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Abstract

The aim of this article is to describe a class of *-algebras that allows to treat
well-behaved algebras of unbounded operators independently of a representation.
To this end, Archimedean ordered *-algebras (*-algebras whose real linear sub-
space of Hermitian elements are an Archimedean ordered vector space with rather
weak compatibilities with the algebraic structure) are examined. The order induces a
translation-invariant uniform metric which comes from a C*-norm in the bounded case.
It will then be shown that uniformly complete Archimedean ordered *-algebras have
good order properties (like existence of infima, suprema or absolute values) if and only
if they have good algebraic properties (like existence of inverses or square roots). This
suggests the definition of Su*-algebras as uniformly complete Archimedean ordered
*-algebras which have all these equivalent properties. All methods used are completely
elementary and do not require any representation theory and not even any assumptions
of boundedness, so Su*-algebras generalize some important properties of C*-algebras
to algebras of unbounded operators. Similarly, they generalize some properties of
@-algebras (certain lattice-ordered commutative real algebras) to non-commutative
ordered *-algebras. As an example, Su*-algebras of unbounded operators on a Hilbert
space are constructed. They arise e.g. as *-algebras of symmetries of a self-adjoint
(not necessarily bounded) Hamiltonian operator of a quantum mechanical system.
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1 Introduction

Many important examples of *-algebras, especially *-algebras of complex-valued
functions or *-algebras of adjointable endomorphisms, carry a partial order on their
Hermitian elements that is compatible with the algebraic structure: In the former case,
this is the order by pointwise comparison of real-valued functions, in the latter it is the
usual order on Hermitian operators. From a more abstract point of view, it has long
been known that there exists an intrinsic partial order on the Hermitian elements of a
C*-algebra, which can be defined in many equivalent ways (e.g. by declaring squares
of Hermitian elements to be the positive ones, or elements with non-negative real
spectrum). This is of course not surprising as C*-algebras can always be represented
as *-algebras of bounded operators, and in the commutative case even as *-algebras of
continuous functions. However, a generalization of this approach seems to be difficult,
at least in the realm of topological *-algebras: Already Banach *-algebras can have
extremely pathological order properties. Because of this, examining *-algebras having
in some sense “‘unbounded” elements by means of locally convex *-algebras is a rather
hard task.

However, in the commutative case, *-algebras are just the complexifications of real
associative algebras. So the theory of ordered real algebras, especially of lattice ordered
ones like (almost) f-algebras and @-algebras, immediately carries over and yields
examples of well-behaved ordered *-algebras even beyond the scope of C*-algebras.
The representation theorem [5, Thm. 2.3] for @-algebras as algebras of functions on a
compact Hausdorff space with values in the extended real numbers further exemplifies
the close relation between commutative C*-algebras and (complexifications of) @-
algebras.

The aim of the present article is to examine ordered *-algebras and ultimately to
determine a class of very well-behaved ordered *-algebras that generalize important
properties of C*-algebras to the unbounded case, as well as properties of @-algebras
to the non-commutative case. This includes the existence of suprema and infima of
finitely many commuting Hermitian elements, of absolute values, square roots of
positive elements and inverses of elements that are coercive (i.e. “strictly” positive),
as well as automatic continuity of unital *-homomorphisms and the uniqueness of
the order. Special attention is given to situations where order-theoretic and algebraic
concepts are equivalent. The most obvious example for this are absolute values: The
absolute value |a| of a Hermitian element a should be, from the purely order-theoretic
point of view, the supremum of a and —a. But from a more algebraic point of view, |a|
should be the (positive) square root of a2. This raises the question whether, or under
which circumstances, the two descriptions are equivalent.

It will be shown that every Archimedean ordered *-algebra carries a metrizable,
translation-invariant topology. In the bounded case, this topology comes from a C*-
norm as in [10], but there is no need for restriction to this special case: Theorem 1
shows that for complete Archimedean ordered *-algebras, the first properties men-
tioned above (from existence of suprema and infima to existence of inverses) are all
equivalent and then imply the others (automatic continuity, uniqueness of the order
and compatibility or equivalence of some further order-theoretic and algebraic con-
cepts). Those algebras where these equivalent properties are fulfilled will be called
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Su*-algebras. They include C*-algebras as well as (complexifications of) complete
@-algebras as special cases. In the end, examples of Su*-algebras of unbounded opera-
tors, which are neither C*-nor @-algebras, will be constructed. This way, Su*-algebras
allow to examine *-algebras of unbounded operators independently of concrete rep-
resentations.

The article is organized as follows: The next Sect. 2 explains the notation and
gives some basic and well-known facts especially about ordered vector spaces. Sec-
tion 3 contains the definition of (quasi-) ordered *-algebras as well as some important
examples, both well-behaved and ill-behaved ones, and discusses the construction
of the uniform metric. After that, Sect. 4 describes radical ordered *-algebras which
fulfil an additional compatibility between multiplication and order, and it is shown
that especially all symmetric ordered *-algebras (those in which “strictly” positive
elements have a multiplicative inverse) are radical. The operations V and A, which
describe especially well-behaved suprema and infima of two commuting Hermitian
elements, are discussed in Sect. 5. This leads to the definition of @*-algebras which
are essentially non-commutative generalizations of @-algebras. Square roots, which
allow the construction of absolute values and thus of suprema and infima, are exam-
ined in Sect. 6. All this then leads to the main Theorem 1 in Sect. 7, which essentially
states that in the uniformly complete case, the existence of suprema, infima, absolute
values, square roots and inverses are equivalent, and motivates Definition 9 of Su*-
algebras as those complete ordered *-algebras where these equivalent conditions are
fulfilled. Moreover, all the results obtained in the previous sections (like uniqueness of
the order or automatic continuity of unital *~-homomorphisms) then apply especially
to these Su*-algebras. Finally, in Sect. 8, examples of Su*-algebras of unbounded
operators on a Hilbert space are constructed.

2 Preliminaries

The natural numbers are N = {1, 2,3, ...}, Ng := N U {0} and the sets of real and
complex numbers are denoted by R and C, respectively. If X isaset, thenidy: X — X
is x > idx (x) := x. A quasi-order on X is a reflexive and transitive relation, hence
a partial order is a quasi-order that is additionally anti-symmetric. If X and Y are
both endowed with a quasi-order <, then a map ¥: X — Y is called increasing if
U(x) < W(x) forall x, ¥ € X with x < X. If ¥ is injective and increasing and if
conversely also x < X holds for all x, ¥ € X with ¥ (x) < W (X), then ¥ is called an
order embedding.

A quasi-ordered vector space is a real vector space V endowed with a quasi-order
Ssuchthat u +w < v+ wand Au < Av hold for all u, v, w € V withu < v
and all A € [0, oo[. An ordered vector space is a quasi-ordered vector space whose
order is even a partial order, which is then typically denoted by < instead of <. For
every quasi-ordered vector space V, the convex cone (non-empty subset of a real
vector space closed under addition and scalar multiplication with non-negative reals)
of positive elements is VT := { veV]vz0 }, and one can check that this describes
a one-to-one correspondence between convex cones in V and orders on V that turn
V into a quasi-ordered vector space. From this point of view, V is even an ordered
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vector space if and only if VT N (=VT) = {0}. A quasi-ordered vector space V is
called Archimedean if it has the following property: Whenever v < ew holds for fixed
veVandw € Vandall € € ]0, oof, then v < 0.

The real vector space £(V, W) of all linear maps ¥ : V — W between two quasi-
ordered vector spaces is again a quasi-ordered vector space by declaring the positive
elements to be precisely the increasing linear maps. Because of this, the increasing
linear maps are called positive. Note that a linear map ¥ : V — W is increasing if
and only if ¥ (v) € Wt forallv e V™.

In ordered vector spaces it makes sense to discuss suprema and infima of arbi-
trary non-empty subsets. A Riesz space (or vector lattice) is an ordered vector space
‘R in which suprema and infima of all pairs of elements exist. It is well-known that
this is already the case if sup{r, —r} exists for all » € R. The usual notations Vv
and A for suprema and infima in Riesz spaces will be avoided and will be reserved
for a similar concept that is introduced later for ordered *-algebras. Endowing Riesz
spaces with an additional algebraic structure leads to e.g. the concept of @-algebras,
which are Archimedean Riesz spaces R endowed with a multiplication that turns
R into a real unital associative algebra such that rs € RT forall r,s € Rt and
inf{rt,s} = inf{tr, s} = Oforallr,s,t € R* withinf{r, s} = 0. Note that this prop-
erty, applied twice with r = r and ¢t = s, especially implies that rs = inf{rs, rs} =0
forallr, s € RT withinf{r, s} = 0,and from0 = inf { sup{r, —r}—r, sup{r, —r}—l—r}
for all r € R it follows that (sup{r, —r}H? = r2. One remarkable result about @-
algebras is a representation theorem as algebras of extended real-valued functions on
compact Hausdorff spaces [5], and especially that @-algebras are automatically com-
mutative. This shows that @-algebras are a good abstraction of lattice-ordered algebras
of real-valued functions. There are also many similar notions of Riesz spaces with mul-
tiplication that have been studied extensively, most notably (almost) f-algebras. One
essential takeaway is that a multiplication on an Archimedean Riesz space is auto-
matically commutative under very mild assumptions of compatibility with the order
[1], [3], [6], [9]. This unfortunately means that such algebras are not suitable for the
description of reasonably well-behaved non-commutative algebras of operators, which
are the usual non-commutative analog of algebras of functions.

A *-vector space is a complex vector space V endowed with an antilinear involution
-*: V. — V. An element v of a *-vector space V is called Hermitian if v = v*
and the real linear subspace of Hermitian elements in V is denoted by Vy. Then
V = Vx @ iVy as a real vector space, and this decomposition can explicitly be
described as v = Re(v) + ilm(v) with Re(v) = (v + v¥) and Im(v) = (v — v*)
for all v € V. The most obvious example of a *-vector space is of course given by
C with complex conjugation ~ as *-involution. The complex vector space £(V, W)
of all linear maps ¥ : V — W between two *-vector spaces is again endowed with
an antilinear involution defined by ¥*(v) := ¥ (v*)* for all ¥ € £(V, W) and all
v € V. A linear map ¥ : V — W thus is Hermitian if and only if ¥ (v*) = ¥ (v)*
holds for all v € V, or equivalently, if and only if ¥ (v) € Wy forall v € Vy.

A *-algebra is a unital associative complex algebra A which is also a *-vector
space such that (ab)* = b*a* holds for all a, b € A. Its unit is denoted by 1 or, more
explicitly, by 1 4, and is automatically Hermitian. Moreover, a unital *-homomorphism

@ Springer



Equivalence of order and algebraic properties... 887

between two *-algebras is a unital homomorphism of algebras which is additionally
Hermitian, and a unital *-subalgebra of a *-algebra is a unital subalgebra that is stable
under - *. It is not explicitly required that 0 # 1, but the only case in which this is not
fulfilled is the not very interesting algebra {0}. For a subset § € A of a *-algebra .4, the
commutant S' = { ac A | Vses 1 sa = as } is a unital subalgebra, and even a unital
*-subalgebra if S is stable under - *. If S is commutative, then the bicommutant S” is
again commutative and S € S” C §’. For example, the multiplicative inverse a ! of
aninvertible a € A is in the bicommutant of a. A C*-(semi)norm on a *-algebra A is a
(semi)norm || - || for which [|ab|| < |la|l||b|| and ||a*al|| = ||la||*> hold forall a, b € A,
hence especially ||a*|| = |la||, and a C*-algebra is a *-algebra that is complete with
respect to the topology of a C*-norm.

A (quasi-)ordered *-vector space is a *-vector space V whose real linear subspace
of Hermitian elements Vyy is endowed with an order that turns it into a (quasi-)ordered
vector space. The properties of ordered vector spaces and linear functions between
them, like being Archimedean or positive, apply to ordered *-vector spaces in the
obvious way, i.e. they refer to the order on the Hermitian elements.

3 Archimedean ordered *-algebras

(Quasi-)ordered *-algebras are defined analogously to (quasi-)ordered *-vector spaces,
and have already been studied in e.g. [8], [11] as “*-algebras that are equipped with
an admissible wedge” in the context of *-algebras of unbounded operators and, espe-
cially in the commutative case and up to complexification, as “rings equipped with a
quadratic module” in real algebraic geometry, see e.g. [10] for a survey. However, it is
important to point out that with respect to quadratic modules, the term “Archimedean”
unfortunately is used in a different way than with respect to ordered vector spaces.

Definition 1 A quasi-ordered *-algebra is a *-algebra A whose real linear subspace
Ay is endowed with a quasi-order < such that

a+c<b+c, d'ad<d'bd and 05<1 (1

hold for all a,b,c € Ag with a < b and all d € A. An ordered *-algebra is a
quasi-ordered *-algebra A for which Ay is partially ordered.

As *-algebras are required to have a unit, these axioms especially imply that every
(quasi-)ordered *-algebra is a (quasi-)ordered *-vector space. Thus, a quasi-ordered
*-algebra A will be called Archimedean if Ag is Archimedean as a quasi-ordered
vector space and we will especially be interested in positive Hermitian linear maps
and positive unital *-homomorphisms between quasi-ordered *-algebras. Note that
the set A; of positive Hermitian elements of A generates Ay as a real vector space
because 4a = (a + 1)2 — (a — 1)? holds for all a € Ay and because (a £ 1)? € .AIJE.
Moreover, one easily checks that

ra+pbe A, dfade A and 1e A} 2)
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hold for all a, b € A;, d € A and scalars A, u € [0, oo[. Conversely, if A is a
*-algebra and AIJ; an arbitrary subset of Ay that fulfils these three conditions (2), then
there is a unique order on Ay such that A becomes a quasi-ordered *-algebra whose
set of positive Hermitian elements is precisely this set .A;. This order is given for
a,be Anbya Sbiffb—ae Al

Again, the most obvious example of an ordered *-algebra is C with the usual order
on Cy = R. More interesting ones are:

Example 1 Let X be anon-empty set and C¥ the unital *-algebra of all complex-valued
functions on X with the pointwise operations. Then CX with the pointwise order on
its Hermitian elements, i.e. f < g if and only if f(x) < g(x) forall x € X, is an
Archimedean ordered *-algebra. Consequently, all unital *-subalgebras of CX with
this pointwise order are Archimedean ordered *-algebras as well.

Special cases of such ordered *-algebras of functions are of course those of continuous
functions, denoted by %’ (X) if X is a topological space. Another special case are
polynomials, which demonstrate that there can be, in general, many possible orders
on the same *-algebra:

Example2 Let C[xy,...,xy] with N € N be the *-algebra of complex polynomials
in N Hermitian variables xi, ..., xy, i.e. the *-involution is given by complex con-
jugation of all coefficients. For every subset S € RY, the S-pointwise order on the
Hermitian polynomials, i.e. p < g ifand onlyif p(sy,...,sy) < q(s1,...,sy) forall
(s1,...,sy) € S, turns C[xy, ..., xy] into an Archimedean quasi-ordered *-algebra,
which is even an Archimedean ordered *-algebra e.g. if S has non-empty interior.

Non-commutative examples are provided by *-algebras of operators, i.e. O*-algebras:

Example 3 Let D be a complex pre-Hilbert space with inner product { - | - )(antilinear
in the first, linear in the second argument), then a linear endomorphisma: D — D is
said to be adjointable if there exists a (necessarily unique) linearmap a*: D — D such
that (a™(&) |n) = (& |a(n) ) holdsforall &, n € D.Inthiscase,a™ is called the adjoint
endomorphism. The set of all adjointable linear endomorphisms on D is a *-algebra
and becomes an Archimedean ordered *-algebra, denoted £* (D), with the usual order
of Hermitian operators on D, i.e. a < b if and only if (& |a(§)) < (&|b(§)) for
all £ € D. Consequently, all unital *-subalgebras of £*(D) are Archimedean ordered
*-algebras as well. These are the O*-algebras on D, see e.g. the monograph [11] for
more details.

In these first examples, the order is essentially determined by positive Hermitian linear
functionals, namely the evaluation functionals at points of X and S in Examples 1 and
2, or the vector functionals £*(D) 2 a — (& |a(§)) € C in Example 3. But there
are also other types of examples:

Example 4 Let A be a unital *-algebra, G € Ay and define:

NeN; g,...,gn € GU{1}, al,...,aNeA}
3)

(G pos 1= {fo_l a5, gn
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Then setting AE := {( G ))pos turns A into a quasi-ordered *-algebra. This order on A
will be called the order generated by G, and {{ G ))pos is the smallest (with respect to
inclusion) choice of positive Hermitian elements that contains G and with which .4
becomes a quasi-ordered *-algebra. Especially for G = (§ we write

At = (D pos = { > aa,

NEN;al,...,aNEA} (4)

and call the elements of AIT' algebraically positive.

There are many strong results (called “Positivstellensitze”) in real algebraic geometry
that link orders on *-algebras that are induced by positive Hermitian linear functionals
like in Examples 1, 2 and 3 to orders generated by a set of positive elements like in
Example 4. These include the classical Positivstellensatz of Krivine and Stengle for
polynomials but also newer results for non-commutative *-algebras like [13], [14].

Choosing the order on a *-algebra A for which A{; = Af;* yields a canonical way
to construct a quasi-ordered *-algebra out of any *-algebra. For example, the canonical
order on C*-algebras can be described like this. There is also another canonical (yet
pathological) choice, namely Aﬁ' = Ay. For a general quasi-ordered *-algebra .4 one
clearly has A" € Afj € Ap, but it is well-known that these extreme cases may
coincide:

Example5 Let S := {7 € C||z] =1} and let A be the unital associative algebra
A := €(S), but endowed with the *-involution f* := ~o f ot forall f € €(S)
(instead of the usual pointwise one f* := ~o f),wheret: S — Sisz > 7(2) ;= —z.
This way € (S) indeed becomes a *-algebra. The usual norm || f|| ¢ ‘= max;es | f(2)]
turns ¢ '(S) into a Banach space and makes multiplication and *-involution continuous.
However, ids describes a function in % (S) for which —1g = (idg)* idg € AI“;Jr holds,
thus Ay = AFT — AFF — AT

Finally, there is a standard example of a non-Archimedean ordered *-algebra:

Example 6 The commutative unital subalgebra

Ao {Mu,b := (a b) c C2%2
0a

of the matrix algebra C>*? with elementwise complex conjugation as *-involution
becomes a *-algebra. Its algebraically positive elements are

a,be(C} )

Af" = {Map

a,beRwitha>00ra=b=0} (6)

and A with the algebraic order is an ordered *-algebra, but not Archimedean because
Myp,1 < eMj forall € € ]0, oo[. Note especially that My | is a non-zero Hermitian
element that squares to 0.

Examples 5 and 6 already indicate that one should not expect to be able to prove
many strong results for quasi-ordered *-algebras without any additional assumptions.
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Nevertheless, there is at least a possibility to characterize the pathological elements
and in many cases one can eventually get rid of them by taking a suitable quotient. This
way it will become clear that an order on a *-algebra can be seen as a generalization of
a C*-norm. This follows essentially [4], but caution is advised because of the different
usage of the term “Archimedean” there:

Lemma 1 Let Abe a quasi-ordered *-algebra, a € Ay and . € 10, oo|, thena® < 121
if and only if =21 < a < AL If A is Archimedean, then this equivalence also holds
for . = 0.

Proof For A € ]0, oof this is essentially [4, Lemma 3.1], an immediate consequence
of the identities

221 —a? 4+ (01 ta)?
20

Mta=

and

2o M +a) M —a) M +a) + A —a)(A 4+ a) (A1 —a)
- 22 ’

21—

Soa? < Oimplies —e1 < a < eland0 < a < O0implies a® < €21 forall e € 10, ool.
If A is Archimedean, then this shows that a> < 0 and 0 < a < 0 are also equivalent.
|

Proposition 1 Let A be an Archimedean ordered *-algebra and a € Ay nilpotent,
thena = 0.

Proof Let n € N be the minimal exponent for which a” = 0. Then n is odd because
otherwise 0 < a"/2 < 0 by the previous Lemma 1, which contradicts minimality of
n.But a"t! = 0 now implies 0 < a®+1/2 < 0, so n = 1 by minimality of n. O

In Example 6 we have seen that nilpotent Hermitian elements can indeed occur in
non-Archimedean ordered *-algebras. Like in [4] we define:

Definition 2 Let A be a quasi-ordered *-algebra, then | - || o, : A — [0, oo] is defined
as

a > |lallo = inf { A €10, oo

a*a <A1 } , )

where it is understood that the infimum of the empty set is co. An element a € A is
called uniformly bounded if ||a| 5, < o0 and the set of all uniformly bounded elements
in A is denoted by .AP4. The algebra A itself is called uniformly bounded if A = A,

Lemma 1 immediately gives an alternative description of || - ||, on Hermitian ele-
ments:
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Proposition 2 Let A be a quasi-ordered *-algebra and a € Ay, then
||a||oo=inf{,\e]o,oo[‘—Algag,\l}, 8)

where again the infimum of the empty set is 0.
In the Archimedean case, these infima are even minima:

Proposition 3 Let A be an Archimedean quasi-ordered *-algebra and a € A, then
a*a < lla|21. ©)

Ifeven a € (A")y, then also
—lallcl S a S llallool. (10)

Proof From the definition of |||, one seesthata*a < (|la[|3,+¢€)1foralle € 10, ool,
hence a*a < ||a||c2>01 as A is Archimedean. If a is even Hermitian, then this implies
—llallecl S a < ||alloo1 by Lemma 1 again. O

The crucial property of || - || is that it yields a C*-(semi)norm on the uniformly
bounded elements. Recall that a *-ideal of a *-algebra A is a linear subspace Z € A
that is stable under the *-involution and fulfils ba € Z foralla € Aand allb € 7
(thus also ab = (b*a™)* € Zforalla € Aandall b € 7).

Proposition 4 Let A be a quasi-ordered *-algebra, then AP is a unital *-subalgebra
of A, and the restriction of |||~ to A is a C*-seminorm. Its kernel K :=
{a e A ‘ lallse = O} is a *-ideal of AP. If A is Archimedean, then K is even a
*-ideal of whole A, and if A is an Archimedean ordered *-algebra, then K = {0} so
that || - || o is a C*-norm on A,

Proof The claims for general, not necessarily Archimedean .4 have been proven in [4,
Thm. 3.2].

Now given a, b € A such that |la|,, = 0, then (ab)*(ab) = b*a*ab < €*b*b
holds for all € € ]0, co[, which implies (ab)*(ab) < 0 if A is additionally
Archimedean. In this case ||ab|| o, = 0 so that K is even a *-ideal of .A.

Finally, assume that A is even an Archimedean ordered *-algebra and let a € K be
given. If a is Hermitian, then a = 0 by Proposition 3. Otherwise a can be expressed as
the linear combination @ = Re(a) + ilm(a) of Hermitian elements Re(a), Im(a) € IC,
which are both 0 so that again a = 0. O

So we see that uniformly bounded Archimedean ordered *-algebras with the norm
|- loo are pre-C*-algebras (i.e. *-algebras endowed with a C*-norm). Using some
standard results about C*-algebras, e.g. the possibility to represent every C*-algebra
as a *-algebra of bounded operators on a Hilbert space by the Gelfand—Naimark theo-
rem, one can also show that the converse is true as well: every pre-C*-algebra with the
canonical order inherited from its completion to a C*-algebra is a uniformly bounded
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892 M. Schétz

Archimedean ordered *-algebra. It will be interesting to extend the concept of com-
pleteness of a C*-algebra to general Archimedean ordered *-algebras. While || - ||, is
finite only on the uniformly bounded elements, and thus does not describe a norm on
all Archimedean ordered *-algebras, it still allows to construct a translation-invariant
metric:

Definition 3 Let A be an Archimedean ordered *-algebra, then the uniform metric on
A is defined as the map doo: A x A — [0, 00,

(a,b) — doo(a, b) :==min {|la — bl 1}. (11)

All metric notions will always refer to this uniform metric, and A is especially called
uniformly complete if it is complete with respect to doo.

Note that it is easy to check that d, is indeed a translation-invariant metric.

In this language, C*-algebras are the uniformly bounded and uniformly complete
Archimedean ordered *-algebras. However, neither the product, nor the left or right
multiplication with a fixed element are continuous in the general case: Consider the *-
algebra C[x] of polynomials in one Hermitian element x like in Example 2 with the R-
pointwise ordering. Then lim,_, » 1/n = 0 but the sequence N 3 n — x/n € C[x]yg
does not converge. Nevertheless, this metric is still sufficiently well-behaved for some
purposes. For example, it is easy to see that every positive unital *-homomorphism
between Archimedean ordered *-algebras is automatically continuous with respect to
the uniform metric, because this metric is induced by the order. Moreover:

Lemma2 Letr A be a quasi-ordered *-algebra and a, b € A, then
a*b+b*a < x2ata+ x*b*b (12)

holds for all x € ]0, ool.
Proof 0 < (x'a — xb)*(x 'a — xb) = x 2a*a — a*b — b*a + x*b*b. O

Proposition 5 Let A be an Archimedean ordered *-algebra and S C Ay, then the
space Ay of Hermitian elements, the space A of uniformly bounded elements, the
commutant S', the bicommutant S” and the sets {a € Ag | a < s forall s € S} and
{ae Ag | a > s forall s € S} are closed in A with respect to the uniform metric.

Proof Using that |[Re(a) s < llalla and [IM(a)|ls < llalls hold for all a € A9, it
is easy to check that the R-linear projectors Re, Im: 4 — A are continuous and thus
An = Im~'({0}) is closed.

Now consider a sequence (an)neN in Apg that converges against some a :=
lim,oca, € Ay and let € € ]0, oo be given, then there exists an n € N such
that ”& —ay Hoo < e€,i.e. —el < a — a, < €l by Proposition 3. If all g, withn € N
are uniformly bounded, then this shows that 4 is also uniformly bounded, so Abdn Au
and A" = Re 1 (4" N Ap) NIm~1 (A N Ay) are closed in A.

Moreover, let s € Ay be given. If a,, < s forn € N, thena < a, + €l < s + €1,
andifa, > s forn e N,thena > a, —el > s —el. If a, € {s}) forn € N, then

i(as — sa) = (@ — an)(is) + (—i5)(@ — ay) < € 1@ — ay)* + es? < e(1 +5%)
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by Lemma 2 with x = /€ and Lemma 1. As {—s}’ = {s}', the same estimate holds
with —s in place of 5, so —e(1 + s2) < i(as — sa) < e(1+ s2).

Using that A is Archimedean, these estimates show that {a € Ay |a < s},
{a € Ay | a > s },and {s}' N Ay are closed in A. It follows that also {s}’ is closed in .A
because {s} = Re~! ({s}/ﬂAH)ﬂlm_l({s}/ﬂAH). Consequently, intersections of such
sets, and especially {a € Ay |a <sforalls € S}, {a € Ag|a > sforalls € S}
and S’ are closed. From S C Ay it follows that S’ is stable under -*, and thus
S” = (8" N Ap)’ is also closed in A. O

4 Radical and symmetric ordered *-algebras

The only compatibility between order and multiplication that has been discussed so
far is the axiom of quasi-ordered *-algebras A that b*a b € .A]J_,r foralla € A]J_[r and all
b € A. If the order is sufficiently nice (especially antisymmetric and Archimedean),
then this is indeed enough to guarantee that the elements of .4 essentially behave like
adjointable endomorphisms on a pre-Hilbert space, which can be made rigorous by a
representation theorem like in [15]. However, it is well-known that such *-algebras of
(unbounded) adjointable endomorphisms can still exhibit some unexpected behaviour
because Hermitian endomorphisms need not be essentially self-adjoint. Because of
this, it will be necessary to introduce another compatibility between order and multipli-
cation that gurantees that commuting elements essentially behave like complex-valued
functions (see again [15]):

Definition 4 Let A be an ordered *-algebra, then an element a € Ay is called coercive
if there exists an € € ]0, oo suchthata > €1. An ordered *-algebra A is called radical
if the following is fulfilled: Whenever a, b € Ag are two commuting elements such
that a is coercive and ab > 0, then b > 0.

One obvious example of radical Archimedean ordered *-algebras are function algebras
like in Example 1. Non-commutative examples will be constructed later on. Some basic
observations about radical Archimedean ordered *-algebras are:

Proposition 6 Let A be a radical Archimedean ordered *-algebra, a,b € Ay com-
muting and a > 0. Then b2 <a?is equivalent to —a < b < a.

Proof One argues like in the proof of Lemma 1: First assume that b> < a2, then also
b2 < (a + el)2 forall € € ]0, oo, so

2@+ el a+el+b)=(a+el)?> —b>+ (a+el £b)> > 0.

As A is radical, this shows that a + €1 &= b > 0, and then a &= b > 0 because
A is also Archimedean; so —a < b < a. Conversely, if —a < b < a, then also
—(a+¢€l)<b<a+elforalle €]0,1],so

2(a +eD((a + eD)? — b?)
=(a+el+b)a+el—b)a+el+b)+ (a+el—b)a+el+b)a+el—b)
> 0.
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As Aisradical, this shows that (a+€1)2—b? > 0,50 b < (a+€1)? < a’>+€ea+1).
It follows that b2 < a2 because A is Archimedean. |

Corollary 1 If Ais a radical Archimedean ordered *-algebraand a, b € A;{' commute,
then ab > 0.

Proof From —(a +b) < a —b < a + b we get (a — b)> < (a + b)?, so 4ab =
(a+b)?>—(a—b)?=>0. O

Note that even in the matrix *-algebra C>*? with the composition of complex conju-
gation and transposition as *-involution and the usual order on the Hermitian matrices,
which is a C*-algebra and certainly should be regarded as one of the most well-behaved
ordered *-algebras, there exist Hermitian (but not commuting) matrices ¢ and b with
0 < a < b which do not fulfil a®> < b%. A standard example is

22
a= and b=60.
22 03

Because of this, one should not expect an analog of Proposition 6 to be fulfilled for
non-commutating Hermitian elements in well-behaved examples.

Using results from real algebraic geometry, the above Corollary 1 can be improved
significantly, which demonstrates the importance of the radical-property:

Proposition7 Let A be a radical Archimedean ordered *-algebra, let
ai,...,ay € Ay with N € N be pairwise commuting elements and let
Pts-->pm € Rlxy,...,xy] = Clxy1,...,xylg with M € N be polynomials
fulfilling ppm(ay, ...,aN) € Af{' forallm € {1, ..., M}. Define the associated semi-
algebraic set

S = {s eRY | pulsi,....sn) > Oforallm e {1,...,M}}. (13)
Then the unital *-homomorphism Clxi,...,xy] 2 q¢ — q(ai,...,ay) € Ais
positive with respect to the S-pointwise order on Clxq, ..., xy].
Proof Firstletq € Clxy, ..., xy]u be givensuchthatg(sy,...,sy) > Oforalls € S.

By the Positivstellensatz of Krivine and Stengle, there exist two polynomials

ri.r € << {]_[f::l(pm)"('") o(l),....0(M) € {0, 1}} >>

pos

such that (14r1)g = 1+ (this version of the Positivstellensatz can be obtained from
the more traditional formulation ;g = 1 4 r, by the well-known trick of multiplying
with ¢ and adding the identities so that (1 +r; +rm)g =1+ r + rlqz). This gives
(A+ri(ay,...,an))qlay, ...,an) = 14r2(ay, ..., ay) and the previous Corollary 1
then yields ri(ay, ..., an), r2(ay, ..., ay) € AIJ;, sog(ag,...,ay) € Ag because
A is radical.
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For a general ¢ € C[x, ..., xy]g which is S-pointwise positive, this shows that
qlar,...,an) + €l = (g + €)(ay,...,an) € AIJ_E for all ¢ € ]0, oo[, and thus
q(ai,...,ay) € .A]J_} because A is Archimedean. |

From this proof it also becomes clear that C[x1, ..., xy] with the algebraic order is
notradical for N > 2, because there exist real polynomials that are (strictly) pointwise
positive on whole RY but not sums of squares, hence not algebraically positive. The
first paragraph thus fails for this algebra and a,, := x,, M =1, p; := 1.

In order to construct radical Archimedean ordered *-algebras, it will be helpful to
discuss algebras in which many elements are invertible. Recall that a *-algebra A is
called symmetric if a +i1 has a multiplicative inverse for all a € Ay, or equivalently if
1+ a?isinvertible for all « € Ay. However, there are also similar, but non-equivalent
notions where one demands that e.g. 1 + a*a is invertible for all @ € A or that
1+ YN afay is invertible for all ay, ..., ay € Awith N € N, see [7, Chap. 9.8]
for a comparison. In ordered *-algebras, there is another, even stronger possibility:

Definition 5 An ordered *-algebra A is called symmetric if every coercive element of
Ap has a multiplicative inverse.

In order to prove that every symmetric Archimedean ordered *-algebra is radical, we
need some preliminary lemmas:

Lemma3 Ler A be an ordered *-algebra, a € Ay coercive and € € 10, oo[ such that
1

a > €l, then a=" is Hermitian, positive and uniformly bounded with ||a_l ||OO <€ .
Proof Wehavea™! = (aa=V)*a~! = (@ H*aa=! € Aﬁ,anda =e a2 —ela—
e —(a—el) <eld? implies a~! = alaa ' <ela1a?a! = ¢ 11 50 that
Ha" HOO < e~ ! by Proposition 2. O

Lemma4 Let A be an ordered *-algebra and a € (Abd)g, then there exist two
sequences of polynomials (pp)nenN and (qn)nen in R[x] = Clx]g such that the identity
a—+qn(a) = p,%(a) and the estimates 0 < p,(a) and 0 < g, (a) < 1/n hold.

Proof Let u := |la|ls + 1 so that 0 < a < ul by Proposition 2. By the (Stone-)
Weierstrass theorem, applied to the continuous function /- : [0, u] — R, there exists
for every n € N a polynomial p/, € C[x]y such that |/t — p/,(1)| < 1/(4n(Ju + 1))
holds for all 7 € [0, u]. Define p,, := p, + 1/(4n(/u + 1)) and g,, := p,zl — x. Then
the estimate 0 < /7 < p, (1) < /1 +1/(2n(Ju+ 1)) and thus 0 < p2(t) —t < 1/n
hold for all ¢ € [0, u].

With the help of the fundamental theorem of algebra, one can show that every
polynomial r € C[x]y which is pointwise positive on [0, u] is an element of {( {x, u —
X} Dpos» see e.g. [12, Prop. 3.3], hence r(a) € Ag. The pointwise estimates for p, and
gn thus yield 0 < py,(a) and 0 < g, (a) < 1/n, and the identity a + g, (a) = pn(a)2
is fulfilled by construction. O

Proposition 8 Every symmetric Archimedean ordered *-algebra is radical.

Proof Let two commuting elements a, b € Ay and € € ]0, oo be given such that a
is coercive with a > €1 and ab > 0. Using the previous Lemmas 3 and 4 one can
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construct sequences of polynomials (p,,),en and (g;,),eN such that a '+ qn (a’l) =
pn(a’l)2 with 0 < qn(a’l) <1/nforalln € N,so0 < pn(a’])abpn(a’]) =
b+qn(a~") ab. Using Lemma 2 with x = /n and that ¢, (a~")?> < 1/n” by Lemma 1,
it follows that 2 ¢, (@™ ab < x2a*b*> + x’g.(a™")? < (@’b> + 1)/n. As A is
Archimedean it follows that 0 < b, so A is radical. O

In the uniformly complete case, we will also see that the various notions of symmetric
*-algebras that were mentioned before are actually equivalent:

Lemma5 Let A be an ordered *-algebra, a,b € Aand d € A;, then
a*cb+b*ca <a*da+b*db (14)

holds for all ¢ € Ay fulfilling —d < c <d.

Proof Given ¢ € Ay with —d < ¢ < d, then write c(4) = (d + ¢)/2 € A} and
c—) =(d—-10)/2 € .AIJ_E Note that ¢ = ¢(4) — ¢(—) and d = ¢(4) + ¢(—). From
0 < (a — b)*c(+)(a —b)and 0 < (a + b)*c(_y(a + b) it follows that

a*c(+)b + b*c(+)a < a*c(+)a + b*C(+)b
and
—a*cyb —b*c—ya < a*cya+ b )b

hold. Adding these two estimates yields (14). O

Lemma6 Ler A be an Archimedean ordered *-algebra, a € Ay and (ay),enN a
sequence in Ay of invertible elements such that the sequence of their inverses con-
verges with respect to the uniform metric against some limit e := lim,,_, » a,; le A
Moreover, assume that there exist elements ¢, d € .A:I' such that a,zl <cforalln e N
and such that for all € € 10, oo[ there exists an N € N for which —ed < a —a,, < ed

is fulfilled for alln € Nwithn > N. Then a is invertible and ™" = e = lim,_, oo a; .

Proof As all a, with n € N and thus also their inverses a,, I are Hermitian, e is

Hermitian by Proposition 5. Therefore it is sufficient to show that de = 1, which then
also implies ea = (ae)* = 1.

So let € € ]0, oo[ be given, then there is an n € N such that —ed < a — a, < ed
and ||e — an_l ||oO < € hold, thus also (e — an_l)2 < €21 by Proposition 3. Using the
previous Lemma 5 and Lemma 2 with x := 1/,/€ one finds that

(*D*@ — an)e + @ — a) (1) + (Fan)*e —a; ") + (e — a, H(iFay) <
<e(d+ede) <e(c+1)
<e(l+c+d+ede)

holds for all k € {0, 1, 2, 3}, or equivalently, —e(1 + ¢ + d + ede) < 2Re(ae — 1) <
€(l+c+d+ede)and —e(1+c+d+ede) <2lm(age—1) <e(1+c+d+ede)
because ae — 1 = (&—an)e—l—an(e—an_l). O
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Proposition 9 Let A be a uniformly complete Archimedean ordered *-algebra and
a,be Afg commuting such that a is coercive, b invertible and a < b2. Then a is also
invertible.

Proof It is sufficient to show that a := bab has an inverse, then a is also invertible with
a~!' = ba~'b. There is an ¢ € 10, oo[ such that €1 < a, and consequently €1 < b2
and €21 < eb? < a < b* hold.

Define a,, := a + b*/nforalln € N, ¢ := 4> + 3b% and d := b*, then a,zl =
a%> + 2b*ab*/n + b8/n® < cand —d/n = a — a, < d/n. In order to apply the
previous Lemma 6 it only remains to show that all a, with n € N are invertible and
that the sequence of their inverses is a Cauchy sequence.

Consider b~2a,b™2 = b~2ab=? + 1/n. Then 1/n < b~ 2a,b~? < (1 + 1/n)1,
s0 b~2a,b™? is a coercive element of A", From Proposition 5 it follows that A is
uniformly complete itself, hence a C*-algebra, so b~2a, b2 is invertible in AP (the
inverse can be constructed explicitly e.g. using a Neumann series). Consequently, a;, is

also invertible with an’l =b"2(b"2a,b=2)"1b=2. Moreover, using—|m’1 —n~! |b4 <
a, — ay < |m_l —n! |b4 and Lemma 5, one obtains the estimate

-1 -1 -1 -1

-1 1 Gy (an —am)a, +a, (ay —am)a,
ay —a, =
2
—124, -1 —124, -1
l_l am balﬂ +al’l ba}‘l
“lm n 2

for all m, n € N. From €b? < a it follows that €1 < b~ 14b~! and thus

bt < @ —eb?)? + "
=a° —2eb(a — eb*)b < &> < a* +2b°ab* /n + b /n” = a,

for all n € N. Combining these estimates yields a,;l — an_1 < e m~' —n~Y1 for
allm,n € N, so (an_l)neN is indeed a Cauchy sequence. O

Corollary 2 Let A be a uniformly complete Archimedean ordered *-algebra in which
1+ a? is invertible for all a € Ay, then A is symmetric.

Proof Given a coercive a € Ay, then one can apply the previous Proposition 9 with
b:=1+a’becausea <2a =1+a*—1—a)? <1+4+a? <A +d>2. o

5 d*-Algebras

It has already been mentioned in Sect. 2 that Riesz spaces which carry a non-
commutative multiplication have rather pathological properties. Because of this, a
well-behaved non-commutative generalization of the notion of @-algebras must nec-
essarily deal with some restrictions to the infima and suprema. Moreover, like in
@-algebras, there should also be a compatibility between suprema, infima and the
product, but it might not be immediately clear what exactly this compatibility should
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be. The following observation, which gives a mostly algebraic characterization of
suprema and infima, might serve as a motivation (recall that -’ denotes the commu-
tant):

Proposition 10 Ler A be a radical Archimedean ordered *-algebra, a, b € Ay com-
muting and let x € {a, b)" N Ay be such that x> + ab = x(a + b), then the following
holds:

— If2x > a + b, then x is the supremum of a and b in {a, b} N Ap.
— If2x < a + b, then x is the infimum of a and b in {a, b} N Ag.

Proof First assume that 2x > a + b, then (2x — a — b)? = 4x2 — 4x(a + b) + 4ab +
(a — b)? = (a — b)? implies —(2x —a — b) < a — b < 2x — a — b by Proposition 6,
so x > a and x > b. Moreover, if some y € {a, b} N Ay also fulfils y > a and
y > b, then 0 < (y —a)(y — b) = y*> — y(a + b) + ab by Corollary 1 and thus
Qy —a —b)> =4y> —4y(a+b) +4ab + (a — b)> > (a — b)> = 2x —a — b)>.
Proposition 6 now shows that 2y —a —b > 2x —a — b, so y > x and x is indeed the
supremum of a and b in {a, b} N Ay. If 2x < a + b, then one can apply the above
argument to —x, —a and —b. |

The following definition thus makes sense and describes suprema and infima that fulfil
additional algebraic conditions:

Definition 6 Let A be a radical Archimedean ordered *-algebra and a, b € Ay com-
muting. Then a V b is (if it exists) the element in {a, b} N Ay which fulfils

2avb)y>a+b and (aVvb):+ab=(aVb)(a+bh). (15)
Similarly, a A b is (if it exists) the element in {a, b}"" N Ay which fulfils
2@Ab) <a—+b and (aAb)2+ab=(aAb)(a+b). (16)

A radical Archimedean ordered *-algebra A in which a v b and a A b exist for all
commuting a, b € Ay will be called a @*-algebra.

Proposition 10 especially guarantees that a vV b and a A b (if they exist) are uniquely
determined as certain suprema and infima. In a @*-algebra .4, Proposition 10 also has
arather trivial, but noteworthy converse: If a, b € Ay commute and x € {a, b} N Ay
is the supremum or infimum of @ and b in some real linear subspace V of Ay such that
{a,b}" N Ay C V C {a, b} N Ay, then x coincides with a v b or a A b, respectively,
due to the uniqueness of the suprema and infima; so especially x € {a, b}" N Ag and
xX+ab= x(a +b).

There are some basic results about these suprema and infima which are not very
surprising as they mostly mimic the rules in ordered vector spaces, and which can
easily be checked:

Proposition 11 Ler A be a radical Archimedean ordered *-algebra and a,b € Ay
commuting. Then a \V b exists if and only if a A b exists, and the two are related by

(avb)y+(anb)=a+b and (aV b)(aANb)=ab. (17)
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Moreover, if one, hence both of a v b and a A b exist, then the following holds:

lI. bva=avbandb Na=a Ab exist.

2. (ha) V (Ab) = A(a V b) and (ha) A (Ab) = A(a A b) exist for all A € [0, col.

3. (—a) A (—=b) = —(a Vv b) and (—a) Vv (—b) = —(a A D) exist.

4. (a+c)V (b+c)=(aVvb)+cexists forall c € {a, b}y N Ay with (aV b) +c €
{a+c,b+c}, and (a+c) A(b+c) = (a Ab)+cexists forall ¢ € {a, b} N Ay
with (a Ab) +c €{a+c,b+c}

Proof If x € {a, b}’ N Ay fulfils x> + ab = x(a + b), thenalsoy :=a+b —x €
{a, b} N Ay fulfils y> +ab = y(a +b). Especially usingx =aVvbandx =a Abit
follows that a Vv b exists if and only if a A b exists and that (a vV b) + (a Ab) = a +b.
As a consequence, (a Vb)(anb)=(aVvb)a+b)—(aVv b)? = ab. Checking that
(1), (2) and (3) hold is easy and for part (4) one essentially only needs to verify that

((a \/b)—l—c)2~|—(a+c)(b+c)=(a\/b)2+ab+2c(a\/b)+(a—|—b+2c)c
=(a+b)aVvb)+2(aVvb)+(a+b+2c)c
:(a+b+2c)((avb)+c).

O

With respect to part (4) we note that the conditions (a vV b) + ¢, (a A D) + ¢ €
{a + ¢, b + ¢} are superfluous if it is a priori known that (a + ¢) Vv (b + ¢) and
(a+c) A(b+c) exist, i.e. especially if A is a @*-algebra. This is due to the observation
that (a v b) + c and (a A b) + ¢ with ¢ € {a, b} N Ay are the supremum and infimum,
respectively, of a+cand b+cinV := {a, b} N{a+c, b+ c} N Ag, so the discussion
under Definition 6 applies.

One important special case of these suprema in ordered *-algebras are absolute
values:

Definition 7 Let A be a radical Archimedean ordered *-algebra and a € Ay, then
the absolute value of a is defined (if it exists) as the element |a| := a V (—a). If the
absolute value exists, then one also defines the positive part a4 = %(|a| + a) and the

negative part a_ = %(|a| —a)ofa.

Clearly, |—a| = |a| if |a| exists. By definition, the absolute value of an elementa € Ay
is (if it exists) the element |a| € {a}” N Ajj that fulfils |a|*> = a®. The earlier results
about suprema and infima now show that, like for Riesz spaces, the existence of all
absolute values already implies the existence of all suprema and infima of commuting
Hermitian elements:

Proposition 12 Ler A be a radical Archimedean ordered *-algebra and a,b € Ay
commuting and such that |a — b| exists. Then a v b and a N b exist and are given by

b —b b—la—>b
%lal and szﬁflal,

Proof This is just an application of Proposition 11 using that |a — b| € {a,b}’. O
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As immediate consequences of Propositions 11 and 12 we obtain:

Corollary 3 Let A be a radical Archimedean ordered *-algebra and a € Ay such that
la| exists. Thena v 0 = a4 € A; and (—a) V0= —(an0)=a_ € Al-i{_ exist and
fulfilay +a_ =aanda_ay = ara_ =0.

Corollary 4 Let Abe aradical Archimedean ordered*-algebra, then Ais a ®*-algebra
if and only if |a| exists for all a € Ay.

One motivation to study @ *-algebras is that they are a non-commutative generalization
of @-algebras:

Proposition 13 Let R be a ®-algebra, then its complexification A :== R ® C, with
*-involution and multiplication (r ® A)* :=r ® Aand (r @A) (s Qu) :=rs @ Au
forallr,s € Randall ., n € C, is a commutative @*-algebra. Conversely, if A is a
commutative @*-algebra, then its real unital subalgebra Ay is a ®-algebra.

Proof First let R be a @-algebra and A := R ® C. Then it is clear that A is a com-
mutative Archimedean ordered *-algebra, and it is also radical: Given two commuting
a,b € Ag = R such that a > €1 for some € € ]0, oo[ and 0 < ab, then write
by = sup{b, 0} and b_ := sup{—>b, 0}. Note that it is not yet clear that b and b_ are
the positive and negative part of b like in Definition 7, but it follows from the general

calculation rules in Riesz spaces and @-algebras that b = by — b_ and by b_ = 0.
Consequently, 0 < b_ab = —b_ab_ < —e(b_)2 <0, so (b_)2 = 0. Proposition 1
now shows that b_ = 0 and therefore b = by > 0. As the order-theoretic absolute

value |a| := sup{a, —a} € Aﬁ' of any a € Ay indeed fulfils |a|> = a® by the calcu-
lation rules in @-algebras, it also describes the absolute value as in Definition 7 and
therefore A is a @*-algebra by the previous Corollary 4.

Now let A be an arbitrary commutative @ *-algebra. Then Ay is a real commutative
unital associative algebra and a Riesz space by Proposition 10. Corollary 1 shows that
ab € Ajj forall a,b € Afj. Given a, b, c € A} with inf{a, b} = 0, thena A b =
inf{a, b} = 0 and thus ab = 0. It follows that 0 < (ac A b)2 < (ac Ab)(ac Vv b) =
acb = 0 holds by Corollary 1 and Proposition 11, so (ac A b)> = 0. Proposition 1
now shows that ac A b = 0 and thus Ay is a ®@-algebra. O

Non-commutative examples of @*-algebras will be described in Sects. 7 and 8.
Another interesting observation about @*-algebras is that injective positive unital
*-homomorphisms between them are automatically order embeddings. This is roughly
similar to the case of *-algebras endowed with a Fréchet-topology, where surjective
continuous linear maps are automatically open by the open mapping theorem:

Proposition 14 Let W : A — Bbe aninjective positive unital *-homomorphism from a
@*-algebra Ato an ordered *-algebra BB, then ¥ is automatically an order embedding.

Proof Leta € Ay with ¥ (a) > 0 be given. Then a = ay — a_ withay,a_ € A?{_
and aja_ = 0 by Corollary 3, so on the one hand (a_)> > 0 implies ¥ (a_)> > 0,
and on the other, (a_)3 = —(a_aa_) implies ¥ (a_)? = —W(a_) ¥ (a) ¥(a_) <0,
so W(a_)} = 0. As ¥ is injective, it follows that (a_)* = 0 and thus a_ = 0 by
Proposition 1. So a = a4 > 0 and ¥ is an order embedding. O
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Moreover, positive unital *-homomorphisms between @*-algebras are compatible
with Vv, A and the absolute value:

Lemma7 Let A be a radical Archimedean ordered *-algebra and a € AE, b e
{a}' N AE and ¢ € {a}' N AE such that b* = ¢2, then b = ¢ and especially ¢ € {a}’'.

Proof Note that b and ¢ commute, so b> = ¢2 implies b = ¢ by Proposition 6. O

Proposition 15 Let W : A — B be a positive unital *-homomorphism between two
®*-algebras A, B and a, a € Ay commuting. Then

V@V @ =¥@ava), W@AY@ =W%aAra and |¥()|=¥(al)
hold.

Proof As Vv and A can be expressed using the absolute value, it is enough to show
that |¥ (a)| = W¥(]a|) holds. It is easy to check that ¥ (|a|) € {¥(a)} N Bﬁ and
that ¥ (la])? = ¥ (a)?. As it is already known that |¥ (a)| € {¥ (a)}" N By exists, it
follows from the previous Lemma 7 that |¥ (a)| = ¥ (|a]). O

As alast result we note that in the uniformly complete case, the existence of infima
is helpful for the construction of a multiplicative inverse:

Lemma 8 Let Abearadical Archimedean ordered*-algebra, a € Ay and i € 10, ool.
If a A A1 exists, then it fulfils the estimate a < (a A A1) + a®/(4)).

Proof Asa and a A A1 commute, a(a A A1) = (a(a AAMD) +(a A Al)a)/Z <a?/4+

(a A11)? holds by Lemma 2 with x := /2. From (a AA1)? +xa = (a+ A1) (a AA1)
it now follows that (a A A1)2 4+ xa < a?/4 + (a A A1) + A(a A A1), o

Lemma9 Let A be a radical Archimedean ordered *-algebra and a,b € Af{' with
a < b commuting and invertible, then a l>p1

Proof Asb —a,a”',b~! € {a,b)' N AE are pairwise commuting, their product
a'(b—a)b™! =a=! — b~ is positive by Corollary 1. O

Proposition 16 Let A be a radical and uniformly complete Archimedean ordered *-
algebra and let a € Ay be a coercive element for which a A nl exists for alln € N,
then a is invertible.

Proof Proposition 10 shows that a A nl is, for every n € N, the infimum of a and
n1 in the commutative real unital subalgebra {a}” N Ay of A. As a is coercive, there
exists € € ]0, 1] such that €1 < a, and then €1 < a A nl < nl shows thata Anlisa
coercive element of A%, By Proposition 5, A is uniformly complete itself, hence a
C*-algebra, and thus a A n1 is invertible.

For fixed m, n € Nwithn < m, the estimate a Anl < a Am1 yields (a /\ml)_1 <
(ann1)~! by the previous Lemma 9. Moreover, the element b := (a Am1) "' 4+1/n €
{a}’N Ay is also coercive and uniformly bounded, hence invertible. From 1/n < b and
(a /\ml)_1 < bitfollowsthatb~! < nlandb~ ! <arml by the previous Lemma 9.
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So b~! < a A nl and therefore (a A nl)’1 < b by Lemma 9 again. Altogether, this
shows that (a Am1)™' < (@ Anl)~! < (a Am1)~' + 1/n for all m,n € N with
n<msoN>n— (a Anl)"' € Ay is a Cauchy sequence with respect to the
uniform metric, and thus converges.

From 0 < (a A nl) < a it follows that (a A n1)? < a2 by Proposition 6 and that
0 < a— (a Anl), and Lemma 8 shows that a — (a Anl) < a?/(4n). So one can apply
Lemma 6 to the sequence (a A nl),cn with ¢ := a?andd := a2/4, which shows that
a is invertible and ¢~ = lim,,_, o (a A n1)~ 1. o

6 Square roots

The usual way to construct absolute values is via square roots of the square. In order
to guarantee the uniqueness of the square roots, it makes sense to discuss square roots
only in radical Archimedean ordered *-algebras, in which Lemma 7 applies:

Definition 8 Let .4 be a radical Archimedean ordered *-algebra and a € Af{' . The
square root of a is (if it exists) the unique element \/a € {a}’N A} fulfilling \/a =a.

Proposition 17 Let A be a radical Archimedean ordered *-algebra, a € Ay and

assume that ~/a? exists, then |a| exists and is given by |a| = v a>.

Proof Note that {a}’ C {a?}, therefore {a®}" C {a}". So Va2 € {a®}" N Af; €
2
{a}’ N Aj; and Va? " = a® show that |a| = va? exists. |

Especially if 1/a exists for all positive Hermitian elements a of a radical Archimedean
ordered *-algebra A, then A is a @*-algebra and Af; = A", thus every unital *-
homomorphism ¥ : A — B to another ordered *-algebra I3 is automatically positive
as¥(a) = l1’(\/5)2 € B;. On such algebras, the order is even uniquely determined,
a result that generalizes the uniqueness of the norm of C*-algebras:

Proposition 18 Let A be a radical Archimedean ordered *-algebra in which \/a exists

forall a € Aﬂ, then the order on Ay is uniquely determined in the following sense:
Denote the order on Ay by <, as always. If X is any order on Ay such that A with <
is an ordered *-algebra, then < and < coincide.

Proof Consider the injective unital *-homomorphism id 4 as a map from A with <
to A with <. Then id 4 is automatically positive due to the existence of square roots,
and as A with < is a @*-algebra by the previous Proposition 17 and Corollary 4,
Proposition 14 applies and shows that id 4 is even an order embedding, i.e. that < and
< coincide. O

Moreover, unital *-homomorphisms between such algebras are compatible with square
roots:

Proposition 19 Let A and B be two radical Archimedean ordered *-algebras and
assume that the square roots of all positive Hermitian elements in A and B exist.
Moreover, let W : A — B be an (automatically positive) unital *-homomorphism.

Then W (/a) = /W (a) holds for all a € Aj;.
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Proof Like Proposition 15, this follows from Lemma 7: ¥ (\/a) € {¥ (a)} OB+ fulfils
W (/a)? = ¥ (a) and it is already known that /¥ (a) € {¥(a)}" N B+ exists. O

In the uniformly complete case, square roots can oftentimes be explicitly constructed:

Lemma 10 Ler A be a radical and uniformly complete Archimedean ordered *-
algebra, a € Af{' and (a,)neN a sequence in {a}’ N AE with limit a. If a sequence
(bu)nen in (@) N A fulfils b2 = ay, for alln € N and is bounded from above by
some ¢ € AL then Va exists and Na = limy,— oo by.

Proof Given ¢ € ]0, 1], then there exists an N € N such that —€21 < a, —ay < €1
holds for all n € N with n > N, hence b3, < b2 + €’1 and b7 < b3, + €°1. This
implies b%, < (b, + €1)? and b2 < (by + €1)?,50 by < b, + €l and b, < by + €l
by Proposition 6, or equivalently —e1 < b, — by < €l. The sequence (by,),cnN thus
is a Cauchy sequence and has a limit b := lim,_, o0 b, € {a}’ N A as {a)’ N A is
a closed subset of the complete metric space A by Propositions 5.

It only remains to show that b? = a, then Va = b exists. For all € € 10, 1] there
exists an N € N such that —el < b,, — b <eland —€l < a, —a < €1 hold for all
n € N withn > N. The first estimate gives b <b,+e€eland b, < b+ €1, and using
Proposition 6 one obtains b2 < (b, + €1)? < b? +€(2b, +1) < a, + €(2c + 1) and
a, = b,% < (l; +el)? < b+ 6(213 +1). Together with the second estimate this yields
P—a=b—a,+a,—a < eQe+21)anda—b* = 4 —ap+a, —b* < e2b+21),
50 4 = b? because A is Archimedean. O

Proposition 20 Ler A be a radical and uniformly complete Archimedean ordered *-
algebra and let a € Aﬁ. If additionally a is uniformly bounded, or a 4+ 1/n invertible
foralln €N, then \/a exists.

Proof As AP isa C*-algebra due to the completeness of A, it is clear that the square
root of a exists in the uniformly bounded case. This can also be obtained directy by
combining Lemmas 4 and the previous Lemma 10.

If a + 1/n is invertible for all n € N, then (a + 1/n)~! € {a}’ N Af{' N AP for
every n € Nby Lemma 3 and /(a + 1/n)~! € {(a +1/n)"1})" N Af{' exists by the
first part, and one can thus construct b, := (a + 1/n)+/(a + 1/n)~1. By Corollary 1,
b, > 0 and one can easily check that even b, € {a}’' N AI“_LI and bﬁ =a+ 1/n. So the
previous Lemma 10 applies and shows that /a exists. O

7 Su*-algebras
Essentially all of the previous results hold for a class of very well-behaved ordered
*-algebras:

Theorem 1 Let A be a uniformly complete Archimedean ordered *-algebra, then the
following additional properties are all equivalent:

1. All elements of the form a + i1 and a — il with a € Ay are invertible.
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All coercive elements in Ay are invertible, i.e. A is symmetric.

A is radical and \/a exists for all a € A;.

A is radical and |a| exists for all a € Ay.

A is radical and both a v b and a A b exist for all commuting a, b € Ay, i.e. Ais
a ®*-algebra.

6. Ais radical and a N 1 exists for all coercive a € A;I'.

SR W

Proof Implication (1) == (2) follows from Corollary 2 by using that 1 + 4> =
(a +1i1)(a — i1), and for the implication (2) = (3) one uses that every symmetric
Archimedean ordered *-algebra is automatically radical by Proposition 8 and thus one
can apply Proposition 20. (3) = (4) is Proposition 17, (4) = (5) is Corollary 4
and (5) = (6) is trivial. Finally, for (6) = (1), assume that (6) holds and let
a € Ay be given. Then 1+ a? is coercive and (1+a?) A (n1) = n((1+a?)/n) A1)
exists for all n € N by Proposition 11, so Proposition 16 applies and shows that 14 a?
has a multiplicative inverse. But then (a +i1)~! = (14 a?)~!(a Fil) exists as well.

O

Definition 9 A Su*-algebra is a uniformly complete Archimedean ordered *-algebra
that has one, hence all of the equivalent additional properties of the above Theorem 1

It is obvious that “Su” refers to “symmetric and uniformly complete”. Besides the
equivalent characterizations given by Theorem 1, a Su*-algebra A also has some other
interesting properties:

Because of the existence of square roots, the order on A is simply the algebraic
one, i.e. .AIJ_[r = A;Jr, and every unital *-homomorphism ¥ : A — B3 into an ordered
*-algebra B is automatically positive, hence continuous for Archimedean B. If ¥
is in addition injective, then it is already an order embedding by Proposition 14.
Proposition 18 shows that the order on Ag is the unique one with which .4 becomes
an ordered *-algebra. Unital *-homomorphisms between Su*-algebras are not only
compatible with the algebraic operations and positive, they are also compatible with
Vv and A, absolute values and square roots by Propositions 15 and 19. From this point
of view, Su*-algebras can be seen just as well-behaved *-algebras, not necessarily as
*-algebras with an additional structure because the order is not subject to any choice and
because unital *-homomorphisms between them fulfil all compatibilities one would
reasonably expect.

All these properties are typical for C*-algebras and complete @-algebras, which
are important examples of Su*-algebras: The uniformly bounded Su*-algebras are
precisely the C*-algebras, because | - ||, in this case is a C*-norm by Proposition 4,
and because conversely, C*-algebras carry a natural ordering with respect to which
they are well-known to be uniformly bounded and uniformly complete Archimedean
ordered *-algebras, and also symmetric due to their well-behaved spectral theory.
The commutative Su*-algebras are the complexifications of complete @-algebras by
Proposition 13.

As a consequence, the representation theorems for C*- and @-algebras partly apply:
All uniformly bounded and closed unital *-subalgebras of a Su*-algebra A (especially
APy are isomorphic to a C*-algebra of bounded operators on a Hilbert space. Similarly,
all commutative and closed unital *-subalgebras of A, that also contain the inverses

@ Springer



Equivalence of order and algebraic properties... 905

of all coercive elements (especially bicommutants S” of commutative subsets S C
Ap), are isomorphic to the complexification of a complete @-algebra of continuous
functions on a compact Hausdorff space with values in the extended real line by
[5]. Similar representation theorems specifically adapted to ordered *-algebras are
developped in [15]. With respect to a well-behaved functional calculus we note that
already the well-behaved polynomial calculus described in Proposition 7 is far from
being trivial, but still remains to be extended to a continuous calculus for Su*-algebras.
Important existing results in this direction are of course the continuous calculus for
C*-algebras, which also applies to uniformly bounded elements of Su*-algebras, and
the continuous calculus for @-algebras from [2].

8 Su*-algebras of unbounded operators

While Su*-algebras are unbounded generalizations of C*-algebras and non- commuta-
tive generalizations of @-algebras, it still remains to give examples of Su*-algebras that
are not of one of these already well-understood types. Clearly, such examples should
especially be provided by *-algebras of unbounded operators, i.e. by O*-algebras like
in Example 3. In the general case, when A C £*(D) is an arbitrary O*-algebra on a
pre-Hilbert space D, it is clear that A is an Archimedean ordered *-algebra. It remains
to find sufficient conditions for A to be symmetric and uniformly complete. Recall
that an element a of a *-algebra is called normal if a*a = a a*.

Definition 10 Let A be a quasi-ordered *-algebra. Then a dominant subset of A is a
subset O € A of normal and pairwise commuting elements, stable under -*, with
1 € Q and such that g*¢ is coercive and Lg € Q as well as gr € Q hold for all
X €[1,00[ and all ¢, r € Q. For such a dominant subset define the subset Q¥ of the
commutant of Q in A as

0V :={ae Q|34cp:a*a Sq*qandaa* < g*q}. (19)

Lemma 11 Let A be a quasi-ordered *-algebra and q, r € A commuting and with the
property that q*q and r*r are coercive. Then X>q*r*r q is coercive for all A € 10, oo[
and there exists a A € [1, oo such that g*q + r*r < A2q*r*r q holds.

Proof Let € € 10, 2] be given such that g*g > €l and r*r > €l, then A%¢*r*r q is
coercive for all A € 10, oo[ because A2q*r*r g > A*e g*q > A*e1. Moreover,

Q/e) g r*'rq=q" "r/e =g +r"(g*q/e = Dr +q*q+r"r 2 qg*q+r"r
holds. So ¢*q + r*r < A2¢*r*r q if one chooses A := /2/€ € [1, ool. O

Proposition 21 Ler A be a quasi-ordered *-algebra and Q a dominant subset of A,
then QV is a unital *-subalgebra of Q', hence of A, and Q QY.

Proof Clearlyl € Q € QV,ra € QY forall A € Cifa € Q¥ and QY is stable under
-*.Leta, b € Q' be given, then there are ¢, r € Q that fulfila*a < g*q,aa* < q*q

@ Springer



906 M. Schétz

and b*b < r*r, bb* < r*r. Then b*a*a b < b*q*qb = q*b*bq < q*r*rq and
similarly also a b b*a* < r*q*qr = q*r*r q show that ab € Q. Moreover, by the
previous Lemma 11, there exists a A € [1, oo[ for which

(@+b)*(a+b) S (@a+b)(a+b)+ (a—Db)*(a—b)=2(a"a+b"b)
< 2A2r*q*qr

and similarly also (a + b) (a + b)* < 2A%r*g*qr hold,soa +b € QV. O

For example, if D = §) is a Hilbert space, then Q := { A1 | A € [1, co[ } is a dominant
subset of £*($)) and Q¥ = £*(§) is the *-algebra of all bounded, i.e. of all || -||-
continuous linear operators on §. Similar examples generated by a coercive Hermitian,
but not necessarily bounded operator in £* (D) on a general pre-Hilbert space D can be
constructed analogously. The characterization as a *-algebra of continuous adjointable
operators carries over as well:

Definition 11 Let D be a pre-Hilbert space and a € £* (D);{' . Then define the positive
Hermitian sesquilinear form ( - | - ),: D x D — Cas

(&|n), = (&|alm) (20)

for all £, n € D. The induced seminorm is denoted by ||£], := /(& |&), for all
&£ eD.

Recall that the graph topology (see e.g. [11, Def. 2.1.1]) induced by an O*-algebra
A C £%(D) on the pre-Hilbert space D is the locally convex topology defined by
all the seminorms || - |14 4%, With a € A, or equivalently by all the seminorms | - ||,
with b € Aﬂ because b < 1+ (1 + b)% forall b € AE . One can check that this set
of seminorms || - ||, with b € AE is even cofinal in the set of all seminorms on D
that are continuous with respect to the graph topology, i.e. for every such continuous
seminorm p there exists a b € .A;; such thatp < |- [|.

Proposition 22 Let D be a pre-Hilbert space and Q < £*(D) a dominant subset.
Then the graph topology induced by the O*-algebra Q% C £*(D) on D is the locally
convex topology defined by all the seminorms | - ||+, with g € Q, and the set of
seminorms || - ||q*q with g € Q is cofinal in the set of all seminorms on D that are
continuous with respect to the graph topology of Q. Moreover, for all a € Q' the
following are equivalent:

1. ace Qi,

2. a and a* are both continuous as maps from D with the graph topology of Q" to
D with the || - ||-topology,

3. a and a* are both continuous as maps from D with the graph topology of Q¥ to
itself.

Proof The locally convex topology on D defined by all the seminorms || - ||+, with
g € Q isclearly weaker than the graph topology of Q. Conversely, given b € (Qi)ﬁ,
then also 1+ b € (Q¢)§ and so there exists a ¢ € Q such that (1 + b)? < q*q.
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Consequently |-l < I llqyp2 < I and it follows that the locally convex

llg*q>
topology on D defined by all the seminorms || - ||+, and the graph topology of oY
coincide and that the set of seminorms || - ||+, with ¢ € Q is cofinal in the set of all
seminorms on D that are continuous with respect to the graph topology of Q.

Now leta € QY be given. Then also a* € Q' and la@)l = I&llgxq < I1E14ara
and |a* (&)l = Illgax < 1€ ll14qq+ hold for all & € D, which shows that ¢ and a*
are both continuous as maps from D with the graph topology of Q' to D with the
| - ||-topology, i.e. (1) implies (2).

Next assume that some a € Q’ is continuous as a map from D with the graph
topology of Q' to D with the || - ||-topology. Then there is a ¢ € Q such that
la@Ill = l&ll;+, holds for all § € D, and thus [la(§)l,«, = lr@@@)l =
latr@GENI < lIrG)lg+q = 44, holds for all § € D and all r € Q because
a and r commute. This shows that a is continuous as a map from D with the graph
topology of OV to itself. So (2) implies (3).

Finally, assume that a € Q’ is such that a and a™* are both continuous as maps from
D with the graph topology of QV to itself. Then there especially exist ¢, r € Q such
that a1 = I§ll+, = llg&) 1l and [la*E)Il < [I§l,+ = [Ir(§)|l hold forall§ € D,
hence a*a < q¢*q < q*q +r*r andaa™ < r*r < q*q + r*r. By Lemma 11, there
exists a A € [1, oo such that a*a < t*t and a a™ < t*t hold for ¢t := Aqr € Q. We
conclude that (3) implies (1). O

Such dominated *-algebras of operators are especially interesting if they are closed:
Recall that an O*-algebra A C £*(D) on a pre-Hilbert space D is closed if D is
complete with respect to the graph topology of A.

Lemma 12 Let D be a pre-Hilbert space and A C £*(D) an O*-algebra on D, then

lallog = sup [la(@)l € [0, o0] 2h
§eD.J5]=1

holds for all a € A.

Proof The supremum on the right hand side of (21) is by definition the minimum of
the set of A € [0, oo] for which |ja(£)]|] < A holds for all £ € D with ||§|| = 1, or
equivalently, for which a*a < A?1 holds (where a*a < 00?1 is defined to be always
true). By Definition 2 and Proposition 3, this minimum is just ||a|| »- O

Proposition 23 Let D be a pre-Hilbert space, Q < £*(D) a dominant subset and
such that Q¥ is a closed O*-algebra. Then QV is a uniformly complete Archimedean
ordered *-algebra.

Proof Let (a,)nen be a Cauchy sequence in QY. Then for every € € 10, oo[ there
exists an N € N such that ||a;, — an|lc < € holds for all n € N withn > N, and
due to the previous Lemma 12, this implies that the estimate ||a,(§) — an(§) || g'q =
l(an —an)(gE)Il < €llg&)] holds for all &£ € D, all g € Q and all n € N with
n > N.Soforevery & € D, this together with Proposition 22 shows that (a,, (£)),en 1S
a Cauchy sequence with respect to the graph topology of O on D, and thus converges
against a limit a(¢) € D. The resulting map a: D — D, & > a(&) is the pointwise
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limit of the sequence (a,),cN and is easily seen to be a linear endomorphism of D.
The convergence is even uniform in the sense that || (a—an)E) H < || (a —ay) (&) || +
l(an —an)(E)|l < 2€]||&]l holds for all £ € D if n € N with n > N is chosen
sufficiently large.

As the *-involution is continuous with respect to do, on Q¥, also (a)nen 18 a
Cauchy sequence in Q¥ and yields a pointwise limit @: D — D. The inner product
(+]+):DxD — Cis | -||-continuous as a consequence of the Cauchy Schwarz
inequality. Using this it is easily seen that a is the adjoint endomorphism of @, so
a € £%(D). The previous Lemma 12 together with the above uniform convergence
estimate imply that a is the limit of the sequence (a, ), e With respect to deo on £*(D).

It only remains to show that @ € QV: Proposition 5 already shows that @ € Q.
Moreover, there exists an n € N with ||& —ap ||oo < 1,ie. || (a— a,,)(f;‘)“ < &l
for all £ € D, and a ¢ € Q fulfilling aja, < ¢*q and aya; < q*q, ie.
lan @ < llg&Il = 1€+ and [aj@)| < 1&lly+, forall & € D. So [a&)| <
|| (a — an)(é‘;)” + llan Gl < &Il + [I]l4+4 for all & € D, which shows that a is con-
tinuous as a map from D with the graph topology of Q¥ to D with the || - ||-topology.
The same is also true for @*, so @ € Q¥ by Proposition 22. O

This shows that uniform completeness of certain O *-algebras can be guaranteed essen-
tially by a completeness condition on the domain. For the existence of inverses of
coercive elements one can then make use of Proposition 9:

Theorem 2 Let D be a pre-Hilbert space and Q C £*(D) a dominant subset such
that Q¥ is a closed O*-algebra. Then Q¥ is a Su*-algebra if and only if all ¢ € Q
are invertible.

Proof First assume that QV is a Su*-algebra and let ¢ € Q be given. Then g*q is
coercive, hence has an inverse, and as g*g = ¢ ¢™* it follows that ¢ is also invertible
with g~ = (¢*q)"'q*.

Conversely, if all ¢ € Q are invertible, then also all g*¢ with ¢ € Q. The previous
Proposition 23 already shows that Q¥ is uniformly complete. Given a coercive a € A;
then there exists a ¢ € Q such that (1 + a)?> < ¢*q, and then 1 < (14 a)? < ¢*g
implies ¢*q < g*(¢*q) g = (¢*¢)? and therefore a < (1 + a)? < g*q < (¢*q)>. It
follows from Proposition 9 that a is invertible, so Q¥ is a Su*-algebra. O

Example 7 Let $) be a Hilbert space and /4 a self-adjoint (not necessarily bounded)
operator on ) which is coercive in the sense that there exists an € € ]0, oo[ such that
(E1h()) = €(&| &) holds for all vectors & in the domain of /. Let D be the dense
linear subspace of §) consisting of all smooth vectors of 7, i.e. the intersection of the
domains of the operators 4" foralln € N, and write ¢ € £*(D) for the endomorphism
described by the restriction of & to D, which is coercive in the sense of Definition 4.
Then D is complete with respect to the locally convex topology defined by all the
seminorms || - [|,2» withn € Np. Moreover, g is invertible in £*(D) because the inverse
operator h~! € £($) of the self-adjoint coercive A restricts to an endomorphism of
D as well. One can check that the set Q := {Ag" | A € [1, oo[, n € Ny } is a dominant
subset of £*(D), and as ¢ and hence all elements of Q are invertible, the previous
Theorem 2 applies and shows that Q¥ is a Su*-algebra.
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One important application of the above Example 7 is the case where & is the Hamilto-
nian operator of a quantum mechanical system. Then the Su*-algebra QV is essentially
the algebra of all symmetries of this system that are bounded by a power of /4. Note
that choosing & = 1¢+(g) produces the C*-algebra Q' = £5($), so the construction
of this Example 7 is sufficiently general to cover (up to taking suitable *-subalgebras)
at least all C*-algebras, and clearly many more.

Data Availability Statement Data sharing not applicable to this article as no datasets were generated or
analysed during the current study.
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