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Abstract

In this paper the stability and the perturbation bounds of Markov operators acting
on abstract state spaces are investigated. Here, an abstract state space is an ordered
Banach space where the norm has an additivity property on the cone of positive ele-
ments. We basically study uniform ergodic properties of Markov operators by means
of so-called a generalized Dobrushin’s ergodicity coefficient. This allows us to get
several convergence results with rates. Some results on quasi-compactness of Markov
operators are proved in terms of the ergodicity coefficient. Furthermore, a characteri-
zation of uniformly P-ergodic Markov operators is given which enable us to construct
plenty examples of such types of operators. The uniform mean ergodicity of Markov
operators is established in terms of the Dobrushin ergodicity coefficient. The obtained
results are even new in the classical and quantum settings.

Keywords Uniform P-ergodic - Markov operator - Projection - Ergodicity
coefficient - Uniform mean ergodic - Perturbation bound
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1 Introduction

It is known that Doeblin and Dobrushin [9,21] characterized the contraction rate of
Markov operators which act on a space of measures equipped with the total variation
norm as follows: Let us consider a finite Markov chain with a transition (row stochastic)
matrix P = (p;;) € R™". It defines a Markov operator P : R” — R”" such that
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Px = xP, where the elements of R" are row vectors. The set of probability measures
can be identified with the standard simplex £ = {(x;) e R" : x; > 0, >/, x; = 1}.
The total variation norm is nothing but one half of the £; norm || - ||; on R”. One can
introduce the following coefficient

Pu— Pv
8(P) — sup M.
TRV SNTEDY l — vl

This coefficient is characterized by Doeblin and Dobrushin [9] as follows:

n

1
Py =5 1}13;;2 |pik = pjil M
k=1
n
=1- Il11<1§1 Zmin{Pik, Pjk}- @)
k=1

It is known that if §(P) < 1 (this condition is often called Dobrushin condition)
then P" converges to its invariant distribution with exponential rate [9,42]. Moreover,
this condition also gives the spectral gap of the operator P (see [42]). The Dobrushin
condition played a major role as a source of inspiration for many mathematicians to
do interesting work on the theory of Markov processes (see for example [21,31,42]).

Let us consider the following example: Let T : R?> — R3 be the Markov operator
which is given by the matrix

1 0 0
01 0

1 1
0 5 3

It is clear that 7" converges to P, where

~

Il
S O =
—_—— O
S O O

One can calculate that §(7') = 1. From this, we infer that 7" converges, but §(7) = 1.
Hence, the investigation of the sequence {7"} in terms of §(7") is not effective. Hartfiel
et al. [18,19] introduced a generalized coefficient which covers the mentioned type of
convergence in the finite-dimensional setting. To the best knowledge of the authors,
such coefficient is not studied even in the classical L!-spaces. Therefore, the main
aim of this paper is to define an analogue of the coefficient mentioned above in a
more general setting, i.e. for ordered Banach spaces, such that it will cover all known
classical spaces as particular cases. Moreover, we are going to investigate uniform
asymptotic stabilities of Markov operators on ordered Banach spaces. We notice that
the consideration of these types of Banach spaces is convenient and important for
the study of several properties of physical and probabilistic processes in an abstract
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framework which covers the classical and quantum cases (see [2,11]). In this setting,
certain limiting behaviors of Markov operators were investigated in [3,5,12,15,41].

Our purpose is to investigate stability and perturbation bounds of Markov operators
acting on abstract state spaces. More precisely, an abstract state space is an ordered
Banach space where the norm has an additivity property on the cone of positive
elements. Examples of these spaces include all classical L'-spaces and the space of
density operators acting on some Hilbert spaces [2,24]. Moreover, any Banach space
can be embedded into some abstract spaces (see Example 2.3(c)). There are a few
results in the literature on uniform convergence of iterates of bounded linear operators
on Banach spaces (see, e.g. [11,23,27,29,30,40,44]). In the present paper, we study
the asymptotic stability (in the sense of uniform topology) of Markov operators based
on the so-called generalized Dobrushin’s ergodicity coefficient. This allows us to get
several convergence results with rates. We notice that the Dobrushin coefficient (which
extends §(P) to abstract state spaces) has been introduced and studied in [15,36,37],
for Markov operators acting on abstract state spaces.

The paper is organized as follows. In Sect. 2, we provide preliminary definitions
and results on properties of abstract state spaces. In Sect. 3, we define a generalized
Dobrushin ergodicity coefficient 6p(7T) of Markov operators with respect to a pro-
jection P and study its properties. Some results on quasi-compactness of Markov
operators are proved in terms of this coefficient. At the end of that section, we give
some connection of § p (T") to the spectral gap of T'. Furthermore, in Sect. 4, the uniform
P-ergodicity of Markov operators is studied in terms of the generalized Dobrushin
ergodicity coefficient. This allows us to establish certain category results for the set
of uniformly P-ergodic Markov operators. An application of the main result of this
section is to get results on uniform ergodicities of linear bounded operators on Banach
spaces. In Sect. 5, we give a characterization of uniformly P-ergodic Markov operators
which enables us to explicitly construct such operators. Finally, in Sect. 6, we estab-
lish perturbation bounds for the uniform P-ergodic Markov operators. It is noticed
that perturbation bounds have important applications in the theory of probability and
quantum information (see, [14,32,33,43]). Moreover, the results are even new in the
classical and quantum settings.

2 Preliminaries

In this section, we recall some necessary definitions and results about abstract state
spaces.

Let X be an ordered vector space with a cone X1 = {x € X: x > 0}. A subset
IC is called a base for X, if £ = {x € Xi: f(x) = 1} for some strictly positive
(i.e. f(x) > 0 for x > 0) linear functional f on X. An ordered vector space X with
generating cone X (i.e. X = X, — X ) and a fixed base /C, defined by a functional
f, is called an ordered vector space with a base [2]. Let U be the convex hull of the
set L U (—K), and let

x|l = inf{x € Ry: x € AU},
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Then one can see that || - || is a seminorm on X. Moreover, one has = {x €
Xyt lxlle = 1}, f(x) = |lxllx for x € X . Assume that the seminorm becomes
a norm, and X is complete space w.r.t. this norm and X, is closed subset, then
(X, X4, K, f)is called abstract state space. In this case, K is a closed face of the unit
ball of X, and U contains the open unit ball of X. If the set U is radially compact [2],
i.e. £ N U is a closed and bounded segment for every line £ through the origin of X,
then || - || is a norm. The radial compactness is equivalent to the coincidence of U
with the closed unit ball of X. In this case, X is called a strong abstract state space.
In the sequel, for the sake of simplicity, instead of | - ||xc, the standard notation || - ||
is used. To better understand the difference between a strong abstract state space and
a more general class of base norm spaces, the reader is referred to [46].

A positive cone X of an ordered Banach space X is said to be A-generating if,
givenx € X, wecanfind y,z € Xy suchthatx =y —z and ||y| + ||zl < Allx]||. The
norm on X is called regular (respectively, strongly regular) if, given x in the open
(respectively, closed) unit ball of X, y can be found in the closed unit ball with y > x
and y > —x. The norm is said to be additive on Xy if ||x + y|| = ||x|| + ||y]|| for
all x,y € X,.If X4 is 1-generating, then X can be shown to be strongly regular.
Similarly, if X is A-generating for all A > 1, then X is regular [46]. The following
results are well-known.

Theorem 2.1 [45, p. 90] Let X be an ordered Banach space with closed positive cone
X . Then te following statements are equivalent:

(1) X is an abstract state space;
(1) X is regular, and the norm is additive on X 4 ;
(i) Xy is A-generating for all . > 1, and the norm is additive on X .

Theorem 2.2 [46] Let X be an ordered Banach space with closed positive cone X 4.
Then the following statements are equivalent:

(1) X is a strong abstract state space;
(ii) X is strongly regular, and the norm is additive on X ;;
(iii) X4 is I-generating and the norm is additive on X 4.

In this paper, we consider a general abstract state space for which the convex
hull of the base K and —K is not assumed to be radially compact (in our previous
papers [13,36,37] this condition was essential). This consideration has an important
advantage: whenever X is an ordered Banach space with a generating cone X whose
norm is additive on X, then X admits an equivalent norm that coincides with the
original norm on X and renders X that base norm space. Hence, to apply the results
of the paper one would then only have to check that if the norm is additive on X .

Example 2.3 Let us provide some examples of abstract state spaces.

(a) Let M be a von Neumann algebra. Let M, , be the Hermitian part of the predual
space M, of M. As a base K we define the set of normal states of M. Then
(Mp 5, My 4, KC, 1) is a strong abstract state spaces, where M, 4 is the set of
all positive functionals taken from M,, and 1 is the unit in M. In particular, if
M = L*(E, u), then M, = LY(E, W) is an abstract state space.
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(b) Let A be areal ordered linear space and, as before, let A denote the set of positive
elements of A. An element e € A is called order unit if for every a € A there
exists a number A € Ry such that —ie < a < Ae. If the order is Archimedean,
then the mapping a — |la|le = inf{A > 0: —Ae < a < Xe} is anorm. If A is
a Banach space with respect to this norm, the pair (A, e) is called an order-unit
space with the order unit e. An element p € A* is called positive if p(x) > 0 for
alla € A;. By A% we denote the set of all positive functionals. A positive linear
functional is called a state if p(e) = 1. The set of all states is denoted by S(A).
Then it is well-known that (A*, A*+, S(A), e) is a strong abstract state space [2].
In particular, if 2, is the self-adjoint part of an unital C*-algebra, 2(;, becomes
order-unit spaces, hence (2}, Ql}‘a, S (As,), I) is a strong abstract state space.

(c) Let X be a Banach space over R. Consider a new Banach space ¥ = R@ X witha
norm || (&, x)|| = max{|«|, ||x||}. Defineacone X = {(o, x): [|x]| <o, @ € R4}
and a positive functional f(«, x) = «. Then one can define a base L = {(«, x) €
X: f(a, x) = 1}. Clearly, we have K = {(1, x): ||x|| < 1}. Then (X, A4, I, f)
is an abstract state space [24]. Moreover, X can be isometrically embedded into
X. Using this construction one can study several interesting examples of abstract
state spaces.

(d) Let A be the disc algebra, i.e. the sup-normed space of complex-valued functions
which are continuous on the closed unit disc, and analytic on the open unit disc.
Let X = {f € A: f(1) € R}. Then X is a real Banach space with the following
positive cone X4 = {f € X:f(1) = |fIl} ={f € X: f(1) = || fII}. The space
X is an abstract state space, but not strong one (see [46] for details).

Let (X, X4, IC, f) be an abstract state space. A linear operator 7:X — X is called
positive, if Tx > 0 whenever x > 0. A positive linear operator 7:X — X is said to be
Markov, if T(KC) C K. Itis clear that ||T|| = 1, and its adjoint operator 7*:X* — X*
acts an ordered Banach space X™* with unit f, and moreover, T* f = f. Now for each
y € X we define a linear operator 7y:X — X by Ty(x) = f(x)y.

From the definition of Markov operator, one can prove the following auxiliary fact.

Lemma24 Let (X, X+, K, f) be an abstract state space and let T be a Markov
operator on X. Then for any x € X, we have f(Tx) = f(x).

Example 2.5 Let us consider several examples of Markov operators.

1. Let X = L'(E, 1) be the classical L!-space. Then any transition probability
P(x, A) defines a Markov operator T on X, whose dual T* acts on L>°(E, u) as
follows

(T*f)(X)Z/f(y)P(xydy), feL™.

2. Let M be a von Neumann algebra, and consider (M, x, My +, K, 1) as in (a)
Example 2.3. Let &:M — M be a positive, unital (& (I) = 1) linear mapping.
Then the operator given by (Tf)(x) = f(®P(x)), where f € My «,x € M,isa
Markov operator.
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3. Let X = CIO0, 1] be the space of real-valued continuous functions on [0, 1]. Denote

X ={reX: [max lx(t) — x(D)] < 2x(D}.

Then X is a generating cone for X, and f(x) = x(1) is a strictly positive linear

functional. Then C = {x € X4: f(x) = 1} is a base corresponding to f. One can

check that the base norm || x| is equivalent to the usual one || x|/o0 = Omax1 [x(1)].
<t<

Due to closedness of X we conclude that (X, X, K, f) is an abstract state space.
Let us define a mapping 7 on X as follows:

(Tx)(t) =tx(1).

It is clear that 7' is a Markov operator on X.

4. Let X be a Banach space over R. Consider the abstract state space (X, X, I@, D)
constructed in (c) Example 2.3. Let T:X — X be a linear bounded operator with
IT|| < 1.Then the operator 7:X — X definedby 7 («, x) = (¢, T x) is a Markov
operator.

5. Let A be the disc algebra, and let X be the abstract state space as in (d) Example
2.3. A mapping T given by T f(z) = zf (z) is clearly a Markov operator on X.

Definition 2.6 [36] Let (X, X4, KC, f) be an abstract state space, and let 7:X — X
be a Markov operator. Then the Dobrushin’s ergodicity coefficient of T is given by
I7x|l

8(T) = ;
XeN, x#0 ”x”

3

where
N ={x € X: f(x) =0}. 4

Remark 2.7 We note that if X = L!(E, i), the notion of the Dobrushin ergodicity
coefficient was studied in [7] and [9]. In a non-commutative setting, i.e. when X* is
a von Neumann algebra, such a notion was introduced in [34]. We should stress that
this coefficient has been independently defined in [15].

3 Generalized Dobrushin ergodicity coefficient

In this section, we introduce a generalized notion of the Dobrushin’s ergodicity coef-
ficient (3), and investigate its properties.

Definition 3.1 Let (X, X4, K, f) be an abstract state space and let 7:X — X be a
linear bounded operator. Consider a non-trivial projection operator P:X — X (i.e.
P? = P). Then we define

7|l

Sp(T) = ,
xeNp, x20 Xl

(&)
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where
Np ={x € X: Px =0}. (6)

If P=1,weputdp(T) = 1. The quantity §p(T) is called the generalized Dobrushin
ergodicity coefficient of T with respect to P.

We notice that if X = R”, then there are some formulas to calculate this coefficient
(see [18,19]).

In the following remarks, let us have a brief comparison between the coefficients
8p(T) and §(T).

Remark 3.2 Let yg € K and consider the projection Px = f(x)yo. Then one can see
that Np coincides with

N ={xeX; f(x) =0},

and in this case 6p (7)) = 6(T'). Hence, 6 p(T) indeed is a generalization of (7).
Remark 3.3 Let P be a Markov projection on X. Then, for any Markov operator
T:X - X

§p(T) = 8(T).

Indeed, it is enough to show that Np C N. Let x € Np, so Px = 0. Due to Lemma
2.4, we have

N ={x e X; f(Px) =0},

which yields x € N,so Np C N.
In what follows, we examine main properties of §p (7).

Proposition3.4 Let T:X — X be a linear bounded operator. If P and Q are two
projections on X such that Q < P (i.e. QP = PQ = Q), then §p(T) < 8o (T).

Proof Assumethat Q < P.Thenforevery x € Np we get Qx = Q Px = 0, therefore
Np € Ng. Hence, we get the desired inequality. O

Corollary 3.5 If P and Q are orthogonal projections on X, then §po(T) < §p(T).

Proof As P and Q are orthogonal projections, P + Q is a projection which dominates
P, hence the corollary follows directly from the previous proposition. O

Before establishing our main result of this section, we need the following auxiliary
fact.

Lemma3.6 Let (X, X4, K, f) be an abstract state space and let P be a Markov
projection. Then for every x € Np there existu, v € K withu — v € Np such that

x =ax)(u—v),

where a(x) € Ry and a(x) < %||x||.
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Proof Given any x € Np, we have Px = 0. As X is A-generating of X, there exist
X4, X— € X4 suchthatx = x4 —x_ with ||xp ||+ ||x-|| < Allx]||.Clearly Pxy = Px_.
As P a Markov projection

[Pxyll = f(Pxy) = flxy) = llxg ],

which yields ||x4|| = ||x_]|. Therefore,
X4 X_—
= x4 1l = —— x4l
llc+ 1l [lx—1I

X4 X_—
= [lx4l - :
el llx—1l

letting u = ”iﬁ and v = HiTH’ sou,v € K. Moreover, Pu = Pv,thenu —v € Np,

and letting o (x) 1= ||x4|| < %||x||, hence the lemma is proved. O

Let us denote by X (X) the set of all Markov operators defined on X, and by X p (X)
we denote the set of all Markov operators T on X with PT = TP.
Now, we prove the following essential result about main properties of 5 p.

Theorem 3.7 Let (X, X+, IC, f) be an abstract state space, P be a projection on X
andletT, S € X(X). Then:

(i) 0=<dp(T) = L;
(i) [8p(T) —3p(S)| < ép(T —8) < |IT —S|I;
(iii) if P € X(X), one has

(SP(T)S%SUP{”TM—TU”; u,v € Kwithu —v € Np}. 7
(iv) if H:X — X is a bounded linear operator such that HP = P H, then
Sp(TH) < 5p(THIIHI;
(v) if H:X — X is a bounded linear operator such that PH = 0, then
ITH| < ép(DIHI;
i) if S € Tp(X), then
p(TS) <6p(T)sp(S).

Proof (i) AsT isaMarkov operator and by the definition of § p one gets 0 < §p(T) <
IT|| = 1. (i) The second inequality is immediately obtained from (5). To establish
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the first one, take any € > 0. Then there exists an x, € Np, with ||x¢|| = 1 such
that p(T) < ||Txc|| + €. Hence,

8p(T) = dp(S) = ITxell +e—  sup  [ISx]l
XeNp, |lx|=1
< T xell = 1Sxell + €
=T = S)xell + ¢
= sup (T —9)x[+e¢

xeNp: |x||=1

=6p(T—S)+e

which implies the assertion.
(iii) For all x € Np, by Lemma 3.6 there exist u, v € IC with u — v € Np such that

A
x =a(x)(u —v), where a(x) € Ry with a(x) < §||x||.

Therefore,

T
ITON _ 2@ 70y — 7y
x|l llxll

IA

* T T
SIT@ =TI

Hence, by the definition of §,, and the previous inequality, we obtain (7).
(iv) Suppose that H is a bounded linear operator on X which commutes with P. For
all x € Np, we have

PHx =HPx =0,
then Hx € Np. Therefore,

ITHx|| = ép(T)Hx|
<ép(MIHIlxII,

which implies that

ITHx||
[lxll

<8p(DIHI, Vx € Np

and hence we have 6p(TH) < ép(T)|| H]|.
(v) if H is a bounded linear operator on X with PH = 0, then for all x € X,
Hx € Np. Therefore,

ITHx|| < ép(T)Hx|
= sp(DIH]llx]I,
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which yields

ITHx|

llxl

=8p(DIH]|, Vx € X.

(vi) As S € Zp(X), we have Sx € Np, for all x € Np. Then

IT (S < 8p(THIISxl
=8p(T)sp(S)xll,

which implies

7 Sx||
il <6p(T)6p(S), Vx € Np,
X
then we get
5p(T'S) = 8p(T)ép(S),
and hence the theorem is proved. o

Now, let us consider the case of strong abstract state spaces. In this setting, by
Theorem (2.2), Xy is 1-generating and the norm is additive on X . Following the
arguments of the proof of Lemma 3.6, one can prove the next result.

Lemma3.8 Let (X, X4+, K, f) be a strong abstract state space and let P be a Markov
projection. Then for every x,y € X with x —y € Np there exist u,v € K with
u —v € Np such that

_ =yl
2

(u —v).

Consequently, (7) can be modified as follows:
Proposition 3.9 Let (X, X+, IC, f) be a strong abstract state space, P be a Markov
projection on X and let T € X (X). Then:

1
0p(T) = 2 sup{lITu = Tvll; u,v € Kwithu —v & Np}. 8)

Hence, we have the following result.

Corollary 3.10 Let (X, X+, K, f) be a strong abstract state space, P be a Markov
projectionon X and T € X(X). IfSp(T) =0, then T = T P.

Proof 1f §p(T) = 0, then by (8) we have Tu = Tv, forallu, v € K withu —v € Np.
As P is a Markov projection, we have Pu — u € Np. Then

Tu =TPu, Yue k.
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If x € X4, then

X X
Tx = |x||T (-) = x| TP (-) = TPx
flx 1l [l 1l

Now, forall x € X, x = x4+ — x_, (x4, x— € X4). Therefore,
Tx =TPxy —TPx_=TPx,

which proves the assertion. O

From now, we consider general abstract state spaces. The following proposition is
crucial in our investigations.

Proposition 3.11 Let (X, X, K, f) be an abstract state space, and let P be a projec-
tionon X. If T € Lp(X) and§p(T™) < 1 forsomeng € N, then |T"(I — P)|| — O.

Proof Given such ng € N and let p = §p(7"0). Then for a large n € N, we write
n =kno+r (k,r € Nandr < ng) and by (vi) of Theorem 3.7

8p(T™) = 8p(T*™T") < p*8p(T").
Again using (v) of the same theorem, we have
I1T"(I = P)|| < 8p(T™)||I — P|| < 2p*8p(T") < 2p' 70" — 0 (as n — o),

which proves the assertion. O

Itisclearthatif 7 € X p(X),then T € X;_p(X). Therefore, it would be interesting
to know a relation between §p (7') and 67— p(T'). Next result clarifies this question.

Proposition3.12 Let T € X p(X). Then at most one of the following statements is
valid:

(i) there exists ng € N such that §p(T"°) < 1;
(ii) there exists ng € N such that §;_p(T") < 1.

Proof Suppose that there exist ng, mo € N such that
8p(T") <1 and d;_p(T™) < 1.
Then by Proposition 3.11
\T"(I — P)| — 0.
As T € ¥;_p(x) and using the same argument

\T"P|| — 0.
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Then
IT"I = I1T"(P+ U =PI < IIT"(P)|+ T"( — P)| — 0,

which contradicts the Markovianity of 7T'. O

Corollary 3.13 If T € Xp(X) and5p(T™) < 1 forsomeng € N, then§;_p(T") = 1,
foralln € N.

Let us recall that a bounded linear operator 7 on a Banach space X is called guasi-
compact if there exists an ng € N such that ||7"° — K| < 1, for some compact
operator K on X. Quasi-compact operators have been extensively studied in [20,28].

Itis natural to ask: whether 7" would be a quasi-compact in terms of 6 p ? Next result
sheds some light on this question.

Theorem3.14 Let T € X p(X) and T P be quasi-compact on X. If there exists an
no € N such that §p(T") < 1, then T is quasi-compact.

Proof The quasi-compactness of T P yields the existence of my € N and a compact
operator K such that

I(TP)™ — K| < 1.

On the other hand, the existence of ng € N with §p(7""°) < 1, due to Proposition
3.11 implies
IT"(I — P)| =|IT" =T"P| — 0. 9

Then, for any positive ¢ with0 < ¢ < 1 — (T P)™ — K||, by (9) one finds n| € N
(we may assume that n; > mg) such that

|IT" —T"P| < e.
Let K| = T" 7™ K, which is clearly compact. Then

17" — Kl < IT" = T" P+ IT"' P — K|l
<e+ [T"7"(T™ = K)|l
<e+|T™ Kl <1,
which means that T is quasi-compact. O

From this proposition we immediately get the following one.

Corollary3.15 Let T € Xp(X) and P be compact on X. If there exists an ng € N
such that p(T"™) < 1, then T is quasi-compact.

Let X be an abstract state space. Its complexification X is defined by X = X +iX
with a reasonable norm || - [|c (see [38] for details). In this setting, X is called the real
part of X. The positive cone of X is defined as X +. A vector f € X is called positive,

@ Springer



Generalized Dobrushin ergodicity coefficient and uniform... 867

which we denote by f > 0,if f € X . For two elements f, g € X we write, as usual,
f < gifg— f > 0.In the dual space X* of X, one can introduce an order as follows:
a functional ¢ € X* fulfils ¢ > 0if and only if (¢, x) > O forall x € X ; we denote

the positive cone in X* by X * := (X*)4. In what follows, we assume that the norm
Il - lic is taken as
lx +iyllco = sup |lxcost— ysint|.
0<t<2m
We note that all other complexification norms on X are equivalent to || - |lso, and
moreover, | - ||oo 1s the smallest one among all reasonable norms.

A linear mapping 7:X — X canbe uniquely extendedto 7:X — X by T'(x+iy) =
Tx 4 iTy. The operator T is called the extension of T and it is well-known that
IT| = 7. In what follows, a mapping T:X — X is called Markov if it is the
extension of a Markov operator T'. Let P be the extension of a projection P:X — X,
and define

1170

vens ¥l

Sﬁ(f) =

where Ny = {x € )~(; Px = 0}.

Lemma3.16 Let X be a normed space, T:X — X be an operator and let T be its
extension. Then

§5(T) = 8p(T).

Proof As T is the extension of T, 5(T) > 8p(T). On the other hand, if ¥ € N (¥ =
x +iy), then Px = Py = 0, i.e. both x and y belong to Np. Therefore,

ITx + iV lloo = ITx +iTylloo
= sup ||T(x)cost — T (y)sint||

0<t<2m
= sup |[T(xcost— ysint)||
0<r<2m
<38p(T) sup |xcost — ysint| (by (v) of Theorem 3.7)
0<t<2mw

=3p(D)llx +iylloos
hence § 5 (T) < 8p(T), which completes the proof. O
Now, let S € ¥(X) and let P be aprojectionon X.Recallthat X = PX® (I —P)X
and so the dual X* = (PX)* @ ((I — P)X)*. Assume that A is an eigenvalue of S, in

the following we discuss the comparison between |A| and §p (7).
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Theorem 3.17 Let P be a Markov projection ona complex space X andlet S € X p(X).
If one of the following conditions is satisfied:

(i) A # lis an eigenvalue of S in (I — ﬁ)f(,;or
(ii) A # 1is an eigenvalue of S* in (I — P)X)*,

then |1 < 8p(S).

Proof 1If (i) is satisfied and x € (1 — P)X is a corresponding eigenvector to A with
[xlloo =1, thenx € N3 and

M = [2xlloo = IISxlloo < sup |Sx[loc < 85(S) = 8p(S).

xeNp
Assume that (ii) is satisfied. Notice that for y € X*, the set
{ly@)]; x € Np and [|x]lc < 1}
is bounded by || y]||. Let G:X* — R be defined as follows:
G(y) = sup{ly(®)]; ¥ € Npand |F]o < 1}, y € X*.
Now, S‘*y € X* and

G(S*y) = sup{|S*y(¥)|; ¥ € N and || ¥]lcc < 1}
= sup{|y(S(F)|; ¥ € Npand ¥ <1}

o S(X)
== S o0 — _
sup{ IS y(usoz)noo)

L S(F
<385(S) Sup{ y (ﬁ)

< 8p(S)sup{ly(@)|; ¥ € Njand ||B]loc < 1} (since S(N3) S Nj))
=38p(S)G(y).

; feNpand ||[f]o < 1}

; X € Npand |X]loo < 1}

If 2 is an eigenvalue of S*in ((I — P)X)*, then for a corresponding eigenvector
y € ((I — P)X)* we have

IMG(§) = G(F) = G(S*)) < 8p(S)G(H).
As y is a non-zero eigenvector of S* which belongs to ((I — }3)5( )*, there exists

xo € (1—P)X (consequently xg € N ) such that y(xo) # 0. Then we get G(¥) # 0
and hence the proof is completed. O

Remark 3.18 We notice that there are many works devoted to the spectral properties of
Markov operators (see for example, [1,16]). One of them is its spectral gap. Namely,
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we say that a Markov operator 7' on X (here X is a complex abstract state space) has
a spectral gap, if one has ||T(I — P)|| < 1, where P is a Markov projection such
that PT = TP = P. This is clearly equivalent to §p(7T) < 1. When X is taken as a
non-commutative L ,-spaces, the spectral gap of Markov operator has been recently
studied in [8]. In the classical setting, this gap has been extensively investigated by
many authors (see for example, [25]).

We can stress that if 7 has a spectral gap, then 1 has to be an isolated point of the
spectrum. Indeed, choose an arbitrary ¢ > O withe < 1 —§p(T). Assume that A is an
element of the spectrum of 7" such that |1 — A| < & with corresponding eigenvector
x. Then, it is clear that y = x — Px belongs to Np, therefore, one gets

Ty=Tx —TPx=Tx— PTx =A(x — Px) = Ay
hence, y is an eigenvector with eigenvalue of A, and we have

1Tyl = 1AMy > 8, (DY,

which contradicts to §p(T) < 1.

Going further, we just emphasize that if T has a spectral gap, then one has || 7" —
P|| — 0, which is called as a uniform P-ergodicity. Next sections will be devoted to
this notion.

4 Uniformly P-ergodic operators

In this section, we study uniform P-ergodicities of Markov operators on abstract state
spaces.

Definition 4.1 Let P be a projection on X. A bounded operator 7:X — X is called
uniformly P-ergodic if |T" — P|| — 0, as n — oo.

Let us prove the following results for uniform P-ergodicity.

Proposition 4.2 Let P and Q be two projection operators on X with Q < P and let
T € Xo(X). If T is uniformly P-ergodic, then T Q is uniformly Q-ergodic.

Proof Suppose that T is uniformly P-ergodic. Then 7" — P as n — oo, therefore
we have (T Q)" = QT" — QP = Q, which proves the statement. O

Proposition 4.3 If T is uniformly P-ergodic operator on X, then TP = PT = P,
and in addition, if T € X(X), then P € £(X).

Proof Assume that T is uniformly P-ergodic. Then
"' =TT" - TP,
similarly

"' = T1"T = PT,
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so PT =TP =P.
AsT € (X), T" € X(X), for all n € N. Therefore, for every x € /C, one has
f(Px) = lim f(T"x) =1, hence P € X(X). O
n—oQ

Consequently, in the case of strong abstract state spaces, we deduce the following
result.

Corollary 4.4 Let (X, X+, KC, f) be a strong abstract state space, P be a projection
on X andlet T € X(X). If T is uniformly P-ergodic and 5p(T) =0, then T = P.

Proof Directly follows by combining the previous proposition and Theorem 3.10. O

Proposition 4.5 Let (X, X, KC, f) be an abstract state space (i.e. A-generating). If
T is uniformly P-ergodic, then there exists an ng € N such that §p(T"°) < 1.

Proof The uniformly P-ergodicity of T implies the existence of an ng € N such that

1
IT" — P|| < —.
21

By (iii) of Theorem 3.7, we have

Sp(T") < %sup IT"u — T™v| (u,v € K, and Pu = Pv)
= %sup IT"u — Pu+ Pv — T"v||
< 2 up 1770w — Pull + sup | 7" — P
< 2AT™ — PI+ T~ PI)
<1,
which is the desired assertion. O

Conversely, we have the following theorem:

Theorem 4.6 Let T € X p(X) be such that TP = P. If there exists an ny € N such
that §p(T") < 1, then T is uniformly P-ergodic.

Proof Assume that there exists an ng € N such that §p(7"°) < 1. By Proposition
3.11

IT"(I — P)|| = 0, asn — oo.
Therefore,
IT" — Pl =T" —=T"P| = |T"(I — P)|| = 0,
hence T is uniformly P-ergodic. O
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Corollary4.7 Let T € X p(X). Then T is uniformly P-ergodic if and only if
TP = P and 3ng € N such that Sp(T™) < 1.
Moreover, there are constants C, o« € Ry and no € N such that
HT” - P|| <Ce ™™, Vn>ng.

Now, we would like to provide an application of the deduced results above to the
case of linear operators which are defined on arbitrary Banach spaces.

Theorem 4.8 Let X be any Banach space over R. Assume that T:X — X is a linear

bounded operator with ||T|| < 1 and P:X — X is a projection operator with T P =

PT = P. Then the following statements are equivalent:

(1) T is uniformly P-ergodic;

(ii) there is an ng € N such that || Tlrllfp I < 1, where T|,_, denotes the restriction of
T to the subspace (I — P)(X).

Proof The implication (i)=(ii) is obvious. Let us prove (ii)=>(i). First consider the
abstract state space (X, X4, K, f) which was introduced in Example 2.3-c. Define
the operators 7, P:X — X, respectively by

T (o, x) =(x, Tx), P(a,x) = (a, Px).

It is clear that 7 and P are Markov operators. To prove that 7 is uniformly P-ergodic,
first we notice that

Np = {(a, x) € X: P(a, x) =0} = {(0, x): x € ker(P)}.
Therefore,

8p(T) = sup{||7 (e, ) |I; ll(et, x)|| <1 and (o, x) € Np}
= sup{[|(0, Tx)||; llx]| < 1andx € ker(P)}
=sup{||[Tx|; x| <landx € (1 — P)X}
=7,

Hence, from the condition we infer that §p(7"°) < 1, then Theorem 4.6 implies 7 is
uniformly P-ergodic. Using the definition of the norm on &', we obtain the required
assertion. O

Remark 4.9 A similar kind of result has been proved in [23]. An advantage of our

approach is that we are working only with § p, which will allow us to establish some
category results for uniformly P-ergodic operators (see Theorem 4.12).
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We now define a weaker condition than uniform P-ergodicity. Namely, a bounded
linear operator T:X — X is called weakly P-ergodic if

§p(T™) — 0, asn — oo.

The following result characterizes the concept of weak P-ergodicity of T'.

Proposition 4.10 Let T € X p(X). Then the following conditions are equivalent:

(1) T is weakly P-ergodic;
(ii) there exists an ng € N such that §p(T™°) < 1.

Proof ()= (1) If T is weakly P-ergodic, then itis obvious that there exists ng € N
such that §p (T"0) < 1.
(i) = (i) Assume that such an ng € N exists and let p = §p(7"°). Then for a
large n € N, we write n = kng +r (k,r € Nand r < ng) and by (vi) of Theorem
3.7, we have

Sp(T™) = 8p(T*™TT) < pksp(TT).

As n tends to 0, k also tends to 0, and hence the proof is completed. O
Using Corollary 3.13, we immediately get the following fact.

Proposition4.11 Let T € Xp(X). If T is weakly P-ergodic, then T is not weakly
(1 — P)-ergodic.

Let us now fix the following notations:

25(X) ={T € Tp(X): T is uniformly P-ergodic},
Xp(X) ={T € Zp(X): T is weakly P-ergodic},
THV(X) ={T € Sp(X): TP = P}.

Then, it is clear that
TE(X) C ZR(X), TE(X) C ZRU(X)
Moreover,
TL(X) = TR(X) N THV(X).

Theorem 4.12 Let (X, X, K, f) be an abstract state space and let P be a Markov
projection on X. Then the set ¥ (X) is a norm dense and open subset of " (X).

Proof Given any T € E;,"”(X), 0 < ¢ < 2, and let us denote

& &
7@ =(1-2)T+=P.
(1-3)7+3
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It is clear that T®) ¢ EjZ“’(X) and

IT -7 =
2

I & I
SP—ZT|=Z|P-T]| <e.
2 2

Now we show that 7 ¢ X5 (X). For all x € Np by Lemma 3.6, x = a(x)(u —
v), u,v € Cwithu —v € Np,and 0 < a(x) < %||x||. Therefore,

IT® ()|l = a()IT® @ —v)|

11— &) ‘p
<—§> (M—U)'Fz (u—v)

=a(x)(1—§>HT(u—v)
= (1 = g)nTxn

< |1 £

_< —§>||X|I,

which implies §p (T®)) < 1 — . Hence, by Theorem 4.6 T € £%(X).
Now let us show that X% (X) is a norm open subset of Ei;’”(X ). First we establish
that for every n € N, the set

=ax)

DU (X) = {T € TPV(X): 8p(T") < 1}

is an open subset of E}"”(X). Indeed, take any 7' € EiP”Z(X) and letting o :=

§p(T") < 1, we choose B such that 0 < B < 1 and « + B < 1. Then, for any
H e X'V (X) with ||H — T|| < B/n and using (ii) of Theorem 3.7, we obtain

18p(H™) — 8p(T™)| < [|H" — T"|
< |H""(H —T)||+ |(H"™" =" "T|
<|H =T+ |H"" =17

=nllH-=T| < 8.

Hence, the above inequality yields that §p (H") <a+ 8 < l,i.e. H € Efg’fr’l (X). As

hx) = 2px).
neN

we find that X% (X) is an open subset of Z;Z“’(X ), which completes the proof. O

Using the same arguments, one can prove the following theorem.
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Theorem 4.13 Let (X, X, K, f) be an abstract state space and let P be a Markov
projection on X. Then the set ¥ (X) is a norm dense and open subset of ¥ p(X).

Remark 4.14 We notice that the Baire category theorem has a long history in ergodic
theory [17], and it has many applications [4,22]. Baire type considerations usually
bring easy answers to existence problems. In [6] a particular case of Theorem 4.12
has been established for Markov operators, acting on the Schatten class C1. We aim
that our results in this direction will open new perspectives in the non-commutative
ergodic theory.

5 Characterizations of uniformly P-ergodic Markov operators

In this section, we provide a large class of examples of uniformly P-ergodic operators
on abstract state spaces. Precisely, we describe those uniformly P-ergodic operators in
terms of the projection P. Afterwards, we use this characterization to deduce examples
of uniformly P-ergodic on R", on £ and on L - spaces.

Let X be an abstract state space. For an operator Q on X, let Rang(Q) and Fix(Q)
denote the range and the fixed points of Q, respectively. We now prove the following
auxiliary fact.

Lemma 5.1 Let X be a vector space, P be a projection operator on X and let Q be
any operator on X. Then the following statements are equivalent:

(i) Rang(Q)N Fix(P) = {0} and PO = QP;
(i) PO = QP = 0.

Proof (i) = (ii) Forevery x € X, QPx € Rang(Q). As
P(QPx) = QP*x = QPx,

we get QPx € Fix(P), then by the assumption Q Px = 0, and hence assertion
(ii) follows.
(ii) = (i) Suppose that PQ = QP = 0.If x € Rang(Q) N Fix(P), then, for
some s € X, one has

x = Qs and Px = x.
Therefore,

x=Px=P(Qs) =0,

which means the assertion (i). O

Now, let us prove the following characterization result.
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Theorem 5.2 Let P be a projection on X. Then T is uniformly P-ergodic if and only if
T canbewrittenas T = P+ Q, where Q is anoperatoron X suchthat PQ = QP =0
and || Q™| < 1, for some ny € N. Moreover, if T € £(X), then

8p(T) = 1QIl = 28p(T).
Proof Suppose that T is uniformly P-ergodic. Put Q = T — P, then Proposition 4.3

implies PQ = QP = 0. Therefore, 7" = P + Q". Hence, the uniform P-ergodicity
implies the existence of ng € N such that

Q™I =I1T" - P| < 1.

Conversely, suppose that 7 = P + Q and Q satisfies the given hypotheses. Then for
every n € N, we have

T" =P+ Q"
Therefore,
IT" — Pl = | Q"] < [|Q™||"/") — 0asn — oo,

so T is uniformly P-ergodic.
Now assume that 7' is a Markov operator. Then

1Px+ Oxll 10x]
xeNp, x#0 [l | xXeNp, x#0 [l |

ép(T) = =38p(Q) = lIQIl.

Also,as T € ¥(X) we get P € X(X), Therefore, by Proposition 4.3

QI =IIT — Pl
=||T —TP]|
=T — P
<38p(T)|I — P| (using (v) of Theorem 3.7)
< 28p(T),
This completes the proof. O

From this theorem, we immediately get the following result.

Corollary 5.3 Let X be a normed space and let P be a projection on X. If Q is an
operatoron X suchthat PQ = QP =0, thenT = P+ Hrﬂ Q is uniformly P-ergodic,
forallr € (—1,1).

The deduced results above enable us to produce several examples of uniformly
P-ergodic operators.
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Example 5.4 Let us consider R” and we denote by E; (1 < i < n) the diagonal matrix
units in M, (R). Then the operator

n

m
T=Y Ei+ Y rkEp npeRand|r| <1,
i=1 k=m+1

is uniformly P-ergodic, where P = ) /', E;. As in Theorem 5.2, we have Q =
ZZ:mH rieEr.Indeed, PO = QP =0and || Q] < 1.

Next example shows that the commutativity of P and Q in Theorem 5.2 is a nec-
essary condition.

Example 5.5 Let us consider the following operators

1 0 O
andP=]10 1 O
0 0 O

QS

I
o O O
D= O
B O

Then P is a projection, || Q] < 1, PQ =0but QP # 0. Letting T = P + Q, we get
that

1 0 0
T" =10 1 0
4n+171 1
0 6-47 4n
converges to
1 0 0
P=|0 1 O
0 2 0

Hence, T is uniformly ﬁ—ergodic, but not uniformly P-ergodic. Indeed, T = P+ Q,
where

0 0 0
o=lo o o
1 1

0 -5 1

Next example shows that uniform P-ergodicity does not imply quasi-compactness.

Example 5.6 Consider the space £1, the subspaces A = {x € £1; xp, = 0} and the
operator P:{; — A defined by

P(x) = (x1 +x2,0,x3 +x4,0,...).

Then P is a projection on .A. We construct a class of uniformly P-ergodic operators
on £ as follows:
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Let Q:¢; — ¢ be the operator defined by

—X2 X2 —X4 X4
x| —, =, —,—,...).
2 2 2 2

It is clear that Q" — 0, so for some ny € N, we have ||Q"] < 1. Also, PQ =
QP = 0. Then by Theorem 5.2, we have that the operator 7 = P + Q is uniformly
P-ergodic, but one can see that T is not quasi-compact [20].

Now in the following example we construct uniformly P-ergodic operators on
L1-space:

Example 5.7 Let (S, B, ) be a probability measure space and consider the space
X = L'(S, B, ). We construct a class of uniformly P-ergodic operators on X as
follows:

Let fi(t) € L*®(u), for 1 <i < n, and let E| denote the subspace generated by
span{ f;}. If P is a projection operator from X onto E1, then the operator P can be
written as follows

(PAY@®) =Y Ti(f)fi(0).

i=1

where I'; are linear functionals on X, which can be represented as
Li(f) =/Sf(t)yi(t)du, VieX
with
yi € L (1), such that /Syi(t)fj(t)du =68 .

Similarly, let us construct another projection Q on X: Let g;(r) € L*®(u), for
1 < i < m, and let E, denote the subspace generated by span{g;}. Let Q be a
projection operator from X onto E, which is defined by

(QN@) =Y Ai(f)gi(),

i=1

where A; are linear functionals on X, which can be represented as
A = [ FOxO. VF € X
s
with

Ai € LOO(M), such that '/.)\i(l‘)gj(l)du, = Si,j-
S
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In addition, we assume that the choice of A (¢) and y; (¢) satisfying
Aj@) fi(t) =0 pae. and y;(t)gi(t) =0 u ae. (10)

Then P and Q are projections from X onto E; and E», respectively. To show that
QP =0,let f € X then we have

QP(f) =0 (Z F,-<f)f,-(t)>
i=1

=Y Ti(HOfi(1)

i=1

=) TN YA (fgi®

i=1 j=1
n m
=D D Ti(HAj(f)g )
i=1 j=1
=0,
since A j(f;) = 0 (see, (10)). Similarly, by the second part of (10) we get P Q(f) =0,

for all f € X. Therefore, Corollary 5.3 implies that 7 = P 4 r Q is a uniformly P-
ergodic operator on X, forall r € (—1, 1).

6 On uniform and weak mean ergodicities

In this section, we are going to investigate uniform mean ergodicities of Markov
operator.
Given a bounded linear operator 7:X — X, we set

1 n
An(T) =~ Z T*.
k=1

Recall that T:X — X is said to be

(a) mean ergodic if for every x € X
lim A,(T)x = QOx;
n— o0

(b) uniformly mean ergodic if

lim [|A,(T) — O = 0;
n—oo
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for some operator Q on X.

In this setting, it is well-known that Q is a projection [26], which is called the
limiting projection of T, and denoted by Q7. Moreover, if T € X(X), then Q7 is
also Markov.

By analogy with the weak P-ergodicity, one may introduce the following notion.
A linear operator T is called weakly P-mean ergodic if

lim 8p(An(T)) = 0.
n—o0

It is clear that any uniformly mean ergodic operator is weakly Q7-mean ergodic.
By Theorem 4.6, we obtain the following result.

Corollary 6.1 Assume that T € X(X) and T is mean ergodic with its limiting pro-
Jjection Qr. If there exists an no € N such that 59, (T"°) < 1, then T is uniformly
Qr-ergodic.

Theorem 6.2 Assume that T € X (X) and T is mean ergodic with its limiting projec-
tion Qr. If T € TF(X), for some P, then Qr < P.

Proof Suppose that T € T(X), so §p(T") < 1 for some ng € N. Then by Propo-
sition 3.11, we have

\T"(I — P)|| — 0.
AsTQr = Qr, Au(T)Qr = QrAp(T) = Qr. Then

1Qr(I = P)Il = 1Q1An(T)U — P)]|
A (T)U = P

IA

IA

1 n
~> T =Pyl =0,
k=1

so Q7 (I — P) = 0 which implies Q7 = Q7 P.

On the other hand,
(1 =P)Orll = = PYA,(T)Qrll
< I =P)A.(DlIOrl
< [[A (Y = P)|| — 0,
so (I — P)Qr = 0 which implies Q7 = Q7 P, and hence O < P. m]

It is natural to ask: when mean ergodic operator would be uniformly mean ergodic?
Next result clarifies this question in terms of §p.
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Theorem 6.3 Assume that T € 3 (X) and T is mean ergodic with its limiting projec-
tion Q7. Then the following statements are equivalent:

(1) T is uniformly mean ergodic;
(ii) there exists an ng € N such that 8¢, (An (T)) < 1. Moreover,

2(no + 1) 1
An(T) — < —0T7 .-
|Ax(T) — Orll < o0, (An(T) 1

Proof Wenotethatif 7 = I,then Q7 = I and according to the definition §o, (T) =1,
hence the statement of the theorem follows. Therefore, in what follows it is always
assumed 7" # I. The implications (i) = (ii) directly follows using the same arguments
as in the proof of Proposition 4.5, replacing 7" by A, (T) and P by Q7.

(i) = (i). Assume that p = 89, (A, (T)) < 1, for some ng € N. Then

An(T)YI =T) = Ay(T) — Ap(T)T

1nfl 1n71
_ k_ = k+1
= 2T =T
k=0 k=0

1
n

50, |Ax(T)(I = T)|| < 2, and then

n’
2k
1A (TYUT —TH)| < P keN

which implies

1 &
|An(TYU — Apy(T))Il = HAn(T)<% Z(I - Tk)) H
k=1

no
1

> AU = TH)

no 5

n 1
< 0o+
n

IA

Therefore,

30, (Ap(T)U — Ay (T))) < arn

no+1
n
Using Properties (ii) and (vi) of Theorem 3.7, we have

807 (An(T)U — Apy(T))) = 804 (An(T)) = 807 (An(T)Apy(T))
> 807 (An(T)) = 807 (An(T))d g1 (Any(T))
=80, (An(T))(1 — p).
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By (11) and as p < 1, we have

no+1 1
80, (A (T)) < - 12
or(An(T) = T~ (12)
Now,
AR (T)yl|
807 (An(T)) = —
yeng, IVl
Ap(T)x — A, (T
. A (T)x — Ay(T)Qrx|| (fory = x — Q7x)
xeX lx — Qrx||
Ap(T)x —
= qup WD 07X e 41y 01 = 0)
xex  llx = Qrx|
1 lAn(T)x — Qrx||
T 2,ex [lx]]
1
= E”An(T) = Orl.
Then by (12)
2(mp+1) 1
1A (T) = Orll < 4 :
—p n
which yields the desired assertion. O

Now, we are going to introduce an abstract analogue of the well-known Doeblin’s
Condition [39].

Definition 6.4 Let (X, X4, KC, f) be an abstract state space, whose cone X is A-
generating, let P be a Markov projection on X, and let T € Xp(X). We say that T
satisfies condition ©,, if there exists a constant T € (0, 1] and an integer nyp € N and
for every x, y € K withx — y € Np, there exists z,, € K and ¢,, € X, with

sup [loxyll < n,
Xy

where 1
0sn<t+s—1, (13)
such that
Ay (T)x + Oxy = TZxy, Ang(T)y + ¢Oxy = T2xy. (14)

The next result characterize the weakly P-mean ergodic Markov operators in terms
of the above condition 3,,,.

Theorem 6.5 Let (X, X+, KC, f) be an abstract state space whose cone Xy is \-
generating, and let P be a Markov projection on X. Assume that T € X p(X). Then
the following conditions are equivalent:
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(1) T satisfies condition O ,,;
(ii) there is an ng € N such that §p(A,,(T)) < 1;
(iii) T is weakly P-mean ergodic.

Proof (i) = (ii). By condition ®,,, there is a t € (0, 1], np € N and for any two
elements x, y € K with x — y € Np, there exist z,, € K, ¢xy, € X with

sup [l@xyll <7 (15)
xy
such that
Ano(T)x + Oxy = TZxy, AnO(T)y + @xy = TZxy- (16)

Using the Markovianity of 7, and the inequalities (16) with (15), we obtain

| Ay (T)x + Pxy — foy” = f(Au(T)x + Pxy — TZ))
=1—(t — flgxy))
—— —
c
=l—c<1-(r—n).
By the same argument, one finds

[Ang(T)y + xy — T2yl =1 —c <1 —=(t —1n)

Let us denote

1
X1 :(Ang(T)x + Oxy — Tny)v

1
:(Ano(T)y + @xy — Tny)~

Vi

It is clear that both x|, y; € K.
So,

| Ang(T)x — Ang(Dyll = (A =) lx1 — y1ll < 2<1 —(r - n)>.

Hence,

Sl (x = Ay @l <4(1- = ). (7
By (13) and (iii) of Theorem 3.7, and using (17) we obtain,
8p(Ang(T)) = < 1,
where u = A(1 — 7 + 1), hence (ii) follows.
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The implication (ii) = (iii) immediately follows from the proof of the implication
(ii)) = (i) of Theorem 6.3. Therefore, it is enough to establish (iii) = (i). Assume that
T is weakly P-mean ergodic. Then

sup A, (T)x — A, (T)y|| = 0 as n — oo.
x,yel,x—yeNp

Therefore, one can find ng € N such that
1
1Az (T)x — Ay (T)yll < TR forall x,ye K,x —y e Np. (18)

Now pick any yg € K with x — ygp € N, and y — yo € Np. Due to Lemma 3.6 we
decompose

Ang(T)x = Apg(T)yo = (Ang(T)x — Any(T)yo)+ — (Ang(T)x — Apy(T)yo) -
Ang(T)y = Ang(T)yo = (Ang(T)y — Ang(T)y0)+ — (Ang(T)y — Ao (T)yo) -
19)

Denote
Ox = (Ang(T)x — Apg(T)yo)—. @y = (Ano(T)y — Ano(T)y0)-
and define
Pxy = @x + @y.

Itis clear that ¢y, € X and from (18) with Lemma 3.6, one gets

1
< —.
sup loxyll < Ty

x,yel,x—yeNp
Moreover, by (19) we obtain

Ano(T)x + ¢Oxy = Ano(T)x + ¢x
= Ano(T)yo + Ang(T)x — Apy(T)yo + ¢x
= Ang(T)yo + (Ang(T)x — Ay (T)y0)+
> Ay (T)yo.

Similarly, one gets
AnO(T)x + <ny > Ano(T)y0~

Now, by denoting 7 = 1, n = ﬁ and zyy = A,y (T)yo, we infer that the operator T
satisfies the condition ®,,. This completes the proof. O

@ Springer



884 F. Mukhamedov, A. Al-Rawashdeh

Remark 6.6 We notice that if in the condition ©,, one replaces A,(T) with some
power of T, then we obtain the Deoblin’s condition for 7 which has been investigated
in [10,35,37,41]. We think that such type of result is even a new in the classical, i.e.
X is taken as an L!-space.

In the next example by means of Theorem 6.5, we show that weakly P-mean ergodic
operator is not necessary to be uniformly mean ergodic.

Example 6.7 Recall Example 2.5(3). Namely, X = C[0, 1] with the cone

Xy = {x € X: max |x(t) —x(1)] < 2x(1)}.
0<r<l
Consider the Markov operator 7:X — X given by (Tx)(¢) = tx(¢).
Let us establish that T satisfies the condition ®,,,. First, it is noted that

_ 4+l

1t—1t
(An(DX)(@) = ————x(®).

n
We assume that Px = x(1). Now take x,y € K. Put ¢, = 0,7 = 1 and z,y = c,

¢ € (0,1/2). Then the inequalities A, x > TZyy, Ayyy > TZxy are equivalent to
ApgX — TZxy, Angy — TZxy € X4, which is equivalent to

fmax [(Ang2) (1) = (Apgx) ()] < 2((Apgx)(1) = 2Zay),

max [(Any)(®) = (A V) (D] = 2((Ane») (1) = z)-

The last one can be rewritten as follows:

1 ¢t — "ol

OIEza<Xl %?X(l‘) —x(D)]| <2x(1) —c),
1 ¢t —¢motl

[max %ﬁ)’(f) —y(H| =2(x1) —o).

Taking into account x, y € /K, from the last ones, we have

1 ¢ —ot!
max |————x(t) — 1)| <2(1 — o), (20)
o<t<l|ng 1—t

1t — ol
max |————  y() — 1| < 2(1 —¢). 2D
o<t<l|ng 1—1t

From the last expressions, we infer the existence of nq such that inequalities (20) and
(21) are satisfied. This, due to Theorem 6.5, yields that 7 satisfies the condition ©,,.
Hence, T is weakly P-mean ergodic. However, one can see that 7' is not uniformly
means ergodic.

Now, we give an application of Theorem 6.3.
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Theorem 6.8 Let X be a Banach space, T:X — X be a mean ergodic operator on X
with |T|| < 1 and let P be a Markov projection on X. Then the following statements
are equivalent:

(i) there exists an ng € N such that || Ao (T)|,_p 1l < 1;
(1) T is uniformly mean ergodic.

Proof (i)=(ii). Now consider the abstract state space (X', Xy, KC, f) and the linear
operator 7 (o, x) = («, T'(x)). Due to Theorem 4.8, the operator 7 is Markov. More-
over, for every (¢, x) € X, one has

mmwm=%2ﬂmm
k=1

1 n
= - (@ T5x)
n k=1

(a, Ap(T)(x)).

Hence, the mean ergodicity of T implies the convergence of {A,(7)(«, x)}, which
shows that 7 is mean ergodic with its limiting projection P. By the proof of the
implication (ii)=>(i) in Theorem 4.8, we have

Sp(An(T)) = |An(T)),_p I,
hence, from the hypothesis of the theorem, for some ng € N, one has
5p(Any(T)) < 1.

So, Theorem 6.3 yields that 7 is uniformly mean ergodic, which implies the uniform
mean ergodicity of T'.
The implication (ii)=>(i) can be proved in the reverse order. m|

Remark 6.9 We notice that in [29] relations between the uniform mean ergodicity and
uniform convergence of the Abel averages have been studied.

7 Perturbation bounds and uniform P-ergodicity of Markov operators

This section is devoted to perturbation bounds for uniformly P-ergodic Markov oper-
ators. The case when P is a one-dimensional projection, this type of questions have
been studied in [14,32,43]. For general projections, these kinds of bounds have not
been investigated. Therefore, results of this section are new even in the classical case
as well.

Recall that if 7 is uniformly P-ergodic, then by Corollary 4.7 there are constants
C,a € Ry, ng € Nsuch that

HT" — PH <Ce ™™, Vn>ny.
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In this section, we prove perturbation bounds in terms of C and e®. Moreover, we

also give several bounds in terms of the Dobrushin’s ergodicity coefficient.

Theorem 7.1 Let (X, X4, IC, f) be an abstract state space (i.e. A-generating), P be

a projectionon X and let T, S € E;ﬁw(X). IfT € 2% (X), then

x—z|l+n|T -S|, Vn <n,
7 _grgf < [IE =l FnIT =0
ACe™ " |lx — z|| + (7 + AC =5
log(1/C
where n .= [L/)],C,aeR+,x,zelCandx—zeNp.
loge™

Proof For every n € N, by induction, we have

n—1
S"=T"+) T o(S=T)os
i=0

Letx,z € K and x — z € Np. Then it follows from (22) that

n—1
T'x —S§"z=T"x=T'z=) T""'o(§-T)o Sz
i=0
n—1
=T"(x—2) = ) T o (S = T)),
i=0

where z; = S'z. Hence,

IA

|77 = 57|

n—1
ICEETESS H 71 o (S = T)(z)
i=0

.

JIT =S, Vn=i+1

(22)

AsT,S e Z;"”(X), we have P(S — T) = 0 and due to (v) of Theorem (3.7), one

finds _ '
|71 = D@ < s H s - 711,
and
[T"x —2)| <8p(T") llx — 2] .
Hence,
n—1 .
|T7x = 8"z < 8p (™) lIx =zl + D 8p(T" NS =T
i=0
n—1 .
=8p(T") Ix =zl + IS =TI Y 8p(T").
i=0
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By

k]

HT’ﬂ—T’ﬁ)

‘ < “Tiu—Pu“ + HPU—TW

with the fact Pu = Pv, and due to (iii) of Theorem (3.7), one gets

. A . ) .
Sp(THhY<Z  sup HT‘u—T’vH < A sup HT’u—Pu”.
2 u,vek,u—veNp uelkl
Therefore,
1 Vn <n
Sp(TH <17 - 24
P( )_[kCe_“”, Vi >i41 24)

loge™¢

where /i — [M}

From (24) we obtain

n—1 n—1 n—1
D 8p(Th =) 8p(TH+ ) 5p(T
i=0 i=0 i=n

n—1
<ii+y rCe™™
i=i
1= e—ot(n—ﬁ)
=n4+ACe " —— Vn>na+1. (25)
I —e@
Hence, we get the required assertion. O

Corollary 7.2 Assume that the same hypotheses of Theorem 7.1 are satisfied. Then, for
allx e K

o nIT = Sl Vi < i,
||T X — S .x“ S ~ —an __,—an ~
(I’l—i—)\.cel_Tia)”T—S”, Vn>n+1
log(1/C
here as before, n 1= [M} C,ax e Ry.
loge™«

The following theorem gives an alternative method of obtaining perturbation bounds
in terms of §,(T™).

Theorem 7.3 Let (X, X4, K, f) be an abstract state space, P be a projection on X
andlet S, T € TV (X). If8p(T™) < 1 holds for somem € N, then for every x, z € K
with x — z € Np one has
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)

, neN (26)

[77x — 5"z < 8p@™ ™ (Jlx — 2|l + ,max H 7' — §

<i<m

1 —§p(Tm)ln/ml

H Tm _ Sm
1—38p(T™)

Proof Foranyn < m, dueto T"x — §"z = §"(x —z) + (T" — §™)x, we get

|77 = 73] < e = 2l + |77 = 57]

< lx =zl + max |77 - 5] 27)
O<i<m
If n < m, then Eq. (26) reduces to (27). If n > m, we obtain
Tnx _ SHZ — Tm(Tnimx) _ Sm(SnfmZ)
— Tm(Tn—mx _ Sn—mz) + (Tm _ Sm)Sn—mZ.
Therefore, keeping in mind S, 7' € Z}””(X ) one finds
[7"x — $"z|| < 8p(T™) |T"™x — S"7"z|| + | T™ — 5™ .
Applying this relation to
” Thmy _ Sn—mz } o, H Tn—m(Ln/mJ—l)x _ Sn—m(l_n/mj—l)ZH
and using (27) to bound || 7" ="ln/mly — gn=mln/mlz|| ‘we obtain
|7"x — 8"z|| < 8p(T™ "™ (Jlx — 2]l + max HTi -5
O<i<m
+(ap(T’")L”/’"J‘ +Sp(TMmITE 4 g 1) | — s,
= 8p (T (x — 2] + max |77~ s'|)
O<i<m
1 —8p(T™)ln/ml
e L}
1 —38p(T™)
The proof is completed. O

Consequently, we get the following corollary which allows to estimate the dynamics
of S to its fixed points set.

Corollary 7.4 Assume that the same hypotheses of Theorem 1.3 are satisfied. Then, for
everyx € C

)

|7 = Px| < 8p(r™)!"/™ (J1x = Px|| + max |7 = 5]

<i<m

1 —8p(T™)ln/m]

|7 = 57|
= 8p(T"™)

, neN.
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