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Abstract

In this paper, the robust approach (the worst case approach) for nonsmooth nonconvex
optimization problems with uncertainty data is studied. First various robust constraint
qualifications are introduced based on the concept of tangential subdifferential. Fur-
ther, robust necessary and sufficient optimality conditions are derived in the absence
of the convexity of the uncertain sets and the concavity of the related functions with
respect to the uncertain parameters. Finally, the results are applied to obtain the nec-
essary and sufficient optimality conditions for robust weakly efficient solutions in
multiobjective programming problems. In addition, several examples are provided to
illustrate the advantages of the obtained outcomes.
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1 Introduction

Optimization problems that arise in applications are often faced with uncertainty (that
is, the input parameters are not known exactly). For example, we can mention to
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engineering and finance problems, management include energy management [51] and
water management [4,24], location planning [13], scheduling and delivering routing
[16], allocation and network design problems [31], traveling salesman problem [14],
transit network design [12], etc. Consequently, a great deal of attention has been
focused on optimization problems with data uncertainty and try to study these problems
from the theory and application aspects.

Robust optimization is an emerging area research and one of the computationally
powerful deterministic approaches that deals with the optimization problems with data
uncertainty. The goal of robust programming is to find a worst-case solution which
simultaneously satisfies all possible realizations of the constraints to immunize an
optimization problem against uncertain parameters in the problem, particularly when
no probability distribution information on the uncertain parameters is given.

The concept of robust programming has been first introduced by Soyester [48]
in 1973 in what now is called robust linear programming. Due to the importance
of the theory and practical aspects many researchers have been widely studied the
robust optimization over the past two decades (see, e.g., [3,5-10,18,25,26,28,30,32,
33,38,47]). A successful treatment of the robust optimization approaches to convex
optimization problems under data uncertainty was givenin [7,9,49]. Recently, in [15] a
nonsmooth and nonconvex multiobjective optimization problem with data uncertainty
has been investigated by using a generalized alternative theorem within the framework
of vector optimization.

In [27] the authors proved a Karush—Kuhn—Tucker (KKT) optimality condition for a
robust programming with continuously differentiable functions. Optimality conditions
for uncertain multiobjective programming with convex functions are studied in [29,30].
In the continuation of the previous studies, in [33] the authors extended the optimality
results to a robust multiobjective optimization problem for weakly and properly robust
efficient solutions, where the involved functions are locally Lipschitz.

As seen in the robust optimization, the convexity of the uncertain sets and the
concavity of the functions with respect to the uncertain parameters play a significant
role in deriving the optimality conditions (see, e.g., [15,30,32,33,49]).

On the other hand, as we know in the optimization theory a feature of convex pro-
gramming is that when Slater’s condition holds, the KKT optimality conditions are
both necessary and sufficient. It is well known that this may fails without the convexity
of the objective or constraint functions. Martinez-Legaz [40] used the notion of tangen-
tial subdifferential, a concept due to Pschenichnyi [46], for a class of nonconvex and
nonsmooth functions. Very recently, in [41] optimality conditions for a nonsmooth and
nonconvex constrained optimization problem have been established with the concept
of tangential subdifferential in the absence of convexity of the feasible set.

Motivated and inspired by the previous studies, this paper is devoted to investigate
a nonsmooth and nonconvex constrained optimization problem with data uncertainty
both in objective and constraint functions. Our focus is to obtain the necessary and
sufficient conditions for optimality by using a robust approach based on the tangential
subdifferential. In spite of almost all of the previous studies, we drop the convex-
ity assumption of the uncertain sets and the feasible set. Moreover, we do not need
the concavity of the functions with respect to the uncertain parameters. We observe
that the tangential subdifferential includes both convex subdifferential and Gateaux
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derivative. Hence the robust optimality conditions in terms of tangential subdiffer-
ential give sharper results and can be employed for a large class of nonconvex and
nondifferentiable robust optimization problems.

Further as far as we know, all the previous investigations obtained the optimal-
ity conditions under some strong constraint qualifications such as Mangasarian—
Fromovitz or Slater constraint qualifications (see, e.g., [17,29,33,49]). In this paper,
some of the well known robust constraint qualifications such as generalized Abadie
(ACQ), Cottle (CCQ), Mangasarian-Fromovitz (MFCQ), Robinson (RCQ), Kuhn—
Tucker (KTCQ) and Zangwill (ZCQ) constraint qualifications are established in the
framework of tangential subdifferential. Then the interrelations between these con-
straint qualifications are investigated. In particular, it is shown that (ACQ) is the
weakest among all these constraint qualifications. In [17] the KKT optimality condi-
tions for a nonsmooth and nonconvex robust multiobjective problem were established.
These optimality results were presented in terms of the Mordukhovich subdifferen-
tial and obtained under a generalized Mangasarian—Fromovitz constraint qualification
which is strictly stronger than the Abadie constraint qualification. Moreover in [19],
the author extended the optimality results of [17] to infinite dimensional spaces by
using advanced techniques of variational analysis.

We observe that our results include the results of ones which considered the convex-
ity of the uncertain sets in addition to the concavity of the functions with respect to the
uncertain parameters by using stronger constraint qualifications (see, e.g., [33,49,50]).
As an application of the robust tangentially convex programming, we provide neces-
sary and sufficient conditions for weakly robust efficient solutions in multiobjective
programming problems with data uncertainty which are less sensitive to small pertur-
bations in variables than global optimum or global efficient solutions. We obtain these
results by using the suitable robust constraint qualifications in terms of the tangential
subdifferential.

An important feature is the structure of our constraint qualifications, which unlike
most of the literature on multiobjective programming, in our setting the objective
functions have no role in the definition of these constraint qualifications; (see, e.g.,
[22,23,37,39]). Throughout the paper, several examples are given to clarify the results.

The paper is organized as follows: Sect. 2 is devoted to the basic definitions and
preliminary results of convex and nonsmooth analysis. In Sect. 3, we establish some
results in nonsmooth analysis that characterize the directional derivative of a certain
function. A number of well known robust constraint qualifications are introduced based
on the tangential subdifferential and their relationships are studied in Sect. 4. Then
in Sect. 5, necessary and sufficient conditions for robust local optimality are proved.
Finally, we show the viability of our results for robust weakly efficient solutions in
multiobjective problems with uncertain data in Sect. 6. A number of examples are
given through the paper to illustrate the obtained results.

2 Preliminaries

In this section, we recall some basic definitions and results from nonsmooth analysis
needed in what follows (see, e.g., [2,11,20,21]).
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Our notation is basically standard. Throughout the paper, R" signifies Euclidean
space whose norm is denoted by ||.||. The inner product of two vectors x, y € R" is
shown by (x, y). The closed unit ball, the nonnegative reals and the nonnegative orthant
of R" are denoted by B, Ry and R” , respectively. For a given subset S € R”",cl S
and co S stand for the closure and convex hull of S, respectively.

Let f: R" - RU {400} and x € dom f := {x € R" | f(x) < oo}. We say that
f is upper semi continuous (u.s.c.) at x if limsup,_, ; f(x) < f(x).

The lower and upper Dini derivatives of f at x in the direction d € R" are defined,
respectively, by

J&+11d) - f(X)

FGE+1d) — f(3)
t .

f~(&:d) := liminf, |

[T d) == Tlimsup,

The directional derivative of f at x in the direction d is given by

J&+1d) — f(X)
; ,

"(x;d) =i 1
f( d) = lim (M
when the limit in (1) exists.

In the following, we present the definition of a class of functions that was introduced
by Pshenichnyi [46] and is called “tangentially convex” by Lemaréchal [36].

Definition1 A function f : R®” — R U {+o0} is said to be tangentially convex
at x € dom f if for each d € R” the limit in (1) exists, is finite and the function
d — f'(x; d) is convex.

In fact in this case, d —> f’(x;d) is a sublinear function, since it is generally
positively homogeneous.

It is worth mentioning that the class of tangentially convex functions contains
convex functions with open domain and Géateaux differentiable functions. This class
is closed under addition and multiplication by scalars. Therefore, it contains a large
class of nonconvex and nondifferentiable functions. The product of two nonnegative
tangentially convex functions is also tangentially convex.

Corresponding to the concept of tangentially convex functions, the following notion
of subdifferential is defined in [46].

Definition 2 The tangential subdifferential of f : R” — R U {400} at x € dom f is
the set

Irf() = eR" | (£,d) < f'(x;d), Vd e R"}.

If f is tangentially convex at x, then d7 f(X) is a nonempty closed convex subset
of R”. Tt is also easy to show that f'(X; .) is the support function of 97 f (X), that is,
for each d € R" one has

fixd) = sgg;é/x@(é,d).
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Obviously, if f is a convex function then d7 f(x) reduces to the classical convex
subdifferential d f (x) (see [11, p. 44]).

Following [40], we recall the notion of pseudoconvexity to the tangentially convex
setting.

Definition 3 A function f : R” — R U {400} which is tangentially convex at X €
dom f is said to be pseudoconvex at x if f(x) > f(x) for every x € R”" such that
f'G;x—Xx)=0.

Finally in this section, let us recall from [2,11,21] the definitions of some tangent
and normal cones to a closed set.
For a given nonempty closed subset S of R” and x € S,

e The cone of feasible directions of S at x is
DG;S):={deR"|38>0, st.x+td €S, Vt € (0,9)}.

e The cone of attainable directions of S at x is

Ax;S) ={d eR" |x : R - R", s.t. «(0) = x and 35 > 0, s.t.
Vt € (0,6), a(r) € Sand lim, o 2020 — g},

e The contingent cone of S at x is

T S):={d eR" 3t |0, Idy — d, s.t. % +txdy € S, Vk}.

3 Max function

In this section, we try to prove some results in nonsmooth analysis that characterize
the directional derivatives of a certain “max function” defined this way.

Let V be a nonempty compact subset of R? and consider the function g : R x V. —
R U {4o00}. We define the function ¥ : R" — R U {400} and the multifunction
V : R" == R7as follows:

W (x) = max g(x, v), @)
Vx):={veV ]|y =gl v). 3

We make the following assumptions in the remainder of this paper:

(A1) The function (x, v) — g(x, v) isu.s.c. ateach (x,v) € R* x V.

(Ay) g is locally Lipschitz in x, uniformly for v € V; i.e., for each x € R”, there
exist an open neighbourhood N (x) of x and a positive number L such that for
each y,z € N(x) and v € V, one has

lg(y,v) —g(z,v)| < Llly —zI|.
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(A3) g is a tangentially convex function with respect to x; i.e., g; (x, v; d) which
is the directional derivative of g with respect to x, exists, is finite for every
(x,v) € R" x V, and is a convex function of d € R".

(A4) The mapping v — g\ (x,v;d) isus.c.ateachv € V.

A comparison between the above-mentioned assumptions and other related contexts
shows that the assumptions (A) and (A;) are common in robust optimization problems
(see, e.g., [17,19]). Assumptions (A3) and (A4) are related to the concept of the
tangential subdifferential.

The following theorem, which is a nonsmooth version of Danskin’s theorem for
max-functions [20], makes connection between the functions ¥/ (x; d) and g, (x, v; d).

Theorem 1 The directional derivative ' (x; d) exists, and satisfies

V'(x;d) = max gl.(x,v;d), Vd € R". 4)
veV(x)

Proof We may suppose that d(# 0) € R". Fix (x, v) € R" x V and take an arbitrary
sequence #; | 0 such that

Y& t+6d) —yx)

1

(&)

Yt(x;d) = lim
1—> 00

Thus for each i, there exists some v; € V(x + t;d) such that ¥ (x + t;,d) = g(x +
tid, v;). Due to the fact that V(x + 7;d) € V and the compactness of V, one can
find a subsequence v; converges to v € V. Clearly for a fixed v € V and for each
i, gx +tid,v) < g(x +tid, v;). Then passing to the limit, it follows that g(x, v) <
limsup;_, o, g(x + t;d, v;). Now by assumption (A1), we get

g(x,v) <limsup g(x + 1;d, v;) < g(x, V).
i—00
This implies that v € V (x), and hence ¥ (x) = g(x, v).

Further, it is clear that for each r > 0,

Y(x +td) — P(x) - glx+1td,v) —g(x,v)
t - t '

Therefore passing to the limit as ¢ |, 0, we get:
V(i d) > g (x, 0 d). ©)

Now consider the following double sequence:

{g(x+[jda vi) _g(x’vi)

} . @)
lj (i,j)eNxN
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According to (A;), we obtain

glx +t;d, vi) — g(x, vy) < L|id]] @)

lj

where L is a Lipschitz constant for g around x. Thus the sequence in (7) is bounded.
Hence by [1, Theorem 8.39], we can find a subsequence (without relabeling) such that

glx +tjd, v;) — g(x,v;)

lim =aecR.
i,j—00 tj
On the other hand,
x +tid,v;) — g(x, v; .
lim Gim SOV T @) g (x, v d)
i—00 j—>00 tj i—00

< gi(x,v:d),
where the last inequality is due to (A4). Thus using [1, Theorem 8.39], we get

lim glx +tjd, v;) — g(x,v;)

i,j—>00 tj

< g (x, 05 d).

Then we construct a subsequence by taking i = j = k, and get

ted. i) — g(x. i
im &AW T80V _ gy

k—o00 178 .
Thus by (5), we obtain

Vx4 6d) — ¢ (x)

Y1 (x;d) = lim
k— o0

Ik
. gx+nd, v) — g(x, )
< lim
k—o00 Ik
< gi(x,v;d).

Using the above inequality together with (6), we get ' (x; d) = g (x, U; d). Moreover,
for each v € V(x),

g (x,vid) < ¥'(x;d) = g, (x, U5 d),
which implies (4) and completes the proof of theorem. O

The next two results provide some consequences needed in what follows.
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Proposition 1 The following set

I' :=co U 7g(x,v)
veV(x)

is closed.

Proof Consider the sequence {&} € I' such that lim;_, o & = &. Using Carathé-
odory’s theorem [20] one has & = Z'JH:'} )"’/gi/j’

where &/, € 97.g(x, vj;) for some v;; € V;(x), ZZLI} Aij = A; and A;; > O for all
j=1,...,n+1, i € N. Passing to subsequences if necessary, we can assume that
for each fixed j € N, lim; ,00 Ajj = A; >0, Z;‘:} Aj =1, and also, there exists a
subsequence {v;;}ien C V such that lim; oo v;j = v; € V.

Itis clear that (A;) implies that foreachi, j € N, ||$i’j|| < L, where L is a Lipschitz
constant of g around x. Thus for all i, j € N, we may assume that lim;_, Ei’j =£ ]/
Further, for each d € R", we have (Sl./j, d) < g)’c (x, v;j; d). Then passing to the limit
asi — 00, we get (é}, d) < g.(x,vj;d), hence Sj’. € 37.¢(x, v;). This implies that

&= Z’}I} A jé} € I" and completes the proof. O

The following proposition provides some properties of the max function ¥ (x).

Proposition 2 Consider the max function  (.) defined in (2). Then the following prop-
erties hold:

(1) ¥ (.) is a tangentially convex function.
(i) o7y (x) is a compact set for each x € R".

Proof (i) The proof is straightforward of Theorem 1 and the tangential convexity
of g with respect to x.
(i1) According to (i) and [41, Lemma 3.1], the proof is simple.
O

The next theorem investigates the relationships between the tangential subdiffer-
entials of the functions 1 and g.

Theorem 2 Consider the max function  (.) defined in (2). Then the tangential subd-
ifferential o7y (x) at each x € R" is given as follows:

oryx)=co | J 97g(x.v). )

veV(x)
Proof Define I' := co Uyey(x) 978(x, v), we show that 7y (x) € I'. Assume by
contradiction that there exists a point & € a7y (x)\I". Applying Proposition 1 together

with the convex separation theorem, we get a nonzero vector dy € R” and o € R such
that

(E,do) > a > (§',dp), VE' e T.
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Moreover, by the tangential convexity of the function v, and using Theorem 1, we
get

max g.(x,v;do) = V' (x;do) > (§,dp) > o > (§', dy),
evV(x)

v

for all &’ € I'. On the other hand, there is some v € V(x) such that ¥/ (x; dy) =
g, (x, 0; dp). Also there exists some & € d;.¢(x, D) such that (§, dp) = g (x, 0; dp).
Now putting all above together, we get

gh(x, 05 do) > a > (£, do) = gl (x, 0; do),

which is a contradiction.
Conversely, let £ € I'. Then & = Z’}:} Lj&j, & € 07g(x,v;) for some v; €
V(x), Z;’I%A] =landX; >Oforall j =1,...,n+ L. For fixed d € R" one has

n+1
(€, d) < le,-g;(x, vjid) < max gL (x, v d) = ¥/ (x; d),
j:

which implies that £ € a7 (x), and completes the proof. O

Corollary 1 Consider the functions f; : R* — R U {400}, i = 1,...,r. Define
f(x) = maxi<j<, fi(x) for each x € R". Suppose that each f; is tangentially
convex and locally Lipschitz at x € R". Then f is tangentially convex at x and we
have

orf(x) =co ) orfi(®), f'(x:d) = max [ d),

iel(¥)
where I (x) denotes the set of indices i such that f;(x) = f(x).

Remark 1 In this work, we derive necessary and sufficient optimality results for robust
optimization problems with uncertainly data based on the concept of tangential subdif-
ferential. As it can be seen, we intensively use the nonsmooth calculus of the maximum
functions of type (2) for our analysis. To this end, we prove an exact formula in (9) for
the tangential subdifferential of the function 1. A closer look reveals that the com-
pactness has a critical role in the proof of the above formula. It is worth noting that
some of the recent results in variational analysis offer various estimate subdifferential
formulas for supremum functions without any compactness assumptions (see, e.g.,
[42—45]). Although this assumption seems to be restrictive for many applications, we
impose the compactness of V for the following two reasons:

1. To guarantee that the maximum function ¥ is a tangentially convex function.

2. To state an exact formula for the tangential subdifferential of ¢ based on the
tangential subdifferentials 93¢ (x, v), in order to obtain our sufficient optimality
results.
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710 F. Mashkoorzadeh et al.

In this regards, using some relatively strong concepts like compactness of the uncertain
set V can be justifiable.

4 Constraint qualifications

In this section, we focus mainly on some nonsmooth constraint qualifications in the

face of data uncertainty based on the tangential subdifferential. Let us consider the
following robust constraint system:

S = {X e R" |gj(x,vj) <0, ij € Vj, j: 1,...,m},
where g; : R"xV; — RU{o0}, j =1,...,m,andv; € V;isanuncertain parameter
for some nonempty compact subset V; CR%, j =1,...,m,q; e N:={1,2,...}.

From now on, we suppose that assumptions (A1) — (Ay4) are satisfied for g;, j =
1, ..., m. Let the functions v/; : R" — R U {oo} be defined by

Yi(x) :=max g;(x,v;), j=1,...,m. (10)
vieV;

J J

Then it is clear that
S={xeR"|y;jx) <0, j=1,...,m}.
The index set of the active constraints at x € § is denoted by J(x), and given by
Jx)={jefl,....,m}|¢¥;(x) =0}
Moreover, for each j € J(x), we define
Vi(x):={v; € Vj | gjx,v;) = v¥;(x)}

As usual in classical optimization, we require to use the following linearized cones
atx:

Go(X) :={d e R" | yj(¥;d) <0, ¥j € J(¥)},
G'(¥):=1{d e R" | yj(&;d) <0, ¥Vj € J()}.
It is easy to show that
clGo(x) CclD(x; S) CclAG; S) CT(x; S) C G'(x), (11)
while the converse inclusions do not hold in general (see [41]).
We now pay our main attention to define new constraint qualifications in terms of

the tangential subdifferential. We say that the generalized
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e Slater constraint qualification (SCQ) is satisfied at x if there exists xo € S such
that j(xo) <Oforj=1,...,m.

e Cottle constraint qualification (CCQ) holds at x if G'(x) C cl Go(x).

e Zangwill constraint qualification (ZCQ) holds at x if G'(x) C ¢l D(x; S).

e Kuhn-Tucker constraint qualification (KTCQ) is satisfied at x if G'(x) <
clA(x; S).

e Abadie constraint qualification (ACQ) holds at x if G'(x) C T (x; S).

e Robinson constraint qualification (RCQ) is satisfied at x if for some nonzero vector
d € R" one has for each j € J(x), 1//}()?; d) < 0.

e Mangasarian-Fromovitz constraint qualification (MFCQ) holds at x if

0e Y Ajdryj(E), 4 =0, Vje @),
JeJ(x)

then
Aj=0,VjeJX).

Obviously, all the above constraint qualifications reduce to their counterparts defined
in [41].

The next proposition provides the relationships between the constraint qualifica-
tions defined above.

Proposition 3 The following assertions are satisfied.

(1) (RCQ) is equivalent to Go(x) # @.
(i) (CCQ) is equivalent to (RCQ).
(iii) (RCQ) is equivalent to (MFCQ).
@iv) (RCQ) implies (ZCQ).
(v) (SCQ) implies (CCQ) provided that for each j € J(x), v¥; is pseudoconvex at
X.

Proof The proof is straightforward and we refer the reader to [41, Section 3]. O
The following diagram summarizes the results of Proposition 3:

Pseudoconvexity of active constraints

(SCQ (CCQ (ZcQ (KTCQ) = (ACQ)

ﬁ

(RCQ) <——= (MFCQ)

We conclude this section with some examples that illustrate the relationships
between the above constraint qualifications.

The first example presents a situation that all the constraint qualifications are satis-
fied.
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712 F. Mashkoorzadeh et al.

Example 1 Consider the set S given by

Si={x=(x1,x) eRgi(x,v;) <0, Yvj = (vj1,vj2) € Vj, j=1,2},
where g1 (x, v1) := —x1 +2v1vi2lx2], g2(x, v2) = —(v21 + 1)2x] — (V22 + D) (x2 —
D2+ 1, Vi = {v1 = (i, v2) € R? [ v}, + v}, < 1, vijvz > 0} and V3 :=

[0, 1] x [0, 1].
It is clear that V7 is a nonconvex set while V> is convex. Clearly,

S={xeR|y;x) <0, j=1,2},

where
and
L, x1=0,x=1
o= ey e = T o2

—x?— (= 1D2+1, x1 #0,x # L.

Moreover,
-1 =1 11
Vi) = { (A (5 F)) 2 #£0
V1, x =0,
and
Va(x) = Va1 (x) x Vao(x),
where
_ [Os l]9 X1 = 0 _ [O, 1], X2 = 1
Vor(x) = { {01, X1 £0, Vo (x) = { 0}, o £ 1.

It is easily seen that g1 and g satisfy assumptions (A1) — (A4) atx = (0,0) € S.

Further, it follows immediately that (SCQ) holds at x. A simple calculation shows
that 71 (x) = {—1} x [—1, 1], and 97y (x) = {(0,2)} for all d = (dy,d») €
RZ, V1 (X;d) = —di + |d2| and ¥ (x; d) = 2d,. Taking (dy, d2) = (2, —1), we get
Go(X) = {(di,dr) e R* | —dy + |d2] <0, dr < 0} # . Therefore,

clGo(x) = D(x; ) = A(X; §) = T(x; §) = G'(X)
={(di,d>) e R*| —di +|d2| <0, d> < 0}.

Hence (CCQ), (MFCQ), (RCQ), (ZCQ), (KTCQ) and (ACQ) hold at &.
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The following examples illustrate that the above implications do not hold in the
opposite directions in general. In the second example, we show that (ZCQ) does
not generally imply (CCQ).

Example 2 Consider the following constrained system:
Si={x = (x1, 1) e R g;(x,v;) <0, Yo; = (vj1,vj2) € V}, j=1,2,3},

where g (x, v1) := —x1 +2v1vi2lx2], g2(x, v2) = —(v21 + 1) — (V22 + D (x2 —
D21, g3(x, v3) i= (31— D2+ =D+ D> +1, Vi = (v = (v, v2) €
R? | v}, + v}, < Lv; <0orvpp <0}, Vo:=[0,1]x [0, 1Tand V3 := [—1, 0] x
[—1,0].

Obviously, V7 is nonconvex and V; and V3 are convex sets. Further, x = (0,0) € S
and g1, g» and g3 satisfy assumptions (A1) — (A4). Clearly,

S={xeR?|y;(x) <0, j=1,2,3},

where
— )=+ xel, x2#0
Y1(x) = Iflnea‘)/i] g1(x,v) = L 20,
I, x1=0,x,=1
_ ) =141, x1=0,x # 1
Yo(x) = max 22(x, 1) = ey 201
—xt— (o= D2+1, x; #0,x # 1,
and
I, x1=0,x =—1
o )+ D41, x1=0,x #—1
Yaln) = J?Ea‘)/(s g3(x, v3) = —X% +1, x1 Z0,x =—1

—xi =+ D2+ 1, x #0,x # -1

Moreover,
-1 -1
Vi — {{(75, D x2 #0
Vi, x2 =0,
Va(x) = Va1 (x) x Vaa(x),
where
_ [Oa 1]’ X1 = 0 _ [0, 1], Xy = 1
Vo1 (x) = {{0}’ X1 %0, Voo (x) = {{0}’ o % 1.
and

V3(x) = V31(x) x V3 (x),
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714 F. Mashkoorzadeh et al.

where

[-1,0], x1 =0
{0}, x1 # 0,

[-1,0], xo=—1

V3l(x) = { {O}, X # —1.

Vi (x) = {

An easy computation shows that a7y (x) = {—1} x[—1, 1], a7y (x) = {(0, 2)} and
ary3(x) = {(0, —2)}. Itis easy to observe that for alld = (d;, d2) € R?, w{ (x;d) =
—d1+|dz|, ¥ (x; d) = 2dp and Y5 (X d) = —2d. Thus (MFCQ), (RCQ) and (CCQ)
are not satisfied at x. While, one has clearly that D(x; S§) = A(x; S) = T(x; S) =
G'(x) = Ry x {0} which shows that (ZCQ), (KTCQ) and (ACQ) hold at x.

Finally, the following example illustrates (KTCQ) does not imply (ZCQ) in general.

Example 3 Consider the set S given by

S = {x = (x1,x2) € R g;(x,v) <0, Yv; = (wj1,vj2) € Vj, j = 1,2},
where g1 (x, v1) = 2Jviviaxi |} = x2, g2(x,v2) := —(v21 + Dx{ + vmlxal, Vi =
i = (i, v12) € R? [ v} + v}, < Lovjviy > 0} and Vp == [0, 1] x [0, 1]. Ttis
clear that V] is nonconvex set and V> is convex. Further, g; and g satisfy assumptions

(A1) — (Ag), and x = (0, 0) is a feasible point. We observe that

S={xeR*|y;x) <0, j=1,2},

where
I _ |x1|3 — X2, X1 # O
Yi(x) == max gi1(x,vy) = . X =0
0, x1=0,x=0
R _ |x2|’ X1 :0,x27é()
Wz(x) - zglea\)/(z gz(-xv 7)2) — _xlz’ X 75 0’ Xy = O
—)cl2 + |x2], x1 #0,x2 #O0.
Furthermore,
=1 =1 1
Vi(x) = {<ﬁ’ﬁ>’(ﬁ’ 2>} ¥ 70
Vi, x1 =0,
Va(x) = Va1(x) X Var(x),
where
_J0,1], x1 =0 _J[0,1], x2=0
V21 (x) - {{0}’ -xl ;é O, V22(x) - {{1}’ X2 # O

For all d = (d, ds) € R2, we have Y1 (x;d) = —da and ¥} (x;d) = |d|. Thus
ary1(x) = {(0, —1)} and daryn(x) = {0} x [—1, 1]. Clearly, (MFCQ) does not hold
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at x. Moreover, A(X; §) = T(x; S) = G'(x) = R x {0}, which implies that (KTCQ)
and (ACQ) are satisfied at x. On the other hand, D(x; S) = {(0, 0)}, thus (ZCQ) does
not hold at x.

5 Optimality conditions for robust optimization problem

We start this section by introducing the concept of robust solution. Then we try to derive
new necessary and sufficient optimality results for a robust optimization problem by
using some suitable constraint qualifications defined in Sect. 4. For this purpose, we
intend to study the following optimization programming problem in the face of data
uncertainty in the constraints:

min  f(x) (U Py)
s.t. gitx,v;)) <0, j=1,...,m,

where v; € V;, j =1, ..., m are uncertain parameters for some nonempty compact
subset V; € R%/. Moreover, f : R" — R U {+o0} is a tangentially convex function
at a feasible point X, and each g; : R" x V; — R U {400} satisfies assumptions
(A1) — (A4). The problem (U Py) is usually associated with its robust counterpart as
follows:

min  f(x) (RPy)
S.t. gi(x,v;)) <0, Yv;eV;, j=1,...,m,

where the uncertain constraints are enforced for every possible value of the parameters

within their prescribed uncertainty sets V;, j = 1, ..., m. The problem (RP;) can
be considered as the robust case (the worst-case) of (U Py).
Now we consider § = {x e R" | g;(x,v;) <0, Yv; € V;, j=1,...,m} as the

feasible set of (R P1) and make the following definitions.
Definition 4 Suppose that x is a feasible point of (R P;). We say that x is

(i) arobustlocal minimizer of (R Py) if there exists a neighborhood N (x) of x such
that for all x € S N N(x), one has f(x) > f(x).

(ii) a robust B-stationary (Bouligand-stationarity) point of (R Py) if for each d €
T(x; S), one has f'(x;d) > 0.

The first main result of this section, provides necessary and sufficient optimality
conditions for (R Py).

Theorem 3 Let x be a feasible point of (R Py ). Then the following assertions hold:

(1) If x is a robust local optimal point and f is Lipschitz near X, then X is robust
B-stationary.

(ii) If X is robust B-stationary, f is Lipschitz near X and f'(x;d) > 0 for all
d € T(x; S)\{0}, then x is a robust local optimal point.
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716 F. Mashkoorzadeh et al.

(iii) If (ACQ) holds at x, then X is robust B-stationary if and only if

l

Ocarf@+c(  |J Y wdrg@ ). (12)
vk €V;i(x) k=1
j=0, jet (¥)
leN

@iv) If (CCQ) holds at x, then X is robust B-stationary if and only if

[

0€drf(®)+ Y Mjorg; (X, vji), (13)
k=1

wherel € N, Aj >0, and vjp € Vj(x) forallk =1,...,1, and j € J(X).

Proof (i) , (ii) For the proof of parts (i) and (ii), we refer the reader to [41, Theorem
4.1(1,11)].
(iii) It is clear that the robust B-stationarity of x implies the B-stationarity of x as a
feasible point of the following tangentially convex problem:

min £ (x) (Py)
S.t. Yi(x) <0, j=1,...,m,

where v (x) is the same as defined in (10).
It is easy to see that all the assumptions of [41, :l“heorem 4.1(iii)] are satisfied.
Therefore there exists some positive real number A;, j € J(x) such that

Oedrf@+c(lJ D Ajory;@). (14)
3;207€l (@
Now according to Theorem 2, we can rewrite (14) as follows:

Oedrf@®+c (| D Ajco Uyev 078j(%. v)). (15)
ijz07€) ()

Then by using an argument similar to Proposition 1, we obtain (12).
(iv) We proceed similarly to (iii) and by [41, Theorem 4.1(iv)], we get the result.

In the following, we investigate the latter results in specific conditions.

Proposition 4 Consider the problem (R Py ). Suppose also that for each j € J(X), V;
is a convex set. Moreover, assume that for each x € S, g;(x,.) is concave on V;, then

(i) Vj(x) is a convex and compact set.
(i) 371//1'()2) = {E] | Elvj € Vj()f) such thatéj € B%gj()f, vj)}.
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Proof (i) Letv;, w; € V;(X), then
Yi(x) = gi(x, Avj + (1 = Mwj) > Ag;(x, v) + (1 —A)g;(x, w;) = ¥;(x),

for each A € [0, 1]. Thus Av; + (1 — A)w; € V;(x) and V;(X) is convex.
To prove the compactness of V;(x), it is enough to show that V;(x) is a closed
set. To this end, consider a sequence vf, € V;(x) converging to v;. This implies

that v; (x) = g;(x, vf). Now by assumption (A1), one can get
V;(0) = limsup g, (%, Vi) < g (%, v)) < ¥, (),
— 00

and thus v (x) = g;(x, v;). Therefore, v; € V;(x)andthe proof of (i) is complete.
(ii) Define A := {§; | Jv; € V;(x) suchthat £; € 97¢;(X,v;)} and assume that
&; € A.Thusonecanfindsomev; € V;(x)suchthaté; € 97g;(x, v;). Obviously
it follows that éj € co Uvjevj(j;) 8§gj()2, vj) = ary;(X).
Conversely, suppose that & € 97 ;(x). Then according to Theorem 2, we can
assume that £ = Zf-;l Li&;, where §; € 07.g;(x, v;) forsome v; € V;(x), A; > 0
foralli =1,...,kand Zf: 1 Ai = 1. Using an argument similar to the proof of
part (i), we can get by the concavity of g;(x, .) on V; thatv = ZLI Aivi € Vi(x).
On the other hand, for a fixed d € R" and each r > 0 one has

oI iy (R 4 td, v) — g5 (R v)) _ T k(g (E + 1, vi) — 5 (0)

t t
g4 td, Y5 hiv)) — ¥ (®)
- t
_ gi(x+1td,v) —gj(x,v)
t .

Thus we arrive at

k
(&.d) <> high (% visd) < g (X, v d),

i=1

which implies that £ € 97.g;(x, v) and completes the proof of theorem.
]

The following corollary is a direct consequence of Theorem 3 and Proposition 4.

Corollary 2 Under the assumptions of Proposition 4, the following assertions hold:
(1) If (ACQ) holds at x, then X is robust B-stationary if and only if

Oearf@+c(l ] D> xojgiEv). (16)

%20 jes@

vieV;(x)
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718 F. Mashkoorzadeh et al.

@ii) If (CCQ) holds at x, then X is robust B-stationary if and only if there exist
v; € Vi(x), Aj = 0 such that

Oedrf®+ Y rjdfg;E. v)). (17)
jel @

In the last part of this section, we extend the previous results for a robust optimization
problem in the face of data uncertainty both in the objective and constraint functions.
To this end, we consider the following problem:

min  f(x, u) (U Ps)
st gilx,v;) <0, j=1,...,m,
whereu € Uandv; € V;, j =1, ..., mareuncertain parameters for some nonempty

compact subsets U € R”, and V; € RY/, respectively. Moreover, f : R" x U —
RU {+oc}, and g; : R" x V; — RU {400}, j = 1,...,m are functions that
satisfy assumptions (A1) — (A4). The robust optimization problem associated with
the uncertain program (U P,) is

min max f(x, u) (RP>)
uelU
S.t. gix,v;) <0, Vv eV;, j=1,...,m.

We suppose that S := {x € R" | g;(x,v;) <0, Yv; € V;, j =1,...,m}is the
feasible set of (R P,>). We also consider the tangentially convex function ¢ : R” —
R U {400} given by ¢ (x) := max,ecy f(x,u), and define U (x) :={u e U | p(X) =
[ ).

To prove the last main result of this section, we require the following optimality
notions for (RP».)

Definition 5 Suppose that x is a feasible point of (R P,). we say that x is

(i) arobust local optimal solution of (R P,) if there exists a neighborhood N (x) of
x such that for all x € § N N(x), one has

P (x) = ¢(x).
(i) arobust B-stationary solution of (R P,) if for each d € T (x; §), one has
¢'(x;d) = 0.

The following theorem presents the relationship between the above optimality
notions.

Theorem 4 Let x be a feasible point of problem (R P>). If X is a robust local optimal
point, then x is robust B-stationary.
The converse is true provided that for all d € T (x; S)\{0}, one has ¢'(x; d) > 0.
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Proof The proof is simple and we left it to the reader. O

The last result of this section, establishes necessary and sufficient optimality conditions
for (R P,).

Theorem 5 Consider the optimization problem (R P ).
Then the following assertions hold true:

(1) If(ACQ) holds at x € S, then x is a robust B-stationary solution of (R P2) if and
only if there is some s € N, u; € U(x) and n; > 0 foralli € {1,...,s} with
> i1 mi = 1 such that

K 1
0Oed mopfGEuy+e(  |J  DomdregEvp).  (8)

i=1 k=1

vjkGVj()?)
Mij=0, jeJ (X)
leN

(ii) If(CCQ) holds at x € S, then X is a robust B-stationary solution of (R P») if and
only if

s l
0€ > mdf fE ui) + Y hjdFg;(F. vjp). (19)
i=1 k=1

wheres,l € N, u; € U(X) foralli =1,...,s, Aj >0, andvj, € V;(x) for
allk=1,...,1,and j € J(X).

Proof (i) It is clear that the robust B-stationarity of X for (RP,) implies the
B-stationarity of x as a feasible point of the following tangentially convex opti-
mization problem:

min ¢ (x) (P)
S.t. Yix) <0, j=1,...,m.

Obviously, the Abadie constraint qualification defined in [41] holds at x. Thus by
using [41, Theorem 4.1(ii)],

0edrg@ +c (| ) Y &ory;@).

520J€l(®
Now using Theorem 2 we get

Oeco | J offEw+e(l) D Ao |J 97giE v

uel (3) 3;20€/(®) v; eV ()

Then by an argument similar to that of Proposition 1, we arrive at the inclusion
in (18).
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(ii) Using an argument similar to Theorems 3 together with part (i), the proof is
immediate.
O

We conclude this section with the following example and we show that the closures
in inclusions (12) and (18) cannot be omitted.

Example 4 Consider the following robust optimization problem:

min  f(x,u) = (cos uluz)x% — MYy = (uy,un) €U
st g(x,v) = [[(vr, v)II(x1, )| —x2 <0, Yv = (v, 1) € V
x = (x1,%2) € R?,

where U := {u = (uj,uz) € R? | u; € [0, 7l ux € [0, 3]} and V 1= {v =
(vi, 1p) € R2 | vl2 + v% < 1, vyvp > 0}. It is not difficult to check that the functions
f, g satisfy assumptions (A1) — (A4), and x = (0, 0) € S is a robust local minimizer
of the problem.
It is clear that the feasible set S can be presented as
S=1{xeR*|y(x) <0}

Obviously, S is a nonconvex set,

0, (x1,x) =0
[1(x1, x2) || — x2, (x1,x2) #0,

W (x) := max g(x,v) = {
veV
and
V(@) ={(v,v) € V[ v]+vj =1, vjva = 0}.

Thus one has S = {0} x R. Further,

x% — SNy, #0

d(x) = max flx,u) = {

_esinxl’ Xy = 0,

and
_ @i u) € R? Jujus =0}, x2 #0
U(x)_{U, xo = 0.

A simple calculation gives us V' (x; d) = ||(d1, d2)|| —dr and G’ (X)) = T (x; S) = S.
Therefore, (ACQ) holds at x. It is also easy to see that dr¢ (x) = {(1,0)}, ar¢¥(x) =
B+ (0, —1) = {x [ x{ + (2 + D? < 1}, and

U rory () = (x| x2 <0},

2=0
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which implies immediately that

0 € drg(x) +cl (U LIV (X)).

>0

Further, for each d € T (x; S), we have ¢'(x; d) = d; = 0, which means that X is a
robust B-stationary point. However, it is clear that Go(x) = ¢ and (CCQ) does not
hold at x, and it is worth noting that 0 ¢ dr¢ (x) + UA>0 Aorr(x). Thus the closure
in inclusion (18) cannot be omitted.

On the other hand a simple calculation gives us

f;(i, u;d) =—dy, Yu e Ux) =U, 37 f(x,u) ={(—1,0)},
and

g (&, vid) = [|[(vi, )|l 1, do)|| — da, Yv € V(X) =V,
078X, v) = [|(vr, v2)|IB + {(0, =1)}.

,0), u® = (0,0) and u® = (0, 1)
,0),v? = (0, ) and v® = (0, 0),

Taking n1 = 1, n2 = n3 = 0, with u'V) =
together with A; = 1, Ay = 13 =0, v =
we get

3 3
0ed moy fE&u)+el (D mdrg@ v™)).
i=1 Me=0 k=1
Thus all assumptions of Theorem 5 are satisfied. It is worth mentioning that V (x) is
not convex, thus part (i) of Proposition 4 is not satisfied. In other words, the concavity
of g with respect to v is necessary for convexity of V(x). Moreover, taking v € V (x)
with ||v|| < 1 implies that

Iy (%) # (£ | Fv € V(X) such that £ € 83 ¢(%, v)}.

This shows that part (ii) of Proposition 4 does not hold in general.

6 Application to multiobjective problems

The final section of this paper is devoted to the optimality conditions for a special class
of optimization problems known as robust multiobjective programming problems.

For this purpose, we consider the following robust multiobjective programming
problem:

min  (f1(x),..., fr(x) (RMOPy)
s.t. gitx,v;) <0, Vv eV, Vj=1,...,m,
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where f; : R* - RU {400}, i = 1,...,r, are tangentially convex functions at a
feasible point x. Further, the assumptions (A1) — (A4) are satisfied and S is the same
as defined in the previous section.

To proceed, we recall the following optimality notions for (RM O Py).

Definition 6 Suppose that x is a feasible point of (RM O P;). We say that X is

(i) aweakly robust efficient solution of (RM O Py) if for all x € §, there exists some
i =1,...,rsuchthat f;(x) > fi(x). We call x alocal weakly robust efficient
solution if there exists a neighborhood N (x) such that foreachx € N(x)N S, x
is a weakly robust efficient solution.

(i) a weakly robust efficient B-stationary solution of (RM O P) if for every d €
T (x;S), there exists some i = 1, ..., r such that fi’(i; d) > 0.

Itis easy to check that the weakly robust efficiency of x as a feasible point of (RM O Py)
is equivalent to the weakly efficiency of x as a feasible point of the following problem:

min  (f1(x), ..., fr(x)) (MO Py)
S.t. Yi(x) <0, Vj=1,...,m,

where ¥; : R" — RU {400}, j =1, ..., mis a function that defined in (R Py).
The next theorem provides necessary and sufficient optimality conditions for
(RMO Py).

Theorem 6 Let X be a feasible point of (RM O Py). Suppose that f;, i = 1,...,r, are
locally Lipschitz at x.
Then the following statements are true:

(1) If (ACQ) holds at x, then X is a weakly robust efficient B-stationary solution of
(RM O Py) ifand only if there exist somen; >0, i =1,...,rwith) ;_;n; =1
such that

r 1
0eY marfi®+c(  J D mgdfgiE v (20)
i=1 eV k=1
i =0, jeJ (x)
leN

(i) If (CCQ) holds at x, then x is a weakly robust efficient B-stationary solution of
(RM O Py) ifand only if there exist somen; > 0, i = 1,...,r,with) ;_;n; =1
such that

r I
0€ > mdf i@+ > Mijdfgi(E v, @1)

i=1 k=1

wherel € N, Aj > 0andvj, € Vi(x) forallk =1,...,1, and j € J(x).
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Proof (i) It is not difficult to show that the weakly robust efficient B-stationarity
of x is equivalent to the B-stationarity of x as a feasible point of the following
optimization problem:

min  O(x) :=max{fi(x) — fi(x),i=1,...,r}
s.t. Yi(x) <0Vj=1,...,m. (Py)

Obviously, (Py) is a tangentially convex problem and all the assumptions of The-
orem 3 (iii) are satisfied. Thus

l
Oearo@+c(  |J D mofei@E vi). (22)
vireV;(x) k=1
rj=0, jeJ(x)
leN

Then we observe that

dr0(x) = co |_Jar fi (%)

i=1

Hence one can find some n; > 0 with er: 1 i = 1 such that (21) is satisfied.
(i) We proceed similarly to (i) and by Theorem 5 (ii), we get the result.
O

In the following, we consider a more general case of robust multiobjective pro-
gramming problem in the face of uncertainty both in the objective and the constraint
functions as follows:

min  (fi(x,u1), ..., fr(xu)) (MOP,)
s.t. gitx,v;)) <0, j=1,...,m,

where f; : R" x U; - RU{+o0}, i =1,...,r,and g; : R" x V; — RU
{+o0}, j =1,...,m are given functions. Furthermore, u; € U;, i = 1,...,r and
vj € V;, j =1,...,m are uncertain parameters for nonempty compact subsets of
RPi, p; € Nand R%, q; € N, respectively. We also suppose that the assumptions
(A1) — (Ay) are satisfied for all the functions f;,i =1,...,rand g;, j =1,...,m.

The robust optimization problem associated with the uncertain program (M O P»)
is as follows

min (max f1(x,uy),..., max f-(x,u;)) (RMOP)
urel ureU,

s.t. gjx,vj)) <0, Vv; eV, j=1,...,m.
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Foreachi =1, ..., r, we define the function ¢; : R" — R U {400} by ¢; (x) :=
maxy, ey, { fi (x, u;)} and the set U; (x) := {u; € U; | ¢;(X) = fi(X, u;)}.
To proceed, we require to define the following optimality concepts for (RM O P,).

Definition 7 Suppose that x is a feasible point of (RM O P,). We say that x is

(i) a weakly robust efficient solution of (RM O P,) if for all x € S, there exists
some i = 1,...,r such that max,,cy; fi (x, u;) > maxy ey, fi(x, u;). We call
x a local weakly robust efficient solution if there exists a neighborhood N (x)
such that for each x € N(x) N S, x is a weakly robust efficient solution.

(i) a weakly robust efficient B-stationary solution of (RM O P») if for every d €
T(x; S), there exists some i = 1, ..., r such that max,, cy, x) fi’()_c, u;) > 0.

It is clear that the weakly robust efficiency of x is equivalent to the weakly efficiency
of x as a feasible point of the following multiobjective tangentially convex problem:

min  (¢1(x), ..., ¢r(x))
st Y <0, Vj=1,...,m.

The last result of this paper presents necessary and sufficient optimality conditions
for (RM O P»).

Theorem 7 Let x be a feasible point of (RM O P»). The following assertions hold:

(i) If (ACQ) holds at x, then X is a weakly robust efficient B-stationary solution of
(RM O P,) if and only if there is some u; € U;(x),i = 1,...,r, n; > 0 with
> i_imi = 1 such that

r l
0> mifco Uyetpim p ik u} +e (| D hajdyg (. vin)).
i=1 vjk€V;(x) k=1
Aij=0, jeJ (¥)
leN

(23)

(ii) If (CCQ) holds at x, then x is a weakly robust efficient B-stationary solution of
(RM O Py) if and only if there is some u; € U;j(x),i = 1,...,r, n; > 0 with
> i_imi = 1 such that

r 1
0e Y nifco Uyeu 05 fiE )} + Y hijdfg;(F.vj).  (24)
i=1 k=1

wherel € N, Ayj > 0, andvjy € Vj(x) forallk =1, ...,1, and j € J(X).

Proof (i) It is easy to check that the weakly robust efficient B-stationarity of x is
equivalent to the B-stationarity of x as a feasible point of the following optimization
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problem:

min  O(x) := max{¢;(x) —¢;(x), i =1,...,r} ([39)
st Yi(x)<0,Vj=1,...,m.

Obviously, (Pg) is a tangentially convex problem and all the assumptions of
Theorem 3 (iii) are satisfied. Thus

l
Oearo@® +c(  |J D mdreE v (25)
vk €V (x) k=1
220, jel (¥)
leN

Applying Corollary 1 and Theorem 6 (i), we get the result.
(i1) Using the similar arguments as used in part (i) and Theorem 6 (ii), the proof can

be derived.
O

We conclude the paper with an example illustrating Theorem 7.
Example 5 Consider the following robust multiobjective programming problem:

min (f1(x,ur), fa(x, u2)), Yui = (ujr, uip) € Uy, i = 1,2

s.t. gj(x,v;) <0, Vv; = (vj1,v52) € V;, j=1,2,3

x = (x1,x) € R?,

where fi(x,u1) := wuin max{xy, x2}, f2(x,u2) = (u21 — uz)minfxy, x2}, and

Ui i={u; e R? | u? +u? < 1, \Mu; € R? Juyy <0, un <0}, i =1,2. Also we
define the functions g;(x, v;) as in Example 2.

It is easy to check that f;(i = 1,2) and g;(j = 1,2, 3) satisfy the assumptions
(A1) — (Aa). A simple calculation gives us

¢1(x) := max f1(x,u1) = |max{x, x2}|, ¢2(x) := max fo(x,ur) = |min{xy, x2}|,
urel urels

with
_ J{@, 0}, max{x;, x} >0
itx) = { {(—1,0)}, max{x;, 2} <0,
and
Up(x) = {(ua1, u2p) € Uy such that ury = up; — 1}, min{xy, x2} >0
2 = {(u21, uzp) € Us such that uyy = uor; + 1}, min{xy, x2} < 0.
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An easy calculation gives us for a feasible point x = (0, 0) :
¢1(¥; d) := | max{di, da}|, ¢5(%;d) = |min{d, da}I,
foralld = (dy, d») € R%, and
Ir¢1(X) = co{(£1,0), (0, £}, 9r¢2(x) = co{(£l,0), (0, £D)}.
It is a simple matter to see that x is a weakly robust efficient solution of the problem

and according to Example 2, (ACQ) holds at this point.
Taking n; = m = %, and A1 = 0, A» = A3 = 1, one has

2 3
0eY mdrgi (@ +cl( | D rjorv; ).
i=1 2j=0 j=1
On the other hand, a simple calculation gives us

fly (X ur; d) = uyy max{dy, da}, fo, (X, u2;d) = (u21 — u2p) min{d, da}

with

ar f1 (%, ur) = co{(1,0), (0, D}, 97 fo(¥, uz) = co{(—1,0), (0, =D},
where

uy € Ur(x) = {1, 0)}, up € Ua(x) = {(u21,u22) € Uz | uzp = uz; — 1}.
Further,

gl (%, visd) = —di + 2v11v12lda|, 9581(X, v1) = {—1} x [=2|vi1v12], 2vi1vi2]],
for all v = (vi1, v12) € Vi(x) =V,

gh (¥, v2:d) = 2dr (v + )%, 9.g2(X, v2) = {0, 2(v22 + 1)*} = {(0.2)},
for all vy = (v21, v22) € Va(x) = [0, 1] x {0}, and

85, (¥, v31d) = 2dy(v32 — 1), 87g3(x, v3) = {0, 2(v32 — D?} = {(0, —2)},

for all v3 = (v31, v32) € V3(x) = [—1, 0] x {0}. Taking 771 =m = 2, M =

. 1
with vy; = (v§l),v1,)) — (f D, i=1,23 001 = §, v = = @), )

I o=

0,0), Ap = 2, vy = (Uzzsvzz)) = (1, 0) A3 = 0 with arbitrary vz =

(U%),Uz?) € Va(x), and 231 = 1, v31 = (U%l ’vﬂ)) = (=1,0), 230 = A33 =0
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with arbitrary v3; = (vé?, vé?), V33 = (v%), v%)) € V3(x), the following condition

is satisfied

2 3
0€ Zm{co Unevy 07 fikup}+el () D ajdfei(x vjn).
i=1 oV () k=1

Ajk=0

Thus all the assumptions of Theorem 7(i) are satisfied. It is worth mentioning that
V (x) is not convex, thus part (i) of Proposition 4 is not satisfied. Hence, the concavity
of g; with respect to v; is necessary for convexity of V;(x). Moreover, taking v; =

(:/_%’ %) € V;(x) implies that
aryj(X) ={(—1,0)} S {&; | Jv; € V;(X) such that &; € d7¢;(X, v))},

which shows that the equality in part (ii) of Proposition 4 does not hold.

7 Conclusion

In this work, a robust approach for nonsmooth and nonconvex optimization problems
with the uncertainty data is studied. The robust optimality conditions are established
in terms of tangential subdifferential. The results are obtained under data uncertainty
in objective(s) and constraint functions by using the weakest constraint qualification
(ACQ). Our results are obtained without requiring the convexity of the uncertain set
and the concavity of the related functions with respect to the uncertain parameters.
Moreover, the results are applied to present the necessary and sufficient optimality
conditions for robust weakly efficient solutions in multiobjective programming prob-
lems. The obtained results provide sharper outcomes than the other related contexts;
see for instance, [17,33-35,50].
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