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Abstract

As a variant of metric subregularity, pseudo metric subregularity is studied via general
limit critical sets using the techniques of variational analysis. In terms of limit critical
sets, we provide some sufficient conditions for the validity of pseudo/Holder metric
subregularity. Usually, the property of pseudo metric subregularity is not stable under
small smooth perturbation. We provide a characterization for pseudo metric subregu-
larity to be stable under small C'? smooth perturbation. In particular, some existing
results on metric subregularity are extended to pseudo metric subregularity. Finally, we
consider the pseudo weak sharp minimizer of a proper lower semicontinuous function
and its relation with pseudo metric subregularity of the corresponding subdifferential

mapping.
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1 Introduction

It is well known that metric (sub)regularity plays an important role in many fields of
nonlinear analysis as well as its applications, i.e., optimization, constraint qualification
conditions and stability analysis etc. (for more details see [1,5-7,14,21,22,27] and
references therein). Let X, Y be Banach spaces, F : X = Y be a multifunction and
(x,y) € gph(F). Recall that F is metrically regular at (x, y) if there exist 7,6 €
(0, +00) such that

rd(x, F~'(y)) <d(y, F(x)) V(x,y) € B(%,8) x B(J, ). (1.1)

The supremum of t over all such combinations of t and § is called the regularity
modulus for F at (x, y) and denoted by reg(F, x, y) (cf. [10,11,16]). It is well known
that metric regularity is persistent with respect to small Lipschitz perturbation (cf. [2,
Theorem 3.3]), i.e., if F : X = Y is a closed multifunction and is metrically regular
at (x, y) € gph(F), then for any f : X — Y, which is locally Lipschtiz continuous
around x with lip(f, x) < reg(F, x,y), F + f is metrically regular at (x, y + f(x)).

Fixing y = y in (1.1), we obtain the following weaker version of metric regularity
of F at(x,y),i.e.,

td(x, F7'(3)) <d(§, F(x)) Vx € B(Z,9) (1.2)

for some 7, § € (0, +00), which is called metric subregularity and is closely related
to properties such as calmness, weak sharp minima and error bound. The latter has
important applications in sensitivity and convergence analysis of mathematical pro-
gramming (cf. [9,12,26]). Unlike metric regularity, the property of metric subregularity
is usually unstable even under small smooth perturbation (see [5, Example 1.2]). For
this, Gfrerer introduced the so-called limit critical set of a multifunction F, in terms of
which a point-based characterization is obtained for stability of metric subregularity
of F under small C! perturbations in Asplund spaces (cf. [5,8]).

However, the metric subregularity is quite restrictive in some applications. A useful
variant of metric subregularity is the following Holder metric subregularity: F is said
to be Holder metrically subregular of order p (with p € [1, +00)) at (x, ), if there
exists 7, 6 € (0, +00) such that

td(x, F~1(3))? <d(3, F(x)) Vx € B(%, ) (1.3)

(cf. [4,13,14,25,30] and references therein). In terms of coderivative, Li and Mor-
dukhovich [14] provided sufficient conditions for Holder metric subregularity, while
Kruger [13] uses slope to study it. In [30], Zheng and Zhu studied a more general con-
cept called generalized metric subregularity. Using X instead of F~!($) in (1.3),we
obtain the Holder strong metric subregularity, i.e. F is said to be Holder strongly metri-
cally subregular of order p (with p € [1, +00)) at (x, y), if thereexists 7, § € (0, +00)
such that

tllx — x||” <d(y, F(x)) Vx € B(X, ). (1.4)
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It is clear that the validity of (1.4) is equivalent to the fact that (1.3) holds with x
being an isolated point of F~!(¥).

In [7], Gfrerer introduced a new concept called pseudo metric subregularity with
directions and Ngai et al. [23] studied a more general case of pseudo metric subregular-
ity with directions. For convenience, we consider the next notion (without directions):
F is said to be pseudo metrically subregular of order p (with p € [1, +00)) at (x, y),
if there exists 7, § € (0, +00) such that

tllx — %P 'dx, F7'($)) <d(3, F(x)) Vx € B(%, ). (1.5)

It is clear that Hoder/pseudo metric subregularity of order one goes back to metric
subregularity. To some extent, pseudo metric subregularity can be understood as metric
subregularity with modulus 7 behaving like O (||x —x||”?~!) asx — X (for more details
see [7]). Note that (x, y) € gph(F), itis clear that pseudo metric subregularity implies
(usually strictly stronger, see [25, Example, page 1975]) Holder metric subregularity
and is weaker (usually strictly weaker) than Holder strong metric subregularity. The
following example helps to illustrate this fact in detail:

Example 1.1 Let X = R%, Y = R, (%, 7) = ((0,0),0) and F(s, 1) = [s> — 12, +00)
for all (s,7) € R%. Then F is pseudo metrically subregular of order 2 at (%, y), but
is not Holder strongly metrically subregular of order 2 at the referred point. Indeed,
F710) = {(s,1) € R? : 52 < r?} and (0, 0) is not the isolated point of F~(0),
so F is not Holder strongly metrically subregular of order 2 at ((0, 0), 0). For any
(s,1) ¢ F~1(0), one has |s| > |¢|.If s > ¢ > 0, we have

(s, 1) = (0, 0)[|d((s, 1), F~'(0)) = ?vsz +12s —1] < ?IS +tlls — 1]

2
= \/T_d(o, F(s,1)). (1.6)
Ifs >—t>0o0r—s >t>0o0rs <t <0,itis also easy to calculate that (1.6) holds.
This implies that F is pseudo metrically subregular of order 2 at ((0, 0), 0).

To study pseudo metric subregularity, Gfrerer [7, Theorem 1-(2)] provided a suf-
ficient condition through an approach similar to the limit critical set. Usually, the
property of pseudo metric subregularity is also unstable under small perturbations.
Let C'(X, Y, x) denote the set of all mappings from X to ¥ which are Fréchet con-
tinuously differentiable on some neighbourhood of x. For a mapping f : X — Y and
X € X, we say that f is C? around X if f € C'(X, Y, %) and for any & € (0, +00),
there exists § € (0, +00) such that

IVf(x) = V@ <ellx —%|IP~" ¥x € B(&, 5).

Let C1P(X, Y, ) denote the set of all mappings from X to ¥ which are C'-? around
X.
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The following example demonstrates that, even for a convex multifunction in finite
dimensional space, the property of pseudo metric subregularity is unstable under small
C'-P smooth perturbation.

Example 1.2 Let p € [1, +00) be fixed. Consider the convex multifunction F : R =
R with F(x) := [0, +00) for x € (—o0, 0) and F(x) := [x?, +00) for x € [0, +00).
Let ¥ = y = 0, then F~1(0) = (—o0, 0] and d(0, F(x)) = x? for all x € (0, +00).
It is easy to see that F is pseudo metrically subregular of order p at (0, 0). Define
f:R— Ras f(x) := |x|'T? for all x € R, then we have

I+ p)x?,  ifx € (0, +00),
f(x) = 0, ifx=0,
—(I+p)(=x)F,if x € (—00,0),

and | f'(x) — f'(0)|/]x — 0]"~! < (1 + p)|x| — O when x — 0. This shows that f
is C1? around 0 with £(0) = 0 and f’(0) = 0. However, F + f is no longer pseudo
metrically subregular of order p at (0, 0). Indeed, for x; = —%, k € N, it is clear that
(F + H)710) = {0}, d(xx. (F + f)7'(0) = |x| = ¢ and d(0. (F + f)(x)) =

d(0,(F+£)(x)) 1
ol tdG oy — & O

Hence, it is natural and essential to investigate qualifications on multifunctions
for which pseudo metric subregularity remains true under certain smooth perturba-
tions. For convenience, we define two different kinds of stability for pseudo metric
subregularity as below:

1
x| 1P = iir5» hence

Definition 1.1 Let F' : X = Y be a multifunction, (x, ¥) € gph(F) and p € [1, +00).

(i) We say that F : X =3 Y is pseudo metrically subregular of order p stable at
(%, y) under C-? perturbation, if for any f € CP(X,Y,x) with f(¥) = 0 and
V f(x) = 0, the mapping F + f is pseudo metrically subregular of order p at (x, y);

(ii) We say that F is pseudo metrically subregular of order p stable at (x, y) under
p-bounded smooth perturbation, if there exists ¢ € (0, +00) such that, for any f €
CY(X,Y,x)with f(X) =0and |V f(x)| < c|lx —x||?~! for all x sufficiently close
to x, the mapping F + f is pseudo metrically subregular of order p at (x, ).

It is clear that the stability of pseudo metric subregularity under p-bounded smooth
perturbation implies the one under C7 perturbation. It is worth to note that the
condition ||V £ (x)| < c|lx—x||?~! forall x sufficiently close to x ensures |V f (X)|| =
0 for any p € (1, +00), but when p = 1, this condition reduces to the boundedness
of V f(x) around x.

The rest of the paper is organized as follows. Section 2 contains basic definitions and
required preliminary results used in what follows. In Sect. 3, via new-defined general
limit critical sets, we provide some sufficient conditions for pseudo metric subregular-
ity. We show that two kinds of stability for pseudo metric subregularity in Definition
1.1 are equivalent and furthermore provide a characterization for the aforementioned
property, which is also generalization of [8, Theorem 2.8 ((i) < (ii))]. In Sect. 4, we
consider the pseudo weak sharp minimizer of a proper lower semicontinuous function
and its relation with pseudo metric subregularity of the corresponding subdifferential

mapping.
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2 Notations and preliminaries

In this section, we summarize some fundamental notations and tools in variational
analysis, more details see [17,20,24]. Recall that a Banach space X is called an Asplund
space if every continuous convex function on X is Fréchet differentiable at each point
of a dense subset of X. It is well known that X is an Asplund space if and only if every
separable subspace of X has a separable dual space. In particular, every reflexive
Banach space is an Asplund space. Let X be an Asplund space with topological dual
X* and By and Sx denote the closed unit ball and unit sphere of X, respectively.
We denote by B(x,r) (B[x, r]) the open (closed) ball with center x and radius r
and d(x, A) := inf,eca d(x, a) the point-to-set distance from x to A (in the usual
convention, the infimum of the empty set equals +oc). For a proper lower semi-
continuous function ¢ : X — R U {400}, let dom(¢) and epi(¢) denote the domain
and the epigraph of ¢, respectively, that is,

dom(¢) := {x € X| ¢p(x) < 400} and epi(¢) := {(x,7) € X x R|p(x) <r}.

For x € dom(¢), recall that regular subdifferential (Fréchet subdifferential) 5¢(}E) of
¢ at x is defined as

d¢(x) ;= {x* € X*|liminf
x'—x ||x’ — x||

A _ ES /
(") —p(x) — (x*, x" —x) - 0}'
When f is convex, regular subdifferentials reduce to the one in the sense of convex
analysis; that is,
dp(x) = dp(x) := {x* € X*|(x*, x' —x) < p(x') — p(x) Vx' € X} Vx € dom(¢).

For a closed subset A of X and apointa in A, let N (A, a) denote the regular normal
cone (Fréchet normal cone) of A to a, defined by

A N . (x*,x —a)
N(A,a):={x" € X*|limsup ———
A lx —all
X
Let the indicator function §4 be defined as
0, ifxeA,

S4(x) 1= {

+00, otherwise.
It well known that N(A, a) = é&A (a) foralla € A and

dp(x) = {x* € X*|(x*, —1) € N(epi(¢), (x, p(x)))} Vx € dom(s).
If A is convex, then

N(A,a) = {x* € X*|(x*,x —a) <0 Vx € A} Va € A.
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Let F : X = Y be a multifunction and its graph and domain be defined as
gph(F) :={(x,y) € X x Y| y € F(x) Vx € X} and dom(F) := {x € X|F(x) # 0}.

We say that F'is a closed multifunction if its graph gph(F) is closed in the product space
X x Y. We will use the following notion of the coderivative which were first constructed
by Mordukhovich (cf. [15]). For (x, y) € gph(F), the coderivative ﬁ*F(x, y)isa
multifunction between Y* and X* defined by

D*F(x,y)(y*) == {x* € X*|(x*, —y*) € N(gph(F), (x, y))} Vy* € Y*.
The details of the coderivatives can be found in [17]. For a closed multifunction

F : X = Y and a single-valued mapping f : X — Y, if (x,y) € gph(F + f) and f
is Fréchet differentiable at x, then one has that (cf. [17, Theorem 1.62]):

(%, —y") € N(gph(F + £), (x,¥)) & (x* — Vf(x)*y*, —y*) € N(gph(F), (x,y — f(x))).
2.1)

Recall that the duality mapping J : ¥ = Y* denotes the normal dual mapping of
Y, that is,

J(y) = {y" € Sy=1(y", y) = IylI} ¥y € Y\{0}.

It is clear that J(y) = 9| - ||(y) and, when Y is smooth, J(y) is single-valued and
J(y) = V]| -|l(y) forall y € Y\{0}. For x € X and A C X, let P4(x) denote the
projection from x to A, that is

PA(X) :={x € Alllx — x|l =d(x, A)}.

For convenience, we use the following notations (cf. [27,30]). Let ¢ € (0, +00), the
normalized e-enlargement of the duality mapping is

Je(y) i= {y* € Sy=1d(y*, J () < &} Vy € Y\{0}
and the e-approximation of x to A is defined as
Pi(X) :={x € Al|lx — X|| <min{(l + &)d(x, A),d(x, A) + ¢}.

Several kinds of subdifferential sum rules are employed in the main results of this
paper. Below we provide these rules for completeness (cf. [17]).

Lemma 2.1 Suppose that X is an Asplund space and ¢,y : X — R U {400} is
a proper lower semi-continuous function. Let x € dom(y) such that ¢ is Lipschitz
continuous at x. Then the following statements hold:

(i) For any x* € 5((]5 + ¥)(x) and any o € (0, +00), there exist x1,x» € B(x,0)
such that | (x2) — Y (X)| < o and

x* € dp(x1) + 0¥ (x2) + 0 By
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(i) If ¢ is Fréchet differentiable at x with derivative V¢ (x), then
A + ) (E) = Vo(E) + Iy (X).

We conclude this section with the the Ekeland variational principle (cf. [3,17]),
which plays a key role in the proof of the main result.

Lemma 2.2 (Ekeland variational principle) Suppose that X is a Banach space, and
f X - RU {+o0} is lower semicontinuous and bounded from below. Let ¢ > 0
and x € X be given such that

f@) < inf () +e.

Then for any A > 0, there exists x € X satisfying

@ llx —x[l <4,
i) fx) = fx),
(i) f(x) < fu)+ 5llu— x| forallu € X \ {x}.

3 The stability of pseudo metric subregularity under smooth
disturbance

Without any other statement, throughout the remainder of this paper, we always assume
that X and Y are Asplund spaces and F : X =2 Y is a closed multifunction.
For convenience, for (x, y) € X x Y and 8, ¢ > 0, we set
B(F.%.5.8,€) :={(x,y) € B(X.8) x B(J.8)|x ¢ F~'(5).y € Pi, ()},
C(F.%, 5.8, p) = {(x.y) € gph(F)[ly = 3| < Bllx — 1"~ d(x, F~ ()

and

D(F,%,5, B, p) :={(x,y) € gph(P)llly — 3l < Bd(x, F~' (3"},

We first state the following lemma which provides a new sufficient condition for
pseudo/Holder metric subregularity of order p and estimates its modulus for a gener-
alized multifunction.

Lemma 3.1 Let (x,y) € gph(F), «, B,¢,6 € (0, 400) and p € [1, +00).
W 1f

d(0, D*F(x, y)(Je (¢ = 3) = allx — X7~ V(x, y) € B(F, %,5,8,6) NC(F, &, 3, B, p),

5 3.1
y' € B(y, minfe, |y — FI“D\(7).
Then F is pseudo metrically subregular of order p at (X, ), explicitly,
cllx =27 d(x, F~1(3) < d(3, F(x) Vx € B(,8), (3.2)
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where

1
28 [8\7
comminl % Pl gy —=minl 2 (21 (3.3)
3.2p=172p 37\«

If, in addition, Y is a Fréchet smooth Banach space, then the condition (3.1) can be
replaced by

d(0, D*F(x, y)(J:(y = 3)) = alx = X[~ V(x,y) € B(F, %,3,8,6) NC(F, %, 3, B, p).
(i) If

d(0, D*F(x, »)(Je(y) — 3))
> ad(x, F‘l(jz))l"1 Y(x,y) € B(F,x,y,8,e)ND(F,x,y,8,p), B4
y' € B(y, min{e, |ly — FI*H\{7},

Then F is Holder metrically subregular of order p at (X, y), explicitly,
kd(x, F7'(3)? <d(3, F(x)) Vx € B(x, ),

where k and §' are defined as in (3.3). If, in addition, Y is a Fréchet smooth Banach
space, then the condition (3.4) can be replaced by

d(0, D*F(x, y)(Je(y = 7))
> ad(x, F7'(9))"7' V(x,y) € B(F,%,3,8,&) N'D(F, %, 3, B, ).
Proof We are going to show (i), while the validity of (ii) follows similarly. In order
to show that (3.2) holds, we assume to the contrary that there exists x’ € B(x, §')

such that k |x’ —x||P~'d(x’, F1(3)) > d(3, F(x")). Take y’ € F(x')and t € (0, «)
sufficiently close to x such that

d@F, F(x) < Iy =3l < eallx’ = %177, (3.5

where A = d(x/, F~! (). Let n € (0, 1) be small enough such that

4rpsP~1 4

6tnsP~!
Wmax{l,5}<s,0<;<l(and ki
— 217 -n

0 P
= 1 —3zy8r1 1—3cnsr-1

<e. (3.6)

Define the norm on the product space X x Y as
1Ge, WMy = lixll +nliyll Y(x, y) € X x Y.

Letg : X x Y — [0, 400] be defined by

@(x,y) = [ly = Yl + Sgphcr) (x, ¥) Y(x,y) € X x Y.

@ Springer



Pseudo metric subregularity and its stability in Asplund... 477

Clearly, ¢ is lower semicontinuous (due to the closeness of gph(F)) and attains its
minimum value at (x, y). According to (3.5), we easily obtain that

(', y) < gggxy¢<x,y>+m||x’—ﬂ|"”.

X,y

It then follows from Lemma 2.2 that there exists (X, y) € gph(F) such that

A
(X, 9) — & )y < 5 3.7
(X, 9) < (', y) (3.8)

and
P(E,5) < olx,y) +2tlx’ = XIP (lx — &l +nlly — FI) Y(x, y) € X x ¥(3.9)

Note that » = d(x’, F~1(¥)), by (3.7) and (3.8), one has ||y — ¥|| < ||y — ¥|l and

A — 8
¥ —x'l < = < I =2 -, (3.10)
2 2 2
which leads to the fact that
!/
X — x| < IX —x"|| + Ix" — X| <753- (3.11)

Using the triangle inequality, we obtain from (3.10) that

A
dE, F7'3) =d&, F7'\G) — 15 — ')l > 2 > 0and | — %]

’ - ~ ’ ”)C/ _)E”
= lx = x| =[x —x'[| > — (3.12)

Then ¥ ¢ F~!(3), and hence ¥ # y. Let

"—x A
7€ (Oymi“ {llf—fn I s i G P o) = B e — w5,
22
E (3.13)
(Al — &7 = 1y = F1) nly =yl 7y =yl nlly -yl
’ 2 8tpspl 42’ 8 ’

be sufficiently small and pick any (u,v) € gph(F) N B((x,y),0). Then v €
F(u),|lu — x|| < o and |lv — ¥|| < o/n. It follows from (3.12) and (3.13) that
lu—x|l <X —xl| +0 <34,

du, F71G) > dE F1G) —o > % > Oand Ju — %|| > [|F — %] — 0 > Ilx z_ﬂl. (3.14)
Together with (3.5), (3.8) and (3.13), we have that u € B(x, $\F~1 () and
- -~ - - -~ - o ;o o
o= <Iy=YlI+1lv=yI<Iy—=l +; <y =l +;.
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Hence,
v =3l < Iy =3l +0/n < tallx’ = %P7 < min{zs?, 277 |lu — X||P " d(u, F~' ()}

Since T < «, according to the definitions of « and 8’ in (3.3), we arrive at 76’7 <
k8P < § and 2Pt < 2Pk < B. Therefore,

(u,v) € C(F,%,3, B, p)andv € F(u) N B(3, §). (3.15)

By (3.13), we also have that |y — || < lv—yll+0o/n < |lv—y|+ 1y — yII/2, and
then ||y — y|| < 2||lv — ¥||. Consider an arbitrary y € F'(u), it follows from (3.9) and
(3.13) that

lo =3l < 15 =51 +0/n < lly = 31l + 2tlx’ = £1”~"(lu — 2l + nlly = 5I) + /0
<ly =3l +2tlx =17 o +nllly = 5+ 15 = vl + v = F1) + o /n
<y =3l + 208" (lly = 5 + 17 — vI) + @z8”~! + 1/n)o
<y =3l 4208”7 (ly = 51l + 15 — vI) + nllv — 3|

(the last inequality holds due to our choice of o in (3.13) and the fact that ||y — y|| <
2|lv — y|). And then

1 +2tpsP~! _
. ly —yIl Yy € F(u).

o=yl < T 1—y

Hence, with the help of (3.15) and the first inequality in (3.6), we have that

p—1
L2 nd(ﬁ, F(u)) < min{(1 +&)d(3, F(u)),d(§, F) + ¢}, (3.16)

lv—=yl < T 2ener 1 — g

This implies that v € P;(u)()'z). Consequently, since u ¢ F~!(3), it follows from
(3.15) that

(u,v) € B(F,x,y,8,e) NC(F,x,y, B, p) Y(u,v) € gph(F) N B((X,y),0). (3.17)
By (3.9) and the optimality condition, one has
(0,0) € A + 2t lx" = X7~ (| - =%l + nll - =FIN(E, H). (3.18)

Recall that ¢ < t|x’ — %||?~', it follows from Lemma 2.1 (i) that there exist
(X106, Y10)s (X206, Y20) € B((X,y), o) such that (X2, y20) € gph(F) and

(0,0) € 3l - —F1(F15+ F10) + 08eph(F) (Faos F20) + 3Tlx" — F[P~ (By+ x nBy+).
(3.19)

According to (3.17), we have (X245, Y2o) € B(F,x,y,8,e) NC(F, X, y, B, p). Note
that |y — Yl < o/n < H.ﬁ%‘ll’ one has yj, # y. By (3.13) and (3.14), we also
have the estimation ||x’ — X|| < 2||Xs — X|| and ||y — ¥|| < 2320 — I, and
hence [|J10 — 20| < 20/n < min{e, |5 — 71?/4} < min{e, |52, — 7]}, ie.
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J16 € B(F2o, min{e, |320 — 7[1>H\{¥}. Therefore, it follows from assumption (3.1)
that

d(0. D*F (20 $20)(Je G0 — 7)) = |l Fa0 — 577 (3.20)

On the other hand, (3.19) shows that there exists b} € J(yi1o — y) and (a3, b3) €
Bx+ x Byx such that

Grlx’ — 2177 a3, bt + 3tllx’ — 1P nb}) € N(gphF, (F20, $20))-
Let

—nip—1 Zp—1
L L T L b b

167 = 3tllx” — x[|P~1nb3 | BT = 3Tl = EP b3

then (x*, —y*) € N(gphF, (X205 P25))- It is easy to calculate that

5% — b¥|| < (1 — [16F = 3zllx’ — x[|P~ ' nb5 )bT | 3rfx’ — X177y
e 16} = 3z|lx’ — x[|P~Inb3|| b7 = 3zllx" — X[|P~Inb3 ||
61871y .
—1-3tsr 1y

(the last inequality holds due to (3.6)). This shows that y* € J.(y1, — ¥). Recall that

lx" — x|l <2||X2s — Xl and & < 32"‘?, it follows from (3.6) that

3r|x" — |7 ! 37| — |7 !
—3y|lx’ — x| P! 1 —3tpsr-1

<3ilx —x[P7 <3207 k|| Fpe — P!

d(0, D*F (oo, 520) (Je (1o = 7)) < I1F°] <

< allf0 — X771,
which contradicts (3.20). Therefore, we conclude that (3.2) holds. If, in addition, Y
is a Fréchet smooth Banach space, we apply Lemma 2.1 (i) with (3.18) to obtain the
existence of (X5, Y15) € B((X, ¥), o) such that (x5, Y1) € gph(F) and
(0,0) € 3(II - —F Il + Saph(r)) Fios F10) + 3Tlx" — &P~ Bxs x nBy«. (3.21)
Then it follows from (3.14) and (3.17) that (Xi5,y15) € B(F,x,y,8,&) N

C(F,%,y,B,p)and ||x" — %|| < 2||%¥1s — %], and hence ji, # y. Note that Y is
a Fréchet smooth Banach space, applying Lemma 2.1 (ii) to (3.21) gives us

(0,0) € {0} x V|F15 — ¥l + N(gph(F), (Fi5, F10)) + 3llx" — £[|P~ Bx= x nBy~.

The rest of the proof follows similarly as in the case of Asplund spaces. The proof is
completed. O
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The essential work of studying pseudo metric subregularity revolves around estab-
lishing the validity of inequality (1.5). Forany , § € (0, +00),let N(F, X, ¥, p, T, §)
denote the set of all x € B(x, §) failing (1.5), namely

N(F,%,3,p.7,8) :={x € BE,8|t|x — |’ d(x, F7'() > d(F, F(x))}.

It follows that the property of pseudo metric subregularity is equivalent to the
existence of 7,8 € (0,+o0) such that N'(F,x,y, p,t,8) = @. For given pos-
itive B, §, since inequality (1.5) holds (with T = f) automatically for any x €
B, )\N(F, %, ¥, p, B,5) in the case when N'(F, X, ¥, p, B,8) # @, one only
needs to consider the candidate x in N'(F, X, y, p, 8, 8) in order to verify the inequal-
ity (1.5). It is clear that B(F,x,y,8,e) NC(F,x,y,8,p) C {(x,y) € X xY|x €
N(F,x,9,p,B.8),y € Pj;(x)()"))}. In Lemma 3.1, variational conditions are pro-
videdon B(F, x,y,68,e)NC(F, x,y, 8, p) to ensure the pseudo metric subregularity
of F at (x, y), where the explicit quantitative relationships between S, «, § and & are
calculated.

To characterize metric subregularity, Gfrerer [5] introduced the limit critical set
CroF(x,y) of F at (x, y), i.e., the set of all pairs (v, u*) € ¥ x X* such that there
exist sequences {#;} C (0, +00), {(ux, v{)} C Sx x Sy+ and {(vr, u})} C Y x X*
satisfying #x — 0, (vg, uy) — (v, u*) and

(u}, —vf) € N(gph(F), (X + teu, y + trvg)) Yk € N,

Interms of CroF (x, y), Gfrerer proved the following interesting point-based sufficient
condition for metric subregularity: Let F : X == Y and (x, y) € gph(F). Then, F is
metrically subregular at (x, y) provided that (0, 0) ¢ CroF (x, y).

For the purpose of studying pseudo metric subregularity of order p, we adopt the
@lowing definitions of general limit critical sets Cr F(x, y, p), CrF (x,y, p) and
CrF(x,y, p) for a general multifunction F : X =2 Y:

(1) (v,u*) € CrF(x,y, p) if and only if (v,u*) € Y x X* with the property
that there exists sequences {#t} C (0, +00), {(ug, v;)} C Sx x Syx and {(vk, u})} C
Y x X* satisfying ty — 0, <vk, [—:) — (v, u™) and

Uy
P
Iy

(W}, —v}) € N(gph(F), (¥ + teur, ¥ + ] vp)) Vk € N. (3.22)
(ii) (v,u™) € C/'\rF()E, y, p) if and only if (v, u*) € Y x X* with the property

that there exists sequences {#} C (0, +-00), {(ug, v;)} C Sx x Sy« and {(vk, u})} C
Y\{0} x X* satisfying X + rruy ¢ F~1(9), (3.22),

MZ * Uk
k= 0,{v, == ) = (v,u") and {v;, ——) — 1. (3.23)
tf lloell

k
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(iii) (v, u™) € 6;'F()E, y, p) if and only if (v, u*) € Y x X* with the property
that there exists sequences {#} C (0, +-00), {(ug, v;)} C Sx x Sy« and {(vk, u})} C

P
Y\{0} x X* satisfying (3.22), (3.23) and % 1.

Remark 3.1 In the definition of CrF (x,y, p), the requirements of vy # 0 and
vl 1 guarantee that y + frvp % v and ¥ + frux ¢ F1(5) except
d(y, F(x+igur))

for finitely many k£ € N.

In [25], the authors introduced a similar concept CpF(X, y, p) via proximal normal
cone in €2 type Banach space to study Holder metric subregularity of order p. In [7,
Theorem 1-(2)], upon letting u = 0 and s = 1, the author obtains that the condition
0,0) ¢ CrF (x, ¥, p) implies that F' is pseudo metrically subregular of order p at
(x,y) for p € [1, +00).

Remark 3.2 From the definition of critical sets, it is clear that
CrF(%,5,p) C CrF(,3, p) C CrF(%, 3, p). (3.24)

Furthermore, we claim that the above inclusions are strict. In fact, let ' be defined
as in Example 1.2, ty = 1/k, vy = 0 and uy = —1, it is easy to calculate that
N(gph(F), (trug, t,ka)) = {(0, —1)}. This shows that (0, 0) € CrF(0, 0, p). On the
other hand, for any sequences {#;} C (0, +00), {(ux, vj)} C Sr x Sg and {(vx, uf)} C
R\{0} x R satisfying tru; ¢ F~Y0) = (—o0, 0], (3.22) and (3.23), we have that
up =1, v = —1 and t,ka > (trug)? > 0, and hence (vg, uy) — (v, u*) # (0,0).
This shows that (0, 0) ¢ aF(O, 0, p), which justifies that the set aF(O, 0, p) is
strictly smaller than the set Cr F (0, O, p). For the strict inclusion CrF x,y,p) C
a'F()E, ¥, p), it will be shown in Example 3.1.

Now we are ready to state the following point-based sufficient conditions for pseudo
metric subregularity of order p in terms of the aforementioned three types of limit
critical sets.

Theorem 3.1 Let (x, y) € gph(F), p € [1, +00). Consider following statements:

(1) (0,0) ¢ CrF(x,y, p);
(i) (0,0) ¢ CrF(x,y, p);
(i) (0,0) ¢ CrF(x,y, p);
(iv) F is pseudo metrically subregular of order p at (x, y).
Then (i) = (ii) = (iii) = (v). If, in addition, F is convex, then (ii) <
(iii) & (iv).
Proof From the inclusion (3.24), we immediately have (i) = (ii) = (iii). For
(iii) = (iv), it suffices to show that there exist «, 8, &, § € (0, +00) such that (3.1)
holds according to Lemma 3.1. We argue with contradiction. Suppose to the contrary
that for oy = Br = 8 = ex = 1/k, there exists (xg, yx) € B(F,x, ¥y, 1/k, 1/k) N
C(x, 3., 1/k, p), y; € B(yk, min{1/k, |y — ¥I*D\{F} such that

A - 1 -
d(0, D*F (xi, O U1 (v = ) < lloe = ©I1P~
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Then, there exist vi € Jix(y;, — ¥) and uj € ﬁ*F(xk, yi)(vF) such that |Juj|| <
%||xk—i||l”1.AccordingtothedeﬁnitionofB(F, x,y,1/k,1/k)andC(x, y, 1/k, p),
one has

1 i 1
X eB (x, E) VL) 3k € PRy O, e =51 < 2l = F1P7 o, FH). - (3.25)

This shows that y;y € F(x), xx # Xand y # y.Letty := ||xg—x||, ug := tk_l(xk—i)
and v; = tk_p(yk — y). It then follows from (3.25) that 0 < 7 < % Xk, Y) =
(X + tgug, y + 1 vr) € gph(F), uy € Sx,

d(xi, F 1(y)) I

_ 1 _
lyk =yl < |1+ ) d(y, F(xx)) and 0 < [lug|| <
k ki

= |

Therefore, (uf, —vf) € N(¥ + tiuk, 5 + tfvi), ve # 0,v¢ — 0 and d(§, F( +

_ - - tf vkl
n)) < i lvill = llyk =31l < (1+)d(F, F (& + ). Hence gt — 1.

Take y{ € J(y; — ¥) such that [|v; — y{|| < 1/k. Observing that ||y, — ykll <
vk — 3117, vf, yf € Sy« and (y}, y; — 3) = Ily; — ¥, we obtain that

Uk Yk — Uk
Z U*, _r — y* - > <U* y*’ _>
< k ||vk||> < lyx — 3l SO

Vi — ﬁ> H i —7 H
> (v,
<k Iy, — I lyk — 71 ||yk i

2y =yl 1

e =yl &

'\<

1
1=2|v — | — —.
> lye — ¥l T

Taking the limit of k& — oo, we arrive at <vk, ||vi|\> — 1. It follows that (0,0) €

CrF (x, ¥, p), which is a contradiction with (iii). Therefore, (iv) holds. If in addition
we assume that F is convex, we claim that (ii) < (iii) < (iv). Indeed, it suffices
to show that (iv) = (ii). We argue again with contradiction. Suppose to the contrary
that (iv) holds and there exist sequences {zx} C (0, +00), {(u, v,’j)} C Sy x Sy=
and {(vg, uf)} C Y\{0} x X* satisfying X + txu; ¢ F~1(3), (3.22) and (3.23) with
(v, u*) = (0,0). Let (xg, yr) := (x + tgug, y + t,ka), we have that gph(F) >
(xk, yk) — (x,y) and yx # y for all k € N. By ssumption (iv), there exist 7,8 €
(0, +00) such that (1.5) holds. Note that x; — x and <v;{‘ ”—k> — 1, without loss

> okl

of generality, we may assume that x; € B(x,8)\F~!(y) and <v,f, ﬁﬁ> > % for all
k € N. Then, it follows from (1.5) that

!, F7'(3) = tlx — 217 d o, F7UG)) < d(F, Fx)
< vk = 3l = 0 vkl (3.26)

@ Springer



Pseudo metric subregularity and its stability in Asplund... 483

By the convexity of F and (3.22), one has

(ug, x —xx) < (v, y — ) ¥(x,y) € gph(F).

Therefore, for any u € F -1 (y), we have that

p
Uk 4 Nl
(U u — xi) < (E 3 — i) = 1 vl <v*, > -
llvrll 2

Together with (3.26), we obtain that

P
fi vl

T -1 —1,= % X 1=
~h dg, F7 () < < (ug, xk — u) < llug|llxx — ull Yu € F7(y).

2k

Since x; ¢ F -1 (y) and u is chosen from F -1 (y)) arbitrarily, we conclude that 0 <

% < ”Zf 1' , which contradicts the fact that ”Zfl,l — 0. Therefore (ii) holds and the
I e
proof is complete. O

Next we provide an example showing that in Remark 3.2, the first inclusion in (3.24)
is strict, which illustrates that Theorem 3.1 ((iii) = (iv)) is indeed an improvement
of [7, Theorem 1-(2)] upon considering u = 0 and s = 1.

Example 3.1 Let X =Y =R, p =2 and (x, y) = (0, 0). Consider the multifunction
F : R = R defined as follows:

R, if x € (—00,0];

2 2 2 1 .

Flo) = [x= — m,‘FOO)U(—OO, —2 1t oanzh if x € (n+1’ 2),neN;
[0,+OO)U(—oo,—22+(n+l)2] if x=LneN;
[x2 =1, 400) U (=00, —x2 + 1], if x € [1,4+00).

It is clear that the F is oiclosed graph and F~1(0) = (—o0, 0] U {%ln € N}. First
we show that (0,0) ¢ CrF(0,0,2). If this is not true, then there exist sequences
{tr} C (0, 400), {(ug, vi)} C Sx x Sy= and {(vg, uf)} C Y\{0} x X* satisfy-
ing (3.22), (3.23) and % — 1 with (v, u*) = (0,0). Let x¢ := fxug
and y; = tkzvk. Without loss of generality, we may assume that #z € (0, 1) and
0 < (jdly,,—"(lx)) < 2 for all k € N. Then there exists subsequence {n;} of natu-
ral numbers such that 1, € [—— nk +1’ L ) for all k € N. By Remark 3.1, we have
that xj ¢ F~10), and then u; = 1. Note that F(x) = +00) U
1

(=00, — 2 + xr = t and d(0, F(xy)) = x]% —

I
X = G

w2 S 2 T D
If d(0, F(xx)) < yk, then

T

one has yy > 0 and d(0, F(xx)) < yr < @ o +1)2

(xk, yx) € int gph(F) and then N(gph(F), (xk, yk)) = {(0, 0)}, which s in direct con-
tradiction with (3.22). If (0, F(xx)) = yk, then N(gph(F), (xx, yx)) = {2xr, —1)},
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X
and then uZ = 2x; and I;—k" = 2 -» 0, which arrives also at a contraction. This shows

that (0, 0) ¢ CrF (x,y,2). It then follows from Theorem 3.1 that F is/\pseudo met-
rically subregular of order 2 at (0, 0). Next, we show that (0,0) € CrF(x,y,2).

Lett, = 25&111), =1,v, = 2n8+1, = 0 and v} = —1. It is clear that
it € G ) fvn = =33 + Gy € Fltuttn). (g, va/lvall) = 1. (. ) —
(0 0) and (u), —v}) = (0, 1) € N(gph(F) (thup, t vn)) This shows that (0, 0) €

CrF (0 0, 2). Together with (3.24), we conclude that CrF (0, 0, 2) is strictly smaller
than CrF(O, 0,2).

From Example 3.1 and Remark 3.2, it is easy to observe that condition (i) in
Theorem 3.1 is only sufficient but not necessary for pseudo metric subregularity.

It is worth to mention that condition (i) in Theorem 3.1 is not sufficient for pseudo
metric regularity (for definition, see [7, Definition 1]). For instance, consider a mul-
tifunction F : R = R such that F(x) = [x”, +00) (p € [1, +00)) forall x € R. It
is easy to verify that (0, 0) ¢ CrF(0, 0, p), but F is not pseudo metrically regular at
0,0).

Next, we show that statement (i) in Theorem 3.1 is a characterization for stability
of pseudo metric subregularity under C!-? and p-bounded smooth perturbations.

Theorem 3.2 Let (x, y) € gph(F) and p € [1, +00). Then, the following statements
are equivalent:

(@) (0,0) ¢ CrF(x, y, p);
(ii) F is pseudo metrically subregular of order p stable at (x, y) under p-bounded
smooth perturbation.
(iii) F is pseudo metrically subregular of order p stable at (X, ¥) under C'-P pertur-
bation.

Proof We first show that (i) = (ii). Suppose to the contrary that (i) holds but F is
not pseudo metrically subregular of order p stable at (x, y) under p-bounded smooth
perturbation, i.e., there exist fx € Cl(X,Y,%)and 8, € (0, 1/k) such that fi(x) =0,

1 o _
IV fell = 2 llx = 2117 "'Vx € B(&, &) (3.27)

and F + f is not pseudo metrically subregular of order p at (x, y). Note that (x, y) €
gph(F + fi), it follows from Theorem 3.1 that (0, 0) € Cr(F + fx)(x, y, p). Then,
for every k there exist sequences {fr,} C (0, +00), {(u;, v;;l_)} C Sx x Sy+ and
{(vg; , u;{",)} C Y\{0} x X* satisfying t, — O, (Uk,», %) — (0,0),asi — oo, and

ki

(u};. —vi) € N(gph(F + fo), (5 + tijuri, 5 + thoe)) Vi e N. - (3.28)

For each k we can find some index i such that I, =< Sks ||vk[.k | <1/k and ||u}:, | <
Tk

ik . . . AL ukik) * . * <
— - Let ty = Thip» Uk = Uy Vk 1= Uk, — T,uk = ukik - Vfix+
ik
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tio, i )" and v = v . Ttis clear that (ug, vf) € Sx x Sy«, § + thoe € F(X +
Ik 3
truy). From (2.1) and (3.28), we obtain that

(i, —vi) € N(gph(F), (X + tuigttkig» ¥ + 11}, Vhip — (% + feig ki)
= N(gph(F), (& + teug, ¥ + tf vg)).

Since || X + tur — x|| = tr < &, it follows from (3.27) that |V fir (X + trug)| <
—1

4
%Htkuk”p_l = t"T,foreachk € N. By the mean value theorem, there exists 6 € (0, 1)

such that

I f G+ teur) — FOOI IV (X + Otcup)tru]| - 1
P N P ~ Kk
k k

Therefore, we calculate that

* - *
[ R N A CRREToM  LV

p—1 — _p—1 p—1 p—1
I I I I

and [Jvgll < llvgi Il + M < vk Il + % — 0 as k — o0. This shows that

(0,0) € CrF(x,y, p), which is a direct contradiction with the assumption. Hence,
(i) = (ii) is true.

(ii) = (iii) follows straightly from Definition 1.1.

For (iii) = (i), we argue with contradiction. Assume that (iii) is true but (0, 0) €
CrF(x,y, p),ie., there exist sequences {tx} C (0, +-00), {(ug, v;)} C Sx x Sy and

{(k, up)} C Y x X* satisfying p — 0, (vk, t:—zl> — (0, 0) and (3.22). Taking
k

subsequences if necessary, we may assume that #; € (0, 1), tx41 < %k, el < klz
p—1

and [luf|l < t"T Let (xk, yk) := (X + tgug, y + t,ka). By (3.22), there are numbers

o € (0, éik) such that

p—1

t
(g, —vp), (x, ¥) = (i, ) < I}T(le — X[l 4y = yel) ¥(x, y) € gph(F) N (B(xx, px)

X B(Yks pK)),

and thus we arrive at the estimates

—1
/P
(=vi, y — yi) < (—ug, x — xp) + ’<2_k(||x = xill + 11y — yelD

p—1
< kT(le =Xl lly = yelD) Y(x, ) € gph(F) N (B (xk, pr) X Bk, px))-

(3.29)
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Foreach k e N, pick continuous linear functions ¢/ € Sx+and p;; € S+, for eachi <
k such that

(g, % — xk) = llxe — Xl = te, (pg» Xi — xk) = llxi — xl.
We define the function & : X — R, and the mapping f : X — Y as

k—1

Er(x) = 4tk_2 ((ql’f, X — xk)2 + Z(p,’fi,x —xk)2> Vxe X, keN
i=1

and
P

00 00 —1
f@) =Y @)=Y~ =&)L (r,f’vk -~ "—p"z") Vx € X,
k=1 k=1 \/%

respectively, where (1 — & (x))4+ := max{l — & (x), 0} and {zx} C Sy such that
(vy, zk) = 1/2 for all k € N. Itis clear that

IIAGIEDS =Y v
k=1 k

=1 k=1

0]

1 1
t,ffZ(k—2+—3>tf<oo,

k=1 2k2

PkZk

o — KK
lkx/E

p—1
Ly PkZk

N

P
I Uk —

which indicates that f is well defined on X. Next we prove that the mapping F + f is
not pseudo metrically subregular of order p at (x, y). To this end, we fix an arbitrary
x € B(xg, px/2), then for any k € N, it follows from the proof (part 2) of [5, Theorem
3.2, p. 1447] that

16p? 4
0 < &(x) < —k

— < — 0 k 3.30
15t,3 = 52 — ask — oo ( )

and & (x) > 1 for all Il # k. Hence we obtain that

7 pezi
@) = —(1 = &)™ [ tfve — 2—="| ¥x € B(x, pi/2)
p—1
and therefore f(x;) = —t,f v + t"% (since & (xx) = 0). Using the fact that
(xk, yr) € gph(F), we arrive at
7 ez T
A, (F+ f)x) < 15—y — faol = [ £ = £ (3.31)
y S y=yk—f N N
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By (3.30), we immediately obtain the bound

0 </ =1 =&ENP) =1l (1 + p)&(x) + 0(E(x))) < 2(1 + p)f & (x)

32
< 30k(l + il 'pi (3.32)
for sufficiently large k € N, where o : Ry — R, shares the property that o(¢) /t — 0
ast | 0. Now we claim that d(xg, (F + f)~'(9)) > %" for sufficiently large k € N.
Indeed, if this is not true, then for any sufficiently large K € N, there exists some
k> K and x € B(xg, px/2) suchthat y € (F + f)(x). Then y — f(x) € F(x). By
(3.32), we calculate that

p—1
19 — f(x) — il = H—r,ka + (1 — & ()P (rka —~ t"%)
<1l — (1= &)™) loell + (1 — &(x))”/’tk o
k vk

2049 1L\ o1
< (=L t =,
= < 3060 ﬁ) koPe=T

(the last inequality holds since & is sufficiently large), which indicates that (x, y —
f(x)) € gph(F) N B(xx, px/2) x B(yk, px/2). Hence it follows from (3.29) that

t”_l T
(—vE, ¥ — £) — ) <—(||x_xk||+||y Fo) =yl < £

Pk (3.33)

On the other hand, for sufficiently large k, by using the fact that % <(1—2HHr <

(1 — &(x))!*? < 1 and inequality (3.32), we arrive at

15k2

N
T
> 1l (1= (1= &) D) uell + (1 — ) TP "ﬁ v 2k

T
(—0f, 5 — 00 — W) = <—v;§, (1 = &0NP = Dl — (1 - sk<x>>1+""p"z">

—1 1
2u "k 0 o

> — + _
- 30k3 4k

which is a contradiction to (3.33) due to the fact that > % for sufficiently

large k € N. Together with (3.31) we conclude that

_32 4, 1
3043 + 4k

lx — 217 d G, (F+ 7' G =) ' da, (F+ 7' G)) = £cl(y (F + f)(x)

for k € N large enough. This shows that F 4 f is not pseudo metrically subregular
of order p at (x, y).
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To complete the proof, it remains to demonstrate that f € C 1J’(X , Y, x) with
f(x) = 0and Vf(x) = 0. It is clear that each of the function & is continuously
differentiable at any x € X with derivative

(VE(x), u)=81; ((q;‘, — xi){qi s u +Zl6l pii x —xk><p;;,~,u>) Vu e X

and by using the Cauchy-Schwarz inequality, we also have t,f IVEL(X) | < 8tx/Ek(x)
(for details see the proof (part 2) of [5, Theorem 3.2, p. 1449]). And then, each f is
also continuously differentiable at any x € X with derivative

p—1
Vfiu = (14 p)(1 = & @)E(VE(x), u) (t;ka - %) Vu € X,

and consequently

o0 —1
DSIVA@I = 22,0+ p) (1 — & LIVE®] | v —

i=1

< 3272180+ p) (1 — &) VEDY (”k+’?f Hszn)

<280+ i) (,}ﬁé) <4+ooVxeX (3.34)
(the fact that 0 < (1 — & (x))f_«/ék (x) <1 for all x € X has been used in the above
inequality). Hence f is continuously differentiable thanks to the uniform convergence
of Zﬁl IV fi(x)|| with respect to x. Notice that (g;, X — x;) = f forall k € N,
one has & (x) > 4, and then (1 — & (x))+ = 0. Hence, we have that f(x) = 0 and
V f(x) = 0. We also have the estimates

2
s - -
fék(X) > (gi x —x) = (g5, x — %) +1)° = f — 20 ]|x — %|| Vx € X,

and consequently

1—&(x) < =348 Hx — x|l <8, '|lx — %] Vx € X. (3.35)

N

Let ¢ € (0, 1) be arbitrarily given. Since Y oo 8”(1 + p) <k2 + > < 00, there

exists an index K such that Z,fiKH 82(1 + p) (k% + %) <e. Lets = %min{tk :
k2

k=1,---,K}. Fixingany | <k < K and x € B(x,§), we have (q,f,x — Xg) =
(qf % — xx) + (g}, x — %) > tx — 8 > t;/2, which indicates that & (x) > 1. This
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shows that (1 — & (x))+ = 0, and then Vf;(x) = O forall k = 1,---, K and all
x € B(x, 8). Together with (3.34),(3.35) and V f (x) = 0, we conclude that

IVfx) = ViRl

o0

<M IVA@I= Y IVA@I

k=1 k=K+1
0 (1 1
< Z 8(1 + p)(1 — &Y Ve (o] l(pJf—s)
k=K+1 k2

> (1 1
< >0 80+ p)( — &) VE) Bt lx — D7, l(ﬁ+k_%)

k=K+1

o0
11
< > 871+ p)x— x| (— + —> <elx —x|”7" Vx € B(&, §).
k2 3
k=K +1 k2

This shows that f € C"P(X, Y, x), which justifies that (/i) = (i). The proof is
complete. O

Remark 3.3 In Theorem 3.2, the approach of proving (iii) = (i) is inspired from
Gfrerer [5, Theorem 3.2-(2)] and it can be simplified by setting & (x) := 4t,3 |lx — xx ||2
when X is a Fréchet smooth Banach space. In the case of p = 1, the equivalence
(i) & (ii) in Theorem 3.2 goes back to the statement (i) < (ii) in [8, Theorem 2.8],
which gives a characterization for the stability of metric subregularity under small C'!
perturbation.

It’s well understood that Holder strong metric subregularity is stronger than pseudo
metric subregularity and it naturally possess the stability under small Lipschitz function
perturbation, see [19] and the references therein. The following example illustrates
that, even in finite dimensional spaces, condition (i) in Theorem 3.2 implies the stability
of pseudo metric subregularity, but not necessarily imply the property of Holder strong
metric subregularity.

Example 3.2 Let X = R2Y = R, p = 2 and (x,y) = ((0,0),0). Consider the
multifunction F : R? = R satisfying F (s, t) = [s242s412, 400) forall (s, 1) € R2.
At first, we show that (0, (0, 0)) ¢ CrF(x, y, p). Otherwise, there exists sequences
{w} C (0, +00), {(ur, v))} = {((sk, k), vi)} C Sz x Sg and {(vg, (s, 1)} C
R\{0} x R? satisfying 7 — 0, (vk, ("'{'k"f )) — (0, (0, 0)) and

(s}, 1), —v§) € N(gph(F), (zi(sk, k), T2 ve)) Vk € N. (3.36)

Then, it is easy to see that (tx (s, k), rkzvk) € bd(gph(F)) and I\A](gph(F), (i Csie, 1),
t2ve)) = {(M(Quesk + 2, 2wt), —1) : A > 0}, for all k € N. Note that v} € Sg, one
has v; = 1, and then, it follows from (3.36) that (s, ;) = Qxsk + 2, 27ty), for

all k € N. Hence, (S"T’kt") = (Z’ks"tf’hk”‘) — (0, 0), which contradicts the fact that
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(Sk, tx) € Sg2. Therefore, (0, (0,0)) ¢ CrF(x,y, p) and it follows from Theorem
3.2 that F is pseudo metrically subregular of order 2 stable at ((0, 0), 0) under C'-2
perturbation. It is clear that F~1(0) = {(s, 1) € R? : 5% + 25 + > < 0} # {(0,0)},
which indicates that F is not Holder strongly metrically subregular of order 2 at
((0,0), 0).

4 Pseudo weak sharp minimizer

In this section, we mainly consider the pseudo weak sharp minimizer of a proper
lower semicontinuous function f and its relation with pseudo metric subregularity
of the subdifferential mapping 3 f- Recall that for a lower semicontinuous function
f on a Banach space X, x € dom(f) is said to be a g-order weak sharp minimizer
(g € (0, +00)) if there exist k,r,§ € (0, +00) such that f(x) = inf,cpz, - f (1)
and

kd(x, S(f,x,r)? = f(x) — f(X) Vx € Bx(x,9),

where S(f,x,r) = {x € X : f(x) = infyep[z, f(w)}. It is well recognized that
x e S(f,x,r) C (5 £)~1(0), which induce the following weaker notion of pseudo
weak sharp minimizer. Let p € [1, +00),r € (0,40o0], f : X — R U {+o00} and
x € dom(f), we say that x is a p-order pseudo weak sharp minimizer of f if there
exist k, § € (0, +00) such that

illx — xIPtdx, D)0 < flx) — inf f(u) Vx € B(%.9).

It is clear that X is a p-order pseudo weak sharp minimizer of f, it must be a mini-
mizer of f. In terms of Holder metric subregularity of the subdifferential mapping, the
authors [18,19,28,29] get the Holder weak sharp minimizer for a proper lower semi-
continuous function f. Under the pseudo metric subregularity of the subdifferential
mapping 3 f, we have the following result:

Theorem 4.1 Let X be an Asplund space and f : X — R U {400} be a proper lower
semicontinuous function. Let p € [1,+00),r € (0, +o0] and let x € (Bf)_l(O).

Then the following statements hold.:
(1) Suppose that there exist k, § € (0, +00) such that

illx — %P d(x, 3 £)7H0)) <d(0,d f(x)) ¥x € B(X, ). 4.1
Then

tlx — &P N (x, @)D < fx) - inf f@) ¥xeB@Em. (42

and n ;= 2 min{r, §}.

where T 1= = 1325
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(i1) Suppose that f is convex and that there exist T, n € (0, +00) such that (4.2)
holds, then

tlx — 177 x, 0 £)710)) < d(0,d f(x)) ¥x € B(X, n). (4.3)

Consequently, under the convexity assumption on f, X is a p-order pseudo weak sharp
minimizer of f if and only if d f is pseudo metrically subregular of order p at (x, 0).

Proof (i) Suppose to the contrary that (4.2) is not true, namely there exists xo € B(xX, 1)
such that

fxo) < dnf f(u)+7Tlxo— 1P~ d (xo, (0 )71 (0))2.

This implies that ||lxo — X||P~'d(x0, (0 f)~'(0)) > 0. Take some 7’ € (0, 7) suffi-
ciently close to t such that

o) < inf £00 +7llxo = 5P d(xo, GNHTHON

then, it follows from the Ekeland variational principle (Lemma 2.2) that there exists
X € B[x, r] such that

x — x| <
l I I

P ~d(x, @0y (4.4)

and

FG) < fa)+° ( :p) llxo — %17~ d(x0, (0 )" (O))Ilx — £|| Vx € B(%. 7).

(4.5)

This implies that 0 € 3(f + @nxo — %P Yd(xo, D F)LO)] - =R ) (&). For

any
€ <O, min{ P
1+p

e ~
—1I% = xoll, Lp(ﬂ))nxo — x|1” " d (x, (af)l(O))D ,

d(xo, (3 £)~1(0))

it follows from Lemma 2.1 (i) that there exists ¥ € B(X, o) such that

Oeéf(i)+<¥

lxo — ZI1P = d (x0, (3 )71 (0)) + a) Bx. (4.6)

@ Springer



492 B.Zhang, J. Zhu

Then by (4.4) and the choice of o, itis easy to see that || X —xg|| < || X —xol|+[*—X] <

I1£ = xoll + 0 < $25d(x0, (/)" (0)). Therefore, we have

A N 1 N
dE, ) 710) = d(xo, D )710) — I1F — xoll = md(xo, CFAR())

and

X — X[l = llxo — X[ = lIX — xoll = llxo — x| — ﬁd(m, @H~'o) = llxo — XII.

1
1+p

Together with (4.6), we obtain that

d(0,d (X)) < TAHP) e — 217 dxo, GHO) +o
1 N
< TP~ 1P dxo, B O) @.7)
(1l + p)1+”

I =177 d@E, B )71 0)).

On the other hand, it is easy to see that

~ _ _ ~ _ )4 A ae—
lx — X[ < llxo — X[l + llx — xoll < llxo — X[l + md(m, @H~'oy
1+2p _ (1+4+2p)n
= lxo — x| < ——.
1+p I+p

By the definition of 7, it follows that x € B(x, min{r, §}). Hence, by (4.1), one has
kllE = %177 d@E @) 70) < d (0.5 f(F)).

1+ ..
M, which contradicts the definition of T and

Together with (4.7), we have k <
completes the proof of part (i).

(i) Pick any x € B(x,n) and take a sequence {x;} in (5 £)~10) such that
d(x, 3 £)710)) = limg_eo lxx — x]|. Since ¥ € (8 £)~1(0), it follows from the
convexity of f that f(x) = f(xx) = inf,ep[z,] f(u) forallk € N. Letx* € éf(x),
then

F) = fGE) = fO) — flx) < (&%, x — x6) < [Ix*[[lx — xell Vk € N
This and (4.2) imply that
tlx — EN77 N d(x, Q)TN < F(x) — FE) < IIx*[llx — x|l Yk € N

Letting k — oo, we obtain that 7 [x — X[|”~'d(x, A £)710)) < [lx*|l. Since x* is
arbitrarily chosen from 9 f (x), we conclude that (4.3) holds. The proof is complete. O
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Under the stability assumption of pseudo metric subregularity of the subdifferential
mapping, we obtain the following result involving the stability of pseudo weak sharp
minimizer.

Corollary 4.1 Let p € [1,+00),r € (0,+00], f : X — R U {400} be a proper
lower semicontinuous function, and x € (é £)71(0). And let 3 f be pseudo metrically
subregular of order p stable at (x,0) under C“P perturbation. Then, for any twice
smooth function g : X — RwithVg € C'P(X, R, %), Vg(x) = 0 and V?>g(x) = 0,
we have that X is a p-order pseudo weak sharp minimizer of f + g.

Proof Pick any twice smooth function g : X — R with Vg € C" Lr(x, R, %),
Vg(x) = 0 and V2g(X) = 0, one has B(f + 2)(x) = 8f(x) + Vg(x) = Bf(x)
And then, X € (B(f + £))~1(0). By the assumption, we have B(f + g) is pseudo met-
rically subregular of order p at (x, 0). Then, the result directly follows from Theorem
4.1 (). The proof is complete. O

5 Concluding remarks

The major efforts of this paper are dedicated to investigating the stability of pseudo-
metric subregularity of order p under small smooth perturbations. Limit critical sets
involving order p are employed as the basic tool to characterize sufficient conditions
as well as equivalent description for pseudo-metric subregularity. In Example 1.2,
it is pointed out that the property of Holder metric subregularity is also not stable
under small C"? perturbation. Motivated by Theorem 3.1, to study Holder metric
subregularity of order p, we may adopt the following limit critical set Cr'F (%, y, p):
for (x,y) € gph(F), p € [1,400) and (v, u*) € Y x X*, we define that (v, u*) €
Cr'F(x,y, p) if there exist sequences {#} C (0, +00), {(uz, v{)} C Sx x Sy« and
{(vk, up)} C Y\{0} x X* satisfying (3.22) and

*
Uy

d(x + truy, F_l()_;))p—l) — (v, u”).

tr — 0, (vk,

Similar to the proof of Theorem 3.1 (by applying Lemma 3.1 (ii) instead of Lemma
3.1 (i)), it can also be shown that (0,0) ¢ Cr'F(x, y, p) is a sufficient condition
for Holder metric subregularity. Then it is natural to propose the following open
question: Is (0,0) ¢ Cr'F(x, ¥, p) a characterization for the stability of Holder
metric subregularity under small C!7 perturbations?
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