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Abstract We present a Fourier characterization for the continuous and unitarily invari-
ant strictly positive definite kernels on the unit sphere in C?, thus adding to a celebrated
work of I. J. Schoenberg on positive definite functions on real spheres.

Keywords Positive definite - Spheres - Disk polynomials - Zernike polynomials -
Unitary group

Mathematics Subject Classification 42A82 - 42C10 - 43A35

1 Introduction

Let S7 be the unit sphere in the Euclidean space R?*! and - the usual inner product
in R9T!. Positive definite kernels of the form

K(x,y) =K'(x-y), x,ye€s,
in which K’ : [—1, 1] — R s continuous, were studied and characterized by Schoen-

berg [21] a long time ago. A kernel as above is positive definite on S7 if, and only if,
the function K’ has the form
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K'(t)=> alPl@). tel0.1],
k=0

in which all coefficients aZ are nonnegative, qu is the Gegenbauer or ultra-spherical
polynomial of degree k associated with the real number (¢ — 1)/2, as described in
[22], and Z;?io ai P,f (1) < oo. Since a kernel K as above is real and symmetric, it is
meaningful to recall that its positive definiteness demands that

n

> cuerK(xy - xy) =0, (L.1)
n,v=1
for all n > 1, any choice of distinct points xi, x2, ..., x, on S? and real numbers

Cl1,C2yeeny Cp.

The kernels in Schoenberg’s class are usually called either zonal or isotropic on S9,
since they are invariant with respect to the orthogonal group &, in R9+1 in the sense
that

K(Ax,Ay) =K(x,y), x,yeS!, Aeco0,.

The function K’ is usually called the isotropic part of K.

Schoenberg’s result was complemented many decades later with a characterization
for the strictly positive definite kernels from his class. The term strict is employed
if the inequalities in (1.1) are strict for nonzero scalars c1, ¢z, . .., ¢,. According to
[5,19] (see also [2]), a kernel K from Schoenberg’s class is strictly positive definite
if, and only if, in the series representation for the function K’, one has:

- (g =2): aZ > 0 for infinitely many even k and infinitely many odd k.
- (g = 1) a‘lk‘ > 0 for k belonging to a set that intersects every full arithmetic
progression in Z.

The strict positive definiteness of a positive definite kernel is usually required when
interpolation procedures based on the kernel need to be solved. It implies that no mat-
ter how many points the interpolation procedure uses, the matrices are always positive
definite, in particular, invertible. In statistics language, the strict positive definiteness
of the covariance functions (positive definite kernels) provides invertible kriging coef-
ficient matrices and, therefore, the existence of a unique solution for the associated
kriging system.

Extensions of the results we have described so far, can be found in [8-11] and
references therein.

In this paper, we will consider the analogous problem in £2;,, the unit sphere in
C4. In this complex setting, the kernels have the form

K(z,w)=K'(z-w), z,w € §2,

with a continuous generating function K’ : A[0, 1] — C. Here, we also employ the
same dot notation to denote the usual inner productin C?, A[0, 1] :={z € C: |z] < 1}
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in the case g > 2 while A[0, 1] = £2, otherwise. The notion of positive definiteness
now requires that

n
Y ek (@ -z) =0, (12)
w,v=1
for n > 1, any choice of distinct points z1, z2, ..., Z, on §22, and complex numbers
€1, €2, ..., cy. Strict positive definiteness now demands strict inequalities in (1.2)

whenever the complex numbers ¢, are nonzero. These kernels are invariant with
respect to the unitary group %, in C? in the sense that

K(Az, Aw) = K(z,w), z,w € QZq» Ac %q~

According to [17], a kernel K as in the previous paragraph is positive definite on
$224,q = 2, if, and only if,

o0
K'()= ) ahaRii (), ze€Al01], (1.3)

m,n=0

in which all the coefficients a;, , are nonnegative, R,Z,’_nz is the disk polynomial of
bi-degree (m, n) associated to the integer ¢ — 2 and normalized so that R;’,L,,,(l) =1
and Y7 af{m < 00. In the case ¢ = 1, the representation becomes

K'()=) an". z€, (1.4)

meZz

in which all coefficients a,, are nonnegative and ), ., a,, < 0o. At this point it is
worth mentioning references [14,15,20] for additional information on the harmonic
analysis on £25,.

For a > —1, the disk polynomial R

o

. Of bi-degree (m, n) is given by the formula

R%yn(z) — r""‘”'e“m—”)@R,(,f‘g',’f""‘)(2r2 1), z=re? =x+ iy,
in which R,(,‘,x Al,’ln D is the Jacobi polynomial of degree m An := min{m, n} associated
to the numbers « and |m — n|, and normalized by R,(,f‘ A',T - (1) = 1. Obviously, R}, ,
is a polynomial of degree m in the variable z and of degree # in the variable z. Due to
the orthogonality relations for Jacobi polynomials, the set {R,‘j‘m :0<m,n < oo} is
acomplete orthogonal system in L?(A[0, 11, dwg), where dwy is the positive measure
of total mass one on A[0, 1] defined by

1 @
dwy(z) = % (1 —x’= y2> dxdy, z=2x-+1iy.

Earlier studies on disk polynomials are [4,6,14]. Disk polynomials are also known
as generalized Zernike polynomials, since they are natural extensions of the standard



94 J. C. Guella, V. A. Menegatto

radial Zernike polynomials used in the characterization of circular optical imaging
systems with non-uniform pupil functions in Optics [13,16]. Recent references on disk
polynomials are [1,24] and references therein while [23] is a source for applications.

For a function K’ as in (1.4), it is shown in [19] that the kernel K (z, w) = K'(z-w),
Z, w € §27, is strictly positive definite if, and only if, the set {m : a,, > 0} from (1.4)
intersects every full arithmetic progression in Z. In view of the previous comments,
our intention here is to prove the following complement:

Theorem 1.1 Let K’ be afunction asin (1.3). The kernel K givenby K (z, w) = K'(z-

w), 2, W € §274, is strictly positive definite if, and only if, the set ym —n : afn,_,? >0

intersects every full arithmetic progression in Z.

The proof of the theorem will appear in Sect. 3. In Sect. 4, we will point how to
extend the characterization for positive definite kernels of the same nature on the unit
sphere in the complex €5.

2 Technical results

In this section, we describe an asymptotic formula for disk polynomials to be required
in the closing arguments in the proof of the main result of the paper to be presented
in Sect. 3.

Let us formalize the normalization for the Jacobi polynomials we are using here:

p@p
R/Ea’ﬂ)z(oI:T’ k:o,],...,
P

in which Pk(a‘ﬂ ) is the standard Jacobi polynomial as explored in [22]. Since the Jacobi
polynomials satisfy the recurrence formula [22, p. 71]

(1 =P P () = [(k ta+ DPCP ey — k+ 1)P,fj*f>(t)] ,

2k+a+pB+2

we have that

PP (1)

PITP (1)

1 -nR P ) = |:(k +at1) REP (1)

2k +a+ B +2
(o, )
P 1
—(k + 1)L()R(“’ﬂ)(t)} .

P]:x+1,,3(1) k+1

Recalling that

k+a
P,{(“’f’)a):( L ) k=0,1,...,
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the previous equality reduces itself to the following recurrence relation for normalized
Jacobi polynomials

2+ 1)

(@+1.8)
1—0R )= ———
(=R ® 2k +a+p+2

[REP 0 - RSP 0]

In particular, for r € [0, 1), we deduce that

2 p@t1.8) 1 2 _ a+1 @) 2 (@.) .2
A=rRED 0P - =gt [Rk @2 — 1) — R“P 2r? — 1)].
Itm,n € Z4, B :=|m—n|and k := m A n = min{m, n}, then the previous relation

takes the form
1— 2 R(OH”L‘V”*”D 2 2 -1 =
( ro) mAan 2r ) mEntat?

@lm=n) 52
Rt namen @ - 1)] ’

1 _
R -

where we have used the relation 2m A n + |m — n| = m + n in order to simplify the
equality. Another adjustment leads to

eiﬁ(mfn)r\mfnl(l _ VZ)Rr(r(le‘l;llvlmfnl)(zr2 _ 1)

o+1 i0(m—n) . |m—n| p(a,|lm—n|) 2
= —|e r R, 2rc—1
—_— = o2 1)
i0((m+1)—(n+1) . |(m+1)—n+1D)]| p|(m+D)—0+D]) . 2
_ if(m n+1)) .1m n R(m—‘,—l)/\(n-l—l) 2r- — 1)]

forr € [0, 1) and 6 € [0, 27r). We are ready to prove the following limit formula for
disk polynomials.

Lemma 2.1 Ifa > —1, z € A[0, 1] and |z| # 1, then

: a+1 _
i Bl @) =
Proof Writing z = re'?, with r € [—1, 1] and 6 € [0, 27) and applying the equality
preceding the lemma in the definition of disk polynomials leads to the following
recurrence formula

o+ 1

1— 2 Ra+1 —
(1= PR @) = —S e

[Ryn.n(2) — Rgz+1,n+1(1)]’ lzl <1, o>-1

Due to the normalization adopted for the disk polynomials, we know that [Ry, ,(z)| <
1,m,n € Z. Hence, if |z] < 1, then

a+1
zZ2m4+n+oa+2’

2
h%ﬁ@ﬂsl_

which implies the limit formula in the statement of the lemma. O
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Since the definition for the Jacobi polynomials Pk(a’ﬂ ) demands o > —1, the pre-
vious lemma does not hold for the disk polynomials R?n’ ,,- Indeed, since

R?n,n(o) = (_1)m8m,n, m,n e Z+,
the limit limm+n—>oo Rr(r)l,n (0) may not exist while

lim R (0)=0.
m+n— 00 ’

m#n
However, the point z = 0 is the only exception, as we now show.

Lemma 2.2 Ifz € A[0, 1]and 0 < |z| < 1, then

. 0 _
i R =0

Proof Here, we will employ the Bernstein inequality for Jacobi polynomials recently
proved by Haagerup and Schlichtkrull [12]. For & = 0, it reads

1+1\P? c
(1 )14 (T) RO (1)

Sm’ =0,1,..., te[-1,1],

in which C is a constant at most 12 and not depending upon k. Replacing ¢ with 2r>—1,
leads to

1/4 C
[4r2(1 —1’2)] ! B )R,ﬁo’ﬂ)(zrz - 1)’ < m, k=0,1,..., rel0,1].
It is now clear that
0 2-12¢
R <
| ’"’”(Z)| 20 = r)14AQm An 4 |m —n| + DA
2-12¢

= TR0+ 0 F DA m,ne’Zy, 0<|zl <1.

This implies the limit formula in the statement of the lemma. O

3 The Proof of Theorem 1.1

In this section, we will assume that ¢ > 2. We begin recalling the notion of antipodal
points on £2;,: two distinct points z and w over §2p, are antipodal if |z - w| = 1.
In particular, z and w are antipodal if, and only if, there exists 8 € (0, 2w) so that
z = e!?w. Thus, for z € §2y4 fixed, there is a whole £2; of points in §2;, that are
antipodal to z.
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For a finite subset {z1, 22, ..., zx} of £224, not containing any pairs of antipodal
points, and a subset {01, 02, ..., 0;} of [0, 27), the enhanced subset of §2,, generated
by them is the set

i6r i6; 191

22, ...,e%z, .., i62

{ 191Z1 el@zzl el@[ZI 6191 2, e 2%, €274, ez&,Zk}
For a positive definite kernel K (z, w) = K'(z- w), z, w € £224, with K" having the
disk polynomial expansion (1.3), the quadratic form (1.2) associated to an enhanced

set as above becomes

2:: CTEK, ((em’zu) . (e"gkzu)) .

Indeed, since an enhanced set may be thought as a double indexed set, we need to
double index the complex scalars in the quadratic form accordingly. The quadratic
form is zero if, and only if,

WM~

i i _‘))\ ( i (0 — HA)(Z Zu)) =0
v=11,2=1

whenever (m, n) belongs to the set {(m, n): a,q,,,_,,2 > O] associated to the representa-

tion (1.3) of K’. Taking into account that disk polynomials are homogeneous in the
sense that

RY (e"2) =™ MIRY (2), m,neZy, zeAl0,1], 6¢€l0,2n),

the following characterization for strict positive definiteness hold.

Theorem 3.1 Let K' be afunction as in (1.3). The following assertions are equivalent:

(i) The kernel K (z, w) = K'(z - w), z, w € §254, is strictly positive definite;
(1) If k and | are positive integers, {01,062, ...,6;} is a subset of [0,27) and

{z1, 22, ..., 2k} is a subset of §24, not containing any pairs of antipodal points,
then the only solution {c; tuw=12,.... kit =1,2,...,1} of the system of
equations

1

k
Z Z C)‘ i(m—n)(Or— O)Rq Z(Z;L ) =0, (m.n)e [(m n: amn >0}

7,A=1

is the trivial one, that is, all the complex numbers c’,

m are zero.

Proof One implication is obvious while the other one follows from the fact that the
matrix appearing in the quadratic form (1.2) associated to an enhanced set contains,
as a principal sub-matrix, the matrix in the quadratic form associated to the subset of
§274 that generates the enhanced set. O
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Theorem 3.2 Let K' be a function as in (1.3). If K(z,w) = K'(z - w), z,w €
$224, s strictly positive definite, then the set {m —n: a,,q[,,z > 0} intersects every full

arithmetic progression in Z.

Proof Assume
{m—n:azh_,,2 >O}ﬂ(NZ+j) =0,

for some N > 1 and some j € {0,1,..., N — 1}. We will show that Assertion
(i) in Theorem 3.1 does not hold when we consider [ = N, k = 1, and we take
0; = €?7/N 1t = 1,2,..., N, while {z} is an arbitrary unitary subset of $25,.
Indeed, the corresponding system in Theorem 3.1-(ii) takes the form

!
Z C']tci\eﬂn(tfk)(mfn)/N =0, (m,n)e l(m’ n: a,‘,’;f - 0},
T,A=1
that is,
1
Zcfelzm(m_")/N =0, (m,n)e {(m, n): a?n,_nz > 0} )
=1

But, the scalars ¢; = e 2"%/N ¢ = 1,2, ..., N, provides a nonzero solution
{cf t=1,2,...,N } for the system. Indeed, for this choice of the scalars, the system
reduces itself to

I
Zeizm(m_"_j)/N =0, (m,n)e {(m,n) :a,‘f,?,lz > O}.

=1

If (m, n) € {(m,n) : a,ﬁ’l,_,,z > (}, then the integer m —n — j is not divisible by N. Since
¢/?7/N is a primitive n-th root of unity, the sum is zero. Thus, K cannot be strictly
positive definite in this case. O

Next, we demonstrate a technical result involving general exponentials sums of the
same type of that used in the proof of the previous theorem.

Lemma 3.3 Let z1, 22, . .., 2, be distinct points on §25. If c1, c2, . . ., ¢, are complex
numbers, not all zero, then the set

I
peZ:ZcfzfyéO

=1

contains a full arithmetic progression of Z.
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Proof Assume that at least one c; is nonzero and consider the complement of the set
quoted in the statement of the lemma in C, that is,

[
peZ:thzfzo

=1

This set is both a linear recurrence and a proper subset of Z. According to the Skolem—
Mahler—Lech theorem [7, p. 25], this set is the union of a finite subset of Z and a finite
number of full arithmetic progressions of Z. Therefore, at least one full arithmetic
progression must be a subset of the set in the statement of the lemma. O

The next theorem settles the sufficiency part in Theorem 1.1.

Theorem 3.4 Let K’ be a function as in (1.3). If[m —n: ai}z > 0} intersects each
full arithmetic progression in 7, then K (z, w) = K'(z - w), z, w € §274, is strictly
positive definite.

Proof Assume [m —n: aZl’_nz > O} intersects each full arithmetic progression in Z.

We will apply Theorem 3.1 in order to conclude that K is strictly positive definite.
Let k£ and [ be positive integers, {01, 02, ..., 6;} be distinct angles in [0, 27) and
{z1, 22, ..., zx} asubset of £27, containing no pair of antipodal points. We will suppose
that the system

!

k
Z Z c)‘ i(m—n)(0;— ek)Rq Z(ZH ) =0, (m.n)e {(m n: arqn n2 - 0}
v=1r1,2=1

has a nontrivial solution and will reach a contradiction. Without loss of generality,
we can assume that at least one of the scalars c}, c%, R cl1 is nonzero. Taking into
account that the inner double sum in the previous equation is

1
sy l(m n)(6:—0) _ T l(m n)6r A i (m—n)6;,
E c ¢l E L E oy e ,

T,A=1

we will consider the set

S—:peZ Zc”per }

Lemma 3.3 asserts that S contains a full arithmetic progression of Z, say NZ + j.

Since {m —n: a,(,ﬂ;lz > 0} intersects each full arithmetic progression in Z, it is clear
that the set { —n: a,%,nz O} N(NZ + j) must be infinite. Now, we can select

to € (1,2, ...k} and an infinite set O C [m —niad s 0} N (NZ + j) so that
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l
Zcﬁoei(’"—"w’ ZCT im=mbe| = e {1,2,....k}, m—neQ.

It is worth mentioning that

ZC el(m n)0; Z T t(m n)6;

=1

>0, m—neQ.

Next, let us denote by Q' the unbounded set

{(m,n) :m—ne Q\{O}}ﬂ{(m n): am,, >O}

Here, we need to consider Q\ {0} instead of Q in order to accommodate the unexpected
limit quoted before Lemma 2.2 and, consequently, to be able to handle the case ¢ = 2.
Returning to the original system, but restricting ourselves to Q’, we have that

)Zr— C et(m n)G,

-2
0= Ri Guo Zup) + SR @ 2)

HFERO

erzl C;TLO ei(m —n)0;

Z C el(m n)erz Cret(m n)0;
+Z =1 =1

s Zr ICT el(m n)G,Z lch et(m n)0;

-2
Rzz,n (Z;L “Zy).

Then, we can deduce the main inequality

Zr | C l(m ’l)grz 1Cl’et(m n)0; ,
0>1+ Rz -2), (mon)e Q.
Z T Li(m—n)b; T Li(m—n)b; s !
uAY Zz 1 €€ Zr 16p0€

Since Q' is unbounded, the same is true of the set {m +n : (m, n) € Q’}. On the other
hand, since the set {z1, z2, ..., zx} does not contain pairs of antipodal points, we have
that

lzp -zl <1, pw,v=1,2,...k, p#v.

Taking into account these two pieces of information and also that

Zr— r t(m n)6; Zl—l Cgei(m—n)QT

<1, w#v, (mn)eQ,
Zi lct el(m n)@,Z lcr et(m n)0;

we can apply Lemmas 2.1 and 2.2, to conclude that
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D S S
lim
m-+n—00 er=1 Cﬁoe,(mfn)er Z[T=1 cﬁoez(mfn)ﬂr

-2
Rg1,n (ZM czp) =0, w#v,

as long as (m, n) € Q'. Therefore, we can return to the main inequality to deduce that
0> 1—1/2, aclear contradiction. O

We would like to observe that Theorem 1.1 proved here corrects a wrong argument
developed in the proof of the main Theorem in [18]. There, the reader may also find
some other partial results on positive definiteness and strict positive definiteness of
kernels fitting in the complex setting considered here.

4 The unit sphere in the complex ¢,

Here, we consider kernels of the form K (z, w) = K'(z - w), z, w € §20, in which
25 is the unit sphere in the complex £3, - is the usual inner product of ¢, and K’
is a complex continuous function on A[0, 1] = {z € C : |z] < 1}. The concepts
previously introduced for kernels on £2, hold true for kernels on £2, modulus obvious
modifications. The positive definiteness of the kernel corresponds to the following
series representation for K’ [3, p. 171]:

K'@)= Y ay,Ry,@. zeA0.1], (4.1)

m,n=0
in which all the coefficients a,’, are nonnegative,
o0 m—-n
R, () =7"7", z € A[0, 1],

and ) ° _gage, < 0.
The characterization for strict positive definiteness follows the same pattern of that
in Theorem 1.1.

Theorem 4.1 Let K’ be a function as in (4.1). The kernel K (z, w) = K'(z - w),
7, W € $2, is strictly positive definite if, and only if, the set {m —n : a,’, > 0}
intersects every full arithmetic progression in Z.

Proof The necessity part of the theorem goes along the lines of the proof of Theorem
3.2. If we assume that

{m—n:a,j’fn>0}ﬁ(NZ+j)=@,

for some N > 1 and some j € {0,1,..., N — 1}, we may consider the points
21,22, - - - » ZN ON §255 given by

zp = (@N0,0,..), p=1,2,...,N,

and the scalars
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¢y =exp(—i2ruj/N), w=12,...,N,

in order to see that

N 00 N 2
— ! 0 (2 —n—j)/N
Z C;,LCUK (ZM . Zv) = Z am,n Z el Tu(m—n—j)/ — O,
w,v=1 m,n=0 n=1

a contradiction with the strict positive definiteness of the kernel. Since

lim |Ry, ()| = lim [z]"*" =0, zeA[l0,1], [z] #1,
oo | BV,

m+n— m+n— 00

the proof of Theorem 3.4 can be adapted to hold in the present case, after one verifies
that Theorem 3.1 can be also adapted. Thus, the sufficiency of the condition holds in

this case as well. O
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