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Abstract The paper aims to study two classes of linear positive operators represent-
ing modifications of Picard and Gauss operators. The new operators reproduce both
constants and a given exponential function. Approximation properties in polynomial
weighted spaces are investigated and the speed of convergence is measured using a
certain weighted modulus of smoothness. Also, the asymptotic behavior of the integral
operators are established. Finally, aspects on generalized convexity are analyzed.
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1 Introduction

The study of the linear methods of approximation, which are given by sequences of
linear positive operators, became a strongly ingrained part of Approximation Theory.
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Due to their special properties, over time, these approximation processes have been
proved very useful in approximating various signals. Our paper will bring into light
two sequences of integral operators known in the literature as Picard (P,, n > 1),
respectively Gauss (W,,, n > 1) operators. Their classical forms are described by the
following formulas

(P f)(x) = %/ fx+0e™dr, x eR, )
R

Wn f)(x) = \/g/R fx+nedr, xeR, 2

where the function f is selected such that the integrals are finite.

These operators have been investigated in several works. We mention the
monograph [2] and the references therein. By using probabilistic schemes, Gauss-
Weierstrass operators are reconstructed in [1, Section 5.2.9]. For each n € N, both
operators are linear and positive. Moreover,

(Preo)(x) = (Wheo)(x) =1, x €R, 3)

where e( represents the constant function on R of constant value 1.

Throughout the paper e; stands for monomial of j-degree, e;(t) = t/,teR.

We amend the classical operators defined by (1) and (2), such that they will be
able to reproduce not only ep but also a certain exponential function. The proposed
generalizations of the above operators are defined as follows:

(Pr)(x) = 4 / flan() +0eYdt, n>n, xeR, )
R
and
(Wi f)(x) = \/g / FBu(x) +0)e ™ dt, neN, xekR, 5)
R
where
1 n
a,,(x):x—Zlog(m), n>ng, (6)
Bu(x) =x — =, n>1, %)
2n

anda > 0.Inthe above n, = [4a®]+1,[-]indicating the integer part function or the so-
called floor function. The domains of the sequences P* = (P, )y>n,, W* = (W, )y>1
are denoted by F(P*) and F(W*), respectively.

Also, we introduce the function ¢, given by formula

Qa(x) = *, x eR. (8)
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For a tending to zero, the original versions of the operators are reobtained.

Relating to operators defined by (4) and (5) we study their approximation proper-
ties in polynomial weighted spaces including Voronovskaja-type formulas. The final
section is devoted to bringing to light properties of these operators that spring from
the notion of generalized convexity.

2 Preliminary results

At first we calculate all the moments of both classes of operators.

Lemma 1 Let P}, n > ng, be the operators given at (4) and (6). For each integer p,
p > 0, we have

(/21
25)! >y
(Brep = > = (2’; )a,é’ P, xeR ©)
s=0

Proof Setting Iy = fR tke_‘/mt'dt, for k odd we deduce I; = 0. For k even, k = 2s,
we obtain

by =2— o< (10)
2s — 5+’ < 45 = p.
(V)™
Further,
N g p —k k
(Pyep)(x) = —/ S e orke M ar
2 Jr k
k=0
[p/2]
P\ p-2s (2s)!
=n ( )aé’ ) ——57
+1°
5s=0 28 (“/ﬁ) '
and thus we arrive at relation (9). m]
As particular cases we obtain
* * 2 2
Peo—eo, Pley=ay, Pjey=oa,+ —. (11
n

Lemma 2 Let W,', n > 1, be the operators given at (5) and (7). The moments of these
operators have the following values

(Wye))(x) =1, (We)(x) = Bu(x), 12)
. [p/2] (25 — DIt iy
(Wn ep)(x) /311 (-x) + Z (2 )Y (2S)ﬂn (-x)s p 2 21

where x € R.
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Proof For p = 0 and p = 1 identities are established immediately. Let p > 2 be
fixed. Setting J; = fR tke’"’zdt, for k odd we get J = 0. For k even, k = 2s, we
have

Joy = & - DU 1)”J d Jo=,/— (13)
; an ,
25 (2n)s 0 0 n

where s € N, 1 <2s < p.
Further we can write

[p/2]
(Wyep)(x) = \/g B (x)Jo + ; (;; ) 772 () g

which leads us to the desired relation. O
As particular case we obtain

Wrer = B2+ — 14
ne2 =P+ (14)

Denoting by - (Ly; -) the central moment of r order of the operator L,,, this means
wr(Ly,x) = L,((-—x)";x),r =0,1,2,..., we can enunciate

Lemma 3 Let P and W, be the operators defined by (4) and (5), respectively.

. 2
() po(PFx) =1, w1 (P x) = ap(x) —x, w2 (P x) = (an<x)—x>2+;, n>ng,

1
(i) poW,5x) = L mi(Wisx) = By(x) — x, ma(Wisx) = (Bu(x) —x)% + o
n>1,

where «;,, and B, are defined by (6) and (7), respectively.
Proof All the above identities are implied by relations (11), (12) and (14). O

Lemma 4 Let P} and W' be the operators defined by (4) and (5), respectively. The
following relations take place:

. . ¢ 30 . 360 , 720
(1) pe(Py; x) = (otn(x) — x) +7(an(X)—x) +n—2(0tn(x)—X) t- 3
W — s 15 L 45 , 15
(i) pe(Wysx) = (Ba(x) — x) +%(ﬂn(x) —X) +m(ﬂn(X)—X) t33

P*: W,
i) lim ne(P; x) . ue(Wyix)

=0, =0.
n—00 s (Py¥; x) n—00 ur (W, x)
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Proof (i)
po(Pys x) = %ﬁ / (@ (x) = x) + )%YW ar
R
= (an(x) — 0)°(Peo) (x) + %ﬁ (15(an (x) — x)* D
+15(etn (x) — x)*1s + I),
where I»;, s € N, are indicated at (10).

(ii) pe(W)'; x) is computed in the same manner taking into account the relation (13).
(ii) For the sake of simplicity, we denote o, (x) — x = a,, where

1 n
anz—zlog ) n>ng.

We get

ne(Pr; x) _ al +30n~'at +360n=2a2 + 72003
pa (P x) az +2n~!

, N> ng.

Since lim,, , o a, = Oand lim,, _, o naﬁ = 0, the shown identity occurs. Similarly
we proceed to second limit.
O

3 Weighted approximation

For proceed further, we need a result due to Gadzhiev [3]. The author considered a
continuous and strictly increasing function ¢ defined on R and p(x) = 1+ ©*(x) such
that limy_, 40 p(x) = 00.

Set

ByR)={f:R—=>R: [f(x)] = Msp(x)},
where M s is a constant depending on f,
C,(R) = B,(R) N C(R),

CiR) = [f € Co(®): lim

|x]—o00 p(x

fx)

) exists and it is ﬁnite] .

If the space B, (R) is endowed with the norm || - ||, defined by

171, = sup L)

xeR P() (1

then the same norm is considered in the other two spaces defined above.
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Theorem 1 [3, Theorem 2] Let (A,)n>1 be a sequence of linear positive operators
mapping C,(R) into B,(R). If

hm ”Aﬂgov_(pl)”pzov V=O5192’ (16)
n—oo

then, for any f € C;(R) we have
lim [|A,f — fll, =0. (17)
n—oo

Our aim is to study the approximation property of P, and W, operators on some
weighted spaces. We consider a weight commonly used in defining spaces of function
with polynomial growth. We choose

p(x)=x and p(x)=14+x% xeR. (18)

This choice meets the conditions specified formerly.

Theorem 2 Let P', n > ng, be the operators defined by (4) and (6). For each f €
C,(R) the following relation

lim [P f — fll, =0 (19)
n—R

holds, where p is stated at (18).

Proof Based on (15), for linear positive operators P, defined on C, (R), we have

(P O] = 1 fllp (P p)(x), x € R.

Lemma 1 guarantees that our operators map C,(R) into C,(R) C B, (R).
We check the three conditions of relation (16).
Since Peq = e, for v = 0 the condition is fulfilled.
For v = 1, on the basis of (11), we have

Prer)(x) —x
I1B7er —enll, = sup ) =X

xeR 1 +x2
1
2a log n—}zl.a2 < 1 1 n
=Ssup ———m— — 10 .
XEIE 1422 —2a 8u_4a2

Consequently, lim,— ~ || P e1 —e1ll, = 0.
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Finally, for v = 2, on the basis of (11), we get

2
1 n 2 2
(x—zlogm) +o

| Pyex — eall, = sup
" P xeR 1+ x?

1 2 2
)_ZI_C log n::la2 iz log njzluz T

= sup 3

xeR I +x
_ 1 1 n + 1 log? n n 2
—log———— 4+ —log" —— + —.
I P R R
Again, lim,, . || P)e2 — ez, = 0.
In view of Theorem 1, relation (19) follows. O

Following the same route and using relations (12) and (14) we can formulate

Theorem 3 Let W), n > 1, be the operators defined by (5) and (7). For each f €
C;(R) the following relation

e
Tim W f = fll, =0

holds, where p is stated at (18).

4 Quantitative Voronovskaja formulas

In this section we establish the asymptotic behavior for our operators.
In order to measure the rate of convergence on C;(R) we use a weighted modulus
of smoothness. Following [4] we consider

Q) = sup LEHD = FO

ver (1 + 1A +x2)
|n|<é

fe C; (R). (20)
Among its properties we recall the following: lims_, o+ Q2(f, §) = 0, Q(f, -) is an

increasing function and for each A > 0
Q(f. 28) < 2(1 4+ 1)1+ 8HQU(f. §). (21)

Lemma 5 Foreach f € C; (R) let 2(f, -) be defined by (20). For any (t,x) € RxR
and any § > 0 the following relation

(t —x)*
84

If(t)— fo)l <4 (1 + ) (148921 +xHQUS, ). (22)

holds.
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Proof Let § > 0 be arbitrary fixed and (x,7) € R x R. Sett — x = h.

|f (@) — f)] - lfGx+h) — fx)l

T+G—0)(1+x2) = b (A+iDH(1 +12)
|h|=[t—x]|

|fx+h)— f)l

= =Q _
- ~ilelﬂg (1 +h2)(1 + x2) (f, It —x)
7| <lt—x]|
<2 (1 I ‘x|) >
= + (1+8HQ(F, 8).

In the last increase we used (21) with A := |t — x|/5. We got

|t — x|

lf(t) — fx)l <2 (1 + T) (14 (r =) (1 +x2) (1 + 8)QUL, 8).

If we prove

_ _ 4
(1+ ! 8x')<1+<t—x)2)52(1+ =y )(1+32>, 23)

ie, 14+ )1+ (¢ —x)?) <2+ yH(1 + 8%), where y = |t — x|/8, then (22) is
true. We justify (23) on two cases.

Fory <1,(1+ y)(1 + (f —x)%) < 2(1 + §2) and (23) is evident.

Forl <y, (14+y)(1 4 (t —x)?) <2y(y> +8%y?) =2y3(1 + §%) and again (23)
is true. The proof is completed. O

Theorem 4 Let P, n > ng, be given by (4) and (6). Let f € C;(R) such that f is
twice differentiable and f', f" belong to C};(R). For any x € R we have

®
In((Py [)(x) = f)) +2af"(x) = f" (O] < A1 f' ()]

P*.
HBy O )] + 16n(1 + xP)pa (P Q| ] L’Lx) :
w2 (PF; x)

n
An() = (P:x) +2a and By(x) = Spa(Pix) - 1.

where

(i) lim n((Pyf)(x) = f(0) = =2af"(x) + f7(x).

Proof (i) Let x be arbitrarily fixed and r € R. By Taylor’s formula with Lagrange
form of the remainder, we have
(r — (t —x)?

2
2X) )+

f@O) =f@x)+@—x)f(x)+

h(&ix),  (24)
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where &; , is a certain real number between ¢ and x. In the above

hE) = "G — () (25)

is a continuous function. If ¥ — x, then & , — x and / vanishes at x. Applying
the operator P, to both sides of identity (24), knowing that P,* ey = eg, we obtain

* _ *, / *, f//(x) 1 * 2y .
(P x) = f(x) = pi(Pysx) fr(x) + na(P; x) T EP" (¢ =x)hs x).

This identity can be rewritten in the following way

[n((Py f)(x) = f(x) +2af’(x) = f"(x)]
< AR COIF O+ B (OILf" ()] + %PJ((- —x)°|h],x).  (26)

By using both (24) and (22) applied for f”, we get

t —x)*

IhEl = 1" Ex) — [0l < 4 (1 t— ) 1+ +x)Q(f"; 8)

and, in the factor (1 + 82)2 considering § < 1, we can write

we(P); x)

2111- 2 .
nPy((- —x)7|hl; x) < 16n(1 +x) 2 (P, x) (1 + S (Prix)

)Q(f”; 8).

Further, a rank N1 > n, exists such that for any n > N; we can choose
8t = me(Pr; x)/ma(P; x) < 1. This choice is allowed because of Lemma 4(iii).
Returning at (26) the required inequality is proved.

(ii) Easily obtain

lim A,(x) =0, lim B,(x) =0, lim nua(P;x) =2
n—00 n—0oo n—oo

and taking into account Lemma 4(iii), the statement follows.
O

Theorem 5 Let W,', n > 1, be given by (5) and (7). Let f € C; (R) such that f is
twice differentiable and f', " belong to C;(R). For any x € R we have

®

1
n((Wy f)(x) — f(x) + %f’(X) - Zf”(X) < |Ca )1 f (0]

DI @] + 1601+ Do o 75 o eWain)
2 (Wi x)
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where

« a n * 1
Ch(x) =nu1(W,; x) + 3 and Dy(x) = Euz(W,,;x) 1

1
(i) lim (P} () = f() = =3 f'@0) + 1)

For achieving the proof we appeal, inter alia, at relation (24), the central moments
we(Wr; ), k € {1,2}, Lemmas 4 and 6. Actually, the technique proceed with argu-
ments identical with those used in the proof of Theorem 4, consequently we omit
it.

5 A property implied by generalized convexity

Lemma 6 The operators P}, n > ng, and W5, n > 1, reproduce the function ¢,
defined by (8).

Proof We have

(P:%)(x) = eZaa,,(x)\/Tﬁ/ ezm_ﬁltldl
R

__ 2aa,(x) _
=e —— = Qq(X).
n — 4a? a(%)

Similarly, relation (W,*¢,)(x) = ¢, (x) is deduced by direct calculation. ]

This way, we infer that besides the function eg, function ¢, is also a fixed point for
all operators P, n > n,, and W,", n > 1. Further, we use the couple (eq, ¢4).

On the basis of [5, Definition 2] and taken in view Ziegler’s remark [5, page 426]
we present the following

Definition A function f defined on R is said to be convex with respect to (e, ¢4),
provided

1 1 1
©a(X1) @a(x2) @a(x3) | >0, —00 < Xx] <X <X3 < O00. 27

S fx2) f(x3)

The set of functions satisfying (27) is denoted by C(ep, ¢4).

n>ng W*

¥, n > 1, be given. For every function

Theorem 6 Let the operators P

n’

f € CR)NC(ey, ga), we have
(Pyf)(x) = f(x) and (W, f)(x) > f(x), x e R.

Proof Since our operators reproduce the functions ey and ¢,, we can apply Theorem
2 of the paper [5]. We are considering the fact that this result of Ziegler also works
for functions defined on unbounded intervals. We emphasize that the condition to be
eo and ¢, fixed points for our operators are indispensable [5, Theorem 3]. O
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