (i) We show that 7 is a Riesz homomorphism. We intend to apply Proposition 3
with Y := C(A»). Let x, y € ®1[X] and denote

G :={Tov — (Tox v Toy); v € ®1[X1], v € {x, y}"}

= {g — w(g) (v(a(g)) — x(a(q) vV y(@(g)); ve d[X1], v e {x,y}"}
cvy.

Asﬁ) is positive, the set G consists of_positive elements. We @w that inf G = 0 in
C(A»2)usingLemma 14 with X := C(A3).Lete > Oand U € A, be anonempty open

set. We investigate two cases. First, assume that there is go € U such that w(gg) = 0.
As ©([X] is directed, there is v € ®{[X ] such that v > x and v > y. Now

w(qo) (v(e(go)) — x(a(qo)) V y(@(q0))) =0 < e.
Second, we consider the case U C {g € Ay; w(g) > 0}. By assumption, there exists

qo € U such that «(qo) € A1. By Proposition 17, the functional «(gg) is a Riesz
homomorphism on X. Since <I>1_l : ®1[X1] — X is an order isomorphism, we have

that ¢ := a(qp) o Cbl_l : ®([X1] — Ris aRiesz homomorphism, and therefore,

inf{p(v); v e ®1[X1], v € {x, y}'} = p(x) V o(y).

Let M > 0 be an upper bound of w. Then there exists v € ®{[X] with v € {x, y}"
such that

p(v) < () Vo) + 3. &)

Recall that for every @ € X and A € ‘A1, we have (®1(a))(X) = A(a). Hence, for
z € ®1[X1], the choice a := CDl_l(z) and A := «(qo) yields

0(2) = a(q0) (@' (2)) = 1 (D] (2)) (e (q0)) = z(e(q0))-
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Now, (9) reads as

v(a(qo)) < x(r(q0)) v ¥(er(q0)) + 77
which implies

w(go) (v(a(qo)) — x(a(qo)) V y(a(qo))) < M(v(a(qo)) — x(a(qo)) V y(a(qo)))
<e.

We conclude that in both cases condition (ii) in Lemma 14 is satisfied, hence inf G = 0.
By Proposition 3, it follows that 7 is a Riesz homomorphism. As T = &, Yo Thod,
and @, O, I are order isomorphisms, 7 is a Riesz homomorphism.

(i1) Similar to the proof of (i), we show that Ty is a complete Riesz homomorphism.
Let A € ®1[X] be a set of positive elements such that inf A = 0. We intend to show
that inf 7H[A] = O using Lemma 14 for G := Ty[A]. Clearly, the set G consists of
positive elements. Let ¢ > 0 and U C A; be a nonempty open set. First, if there is
qo € U such that w(gg) = 0, then, for every v € A, we have

To(v)(g0) = w(go)v(a(qo)) =0 < e.

Second, let U C {g € Ay; w(g) > 0}. By assumption, there exists go € U such that
{a(qgo)} is open is A1. By Proposition 24, a(go) is a complete Riesz homomorphism
on X1, hence ¢ := a(qp) o <I>1_1 : ®1[X1] — Ris a complete Riesz homomorphism,
and therefore, inf p[A] = 0. Let M > 0 be an upper bound of w. Then there exists
v € A such that

v(a(qo)) = @) < 37,
which implies
To(v)(q0) = w(go)v(a(qo)) = Mv(a(qo)) < &.

We conclude that condition (ii) in Lemma 14 is satisfied, hence inf To[A] = 0. It
follows that Ty and, therefore, T is a complete Riesz homomorphism. O

The sufficient condition in Proposition 27(ii) is not a necessary one. Indeed, con-
sider X1 = X; := C[O0, 1] and the identity map T: x — x. Then T is a complete
Riesz homomorphism, but, as singletons in [0, 1] are not open, the condition in Propo-
sition 27(ii) is not satisfied.

The following digression to rank-one operators will be helpful later on.

Proposition 28 Let X and Y be partially ordered vector spaces, let v € Y \ {0}, v > 0,
and let f: X — R be linear. Define the linear map T: X — Y by Tx = f(x)v for
x e X.

(i) T is positive if and only if f is positive.
(ii) T is a Riesz* homomorphism if and only if f is a Riesz* homomorphism.
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(iii) If T is a Riesz homomorphism, then f is a Riesz homomorphism. The converse
implication is satisfied if Y is Archimedean.

(iv) IfT is acomplete Riesz homomorphism, then f is a complete Riesz homomorphism.
The converse implication is satisfied if Y is Archimedean.

Proof

@
(ii)

(iii)

(iv)

is clear.

Let T be a Riesz* homomorphism. Let F C X be a nonempty finite set. Then
TIFY C T[F]".Leta € f[F"]andletz € F" be such that f(z) = «. Define
w:=max{f(a); a € F}. Forevery a € F, we have Ta = f(a)v < nv, hence
uv € T[F]". As Tz € T[F"] C T[F]", we obtain f(z)v = Tz < uv. Hence,
f(z) < w, and, therefore, f(z) € f[F]". Thus, f[F"] C f[F]", which yields
that f is a Riesz* homomorphism.

Conversely, let f be a Riesz* homomorphism. Let F C X be a nonempty finite
set. Then f[F"] C fIF]".Lety € T[F"]andletz € F"' besuchthat Tz = y.
Letu € T[F]". Since f(z) € f[F" C f[F]" and u := max{f(a); a € F} €
fLF]", we have f(z) < u, hence Tz = f(z)v < uv. As, for every a € F,
fl@)v = Ta < u, we obtain y = Tz < uv < u. Thus, y € T[F]", which
implies that 7" is a Riesz* homomorphism.

We use Proposition 2(ii). Suppose that f is positive and not a Riesz homomor-
phism, then there exist a, b € X and ¢ > 0 such that

inf{f(z); z € {a,b}"} > fa@)V f(b) + ¢ =: a.

For every z € {a, b}", we have Tz = f(z)v > av, hence av € T[{a, b}1n.
As {Ta, TH}" = {f(a)v, fO)v}" = {(f(a) v f(b))v}, it follows that
av ¢ {Ta, Th}". Hence T[{a,b}"]' ¢ {Ta, Th}", which means that T is
not a Riesz homomorphism.

Conversely, assume that ¥ is Archimedean and that f is a Riesz homomor-
phism. Let a, b € X. By (i), T is positive, hence {T'a, Th}" C T[{a, b}"]". By
Proposition 2(ii), we have

p = max{f(a), f(b)} = inf{f(2); z € {a. b}"}.

Let y € T[{a,b}"]' and u € {Ta, Th}". For every z € {a, b}", we have y <
Tz = f(2)v, hence y < uv, as Y is Archimedean, see [16, Theorem 9.1]. As
u> f(a)vandu > f(b)v, we get u > pv. We conclude u > y, which means
T[{a, b}"1' C {Ta, Th}"\. Therefore, T is a Riesz homomorphism.

Let T be a complete Riesz homomorphism. Let A € X be a nonempty set
with inf A = 0. Then inf{f(a)v; a € A} = inf T[A] = 0. This implies
inf f[A] = 0, hence f is a complete Riesz homomorphism.

Conversely, let f be a complete Riesz homomorphism. Then, for a nonempty
set A € X with inf A = 0, we get inf f[A] = O, therefore inf T[A] =
inf{f(a)v; a € A} = 0, as Y is Archimedean. Thus, 7T is a complete Riesz
homomorphism. ]
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A topological vector space M is called discrete if, for every x € M, the set {x} is open.
The subsequent statements are convenient if one studies examples.

Theo_rem 29 Let (X1, K1, |I-1l,), (X2, K2, ||-1l,) be order unit spaces and (C(AY), ®1),
(C(Ay), D)) their functional respresentations, respectively.

(i) One has A1 = Ay if and only if every Riesz* homomorphism T : X — X is a
Riesz homomorphism.

(ii) Ay is discrete if and only if every Riesz* homomorphism T: X1 — X» is a
complete Riesz homomorphism.

Proof (i) Let T: X; — X, be a Riesz* homomorphism. By Theorem 12(i) and
Lemma 20, there exist a positive function w € C(A_z) and o: Ay — A such
that the operator Ty := &> 0 T o ch_l is given by (8). If Al = A, then the
condition in Proposition 27(i) is trivially met, and we conclude that 7 is a Riesz
homomorphism. Conversely, let ¢ € ‘A1 and consider

T: X1 — X2, x> p(x)v. (10)

By the Propositions 17(b) and 28(ii), the operator T is a Riesz* homomorphism.
The assumption yields that 7 is a Riesz homomorphism, which implies that ¢ is
a Riesz homomorphism, by Proposition 28(iii). Hence, by Proposition 17(a), we
get g € Aj.

(ii) Similar to (i), if A is discrete, then the condition in Proposition 27(ii) is satisfied,
hence T is a complete Riesz homomorphism. Conversely, let ¢ € Aj and con-
sider T' given by (10). As in (i), the operator T is a Riesz* homomorphism. By
assumption, 7" is a complete Riesz homomorphism. Applying Proposition 28(iv)
yields that ¢ is a complete Riesz homomorphism. Hence, by Proposition 24, the
set {¢} is open in Aq.

O

Example 30 (Lorentz cone) We continue Example 18, i.e., H is a finite-dimensional
Hilbert space, and X := R x H is ordered by the Lorentz cone L. As Al = Ay,
Theorem 29(i) yields that every Riesz* homomorphism from X into an arbitrary order
unit space X7 is a Riesz homomorphism.

In view of Example 25, we obtain the following consequence of Theorem 29(ii).

Corollary 31 Let X1 = R" be equipped with a generating polyhedral cone and let X5
be an order unit space. Then every Riesz* homomorphism T : X1 — X3 is a complete
Riesz homomorphism.

In Proposition 28(iii) and (iv), the converse implication is not true, in general, if ¥
is not Archimedean, as the subsequent examples show.

Example 32 Let X := R x H as in Example 18, where H := R2. Let X be ordered
by the Lorentz cone Ly, which is a circular cone here. For x € X, instead of
(x3, (x1, x2)T), we write (x1, x2, x3)T, as usual. Let f: X — R, x — (x, (1,0, DT).
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By Example 18, the functional f is a Riesz homomorphism. Let ¥ := R? be ordered
by the lexicographical cone

C .= {(xl,xz)T € R2; x1 > 0orx; =0and x, > 0}.

Fix v := (1,0)T and define 7: X — Y, x — f(x)v. Leta := (0,1,0)T and
b := (0,—1,0)T. Then f(a) = f(b) = 0, hence Ta = Th = 0, which implies
(Ta, Th}"' = {0}'. Letx = (x1, x2, x3)T be anupperbound of ¢ and b, then x3 > =+x,
hence f(x) > 0. In particular, for @ € (0, 00), the element x := (—é, 0,0 + é) is
an upper bound of a and b, where f(x) = «. Therefore, f [{a, b}“] = (0, 00). We
conclude T [{a, b}'] = {Av; A € (0,00)}, and (0, 1)T is a lower bound of this set,
but (0, DT ¢ {0} Consequently, T [{a, b}”]l ¢ {Ta, Th}", which implies that T is
not a Riesz homomorphism.

Example 33 Let X := R3 be ordered by the four-ray cone

= (8): (9 () (D)

Considering (6), the cone K is given by the four functionals

fO=c1-1,0, fP=0,-1,0, fO=0,1,1, fY=1,11,
(12)

where each of them is a complete Riesz homomorphism by Example 25. Consider
u = (0,0, l)T € Kand A := {Au; A € (0,00)}. Theninf A =0in X.LetY, C, and
v be as in Example 32. The set

T[A] = {f“)(a)u; ac A} — (W A € (0, 00))

has (0, )T as a lower bound, hence 0 is not the infimum of T[A] in Y. Therefore, T
is not a complete Riesz homomorphism.

7 Characterization of elements with modulus

If a partially ordered vector space (X, K) is an anti-lattice, an element x € X has a
modulus if and only if x € K U (—K). In [8], it is shown that a partially ordered vector
space is an anti-lattice if and only if there are no nontrivial positive disjoint elements
in the space, see also [9, Theorem 4.1.10]. In this spirit, we characterize elements with
modulus in an arbitrary pre-Riesz space in Theorem 35 below.

Lemma 34 Let (X, K) be a pre-Riesz space and let (Y, i) be a vector lattice cover of
X. If x € X is such that |x| := sup{x, —x} exists in X, then

(a) i(|x]) = li(x)], and
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(b) there exista,b € K, a 1L b, such that x = a — b.

Proof (a) Let x € X be such that |x| exists in X. As £x < |x|, we get i (x) < i(|x|)
and, hence, |i(x)| < i(]x]). By order denseness of i[X] in ¥, we have

li(x)] = inf {i(w); w € X, i(w) = [i(x)[}
=inf{i(w); we X, w>=+x}. (13)

If w € X is such that w > #£x, then w > |x]|, so i(w) > i(]x|). By (13), it follows
that |i (x)| > i(|x]). Hence, |i(x)| = i(|x]).

(b) Let x € X be such that |x| exists in X. Define a := %(x + |x])and b := a — x.
Using (a), we get

i(a) =% () +i(x]) = 3G + i)
=1 (i) i) +iT+ix)7) =i,

i)y =i —i(x)=ix)" = (i) —ix)7)=ix)".

Therefore, i(a) and i (b) are positive disjoint elements in Y. We conclude that a
and b are positive disjoint elements in X, and we have x = a — b.
O

Theorem 35 Let (X, K) be a pre-Riesz space and let (Y, i) be a vector lattice cover
of X. For x € X, the following statements are equivalent.

(i) |x| exists in X.
(i) li(x)] € i[X].
(iii) Either* x € K U (—=K), or there exist a,b € K \ {0}, a L b, such that x €
span{a, b}.
(iv) Either x € K U (—K), or there exists a subspace D of X with x € D and i[D]
is a Riesz subspace of Y.

Proof (i) = (iii): Letx € X\ (KU(—K)) be such that |x| existsin X. By Lemma 34(b),
there exista, b € K,a L b,suchthatx =a —b. Asx ¢ K U (—K), it follows that
a#0,b#0.

(iii) = (iv): Let x € X\ (K U (—K)) and let ay, ap be nontrivial positive disjoint
elements withx € span{ay, as}. Define D := span{ay, ax}.Lety € i[D],i.e., there are
real numbers a1, a; such that y = aji(ay) +oni(az). Let P :={j € {1,2}; o; > 0}
and define

V1= Zapi(ap) and yp 1= Z lpliap).

peP pe(l,2N\P

Then y; > 0,y, >0,y; L y»,and y = y; — y». Hence yy = y" and y, = y~, and
these elements are in i[ D]. We conclude that i[ D] is a Riesz subspace of Y.

2 Clearly, (iii) can also be formulated as follows: There exist disjoint elements a, b € K such that x €
span{a, b}. However, this formulation might hide the geometry of the problem.
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(iv) = (ii): If x € D for a subspace D of X such that i[ D] is a Riesz subspace of
Y, we have |i(x)| € i[D] C i[X].

(i1)) = (i): Let x € X and assume that there is an element v € X such that |i (x)| =
i(v). We show that v = |x|. Since i (v) > +i(x), it follows that v > =4x, due to the
bipositivity of i. Moreover, w > £x implies i (w) > +i(x), soi(w) > |i(x)| =i(v),
consequently w > v. Hence, v = sup{x, —x} = |x]|. O

Corollary 36 Let (X, K) be a pre-Riesz space and let a, b € K. The following state-
ments are equivalent.

(i) a L b.
(ii) The modulus of a — b exists and equals a + b.

Proof Let (Y, i) be a vector lattice cover of X.
(i) = (ii): As i(a) and i (b) are positive and disjoint, we get

lila—Db)| =li(a) —i(b)| =i(a) +i(b) =i(a+ D) cilX].
By Theorem 35, |a — b| exists in X. Lemma 34(a) implies that
i(la—bl) =li(a—b)| =i(a+D),

hence |[a — b| = a + b.
(i1) = (i): Using Lemma 34(a), we have

lita) —i(D)| = lila = b)| =i(la —b]) =i(a+b) =i(a) +i(D),
hence i(a) Ni(b) = %(i(a) +i(b) — |i(a) —i(b)|) = 0. We conclude thata L b. O

Theorem 35 can be used to determine the set of elements that have a modulus in
examples.

Example 37 (a) Let V := R3 be equipped with the four-ray cone given in (11). The
set M C V of elements in (V, K) that have a modulus is

M=KU(—K)UE|UE>,
where E1 = {(0, w0l uve R} and £, = {(u,O, T uve R}. Indeed,
to apply Theorem 35, we need all pairs of (normed) nontrivial positive disjoint

elements. (In other words, we need all directed bands.) In [9, Example 4.4.18], it
is observed that there are only two such pairs, namely

0 0 —1
(1) () fana {(o). (9
1 1 1 1
Note that E is the span of the first pair, and E> is the span of the second pair.
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(b) A generalization of (a) in R” is given in [9, Example 1.7.7]. Consider the space
X = R" (n > 3) with the following (2n — 2)-ray cone. Let ¢®) denote the
standard basis vectors, and fori € {1,...,n — 1}, define x® = e 4 oM gpd
y(i) = —e® 4 M Let

K :=pos [x(l), o, x@D M y(”_l)} .

In [14, Example 4.2], all pairs of nontrivial disjoint elements are determined. The
(normed) pairs in K are {x®, y®} fori € {1, ..., n— 1}. Hence, by Theorem 35,
the set M C X of elements with modulus is

n—1
M=KU(-K)U U span{x®, y®}. (14)

i=1

Remark 38 Note that (iv) in Theorem 35 is stronger than assuming that D is a
vector lattice. In Example 37(a), the subspace D := {(u, u,v)"; u, v € R} is a two-
dimensional vector lattice, but i[ D] is not a Riesz subspace in the Riesz completion.

It follows from Theorem 35 that an operator preserves moduli if and only if it is
disjointness preserving on the positive elements, as we show next. Note that operators
as in Proposition 39(ii) play a role in [6].

Proposition 39 Let (X, K) and V be pre-Riesz spaces, and let T: X — V be a
positive linear map. Then the following statements are equivalent.

(i) Foreverya,b € K witha L b, we have Ta L Th.
(ii) If x € X has a modulus, then Tx has a modulus in V, and T |x| = |Tx|.

Proof (i) = (ii): Let (Y, i) be a vector lattice cover of V. Let x € X be such that |x|
exists. By Lemma 34(b), there exist a, b € K, a L b, such that x = a — b. Hence,
i(Ta) Li(Th),and i(Ta) and i (Tb) are positive. Therefore, by Corollary 36,

li(Tx)| = 1[i(T(a—Db))| =li(Ta) —i(Th)]
=i(Ta)+i(Th) =i(T(a+ b)) =i(T|x|) €i[V] (15)
By Theorem 35, |Tx| exists in V, and by Lemma 34(a), we get i (|Tx|) = |i(Tx)|.
Now, (15) yields that i (|Tx|) = i(T'|x|), which implies [T x| = T|x]|.

(i) = (i): Let a, b € K be such that a L b. By Corollary 36, |a — b| exists and
equals a + b. By assumption, |T (a — b)| exists and

|Ta — Th| = |T(a —b)| = Tla —b| = Ta+ Th.

Again by Corollary 36, we obtain Ta L Tb. O

Remark 40 Let X and Y be pre-Rieszspacesand 7: X — Y aRiesz* homomorphism.
Then T is a positive disjointness preserving operator, hence also the condition in
Proposition 39(ii) is satisfied.
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Note that Proposition 39 describes, in fact, the behaviour of operators on subspaces
generated by two nontrivial positive disjoint elements.

Corollary 41 Let X and Y be pre-Riesz spaces and let T : X — Y be a positive linear
map that is disjointness preserving on positive elements. Let a and b be nontrivial
positive disjoint elements in X and let D := span{a, b}. Then T[D] is a Riesz space
and T|p: D — T[D] is a Riesz homomorphism.

Proof By Corollary 36, D is a Riesz space, and similarly, as T(a) L T (b), T[D]
is a Riesz space as well. According to Proposition 39, T'|p: D — T[D] is a Riesz
homomorphism. O

As a consequence, in view of Remark 40, observe that Riesz* homomorphisms act
as Riesz homomorphisms on two-dimensional subspaces spanned by two nontrivial
positive disjoint elements.

8 Relation between positive disjointness preserving operators and
Riesz* homomorphisms

For linear operators in Riesz spaces, it is well-known that an operator is positive
and disjointness preserving if and only if it is a Riesz homomorphism. In pre-Riesz
spaces, every Riesz* homomorphism is a positive disjointness preserving operator,
see [9, Theorem 5.1.12]. We will deal with the converse implication and study the
following question:

(Q) Let a positive linear map 7: X — Y between pre-Riesz spaces be disjointness
preserving on positive elements, as in Proposition 39. Under which conditions on
X and Y do we have that T is a Riesz* homomorphism?

Van Imhoff observed in [13, Example 2.29] that, in general, additional conditions are
needed for T to be a Riesz* homomorphism in (Q). The next example shows that even
in the case of functionals extra conditions are necessary.

Example 42 Consider the Namioka space
X ={x e C[-1,1]; 2x(0) = x(1) + x(—1)}
with pointwise order and define the linear functional
h: X >R, x— 2x(1)+x(—1) — x(0).
To show that % is positive, let x € X, x > 0. Then
0=x(0) =x(1) +x(=1) —x(0) = 2x(1) + x(=1) = x(0) = h(x).

To prove that 4 is disjointness preserving, let x, y € X with x L y. This implies that,
forq € M := {1, —1,0}, we have x(g) = 0 or y(g) = 0. We need to show that
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h(x) = 0or h(y) = 0. By symmetry, it is enough to consider the cases where x equals
zero for either none or exactly one of the elements of M. If x(¢) # 0 forallg € M,
then y(g) = O for all ¢ € M and, therefore, h(y) = 0. If there exists exactly one
q € M,say g = 1, such that x(1) = 0, then y(—1) = y(0) = 0, and, by the definition
of X, we get y(1) = 2y(0) — y(—1) = 0 and therefore /i (y) = 0. The other cases are
similar. Hence, % is disjointness preserving.

Finally, we show that /4 is not a Riesz* homomorphism. Suppose the contrary, then,
by Theorem 12, there exist « > 0 and ¢ € [—1, 1] such that h(x) = ax(¢) for every
x € X.Since 1: [—-1,1] > R, g — 1,isin X, we get

2=h(1) =al(t) = .
Next, consider the function y € X defined by y(gq) := %q + % q € [—1, 1]. Then
=y =2y)=20t+1)=r+1
Consequently, t = % Now, let z € X be given by

2lg + 3| ifg e[~1,0],

z2(q) == .
2lg — 3| ifq € (0, 1].

Then we get h(z) = 2 and h(z) = 2z (%) = 0, a contradiction.

We study (Q) in spaces of continuous functions. For a nonempty compact Hausdorff
space P and X € C(P), we consider the condition

(SD) For every p1, pa» € P with p; # p», there exist ay, a; € X withaj, a; > 0 and
ay L ap such thata;(py) # 0 and ax(p2) # 0,

i.e., the points of P are separated by disjoint positive elements. Using the condition
(SD), we obtain an affirmative answer to (Q) first for functionals, and then for operators
in Theorem 49 below.

Proposition 43 Let P be a nonempty compact Hausdorff space and let X be an order
dense subspace of C(P) such that (SD) is satisfied. Then every positive linear func-
tional f: X — R which is disjointness preserving on positive elements is a Riesz*
homomorphism.

Proof Let f: X — R be a positive linear map which is disjointness preserving on
positive elements. As X is majorizing in C(P), there exists a positive linear map
f : C(P) — R extending f, due to the Kantorovich theorem [3, Theorem 1.36]. By
the Riesz-Markov-Kakutani representation theorem, there exists a finite nonnegative
regular Borel measure & on P such that f x) = f xdpu for every x € C(P). Consider
the support of u given by

supp(p) :={p € P; u(U) > O foreveryopen U C P with p € U}.
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If supp(n) = ¥, then f = 0, which is a Riesz* homomorphism. If supp(u) # 9,
then we show that supp(u) consists of one point. Indeed, suppose there are pi, ps €
supp(p) with p; # pa. By (SD), there exist positive disjoint elements aj,a; € X
with a1 (p1) > 0 and a>(p2) > 0. Choose ¢ > 0 and an open set U C P with p; € U
such that aj (p) > ¢ for every p € U. Then

fa) = fan = /SlUdM —en(U) > 0,

as p; € supp(w). Similarly, f(az) > 0. Hence, f(a;) and f(ay) are not disjoint,
which is a contradiction. Thus, there exists p € P such that supp(u) = {p}. It follows
that there exists @ > 0 such that © = w§,, where §, is the point measure at p.
Therefore, f(x) = fxd/L = wx(p) for every x € C(P), which means that f is a
Riesz homomorphism. As X is order dense in C(P), we obtain that f is a Riesz*
homomorphism, due to Theorem 5. |

Example 44 For X = CI[O, 1] € CJ[0, 1], the condition (SD) is satisfied.

Example 45 Clearly, (SD) fails for every space X C C(P) that does not contain
nonzero positive disjoint elements. By [9, Theorem 4.1.10], this means that (SD) is
not satisfied whenever X is an antilattice.

Example 46 In the Namioka space as in Example 42, the condition (SD) fails due to
Proposition 43. To see this directly, take p; = —1 and p, = 1. As aj,a> > 0 and
ai(p1) > 0, ax(p2) > 0 implies that a1 (0) > 0 and a»(0) > 0, we obtain that a; and
ap are not disjoint.

Observe that the sufficient condition (SD) in Proposition 43 is not a necessary one,
as the next example shows.

Example 47 Let X := {x € C[0, 1]; x(0) = x(1)}. On the one hand, as X is a Riesz
space, every positive disjointness preserving functional is a Riesz homomorphism,
and, hence, a Riesz* homomorphism. On the other hand, (SD) does not hold. Indeed,
let p1 =0, pp = 1 and let a1, a > 0 be disjoint elements in X such that a;(0) # O.
Then a>(0) = 0, which implies a; (1) = 0. Note that X is isomorphic to C(S), where
S denotes the unit circle in R2. Observe that C(S) satisfies (SD).

If (SD) is satisfied for X < C(P), then, in particular, aj(p2) = 0, hence the
following is obvious.

Lemma 48 If X C C(P) satisfies (SD), then X strongly separates the points of P.

The next result provides an answer to question (Q) for pre-Riesz spaces consisting
of continuous functions.

Theorem 49 Let P and Q be nonempty compact Hausdorff spaces, let X be an order
dense subspace of C(P) that satisfies (SD), and let Y be an order dense subspace of
C(Q). Then every positive linear map T : X — Y which is disjointness preserving on
the positive elements of X is a Riesz* homomorphism.
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Proof Letg € Q. Then f,: X — R, x = (Tx)(q), is a positive linear map which is
disjointness preserving on positive elements of X. By Proposition 43, the functional
fq s a Riesz* homomorphism. We extend f; first to a Riesz homomorphism on the
Riesz completion of X by means of Theorem 5, and then to a Riesz homomorphism
fq : C(P) — R, using the Lipecki-Luxemburg-Schep theorem, see, e.g., [9, Theorem
2.1.17]. Now there exist w(qg) € Ry and a(g) € P such that fq (x) = w(g)x(a(q))
for every x € C(P), see, e.g., [9, Theorem 5.1.13]. Moreover, for every x € X, we
obtain

(Tx)(@) = f3(x) = fy(x) = w(g)x(@(q)).

By Lemma 48, the space X strongly separates the points of P. Next we apply Proposi-
tion13. As Tx € C(Q) foreveryx € X, we getthatw € C(Q) and that« is continuous
on {g € Q; w(g) > 0}. Now it follows from Theorem 12(ii) that 7: X — Y is a
Riesz* homomorphism. O

A result similar to Theorem 49 was shown by van Imhoff under the additional
assumption that X and Y are pointwise pervasive, see [13, Theorem 2.30]. We show
that his result is a special case of Theorem 49. For a nonempty compact Hausdorff
space P, aset X C C(P) is called pointwise pervasive if for every p € P and every
neighbourhood U € P of p, there exists x € X, x > 0, such that x(p) # 0 and
coz(x) C U.If X is pointwise pervasive, then X is pervasive, see Proposition 16.

Proposition 50 Let P be a nonempty Hausdorff space and let X C C(P) be pointwise
pervasive. Then X satisfies (SD).

Proof Let p1, p2 € P, p1 # p2. Since P is Hausdorff, there exist disjoint neighbour-
hoods V1, V> of p1, pa, respectively. As X is pointwise pervasive, there are x1, x € X,
X1, x2 > 0, such that x; (p;) # 0 and coz(x;) C V; fori € {1, 2}. The disjointness of
Vi and V; implies that x1 L x;. |

We reformulate Theorem 49 for order unit spaces, where we use the functional repre-
sentation.

Corollary 51 For an order unit space (X, K, ||-||,,), consider the following three state-
ments.

(a) For every Riesz* homomorphisms @1, ¢2: X — Rwith ¢1(u) = ¢2(u) = 1 and
@1 # @2, there exist disjoint elements ay,a; € K such that ¢1(a1) # 0 and
p2(a2) # 0. .

(b) For the functional representation (®, A) of (X, K, ||-||,,) given in (5), we have that
®[X] € C(A) satisfies (SD).

(c) For every order unit space (Y, C, ||-||,,) and every positive linear map T : X — Y
that is disjointness preserving on K, we have that T is a Riesz* homomorphism.

Then (a) and (b) are equivalent, and (b) implies (c).

Proof (a) = (b): Let p1, p» € A be such that p; # p>. Then pi, p> are Riesz*
homomorphisms due to Proposition 17, and p;(u) = p2(u) = 1. By assumption,
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there exist disjoint elements aj, a» € K such that pj(a;) # 0 and p>(az) # 0. Then
@ (a;) and P (ay) are positive disjoint elements in @[ X | with ®(a;)(p1) = pi1(ar) # 0
and ®(a2)(p2) = p2(az) # 0.

(b)=(a):Letoq, g2 € A, @1 # ¢2. As @[ X] satisfies (SD), thereare by, by € P[X]
with by, b, > 0 and by L by such that bi(p1) # 0 and by(¢2) # 0. There are
aip,ay € X with by = ®(ay), b = ®(az). We getayj,ax > 0, a1 L az, p1(ay) =
®(ar)(p1) # 0and p2(az2) = P(az)(¢2) # 0.

(b) = (c): As X and ®[X] are isomorphic as partially ordered vector spaces, we
apply Theorem 49, where, by means of the functional representation, we also consider
Y as an order dense subspace of an appropriate space of continuous functions. O

Corollary 51 is convenient for the study of examples. In the subsequent one, we
furthermore show that, in general, (SD) is a weaker condition than being pointwise
pervasive.

Example 52 For the four-ray cone in Example 37(a), the statement (a) in Corollary 51
holds. We continue Example 37(b), i.e., we study the (2n —2)-ray cone K in X := R”
further. The element u := ¢™ is an order unit in X and, by [14, Example 4.1], we get
in (5) that

A={f,eK'; oe{-11"", (16)

where f, (x) := 27;11 oix;+x,.In[14, Section 4], all positive disjointness preserving
bijections T: X — X are calculated. We show now that every positive linear map that
is disjointness preserving on K is a complete Riesz homomorphism. First, we establish
that (a) in Corollary 51 is satisfied. Indeed, let f,, fs € A (0,8 € {—1, 1"~ with
fo # fs. This implies that o # §. Therefore, there exists j € {1,...,n — 1} such
thato; # 8j,sayo; = 1,8; = —1. We get f, (x')) = 0; +1 =2 # 0 and
fs (y(j)) = —§;+1=2+#0. Since x y0) > 0and x) L y), we have shown
that X satisfies Corollary 51(a), which implies that ®[X] has the property (SD) in
C(A). Now, let Y be an order unit space and let 7: X — Y be a positive linear
map that is disjointness preserving on K. So far, we have shown that T is a Riesz*
homomorphism. By Corollary 31, the map 7 is a complete Riesz homomorphism.
We show that X is not pervasive and, therefore, not pointwise pervasive. Indeed,

using (5) and (16), we obtain ®: X — R2""' given by

2;1—]
o)=Y frip@e’, xeX,

j=I
where y: {1,...,2""!'} = {o; o € {—1,1})" !} is a bijection. We get (RTH, D)

as the functional representation of X. In view of [9, Proposition 4.1.15 and Theorem

4.2.6], we show that there exists a band B in R2"™" such that {x e X; &(x) € B}is
not a band in X. Let

B := span {e(i); ie{2,..., 2”_1}} C Rzn_l,
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which is a band, see, e.g., [9, Example 1.3.14]. Denote I := {i € {1,...,n —
1}; y(); =1tand I :={i e {1,...,n—1}; y(1); = —1}. We get

{x e X; ®(x) € B} ={x € X; fy,1) =0}

D span ({x(i); iel_}U {y(i); ie I+}) ,

where the latter is at least two-dimensional, as n > 3. In [14, Example 4.2], it is
shown that every band in X equals either span {e® + ¢/} or span {e() — ¢/} for
somei,j € N1 <i < j < n.Hence, {x € X; ®(x) € B} is not a band. We
conclude that X is not pervasive.

Next, we discuss to what extent the statement in Corollary 51(b) is necessary for
the one in (c).

Proposition 53 Let (X, K, ||-|,,) be an order unit spaces and (C(A), ®) the functional
representation of X. Then the following statements are equivalent.

(i) ®[X] < C(A) satisfies (SD).
(ii) Foreverygi, g2 € A, @1 # @2, we have that g1+, is not disjointness preserving
on K.
(iii) For every ¢ € X that is disjointness preservmg on K, we have that ¢ € A, and

for every @1, @2 € A, ©1 # @2, we have that 2((,01 + @) ¢ A.
(iv) For every order unit space (Y, C, ||-||,), we have that every positive linear map
T: X — Y that is disjointness preserving on K is a Riesz* homomorphism, and

for every ¢1, 2 € A, 91 # @2, we have that 2((/)1 + @) ¢ A.

Proof (i) = (ii): Let @1, g2 € A, @1 # @2, and define ¢ := ¢ + ¢;. Since P[X]
satisfies (SD), there exist disjoint elements a, b € K such that g1 (a) > 0, p2(b) > 0.
By the positivity of ¢y, ¢z, we also have ¢ (b) > 0, ¢2(a) > 0. Hence, we get

p(a) = p1(a) + ¢2(a) >0, @(b) = ¢1(b) + @2(b) > 0.

Therefore, ¢ is not disjointness preserving on K.
(ii) = (i): Assume that ®[X] does not have the property (SD). By Corollary 51, there
exist @1, g2 € A, @1 # @2, such that for every a, b € K witha L b, we have

¢1(a) #0 = ¢2(b) =0 and ¢1(b) #0 = ¢2(a) =0. 17)
We show that ¢ := ¢1 + ¢» is disjointness preserving on K. Let a, b € K be disjoint.

Then, since ¢1, ¢ are disjointness preserving, ¢1(a)p1(b) = @2(a)p2(b) = 0. We
get

p(a@)p(b) = p1(a)p1(b) + ¢1(a)p2(b) + p2(a)p1(b) + @2(a)p2(b)
= @1(@)@2(b) + p2(a)p1(b).

If 91 (a) # 0, then we have ¢ (b) = 0 by the disjointness of a and b, and ¢ (b) = 0 by
(17),hence p(a)p(b) = 0.If p1(a) = 0 and ¢ (b) = 0, we also have p(a)p(b) = 0.1f
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¢1(a) = 0 and ¢ (D) # 0, then we have by (17) that ¢, (a) = 0, hence p(a)p(b) = 0.
We conclude that ¢ is disjointness preserving on K.

(i) = (iv): As (ii) implies (i), Corollary 51 yields that that every positive linear
map 7: X — Y that is disjointness preserving on K is a Riesz* homomorphism.
Furthermore, for every ¢1, 2 € A, ¢ # @2, we have that ¢ + ¢, is not disjointness
preserving on K, hence not a Riesz* homomorphism. Therefore, %((pl + @) ¢A.
(iv) = (iii) is obvious.

(iii)) = (ii): Let ¢1, ¢ € A, @1 # @2. Assume that ¢ := ¢ + ¢ is disjointness
preserving on K. Then %(p is also disjointness preserving on K and therefore, by
assumption, a Riesz* homomorphism. Hence %(p e A. O

9 Operators with modulus

In this section, we apply the results of Section 6 to obtain moduli of functionals and
operators. We start by recalling the four-ray cone example and characterize functionals
that have a modulus.

Example 54 We change the point of view in Example 37(a), where in V = R the
four-ray cone K, see (11), is considered. Let the space X := R be equipped with the
cone

C = pos{fm’ f<2>,f<3>’f<4)},

using (12). Then, by duality, LP(X,R) can be identified with (V, K). We already
calculated the set M of functionals in LP(X, R) that have a modulus, see (14).

The method in the previous example is a special case of the subsequent Proposi-
tion 56 on finite-dimensional order unit spaces. Let K be a closed generating cone
in R”. Then K contains an order unit «, and the dual cone K’ := {y € R"; Vx €
K : (x,y) > 0} is generating in X’. As K’ is closed, it follows that (R”, K’) is also an
order unit space. For a fixed order unit v € K’, we consider the functional representa-
tion (C(L), ®) of (R", K’, ||-||,,). see (5). Note that L € K" = K (see also [9, Lemma
2.6.8]), that L consists of the extreme points of the base S = {x € K; (x,v) = 1} of
K, and that L can be considered as the closure of L in S. The next lemma states that
two functionals on (R”, K) are disjoint if and only if they are pointwise disjoint on
L.

Lemma 55 For every a,b € K'\ {0}, we have a L b in (R", K") if and only if, for
every x € L, we have a(x) = 0 orb(x) = 0.

Proof Since (C(Z), ®) is a vector lattice cover of (R", K'), we haB/e, foreverya, b €
R”, that a L b in (R", K_’) if and only if ®(a) L ®(b) in C(L), where the latter
means that, for every x € L, we have a(x) = 0 or b(x) = 0. O

Now, we characterize functionals that have a modulus. The subsequent statement is a
direct consequence of Theorem 35 and Lemma 55.
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Proposition 56 Ler K be a closed generating cone in R", let v be an order unit in K !,
and let (C(L), @) be the functional representation of (R", K', ||-||,). Let f: R" — R
be a linear functional. Then the following are equivalent.

(i) f has a modulus in (R", K").

(ii) Either f € K' U (—_K/), or there exista, b € K'\ {0} with f € span{a, b} such
that, for every x € L, one has a(x) = 0 or b(x) = 0.

If a functional as in Proposition 56 has a modulus, then the modulus is given by the
Riesz-Kantorovich formula due to [4, Theorem 3.3]. Proposition 56(ii) can also be
replaced by

(i1’) either f € K’_U (=K"), or there exist a, b € X with f € span{a, b} such that
for every x € L one has a(x) =0 or b(x) = 0,

where X is given in (4). Indeed, by Remark 21, fora, b € K’ \ {0}, @ L b can only
occur if @ and b are elements of the boundary of K’, and a and b can then be scaled
appropriately.

Example 57 We continue Example 37(b), i.e., we consider the (2n — 2)-ray cone in
X := R" where, for the order unit v: X — R, x — x,,in K’, one has

Z = L = {x(l)s e s-x(n_l)’ y(]), ceey y(n_l)}

We calculate all pairs {a, b} of disjoint elements in d X, where the latter means that
the nth entry of a and b equals 1. By Lemma 55, two disjoint elements are pointwise

disjoint on L. If, for i € {1,...,n — 1}, we have a; + 1 = a (x@) = 0, it follows
a(y?)=—a; +1 =230, hence —b; + 1 = b (y) = 0. We get {a, b} € A, and
ifa = f,,then b = f5, where, for j € {1,...,n — 1}, we define 6; := —o;. By

Proposition 56, the set M of elements in X’ that have a modulus is

M:=K'UK)Yu ] spanifs. f5).
oe{—1,1}—1
Remark 58 Proposition 56(ii) can be reformulated by means of bands as follows,

(ii”) either f € K’ U (—K’), or there exist a band B in X', a € B N (K’ \ {0}),
b e BYN (K’ \ {0}) such that f € span{a, b}.

Indeed, if a L b, then, for B := {a}9, we geth € {a}d = BY. Note that bands in X’
are determined by bisaturated subsets of L, see [9, Theorem 4.4.17].

In the subsequent example, we use a vector lattice cover of a space of operators on
a Riesz space to find the operators with modulus. Note that the underlying Riesz space
is not Dedekind complete, so that we can not apply the Riesz-Kantorovich theory.

Example 59 Let £3° denote the space of all finally constant real sequences, i.e.,
€ = {(x)jen; ABEeRIk eNVi > k: x; = B},
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equipped with the coordinatewise order. This vector lattice is not Dedekind complete.
In [1, Theorem 4.1], it is established that L' (£5°) = Lb(£8°), and in [1, Theorem 5.1]
that L' (£5°) does not satisfy the Riesz decomposition property, so it is not a vector
lattice. In [7, Example 3.1], it is shown that L"(£3°) is a pervasive pre-Riesz space,
and a vector lattice cover is calculated explicitely, where the order in the vector lattice
cover is pointwise. For details, see also [9, Example 5.4.15].

More precisely, observe that Ego has a countable algebraic basis B = {1, e @
...}, where 1 denotes the constant-1 sequence and ¢ the unit sequences. Hence, 680
can be identified with the space c. of all real sequences which are zero except for a
finite number of terms, ordered by the cone

K ={(&)ien, €¢c; £0>0, & + & > 0 forevery i € N}.

The space L' (£3°) can be identified with the space of matrix representations of regular
operators in (c¢, K), i.e.,

o0
R = {(aij)i,jeN(); VjeNo: (aij)i € cc, and (; |a,~j|>l_GNO is bounded },

ordered by the cone
C = {(aij)i,jeNO € R; Vi, jeN: apj +a;; >0,

o0
and Vi € N: ago + ajo > Z(aoj +“ij)}'
Jj=1

The pre-Riesz space (R, C) can be embedded order densely into the vector lattice
Y of all matrices (b;j)ieN, jeN, that satisfy the four conditions

(bij)ien is eventually constant for every j > 1,

o0
Z |Bj| < oo, where 8; = lim b;j,
j=1 i—00
(bio);en is bounded,

o0

(Z b |>‘ . is bounded,
le

j=1

where Y is endowed with the entrywise order. Observe that Y is not o-Dedekind
complete. The map F: R — Y given by

A = (aij)i,jeNy = F(A) = (fij(A))ieN, jeNy»
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where

f"(A)—{ aoj + ajj fori e N, j>1,
T | aoo + aio — o2 (aoe + aie) fori €N, j =0,
is bipositive, linear, and F[R] is order dense in Y. We obtain that (Y, F) is a vector
lattice cover of (R, C).

Whether an element of R has a modulus can be decided by checking if a certain
sequence is finally constant. For a fixed A = (a;;);, jen, € R.,denote, foreveryi € N,

S =

o
+ Z }aoz +ai1|~
=1

o0
ap — Y _ (aor + air)

=1

We claim that A has a modulus |A] € R if and only if (s;);eny € £3°. Applying
Theorem 35, we show that there is E = (e;;);, jeN, € R such that | F(A)| = F(E) if
and only if (s5;);cn € £5°.

Indeed, assuming that £ = (e;;); jeN, € R exists with [F(A)| = F(E), one
obtains

eoj +eij =lagj +a;j| fori,jeN, (18)
o

€00 + €0 — Z (eor +eir) =
=1

o]

ago + aio — Z (aor + air)
I=1

fori e N. (19)

Since (a;j)ieN, € Cc and (ejj)ieN, € Cc, (18) implies ep; = |ag;| for j € N and,
moreover, ¢;; = |agj + a;j| — lag;| for i, j € N. Now (19) yields

o0

aoo + aio — Z (aor + air)
=1

o0
+ Y laor + aill -

=1

eoo + eio =

Since (a;0)ieN, € Cc and (ej0)ieN, € Cc, it follows that (s;);en is finally constant,
where the limit equals eqyp.
Vice versa, let the sequence (s;);eNn be finally constant. Define £ := (¢;;);, jen, by

eoo = lim s;,
11— 00
o0
ao + aio — Y _, (aor + air)
=1
eoj = |apj| for j € N,

o
+ Z laor + aii| —epo  fori € N,
=1

€i0

e,-j=|aoj +a,-j|—‘aoj| fori, j € N.

We show that E € R. Since (a;0);en is finally constant and (s;);en, is finally constant
with limit eq, we obtain (e;0)ieN, € Cc. As (gj)ieN, € ¢ forevery j € N, it follows
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that (e;j);eN, € Cc, as well. Finally, since there is M > 0 such that Z?il |a,-j| <M
for every i € Ny, we obtain

o0

o0
D leijl =Y |laoj + aij| — |aos| | < 3M,

j=1 j=1

hence the sequence (2?11 ‘ei j ]) N is bounded. We conclude E € R. The verifica-
1SS

tion of F(E) = |F(A)] is straightforward.

Next, we calculate the modulus of certain operators between spaces of continuous
functions.

Proposition 60 Let P and Q be nonempty compact Hausdorff spaces and let X C
C(P) and Y C C(Q) be directed subspaces. Let «: Q — P and w: Q — R and
consider T : C(P) — RZ,

(Tx)(g) :=w(@x((g), q€ O, x € C(P).

Suppose that T[X] C Y. If Y is a Riesz subspace of C(Q), then T: X — Y has a
modulus, and, for every x € X, we have

(T1x)(q) = lw(g)lx(x(q)), q € Q.

Proof Denote (Sx)(q) := |w(q)|x(x(q)) for g € Q and x € C(P). First, we show
that S[X] C Y. Indeed, for x € X, x > 0, we have

(8x)(q) = w(@)|x(a(g)) = [w(g)x(a(g)| = [(Tx)(q)|

forevery g € Q. As T[X] C Y and Y is a Riesz subspace of C(Q), we get |[Tx| € Y
and, hence, Sx € Y. As X is directed, we obtain S[X] € Y,and S: X — Y isa
positive linear map.

Next, we show that S is the modulus of 7. Indeed, for every x € X, x > 0, we
have Sx > £Tx, hence § > =T.If R: X — Y is a linear map such that R > £T,
then for every x € X, x > 0, we have Rx > Tx and Rx > —Tx. For every g € Q,
we then obtain

(Rx)(q) = |(Tx) ()| = [w(g)x(a(g)]| = |lw(g)|x(a(g)) = (Sx)(q),
hence R > S. Thus, S is the supremum of {T', —T}. O

Remark 61 1f Y is a pre-Riesz space which is order dense in C(Q), then Y is a Riesz
subspace of C(Q),and Y C Y. Inthis case, T: X — Y has a modulus in the regular
operators from X to Y.

It is an open question under which conditions the difference of two Riesz* homo-
morphisms has a modulus. In view of Corollary 36, this leads to the question under
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which conditions two Riesz* homomorphisms are disjoint. We give a partial answer
in the setting of Proposition 60. Let P be a nonempty compact Hausdorff space and
let X € C(P) be a linear subspace. We will use the following property of X, which
we call strongly pointwise pervasive:

(SPP) Vz e C(P);+Vpe P: z(p) =sup{x(p); x € X, 0 <x <z}.
Lemma 62 If X satisfies (SPP), then X is pointwise pervasive.

Proof Let p € P and let U be a neighbourhood of p. Take Uy € P open with
p € Up € U. By Urysohn’s lemma, there exists a z € C(P) withz(p) = landz =0
on P\ Uy. According to (SPP), there exists x € X with0 < x < z and x(p) > %
Thenx =0on P\ Uy 2 P\ U. Thus, X is pointwise pervasive. O
As a consequence of Lemma 62 and Proposition 50, we obtain that (SPP) implies
(SD).

Theorem 63 Let P and Q be nonempty compact Hausdorff spaces and let X C C(P)
and Y € C(Q) be linear subspaces, where X is directed and satisfies (SPP). Let
Ty, T>: X — Y be given by

(Tix)(q) == wi(g)x(i(g), q € Q,ie{l,2},

where a1, a2: Q — P and wy, wy: Q — Ry. Consider the condition

{g € Q: wi(g) =00rwz(q) =0o0rai(g) # ax(q)} is dense in Q. (20)

(i) If (20) holds, then Ty L T, in L(X,Y). Hence, T — T>» has a modulus which
equals Ty + T».

(ii) If, in addition, Y is pervasive and, for every y1, y» € Y, we have y1 - y» € Y, then
(20) holds if and only if Ty 1. Tp in L(X, Y).

Proof (i) As Ty and T, are positive, showing that 71 L 7, in L(X, Y) comes down to
showing that, for every U € L(X, Y), we have

U==T1—-THand U>T,—-T) = U>T1+ 1.

Let U € L(X,Y)besuchthat U > Ty — T» and U > T, — T;. Fix x € X with
x>0and g € Q.If wi(g) = 0, then (T1x)(g) = 0, hence (Ux)(q) > (Trx)(q) =
((T1 + T2)x)(q). Similarly, if wa(g) = 0, then (Ux)(q) > ((T1 + T2)x)(q)-

Now assume wi(q) # 0, wa(g) # 0, and o1 (q) # a2(g). As the condition (SD)
follows from (SPP) for X, there exist aj,ap € X with ay, ap > 0 such that a; L a»
and a;(a;(q)) = x(a;(q)) for i € {1,2}, aj(aa(g)) = 0 and az(a;(q)) = 0. Put
71 (= x Aajr and z2 := x A ap. Let ¢ > 0. By (SPP), there exist y;, y» € X with
0 <y <z1and 0 < y, < 75 such that

yilei(q)) = zi(ai(g)) —e, i€{l,2}.

@ Springer



2132 A. Kalauch et al.

Then 0 < y; A y2 < aj Aapz =0, therefore y; L y,. Hence,

O<yi+yw=y»Vvyw=<z1Vza ux

Furthermore,

Uy(q) = (Th — T)y1)(g) = wi(g@)y1(a1(q)) — wa(g)y1(a2(q))
= wi(g@)y1(a1(g)) > wi(q)(z1(x1(q)) — &)
= wi(g)(x(a1(q)) — &).

Similarly,

Uy2)(q) = (Tr — T y2)(q) = wa(q)y2(a2(q)) — wi(g)y2(e1(g))
wa(q) (x(a2(q)) — €).

v

Thus,

(Ux)(g) = (Uy1 + y2))(q)
wi(g)x(a1(q)) + wa(g)x(az2(q)) — (wi(g) + wa(q))e

= ((Th + 12)x)(q) — (wi(g) + wa(q))e.

>
=

Hence (Ux)(g) = (T + T») x) (g). Because of (20), it follows by continuity that
Ux > (T) + T») x. Hence, U > T} + T; and, therefore,

(T — T, T, — T} ={T1 + T, -T1 — T»}"

in L(X, Y), which means that 77 L 7. By Corollary 36, the operator 71 — 7> has a
modulus which equals 77 + 75.

(i1) Suppose (20) does not hold. Then there exists a nonempty open set V. C Q
such that w; # 0, wy # 0 and o1 = a» on V. By Urysohn’s Lemma, there exists
a function vg € C(Q) with 0 < vg < 1 such that coz(vg) € V and vg # 0. By the

, xfgzg } vo(g) for every

q € Q. Choose go € V such that v(gg) > 0. Forevery x € X, g € Q, define

pervasiveness of Y, there is v € Y \ {0} with v(g) < min {1

Ux)(q) = ((T1 + T2) x) (q) — v(g)T1x(q).

Since v, T1x € Y and Y is closed under multiplication, we have U € L(X, Y). We
show that U > £ (77 — T>). Indeed, letx € X, x > 0,andletqg € Q.If g ¢ V, then

(F(TM —T)x) (g = (T +T2) x) (¢) = Ux)(q).
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If g € V, then, as wy(q) — v(g)wi(g) > 0, we have

(Ux)(q) = wi(g)x(a1(q)) + wa(g)x(e2(q)) — v(g)wi(g)x(x1(q))
(wi(g) + wa(g) — v(g)wi(q)) x(@1(q))

> wi(g)x(e1(q)) = (Tix) (q)

> (Th — Ta) x) (9),

and, similarly, as v(g)w1(q) < wi(q),

Ux)(q) = (wi(g) + walg) — v(g)wi(q)) x(a1(q))
> wa(g)x(a1(q)) = wa(g)x(e2(q)) = (T2x) (q)
> (T2 =T x) (q).

Thus, U > £(T; — T»). Next, we show U z T1 + T». Indeed, by (SPP), the space X
is pointwise pervasive, hence there exists x € X, x > 0, with x(«1(qo)) > 0. Then

(Ux)(q0) = (w1(q0) + w2(qg0) — v(go)w(qo)) x(1(q0))
< (wi(q0) + w2(q0)) x(1(q0))
= ((Th + T2) x) (qo0)-

Thus, U € {T) — T», T, — T1}",but U ¢ {T1 + T», —T1 — T»}", which means that T}
and 75 are not disjoint in L(X, Y). O

Remark 64 Note that (20) is satisfied whenever the graphs

{(g,21(9)); g € Q}and {(¢, @2(q)); q € O}

are disjoint sets. For the proof of Theorem 63(ii) that (20) is a necessary condition
for T1 L T,, we use that X is pointwise pervasive. It is open whether (SPP) is strictly
stronger than being pointwise pervasive.

Remark 65 If wy, wy, o1, ap in Theorem 63 are continuous, the statement there is
about the modulus of differences of Riesz* homomorphisms by Theorem 12. This can
be specified further.

In [12], asubspace X of C(P) is called pointwise order dense if, for every z € C(P)
and p € P, we have z(p) = inf{x(p); x € X, x > z}. If X is a majorizing subspace
of C(P) that satisfies (SPP), then X is pointwise order dense. Indeed, let z € C(P),
p € P. As X is majorizing, there is v € X, v > z. By (SPP), we have

(v—2)(p) = sup{x(p); x € X, 0 <x <v—z}, hence
(z —v)(p) =inf{—x(p); x € X, 0 < x < v — z}, consequently
z(p) =inf{(v —x)(p); x € X, 0<x <v—z}
=inf{w(p); w e X, z < w}.
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In [12, Theorem 3.4], the following is shown: if X is pointwise order dense in C(P)
and Y is order dense in C(Q), then every Riesz* homomorphism is a Riesz homomor-
phism. Therefore, if, in addition to the assumptions in Theorem 63 and the continuity
of wy, wo, a1, o, X is majorizing and Y is order dense, the statement there is for
differences of Riesz homomorphisms.

Let P be a nonempty compact Hausdorff space, p € P, and X a linear subspace
of C(P). We denote ¢,: X — R, ¢,(x) := x(p).

Corollary 66 Let P be a nonempty compact Hausdorff space and let X € C(P) be a
linear directed subspace which satisfies (SPP). Then, for every p1, p» € P, we have

p1 # p2ifand only if o, L @p,.

Proof Let p1, po € P, pi # p>. We view ¢p, (i € {1,2}) as a map from X to
C(Q), where the set Q consists of one point ¢, and, for every x € X, we interpret
the real number ¢, (x) as the continuous function g + @, (x) (i € {1, 2}). Define
a;: Q — Pbya;(q) = p; (i €{1,2}).Hence, wehave,forx € X,that (¢, (x))(g) =
x(p;i) = x(ai(q)) forevery g € Q. Asthe graphs of «; and o are disjoint, Theorem 63
yields that ¢, L @p,.

If p1 = p», then obviously ¢, = ¢p,, hence ¢, L @p,. O

Corollary 67 Let P and Q be nonempty compact Hausdorff spaces and let X C C(P)
and Y € C(Q) be linear subspaces, where X is directed and satisfies (SPP). Let
T, Tr: X — Y be given by

(Tix)(q) = wi(g@)x(i(q)), g€ Qi €{l,2},
where a1, 02: Q — P and wi, wa: Q — Ry. The set
{g€Q; vgoTi L ggoTn}
is dense in Q if and only if Ty L T, in L(X, C(Q)).
Proof Fix g € Q. Foreveryi € {1,2} and x € X we have that
(@g o T (x) = wi(g)x(ai(q)).
Hence, (¢4 o T;) = wi(q)Pw; (q)- We have

pgoTi Lo;oT <= wi(q)¢aq) L w2(q)Pay(g)
<= wi(q) =0o0rwa(g) =0orai(q) # ax(q),

by Corollary 66. Now we apply Theorem 63, which completes the proof. O

Remark 68 1f Y is a subspace of C(Q), then L(X, Y) is a subspace of L(X, C(Q)).
Hence, for 71, T» € L(X, Y), we have

T L HinL(X,C(Q) = T LTinL(X,Y).
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In the subsequent corollary, the space X is a pre-Riesz space. We use Theorem 5 to
obtain a unique extension for Riesz* homomorphisms on X.

Corollary 69 Let P and Q be nonempty compact Hausdorff spaces and let X C C(P)
be a linear subspace, where X is directed and satisfies (SPP). Let T\, T>: X — C(Q)
be Riesz* homomorphisms and let Sy, Sy: XP — C(P) be the Riesz homomorphisms
extending Ty and T, respectively. Then

Ti LThinL(X,C(Q) <= S8 LS inL(X", C(Q)).

Proof According to Theorem 12, there exist wi, wo: Q — Ry and oy, 00: Q — P
such that, for every i € {1,2},x € X,and g € Q, we have

(Tix)(q) = wi(g)x(xi(q)).

Asx — (g — w;(q)x(x;i(q)))is aRieszhomomorphism from X* to C(Q) extending
T;, we obtain

(Six)(q) = wi(g)x(i(g))

foreveryi € {1,2},x € X?,and g € Q, due to the uniqueness of the extension. Now
Theorem 63 completes the proof. O

Theorem 63 considers operators that have a representation as weighted composition
operators. These operators are Riesz* homomorphisms. A natural next step would be
to investigate disjointness of two Riesz* homomorphisms between arbitrary pre-Riesz
spaces X and Y. Corollary 69 raises the question under which conditions on X and
Y we obtain that two Riesz* homomorphisms from X to Y are disjoint if and only if
their unique extensions from X” to Y are disjoint.

Funding Open Access funding enabled and organized by Projekt DEAL.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Abramovich, Y.A., Wickstead, A.W.: Regular operators from and into small Riesz spaces. Indag. Math.
N.S. 2, 257-274 (1991)

2. Aliprantis, C.D., Burkinshaw, O.: Positive Operators. Academic Press Inc., London (1985)

3. Aliprantis, C.D., Tourky, R.: Cones and Duality. Graduate Studies in Mathematics, vol. 84. American
Mathematical Society, Rhode Island (2007)

@ Springer


http://creativecommons.org/licenses/by/4.0/

2136

A. Kalauch et al.

13.

14.

15.

16.

. Aliprantis, C.D., Tourky, R., Yannelis, N.C.: The Riesz-Kantorovich formula and general equilibrium

theory. J. Math. Econ. 34, 55-76 (2000)

. Buskes, G., van Rooij, A.C.M.: The vector lattice cover of certain partially ordered groups. J. Austral.

Math. Soc. (Series A) 54, 352-367 (1993)

. de Jeu, M., Jiang, X.: Riesz representation theorems for positive algebra homomorphisms, Preprint
. van Gaans, O., Kalauch, A.: Bands in pervasive pre-Riesz spaces. Oper. Matrices 2(2), 177-191 (2008)
. Kalauch, A., Lemmens, B., van Gaans, O.: Riesz completions, functional representations, and anti-

lattices. Positivity 18(1), 201-218 (2014)

. Kalauch, A., van Gaans, O.: Pre-Riesz Spaces. Walter de Gruyter GmbH, Berlin/Boston (2019)
. van Haandel, M.: Completions in Riesz space theory, Ph.D. thesis, University of Nijmegen (1993)
. Hayes, A.: Indecomposable positive additive functionals. J. London Math. Soc. 41, 318-322 (1966)

van Imhoff, H.: Riesz* homomorphisms on pre-Riesz spaces consisting of continuous functions. Pos-
itivity 22(2), 425447 (2018)

van Imhoff, H.: Order isomorphisms, order antimorphisms and their interplay with Jordan algebra
structures. Ph.D. thesis, Universiteit Leiden (2019)

Kalauch, A.., van Gaans, O.., Zhang, F..: Disjointness preserving operators on normed pre-Riesz spaces:
extensions and inverses. Positivity 24(2), 481-504 (2020)

Megginson, R.E.: An Introduction to Banach Space Theory. Graduate Texts in Mathematics, vol. 183.
Springer, New York (1998)

Zaanen, A.C.: Introduction to Operator Theory in Riesz Spaces. Springer, Berlin (1997)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Operators in pre-Riesz spaces: moduli and homomorphisms
	Abstract
	1 Introduction
	2 Preliminaries
	3 The van Haandel extension revisited
	4 Riesz* homomorphisms and complete Riesz homomorphisms on spaces of continuous functions
	5 Characterization of functionals that are complete Riesz homomorphisms
	6 Riesz homomorphisms and complete Riesz homomorphisms on order unit spaces
	7 Characterization of elements with modulus
	8 Relation between positive disjointness preserving operators and Riesz* homomorphisms
	9 Operators with modulus
	References




