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Abstract

In the present paper, we are concerned with a class of constrained vector optimization
problems, where the objective functions and active constraint functions are locally Lip-
schitz at the referee point. Some second-order constraint qualifications of Zangwill
type, Abadie type and Mangasarian—-Fromovitz type as well as a regularity condi-
tion of Abadie type are proposed in a nonsmooth setting. The connections between
these proposed conditions are established. They are applied to develop second-order
Karush—Kuhn-Tucker necessary optimality conditions for local (weak, Geoffrion
properly) efficient solutions to the considered problem. Examples are also given to
illustrate the obtained results.

Keywords Locally Lipschitz vector optimization - Second-order constraint
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1 Introduction
In this paper, we are interested in second-order optimality conditions for the following

constrained vector optimization problem

min f(x) (VP)
subjectto x € Qg :={x € X : g(x) <0},
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where f = (f;),i € I :={1,...,p},and g := (gj), j € J :={l,...,m} are
vector-valued functions defined on a Banach space X.

As a mainstream in the study of vector optimization problems, optimality condition
for vector optimization problems has attracted the attention of many researchers in
the field of optimization due to their important applications in many disciplines, such
as variational inequalities, equilibrium problems and fixed pointed problems; see, for
example, [1-9].

It is well-known that if f;, g; are differentiable at x € Q¢ and x is a local weak
efficient solution of (VP), then there exist Lagrange multipliers (A, u) € R? x R™
satisfying

P m

Y MVAEE + ) nVei®) =0, (1)
i=1 j=1

w= (1., ) 20, ujg;(x) =0, 2
h= (s hp) 20,0 ) # 0; 3)

see [10, Theorem 7.4]. Conditions (1)—(3) are called the first-order F.-John necessary
optimality conditions. If A is nonzero, then these conditions are called the first-order
Karush—Kuhn-Tucker (K K T) optimality conditions. By Motzkin’s theorem of the
alternative [11, p. 28], the existence of K KT multipliers is equivalent to the inconsis-
tency of the following system

V6ix)(w) <0, iel, 4)
Vgi()() =0, jeJ@), )

with unknown v € X, where J (x) is the active index set at x. Conditions (4)—(5) are
called the first-order K K T necessary conditions in primal form.

The first-order K KT optimality conditions are needed to find optimal solutions
of constrained optimization problems. In order to obtain these optimality conditions,
constraint qualifications and regularity conditions are indispensable; see, for example,
[12-20]. We recall here that these assumptions are called constraint qualifications
(C Q) when they have to be fulfilled by the constraints of the problem, and they are
called regularity conditions (RC) when they have to be fulfilled by both the objectives
and the constraints of the problem; see [21] for more details.

Second-order necessary optimality conditions play an important role in both the
theory and practice of constrained optimization problems. These conditions are used
to eliminate nonoptimal KKT points of optimization problems. Moreover, the second-
order optimality condition is a key tool of numerical analysis in proving convergence
and deriving error estimates for numerical discretizations of optimization problems;
see, for example, [22-24].

One of the first investigations to obtain second-order optimality conditions of K K T -
type for smooth vector optimization problems was carried out by Wang [25]. Then,
by introducing a new second-order constraint qualification in the sense of Abadie,
Aghezzaf et al. [26] extended Wang’s results to the nonconvex case. Maeda [27] was
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the first to propose an Abadie regularity condition and established second-order K K T
necessary optimality conditions for C!:! vector optimization problems. By using the
second-order directional derivatives and introducing a new second-order constraint
qualification of Zangwill-type, Ivanov [28] introduced some optimality conditions
for C! vector optimization problems with inequality constraints. Very recently, by
proposing some types of the second-order Abadie regularity conditions, Huy et al.
[29,30] have obtained some second-order K K T necessary optimality conditions for
C'! vector optimization problems in terms of second-order symmetric subdifferen-
tials. For other contributions to second-order K KT optimality conditions for vector
optimization, the reader is invited to see the papers [31-38] with the references therein.

Our aim is to weaken the hypotheses of the optimality conditions in [25-28,30,31,
36]. To obtain second-order K K T necessary conditions, by using second-order upper
generalized directional derivatives and second-order tangent sets, we introduce some
second-order constraint qualifications of Zangwill type, Abadie type and Mangasarian-
Fromovitz type as well as a regularity condition of Abadie type. Our obtained results
improve and generalize the corresponding results in [25-28,30,31,36], because the
objective functions and the active constraint functions are only locally Lipschitz at the
referee point and the required constraint qualifications are also weaker. Moreover, the
connections between these proposed conditions are established.

The organization of the paper is as follows. In Sect. 2, we recall some notations,
definitions and preliminary material. Section 3 is devoted to investigate second-order
constraint qualifications and regularity conditions in a nonsmooth setting for vector
optimization problems. In Sects. 4 and 5, we establish some second-order necessary
optimality conditions of K K T-type for a local (weak, Geoffrion properly) efficient
solution of (VP). Section 6 draws some conclusions.

2 Preliminaries

In this section, we recall some definitions and introduce basic results, which are useful
in our study.

Let R” be the p-dimensional Euclidean space. For a, b € R?, by a < b, we mean
a; S biforalli € I;bya < b, wemeana < b and a # b; and by a < b, we mean
a; < b; foralli € 1.

We first recall the definition of local (weak, Geoffrion properly) efficient solutions
for the considered problem (VP). Note that the concept of properly efficient solution
has been introduced at first to eliminate the efficient solutions with unbounded trade-
offs. This concept was introduced initially by Kuhn and Tucker [39] and was followed
thereafter by Geoffrion [40]. Geoffrion’s concept enjoys economical interpretations,
while Kuhn and Tucker’s one is useful for numerical and algorithmic purposes.

Definition 2.1 Let Qg be the feasible set of (VP) and x € Q. We say that:

(1) x is an efficient solution (resp., a weak efficient solution) of (VP) iff there is no
x € Qo satisfying f(x) < f(X) (resp., f(x) < f(X)).
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316 Y.-B. Xiao et al.

(i) x is a Geoffrion properly efficient solution of (VP) iff it is efficient and there
exists M > 0 and such that, for each i,

fito) = fi®) _
fi® = fi =

for some j such that f;(x) < f;(x) whenever x € Q¢ and f;(x) > f;(x).

(iii) x is alocal efficient solution (resp., local weak efficient solution, local Geoffrion
properly efficient solution) of (VP) iff it is an efficient solution (resp., weak
efficient solution, Geoffrion properly efficient solution) in U N Qq, where U is
some neighborhood of x.

Hereafter, we assume that X is a Banach space equipped with the norm || - ||. Let £2
be a nonempty subset in X. The closure, convex hull and conic hull of §2 are denoted
by cl £2, conv £2 and cone £2, respectively.

Definition2.2 Letx € 2 andu € X.
(1) The tangent cone to 2 at x € £2 is defined by

T(2:%):={deX : 3 |0,3d"—>d x+nd e, VkeN).

(ii) The second-order tangent set to §2 at x with respect to the direction u is defined
by

1
TX(Q2:;%,u) = {veX:Etk 10, F > v,x+tku+§r,§vke9, VkeN}.

Clearly, T(-; x) and T2(- ; X, u) are isotone, i.c., if 2! ¢ 22, then

TR % c T(R% %),
T2(2'; %, u) Cc T*(2% %, u).

It is well-known that 7'(§2; x) is a nonempty closed cone. For each u € X, the set
T2(.Q; X, u) is closed, but may be empty. However, we see that the set T2(.Q; x,0) =
T (£2; x) is always nonempty.

Let F: X — R be a real-valued function defined on X and x € X. The function
F is said to be locally Lipschitz at x iff there exist a neighborhood U of x and L = 0
such that

|F(x) = F()I = Lllx —yll, Vx,yeU.

Definition 2.3 Assume that F': X — R is locally Lipschitz at x € X. Then:
(i) (See [41]) The Clarke’s generalized derivative of F at x is defined by

F tu) — F
F°(x, u) := limsup x + 1w (x)’ uecX.
x—ﬁ)}f t

t
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(ii) (See [42]) The second-order upper generalized directional derivative of F at x is
defined by

F(x t — F(x _tFo —,
FOO()Ey u) := lim sup (X +1u) (x) (x 1,{)7

ueX.
t}0 %tz

It is easily seen that F°(x,0) = 0 and F°°(x,0) = 0. Furthermore, the function
u +— F°(x,u) is finite, positively homogeneous, and subadditive on X; see, for
example, [41,43,44].

The following lemmas will be useful in our study.

Lemma 2.1 Suppose that F: X — Ris locally Lipschitz at x € X. Let u € X and let
{(t, uk)} be a sequence converging to (07, u). If

F (;z + tkuk) > F (%) forall k €N,

then F°(x,u) = 0.

Proof Since F is locally Lipschitz at x and
Jim (% + k) = Jim (% + fa) = %,
there exist L = 0 and ko € N such that
|F(x + txu®) — F(X + tru)| < Lig|ju® — || forall k = k.
Thus,

0 < F(x + tu®) — F(%)
= [F(X + t?) — FG + )] + [F (& + feu) — F(3)]
< Liglu® — ull + F(X + fru) — F (%)

for all k = ko. This implies that

F(x +1t — F(x
0 < lim L|u* — u|| + limsup (X tx) *x)
k— o0 k—00 Tk
F tu) — F
< lim sup (x + u) (x).

xX—X !
10

Therefore, F°(x, u) = 0, as required. O
Lemma 2.2 Suppose that F: X — R is locally Lipschitz at x € X. Let (u, v) be a
vector in X x X and let {(t, vk)} be a sequence converging to (0%, v) satisfying

1
F (x + teu + Et,%v") > F(X) forall k € N.
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318 Y.-B. Xiao et al.

If F°(x,u) =0, then F°(x,v) + F°°(x,u) 2 0.

Proof For each k € N, put =%+ nu+ %t,ka and yk =X+ tru + %tkzv. Since
F is locally Lipschitz at x and

lim x* = lim y* =%,
k—o00 k— 00

there exist L = 0 and ko € N such that
1
IFO5y — F (yk> | SRLIV vl forall k 2 ko.

Thus,

0 FUM - F®)
= [F(x*) = FOMI+FOY — F& 4 n)]
+[F(x+tu)— F(x) — . F°(x, u)]

1
<5 2LV — o)l + [FO*) = FE + )] + [FG + tyu) — F(X) — t F°(X, u)]

for all k = kq. This implies that

F(X + tiu + 517v) — F (% + tu)

0 < lim L|jv* — v|| + lim sup i
k—o0 k—o0 7t

F(& + txu) — F(X) — tx F° (%, u)

+ lim sup

1.2
k—o00 itk
. Fx+tv)—Fx) F(x +tu) — F(x) —1F°(x, u)
< lim sup + lim sup ;
X t 140 212
t

= F°(%, v) + F°°(, u).

Therefore, F°(x, v) + F°°(x, u) = 0. The proof is complete. O

3 Second-order constraint qualification and regularity condition

From now on, we consider problem (VP) under the following assumptions:

The functions f;,i € 1, g;, j € J(x), are locally Lipschitz at x,
The functions g;, j € J \ J(X), are continuous at X,

where X is a feasible point of (VP) and J (x) is the active index set at x, that is,
J(x):={jeJ :gi(x)=0}L
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For any vectors a = (aj,az) and b = (by, by) in R2, we denote the lexicographic
order by

a Siex b, iff a; < by or (ay = by and ar < b)),

a <ex b, iff a; < by or (a; =b; and ap < by).

Let us introduce some notations which are used in the sequel. For each x € Qg and
u € X, put

Q:=00N{xeX: filx) < fi(x), i el},
JOu)={jeJx) : g;(f,u) = 0},
Ix;u)y:={iel: ff(x,u) =0}

We say that u is a critical direction of (VP) at x iff

fPEu <0, Viel,
f(x,u) =0, atleastone i € I,
g;()E, u) <0, VjelX).

The set of all critical directions of (VP) at x is denoted by C(x). Obviously, 0 € C(x).

We now use the following second-order approximation sets for Q and Qy to intro-
duce second-order constraint qualifications and regularity condition. For each x € Qy
and u € X, set

L*(Q; %,u) := {v €X : FA(%u,v) Siex (0,0), i€l

and G3(%; u, v) Siex (0,0), j € J(¥)

L*(Qo: %.u) := {v € X : GH(¥iu,v) Siex (0.0, j € J(@X)},

L3(Qo: ¥.u) := Jv € X : G5(X:u,v) <iex (0,0), j € J(@) .

1
A u):=yveX :VjeJ(x;u) 3§; >0 with gj<i+tu+§;2v> <0
Vte(O,sz)},

B u) = {v eX: g;()_c, v) +g;°(f,u) <0, VjeJ&; u)},
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320 Y.-B. Xiao et al.

where
FP (& u,v) = (fP(6 w), fP(F,0) + [°(F,w), iel,veX,
G2 (% u,v) = (g;-’()_c, u), §5(%, v) + g5° (X, u)), jeJ@.veX.

For brevity, we denote L(Q; x) := L%(Q; %,0). It is easily seen that, for each u €
C(x), we have

L3(Qo; %, u) = {v €X :gj(x,v)+gj°(x,u) <0, je J(i,u)}.

Definition 3.1 Let x € Qp and u € X. We say that:
(1) The Zangwill second-order constraint qualification holds at x for the direction
u iff
B(x:u) C cl A(x; u). (ZSCQ)

(i) The Abadie second-order constraint qualification holds at x for the direction u
iff

L*(Qo; %, u) C T*(Qo; %, u). (ASCQ)

(iii) The Mangasarian—Fromovitz second-order constraint qualification holds at X
for the direction u iff

L§(Qo; X, u) # 0. (MFSCQ)

(iv) The weak Abadie second-order regularity condition holds at x for the direction
u iff

L*(Q; %,u) C T*(Qo; %, u). (WASRC)

The (ZSCQ) type was first introduced by Ivanov [28, Definition 3.2] for C! func-
tions. The (ASCQ) type was proposed by Aghezzaf and Hachimi for (VP) with C?
data; see [26, p.40]. The (MFSCQ) type was first introduced in [45] for C 2 gcalar
optimization problems. The (WASRC) type was used for C!:! vector optimization
problems in [30]. For problems with only locally Lipschitz active constraints and
objective functions, these conditions are new.

Definition 3.2 Let x € Qq. We say that the Zangwill constraint qualification (ZC Q)
(resp., Abadie constraint qualification (AC Q), Mangasarian—Fromovitz constraint
qualification (M FC Q), weak Abadie regularity condition (WARC)) holds at x iff
the (ZSCQ) (resp., (ASCQ), (MFSCQ), (WASRC)) holds at x for the direction 0.

The following result shows that the (WASRC) is weaker than other constraint qual-
ification conditions in Definition 3.1.
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Proposition 3.1 Let x € Qo and u € X. Then the following implications hold:
(i) (B(x;u) CclAG; u))= (L*(Qo; %, u) C T*(Qo; X,u))= (L*(Q; %, u) C
T2(Qo: X, u)), i.e.,
(ZSCQ) = (ASCQ) = (WASRC).
(i) (L3(Qo; %, u) #9) = (L*(Qo; ¥, u) C T*(Qo; X, u)), i.e.,
(MFSCQ) = (ASCQ).

(i) (L3(Q0;%,0) #0) = (L3(Qo:%,u) # ¥, Yu € C(¥)).

Proof (i) Clearly, L>(Q; X,u) C L*(Qo; X, u). Thus the second implication of (i)
is trivial. We now assume that the (ZSCQ) holds at x for the direction # € X. Fix
v e L%(Qo; X, u). Then,

G} (% u,v) Siex (0,0), Vj € J().
This implies that

gE W) 20, VjeJ®),
gE V) +gPE W 20, V)€ I u.

Thus, v € B(x; u). Since the (ZSCQ) holds at x for the direction u, we have v €
cl A(x; u). Thus there exists a sequence vk} c A u) converging to v. Let {t,} be
an arbitrary positive sequence converging to 0. We claim that there is a subsequence
{tn,} C {t} such that

1
X+ thu + Et,fkvk € Qo, Vk eN.

We will prove this claim by induction on k.
In case of k = 1, let {x;} be a sequence defined by

1
=3+ thu + zt,%vl forall h € N.

Let us consider the following possible cases for j € J.
Case 1. j ¢ J(x). This means that g;(x) < 0. Since g; is continuous at X and
hlim x" = X, there is H; € N such that g; (x") < 0 forallh > H,.
—00
Case2. j € J(x)\J(x; u). This means that g (x) = 0 and g;? (x,u) < 0.Weclaim
that there exists H> € N such that g; (xh) < O forall h = H,. Indeed, if otherwise,
there is a subsequence {#;,} C {#} satisfying

(= Lo i), ey —
gj x—i—th,u—i—zthlv 2 gjx)=0, VleN,
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322 Y.-B. Xiao et al.

or, equivalently,
_ 1 1 > _
gj|lx+um ”"‘Ethzv 2 gj(x), VleN.

Clearly, llim (u+ %th,vl) = u. By Lemma 2.1, g%(%, u) = 0, and which contradicts
—00
with the fact that g;? (x,u) <O.

Case 3. j € J(x; u). Since vl e A(X; u) and j € J(x; u), there exists §; > 0 such
that

1
g (x +tu+ ztzvl) <0, Vie0,8)).

From hlim tp = O it follows that there is H3 € N such that#, € (0, 6;) forall 2 > Hj.
— 00

Thus, g; (x") < 0 forall h > Hj.
Put b := max{H;, Ha, H3}. Then, we have g; (x") < Oforallh > hjand j € J.
This implies that

1
X+ thu + Ez,%ul € Qo Vh = hy.
Thus, by induction on k, there exists a subsequence {f,,} C {#,} such that

1
X+ tyou + Et,fkvk € Qo, VkeN.

From this, lim #;,, = 0, and lim vk = v, it follows that v € T2(Q0; X, u). Since v
k—o00 k—o00

is arbitrary in LZ(Q(); X, u), we have
L*(Qo; %, u) C T*(Qo; ¥, u).
Thus the (ASCQ) holds at x for the direction u.
(i) We now assume that the (MFSCQ) holds at x for the direction u € X and
v € L3(Qo; %, u). Fix v € L*(Qo; %, u). Then,

g8 1) 0, V) e J (),
§5(F.v) + g (F.u) 0, Vje I u).

Let {sx} and {t,} be any positive sequences converging to zero. For each k € N,
put vk = s + (1 — sg)v. Then, limg_, o v¥ = v. We claim that there exists a
subsequence {15, } of {1} such that

1
X+t u + Et;%kvk € Qp, VkeN.
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Consequently, v € T2(Qo; %, u) and we therefore get the (ASCQ).

Indeed, for k = 1, we have that v! = s;v04+ (1 —s1)v.Fix j € J.If j € J\J(X; u),
then, we prove as in Case 1 and Case 2 of the proof of assertion (i) that there exists
H; € N such that

gj (xh> <0, Vh =2 Hj,
where x" := ¥ + thu + %t}%vl. If j € J(x; u), then

g5 v%) +g5°(E.u) < 0.
Hence,

g5, v1) + g%, 1) < 5185(F, 00) + (1 = s1)g5 (X, v) + g5°(%, )
= s1[g5(%, ) + g5° (. )] + (1 — sDIg5 (%, v) + ¢3° (%, u)]

< 0.
Thus,
, g gj(x") — g (%) — g5 (¥ u)
lim sup T3 = lim sup T3
h—oo 3l h— o0 >t
- 1,21 =
i((x +thu) + 5150 ) — gi(x + thu
< lim sup g hit) 21/12 ) —8j( hit)
h— o0 Eth
, gj (X +tpu) — g (¥) — 1a g5 (%; u)
+ lim sup T3 '
h— 00 >t
< g5 vh) + g5 (%; )
< 0.

This implies that there exists H> € N such that g; (x") < 0 for all h > H,. Put
h| := max{H, H>}. Then we have gj(xh) <Oforall h = hy and j € J. Thus,

1
i+thu+§t,%vl € Qo Yh 2 hy,

and the assertion follows by induction on k.
(iii) Assume that there exists v° € L%(Qo; x,0). Then g;?(i, w9 < 0 for all

j € J(x). Letu € C(x). Foreacht > 0, put v(¢) := u + tv0. We claim that there
exists ¢ > 0 such that v(t) € L%(Qo; x, u). Indeed, for each j € J(x; u), one has

g5, V(1)) + g5°(%, u) £ g5(F, u) + 185 (X, v°) + g3°(¥, u)
= 1g5(%,v") + g5° (%, u)
<0
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ASCO WASRC

MFSCO

Fig.1 Relations between second-order constraint qualifications

for ¢ large enough. This implies that v(t) € L%(Qo; x,u) for ¢t large enough, as
required. O

The relations between second-order constraint qualifications are summarized in
Fig. 1.

Remark 3.1 The forthcoming Examples 4.1 and 4.2 show that (WASRC) #-(ZSCQ)
and (WASRC) #(MFSCQ).

For the remainder of this paper, we apply the (WASRC) to establish some second-
order K KT necessary optimality conditions for efficient solutions of (VP). We point
out that, by Proposition 3.1, these results still valid when the (WASRC) is replaced by
one of (ZSCQ), (ASCQ) and (MFSCQ).

4 Second-order optimality conditions for efficiencies

In this section, we apply the (WASRC) to establish some second-order K K T necessary
optimality conditions in primal form for local (weak) efficient solutions of (VP).

The following theorem gives a first-order necessary optimality condition for (VP)
under the regularity condition (WARC).

Theorem 4.1 If x € Qo is a local (weak) efficient solution of (VP) and (WARC)
holds at x, then the system

P& u) <0, iel, (6)
gi(xX,u) =0, jeJ(X), @)

has no solution u € X.

Proof Arguing by contradiction, assume that there exists u € X satisfying conditions
(6) and (7). This implies that u € L(Q; x). Since the (WARC) holds at x, one has

L(Q:;x) C T(Qo; X).
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Consequently, u € T(Qq; X). Thus there exist #z — 0T and uk — u such that

X —l—tkuk € Qo

for all k € N. We claim that, for each i € I, there exists K; € N satisfying

fi(X + u®) < fi(X), Vk = K;.

Indeed, if otherwise, there exist i € I and a sequence {k;} C N such that

fi (& + ,uM) > f;(%), VI eN.

By Lemma 2.1, we have f°(x, u) = 0, contrary to (6).

Put K¢ :=max {K3, ..., K,}. Then,

i (G + by < fi(%)

forall k = Ko and i € I, which contradicts the hypothesis of the theorem. O

Remark 4.1 (i) Recently, Gupta et al. [46, Theorems 3.1] showed that “If x is an

(ii)

efficient solution of (VP), X = R", for each i € 1, f; is 0°-quasiconcave at x,
and there exists i € I such that

L(M'; %) C T(M'; %), 8)
where

M :={xe Qo : fix) < fi(®),
LM %) ={ueX : fP(5u) £0,g5(%u) 0,/ € J(D),

then the system (6)—(7) has no solution”.
Clearly,

T(M'; %) C T(Qo; %),
L(Q;X) C L(M'; %).

This implies that if condition (8) holds at x, then so does the (WARC). Thus,
Theorem 4.1 improves [46, Theorems 3.1]. We note here that the assumption that
fi is d°-quasiconcave at x is not necessary in our result.

Theorem 4.1 also improves [46, Theorems 3.3]. Theorem 3.3 in [46] is as follows:
“If x is a weak efficient solution of (VP), X = R", Qg is convex, for eachi € I,
fi is 3¢-quasiconcave at x, and there exists i € I such that

L(M'; %) C clconv T(M'; %), 9)
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326 Y.-B. Xiao et al.

then the system (6)—(7) has no solution”.
Since T(M"; x) C T(Qo; x) and Qy is a closed convex set, we have

cleconv T (M'; X) € T(Qo: %).

This implies the (W ARC) is weaker than condition (9) and so Theorem 4.1 sharp-
ens [46, Theorems 3.3]. We would like to remark that our result does not require
any convexity assumptions.

Now we are ready to present our result of second-order K K T optimality conditions
for local (weak) efficient solutions of (VP) under the (WASRC).

Theorem 4.2 Let x be a local (weak) efficient solution of (VP). Suppose that the
(WASRC) holds at x for any critical direction. Then, the system

FA(X;u,v) <1ex (0,0), i€l (10)
G (¥ 1, v) Siex (0,0), j € J(X). (1)

has no solution (u,v) € X x X.

Proof Arguing by contradiction, assume that there exists (4, v) € X x X satisfying
conditions (10) and (11). It follows that v € LZ(Q; x, u) and

fPGu) 20, iel,
gi(x,u) £0, jeJ@).

Since the (WASRC) holds at x, so does the (WARC). By Theorem 4.1, there exists
i € I such that f°(x, u) = 0. This means that u is a critical direction of (VP) at x.
Since the (WASRC) holds at x for the critical direction u, we have

v e T?(Qo; %, u).

Thus there exist a sequence {v*} converging to v and a positive sequence {#;} converg-
ing to 0 such that

k._ = 15
by .—x—i—tku—l—EIkU € Qp, Yk eN.
We claim that, for each i € I, there exists K; € N such that
fiGh < fi@)

for all k = K;. Indeed, if otherwise, there exist iy € I and a sequence {k;} C N
satisfying

1
fio (x + U+ 5 ,31ka> > fiy(X), VI eN. (12)
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We consider the following possible cases for ig.
Case 1. iy € I(x; u). This means that fl‘; (x, u) = 0. From (10) it follows that

fio (X, v) + fi° (X, u) < 0. (13)

ki

From (12), lim;— o tx, = 0, lim;—, oo v/ = v, and Lemma 2.2, it follows that

PG+ 26 u) 20,

contrary to (13).
Case 2. iy ¢ I(x; u). This means that flz (x,u) < 0. In this case we now rewrite
(12) as

1
Jio (i + 1y, <u + Etk[vkl)) Z fip®), VI eN.

From lim #, =0, lim (u + %tk,vkl) = u,and Lemma 2.1, it follows that f; (x, u) >
[—o00 l—o00 0

0. This contradicts the fact that flg (x,u) <O0.
Put Ko := max{K; : i € I}. Then, we have

[G < fi®)
forall k = Ko and i € I, which contradicts the hypothesis of the theorem. O

An immediate consequence of the above theorem is the following corollary.

Corollary 4.1 Let x be a local (weak) efficient solution of (VP) andu € C(x). Suppose
that the (WASRC) holds at x for the direction u. Then the following system

fLEV)+ f°GE u) <0, iel(Fu), (14)
g7 (X, v) +gj°(x,u) £ 0, j € J(X u), (15)

has no solution v € X.

Remark 4.2 Suppose that F: X — R is of class C 1(X ), i.e., F is Fréchet differen-
tiable and its gradient mapping is continuous on X. If F is second-order directionally
differentiable at x, i.e., there exists

F(x +1tu)— F(x) —t{VF(x), u)
1.2
Et

F’(x,u) := lim , ueX,
110
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then F”(x,u) = F°°(x,u) for all u € X. In [28], Ivanov considered problem (VP)
under the following conditions:

The functions g;, j ¢ J(x) are continuous at x;
The functions f;,i € I, g, j € J(x) are of class Cl(X);
If (V f;(x), u) = 0, then there exists f;(x, u);
If (Vg(¥),u) =0, j € J(¥), then there exists g}’(}?, u).

(@

If condition (¢) holds at x for the direction u, then the system (14)—(15) becomes

(V@) v)+ fI'(x,u) <0, i€l(x, u),
(Vgj(X),v) + g (x,u) £0, jeJ@&, u).
Since the (WASRC) is weaker than the (ZSCQ), Corollary 4.1 improves and extends

result of Ivanov [28, Theorem 4.1] and of Huy et al. [30, Theorem 3.2]. To illustrate,
we consider the following example.

Example 4.1 Let f: R? — R3 and g: R> — R be two maps defined by

F@) = (A1), L), () = (x2, X1 + x5, —x1 — x1]x1] +x3)
g(x) = |x1| +x§ —x12, Vx = (x1,x2) € R2.

Then the feasible set of (VP) is
Qo ={(x1,x2) € R : |xi| +x3 —x{ <0},

Let x = (0,0) € Qo. It is easy to check that x is an efficient solution of (VP). For
each u = (u1, us) € R%, we have

LG u) =(Vfi(xX),u) =uz, f5 X, u) =(Vfo(X),u) =uy
& uw) =(V (), u)=—ur, g°x, u) = |ui.

Thus,
C(x) = {(ur,u2) € R? : uy =0,up <0}

Clearly, Og2 := (0, 0) is a critical direction at x. We claim that the (WASRC) holds at
x for the direction Op2. Indeed, we have

L*(Q;%,0p2) = {(v1,v2) € R? : vj = 0,02 S 0}.
An easy computation shows that

T2(Qo; %, Og2) = T(Qo; X) = {(v1, v2) € R* : v; =0, v < 0},
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This implies that the (WASRC) holds at x for the direction Og2. By Corollary 4.1, the
system

L)+ f7°(%, 0p2) <0, i € I(x; Ope),

g°(x,v) + g°°(x, Op2) = 0,
has no solution v € R2. The second-order necessary conditions of Huy et al. [30,
Theorem 3.2] and of Ivanov [28, Theorem 4.1] are not applicable to this example as

the constraint function g is not Fréchet differentiable at x. Furthermore, the (ZSCQ)
does not hold at x for the direction Og2. Indeed, we have

B(X: Og2) = {(v1, v2) € R? : v; =0, v € R}.

Let v = (vi, v2) € R%. We have v € A(x; Og2) if and only if there exists § > O such
that

_ 1,
g x~|—t0Rz+§tv <0, Vre(0,9),

or, equivalently,
1 1
lvg| — Eﬁv% + Zt“v; <0, Vre(0,9). (16)

It is easy to check that (16) is true if and only if v; = 0 and v, < 0. Thus,
A(X; Og2) = {(v1, 1) € R? : v =0, v £0).
Clearly, B(x; Og2) Q cl A(x; Og2). This means that the (ZSCQ) does not hold at x for

the direction Opa.

Remark 4.3 Recently, by using the (MFSCQ), Luu [36, Corollary 5.2] derived some
second-order KKT necessary conditions for weak efficient solutions of differentiable
vector problems in terms of the second-order upper generalized directional derivatives.
By Proposition 3.1, the (WASRC) is weaker than the (MFSCQ). Thus, Corollary 4.1
improves [36, Corollary 5.2]. To see this, let us consider the following example.

Example4.2 Let f: R? — R? and g: R* — R? be two maps defined by

fO) = (fi(x), f(0)) = (x1 4 x5, —x1 — x1]x1] + x3)

g(0) = (81(x), g2(x)) = (x1 —x3, —x1 = x3), Vx = (x1,x) € R%.
Then the feasible set of (VP) is
Qo = {(x1,x) € B? : —xj S x1 S x3).
Let x = (0,0) € Qo. Clearly, x is an efficient solution of (VP). It is easy to check

that the (WASRC) holds at x for the critical direction Oz but not the (MFSCQ). Thus
Corollary 4.1 can be applied for this example, but not [36, Corollary 5.2].
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5 Strong second-order optimality condition for local Geoffrion
properly efficiencies

In this section, we apply the (WASRC) to establish a strong second-order K KT nec-
essary optimality condition for a local Geoffrion properly efficient solution of (VP).

Theorem 5.1 Let x € Qg be a local Geoffrion properly efficient solution of (VP).
Suppose that the (WASRC) holds at x for any critical direction. Then the system

F (% u,0) Siex (0,0), i€, (17)
F?()E; u,v) <iex (0,0), atleastone i € I1(x;u), (18)
G?(i; u,v) Siex (0,0),  j e J(X) (19)

has no solution (u,v) € X x X.

Proof Arguing by contradiction, assume that the system (17)—(19) admits a solution
(u, v) € X x X. Without any loss of generality we may assume that

FE(F; 1, v) <iex (0, 0)
where 1 € I(x; u). This implies that
LG v) + 70, u) < 0. (20)
From (17) and (19) it follows that v € LZ(Q; X, u) and

ffGu) 20, iel,
g, u) =0, jelJ@X).

This and 1 € I(x; u) imply that u is a critical direction at x. Since the (WASRC) holds
at x for the critical direction u, we have v € TZ(QO; X, u). Thus there exist a sequence
{v*} converging to v and a positive sequence {f;} converging to 0 such that

1
XK= 4 nu+ zt,ka € Qo, VkeN.

Since 1 € I(x; u) and (20), as in the proof of Case 1 of Theorem 4.2, there exists
K € N such that
HG5 < fil)

forall k = K.
For each i € I\ I(x;u), we have f°(x,u) < 0. As in the proof of Case 2 of
Theorem 4.2, there exists K; € N such that

LG5 < fi(®)
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for all k = K;. Without any loss of generality we may assume that
[ < fi®)
forallk e Nandi € {1} U[I \ I(x; u)]. For each k € N, put
=i e 1@ w \ (1)« i) > fi(D).

We claim that I; is nonempty for all k € N. Indeed, if Iy = ¢ for some k € N, then
we have

fi%) £ [ Vie IE uw) \ {1).
Using also the fact that f;(x*) < f;(x) foralli € {1} U[I \ I(¥;u)], we arrive at a
contradiction with the efficiency of x.

Since [ C I(x;u) \ {1} for all k € N, without any loss of generality, we may
assume that [; = I is constant for all £ € N. Thus, for each i € I, we have

fi%) > fi®), VkeN.
By Lemma 2.2, we have
[PE 0+ f°Eu) 20, iel
Since (17), foreachi € I C I(X; u)\{1}, we have
FR(E, v) + 2%, u) £ 0.

Thus, B
FEv+ °Gu)=0, iel. 21

Let § be a real number satisfying

FPE V) + [0, u) <8 <0,

or, equivalently,
—[fLE )+ f°EF u)] > =8 > 0.

It is easily seen that

ky _ -
timsup OO < oy 4 oo ),
k—o00 b

Thus there exists kg € N such that
= k 1 2
f1E) = filx™) > —Eﬁtk >0
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for all k > ko. Then, for any i € I and k > ko, we have

0o i~ fi® _ fi6h — fi®)
< — > .
fi(X) = filxh) —18t2

From this and (21), we have

kY fs kY f(x
0< lim fix®) fz(X)§hmsupfz(x) fi(x)

T koo f1(X) — f1(x¥) k=00 —%St,f
. JiGxh) — fi(x + )
< lim sup T3
k—o00 _fatk
) filx + teu) — fi(x) — 1 f2(x; u)
+ lim sup T2
k— 00 —381‘,{
1 Oo/= 00 /=
< —g[f,» (x,v) + f7°(x, u)]
=0.

Thus,
i [N — i)
im ——————— =
k—oo fi (%) — fi(x¥)

contrary to the fact that x is a local Geoffrion properly efficient solution of (VP). The
proof is complete. O

+007

The following corollary is immediate from Theorem 5.1.

Corollary 5.1 Let x € Qg be a local Geoffrion properly efficient solution of (VP) and
u € C(x). Suppose that the (WASRC) holds at x for the direction u. Then the system

fLGE )+ 200 u) 20, i eI(x;u),
L)+ f2°0, u) <0, atleats one i € I(X; u),
g;(i,v)—l—g;"(i,u) <0, jeJX ),

has no solution v € X.

The next corollary shows that if the (WARC) holds at x, then every Geoffrion
properly efficient solution of (VP) is also proper in the sense of Kuhn and Tucker
[39].

Corollary 5.2 Let x € Qg be a local Geoffrion properly efficient solution of (VP).
Suppose that the (WARC) holds at x. Then the system

LG u) 0, iel, 22)
[P, u) <0, atleatsone i €1, (23)
gi(x,u) =0, jelJ), (24)
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has no solution u € X.

Proof Since the (W ARC) holds at x, the (WASRC) holds at x for the critical direction
0. Clearly, I(x; 0) = I and J (x; 0) = J(x). Thus, applying Corollary 5.1, the system
(22)—(24) has no solution u € X. ]

Remark 5.1 Conditions (22)—(24) are also known as strong first-order K KT (SFK K T)
necessary conditions in primal form. In [21], Burachik et al. introduced a generalized

Abadie regularity condition (GARC) and established SFK KT necessary condi-

tions for Geoffrion properly efficient solutions of differentiable vector optimization

problems. Later on, Zhao [47] proposed an extended generalized Abadie regularity

condition (EGARC) and then obtained SF K K T necessary conditions for problems

with locally Lipschitz data in terms of Clarke’s directional derivatives. Recall that the

(EGARC) holds at x € Qg if

1
L(Q; %) C (| T(M"; %), (25)
i=1
for all i € I; see [47, Definition 3.1]. If f; and g; are of class C 1 (X), then condition

(25) is called by the generalized Abadie regularity condition (GARC); see [21, p.483].
By the isotony of 7'(-; x) and the fact that M* C Q, we have

T(M';%) C T(Qo; %) forall i el.
Thus the (WARC) is weaker than the (EGARC) ((GARC)). The following example
illustrates our results in which the condition (W ARC) is satisfied, but the condition

(EGARC) ((GARCQ)) is not fulfilled. It turns out that Corollary 5.2 improves and
extends results of Zhao [47, Theorem 4.1] and Burachik et al. [21, Theorem 4.3].

Example 5.1 Consider the following problem:

min f(x) := (f1(x), f2(x))
subject to x € Qp := {x € R? | g(x) <0},

where

A1) = x| +x3, ox) 1= — f1(x), g(x) = x; forall x = (x1,x2) € R%.
Clearly, x = (0, 0) is a Geoffrion properly efficient solution. The optimality conditions
of Burachik et al. [21, Theorem 4.3] cannot be used for this problem as the functions

f1 and f; are not differentiable at x.
Foreachu = (uy, u») € R2, we have

LG u) = lurl, 5, u) = —luil, g°(x, u) = (Vg(X), u) = us.
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It is easy to check that
C(X) = L(Q; %) = {(u1,u2) € R? : u; = 0,up <0}
We claim that the (EGARC) does not hold at x. Indeed, since

M" = {(x1,x2) € R? : fi(x1,x2) £ 0, g(x1, x2) <0} = (i},
M?* = {(x1,x2) € R? : fr(x1,x2) £0, g(x1,x2) <0} = Qo,

we have T(M1; ¥) = {¥} and T(M2; x) = Qq. Thus, T(Qq; x) = Q¢ and

2
(T M %) = {x}.

i=1
Consequently,

2
L(Q; %) & (T(M'; %),
i=1
as required. This shows that the result of Zhao [47, Theorem 4.1] cannot be applied
for this example.
Next we check the first-order necessary optimality conditions of our Corollary 5.2.
Since T (Qg; x) = Qp, we have

L(Q; x) C T(Qo; X).

This means that the (WARC) holds at x. By Corollary 5.2, the system (22)—(24) has
no solution u € R2.

6 Concluding remarks

In this paper we obtain primal second-order K KT necessary conditions for vec-
tor optimization problems with inequality constraints in a nonsmooth setting using
second-order upper generalized directional derivatives. We suppose that the objective
functions and active constraints are only locally Lipschitz. Some second-order con-
straint qualifications of Zangwill type, Abadie type and Mangasarian-Fromovitz type
as well as a regularity condition of Abadie type are proposed. They are applied in the
optimality conditions. Our results improve and generalize the corresponding results
of Aghezza et al. [26, Theorem 3.3], Gupta et al. [46, Theorems 3.1 and 3.3], Huy et
al. [30, Theorem 3.2], Ivanov [28, Theorem 4.1], Constantin [31, Theorem 2], Luu
[36, Corollary 5.2] Zhao [47, Theorem 4.1], and Burachik et al. [21, Theorem 4.3].
To obtain second-order K K T necessary conditions in dual form, we need assume
that the objective functions and constraint functions are of class C 1(X). Then one can
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follow the scheme of the proof of [26, Theorem 3.4] and we leave the details to the
reader.
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