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Abstract Motivated by some recent developments in the existence theory of fractional
difference equations, in this paper we consider boundary value problem

=AY Hut)=ft+v—1lLu@+v-1), 1l<v<2,
u(—2)=0, A’ ju(v+N)=0,

where ¢ € [0, N + 1]y, and N (N > 2) is an integer. The nonlinear function f :
[v—1,v+Nly,_, xR — R is assumed to be continuous. We establish some useful
inequalities satisfied by the Green’s function associated with above boundary value
problem. Sufficient conditions are developed to ensure the existence and nonexistence
of positive solutions for the boundary value problem.

Keywords Discrete fractional calculus - Fractional summation - Fractional
difference - Positive solutions

Mathematics Subject Classification 39A05 - 39A99 - 26A33

1 Introduction

In recent years the continuous fractional calculus has seen tremendous growth due to
the fact that many problems in science and engineering can be modeled by fractional
differential equations. In many situations, the mathematical models based on fractional
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operators provide more suitable results than analogous models involving classical
integer order depravities. The qualitative theory of fractional differential equations
has been studied comprehensively in [1-4] and references therein. However quite
recently the discrete fractional calculus has gained a great deal of interest by several
researchers. Miller and Ross [5] initiated the study of discrete fractional calculus.
Recently, important developments in this direction has been reported by Atici and
Eloe [6-8], Holm [9,10], Abdeljawad [11], Goodrich [12], Jia et al. [13], Goodrich
and Peterson [14].

There are few papers dealing with the existence of positive solutions for discrete
fractional boundary value problems. In [15], Atici and Eloe obtained sufficient condi-
tions for the existence of positive solutions of the following two-point boundary value
problem for a finite fractional difference equation

—A'y(t)=ft+v—1,yt+v—1), t=123,---,b+1,
yv—=2)=0, yw+b+1)=0,

where 1 < v < 2 is a real number and, » > 2 an integer and f : [v — 1,v + b —
lln,_, x R — Ris continuous.
Goodrich [16] considered a discrete fractional boundary value problem of the form

—A'yt)=ft+v—1,yt+v—1), 1<v<2,
yv—=2)=g@), yv+5b) =0,

where f : [v—1,v+b—1]y,_, xR — Riscontinuous, g : C([v—2,v+b]y, ,,R)
is a given functional. He proved the existence and uniqueness of solutions using tools
from nonlinear functional analysis.

Goodrich [17] investigated a nonlinear discrete fractional boundary value problem
given by

—A'y@®)=ft+v—1,y¢+v—1), l<v<=<2,
yv—=2)=0, Ay(w+5b) =0,

wheret € [0, + 1]y, , f:[v—1,v+bly,_, x R— R, and b € Ny. The Green’s
function for this problem is studied and some new results are obtained for 1 < v < 2.

Inspired by the above cited works, we consider the following class of two-point
boundary value problem for fractional difference equations

—AY Hu(t)=ft+v—1Lu@+v—1)), teNp,
u(w—2)=0, A'"{u(v+N)=0, (1)

where 1 < v < 2isareal numberand, N > 2anintegerand f : [v—1,v+ Ny, , X
R — Riscontinuous. This boundary value problem is similar to the problem discussed
in [17]. The difference here is that the boundary condition at v+ N involves a difference
of order v — 1 rather than order one. We obtain a different Green’s function as compared
to one obtained in [17]. We shall establish an equivalent summation representation
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of above problem and obtain various existence and non-existence results for positive
solutions. Furthermore, for eigenvalue problem, intervals for parameter (eigenvalues)
are obtained for which there exist positive solutions or no positive solution.

Rest of the paper is organized as follows: In Sect. 2, we shall list some basic
definitions and properties of discrete fractional operators. In Sect. 3 we shall obtain an
equivalent summation representation of the boundary value problem (1). Some useful
inequality will be established for the Green’s function. Finally in Sect. 4 we shall
use tools from functional analysis to establish several existence results for positive
solutions.

2 Preliminaries

In this section we review some basic definitions and properties of discrete fractional
operators. For details, we refer the reader to [14].

Definition 1 For v > 0, the v-th fractional sum of a function u : N, — R is defined
as

U = o )Zo —s =D Dus),

fort € Ngyy := {a +v,a+ v+ 1,...}. Also the fractional difference of order
v > 01is defined by AYu(t) := A"A)"u(t) wheren — 1 < v < n withn € N and
t € Nyyn—v. The fractional difference operator A} maps functions defined on N, to
functions defined on N, _,.

Lemma 1 Assume 1, v > 0. Then following properties hold for fractional sum and
difference:

i) AtW = pr=D)
() v =T+ 1),

C(utl
(iii) Aa-i-ﬂ(t —a)W = F(M(/fi-t-l‘)l)(t @) and
C(utl _
(iv) Agp,( a)w = F;EﬂJerr)l (t — a)=),

whenever expressions in (1)—(iv) are well defined.

Lemma 2 [14] Assume u be a real valued function and (., v > 0. Then

AL A u®)] = AZPu() = A IA u(®)],

forallt e N, 4.

Lemma3 [9] Letu : N, — Randn — 1 < v < n. Consider the v-th-order discrete
[fractional equation

AL, _u(t) =h(t), teN,, 2)
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and the corresponding discrete fractional initial value problem

Ay, u(t) =h(t), teN,,
Aiu(a+v_”):Ai, ie{0,1,...,n—1}, A; eR. (3)

Then the general solution of (2) is given by
u®) = AR + 1t —a)" Vot -+ ot — )T,

forsomeci e R,i =1,2,...,n,t € Nyjy_p, and the unique solution to (3) is given
by

J ke _ py(n—v) . -
u(t) = A “h(t)+2 ZZ( ) (z k) (j)(z k])Aj (= @i,

i—0 \ j=0 k=0
t € Nayyp.

3 Green’s function and its properties

To establish existence theorems, the boundary value problem for the fractional differ-
ence equation is reduced to fractional summation equation. This is standard practice in
existence theory of fractional difference equations. In the following lemma we reduce
the boundary value problem (1) to an equivalent summation equation.

Lemmad Let1 < v <2andh € C([v—1,v + Nly,_,). Then a function u is
solution of discrete fractional boundary value problem

AV u(t) +h(t+v—1) =0,
u(—2)=0, A’”lu(v+N) =0,

ifand only if u(t), fort € [v —2,v + Nl,_, is solution of

N+1

u(t) = Z G(t, s)h(s +v — 1),

s=0

where - )
v— _ —_—— v—
(s s<t—v<N+1;

G(t,s)={tw oy T=T e @)

W, I—U<S§N+1.

Proof In view of Lemma 3, the general solution of the fractional difference equation
AV _u(t) +h(t +v — 1) = 0is given by

u(t) = —Ay"ht +v—1)+ et 4oV, (5)
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wheret € [v—1,v+ N]y,_, and ¢y, ¢ € R. Now applying the boundary condition
u(v —2) = 0, we immediately get co = 0. Applying A:jj on both sides of equation
(5) and by using Lemmas 1 and 2, we arrive at

t—1
AV u(t) = A h(t+v =1 +caTw) = =D h(s +v—1) +c;T®). (6)
s=0

Using the boundary condition A” ]u(v + N) = 01in Eq. (6) we have

[(v—=D+NT]
() = Z h(s 4+ v —1).

5=0
Since v — 1 < 1, therefore

N+1

1= F()EZMs+v—w ™
Substituting (7) in Eq. (5) we get
u(t) = b ti(: —s=DY Dais4+v-1+ - Ni:lh(s +v—1)
I'(v) ')

=T )Z[:W Dt —s =D Vs +v—1)

t(v 1 N+l
F() Z h(s4+v—1)
s=t—v+1
N+1
= > G(t,)h(s+v—1).
s=0

Lemma 5 The Green’s function G (t, s) in (4) satisfies the following properties:
(1) G(t,s) >0fortev—1,v+ Nly,_, ands € [0, N + 1]y,
(i) max;epy—1,04Nly,_, G, 5) = G(s +v,s) and
(iii) minte[m 3(N+v)] G(t,s) > Y MaXte[v—1,v+N]y, _, G(t,s) for some y €
47 4 Ny—1

0.1),5 € [0. N + Ly,

Proof (i) Fort —v < s < N + 1, clearly G(¢,s) > 0. Since 1@ is increasing
function for 0 < ¢ < 1, therefore (r —s — )Y < ¢t®~D Hence G(¢,5) > 0
forO<s<t—v<N-+1.
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(ii) Fort —v < s < N + 1, obviously T(v)A;G(z,s) = (v — 1)1’ > 0 which
implies that G is increasing for 0 < t < s + v. Furthermore 4 is a decreasing
function for ¢ € (—1, 0), which implies A;G(t,s) = (v — D[tV — (t — s —
1)("_2)] <Ofors <t —v < N.Thus G is decreasing fors +v <t < v+ N.
Hence max;efy—1,v+Nly,_, G(t,s) =G(s+v,s).

Now o) o
VD —(—s—1-D .
G(t,s) _ W, s<t—v<N+1; ®

Vo
G(S+U,S) (S-‘,——U)(")’ t—V<SSN+1.

Observe that, for (N4L”) <t < w andt —v < s < N, we have "D >
-1
(#)(U " and (s + )Y < (N +v)"=D. Therefore

G(,s) AN+

>
G(s +v,s) (N +v)v=D

Now,forw ftgWandsSt—v,wehave(t—s—l)”_1 5(?—1(N+

V) —s— D' < (%(N +v) — D' land 1D > (s + v)¥~D. Consequently

Gus) GN+v -1

Gis+v—1,5) — (%(N_l_v))(u—l)

Therefore
min G(t,s) >y max G(t,s),
ze[M 3(N+v)] te[v=1,v+Nly,_,
L
Ny—1
i GO G+ -nY GN+)©~D
where y := min{ 4(N+v)(”_1) , 11— ‘;%(NH))(U_]) }. Note that W < 1land
3 —1)0=D

also N1 < 1. Therefore 0 < y < 1. O

(3 (N+v) =D

4 Existence of positive solutions

In recent decades, the Krasnoselskii fixed point theorem and its generalizations have
been frequently applied to establish the existence of solutions in the study of boundary
value problems. We shall use following well-known Guo—Krasnoselskii fixed point
theorem to establish sufficient conditions for the existence of at least one positive
solution for boundary value problem (1).

Definition 2 We call a function u(¢) a positive solution of problem (1), if u(t) €
Clv—=2,v+ Nln, , andu(t) > Ofort € [v—2,v+ N]y,_, and satisfies (1).

v—2
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Theorem 1 [18] Let B be a Banach space and K < B be a cone. Assume 2 and 2
are open d_iscs contained in B with Q0 € Q, and Q1 C Q2. Furthermore assume that
T : KN (22\21) — K be a completely continuous operator such that, either

Q) ITull < ull foru e K N oy and ||Tu| > ||lul| foru € K N o2y, or
@) [|Tull = |lull foru € K N a2y and |Tu| < ||lull foru € K N a2y.

Then T has at least one fixed point in K 0 (2\$21).
We define Banach space B by
B={ueC(v—-1, v+ Nly,_,): A]‘j:%u eC(lv—-1, v+ Ny, ), ved,2]},

equipped with the norm |u|| = max [u(?)|, t € [v —2, v+ N]y,_,. In addition, for
some y € (0, 1) we define

K:=jueB:u() >0, min u) > ylull ¢ . )
IE[M 3(N+v)
4 Ny_2
Let T : B — B be an operator defined as
N+1
Tu@t)= Y G(t.$)f(s+v—Lu(s+v—1), (10)
s=0

then u € B is a solution of (10) if and only if # € B is a solution of (1).

Lemma 6 Let T be defined as in (10) and K in (9). Then T : K — K and T is
completely continuous.

Proof Letu € K. Then by Lemma 5, it follows that

N+1
min Tu(t) > min ZG(t,s)f(s—i—v—l,u(s—i—v— 1))
te[M 3(N+u)] le[N+v 3(N+u):|
E R 4 Ty, , s=0
N+1
>VZ max Git,s)f(s+v—1u(s+v—1))
telv—1, v+Nln,_,
= max Tu(t) =y||Tul.
Y o, T = I Tal
Therefore T : K — K. One can easily prove that T' is completely continuous. O

Following conditions on the growth of function f will be used in the sequel to
establish some existence results.

(Hp) There exists p > 0 such that f (¢, u) < %n,o whenever 0 < u < p,
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(Hz) There exists p > 0 such that f (¢, u) > up whenever yp <u < p.

For convenience, we introduce following notations:

—1

N+1
n:=2(ZG(s~|—v,s)) , m:=1/¢, where

s=0
L3(U+N) —v]

()

s=[HN _p]

We now can prove the following existence result.

Theorem 2 Suppose that there are distinct py, p> > 0 such that condition (Hy) holds
at p = p1 and condition (Hy) holds at p = p>. Suppose also that f(t,u) > 0 and
continuous. Then the problem (1) has at least one positive solution, say u, such that
|ug| lies between py and p;.

Proof We shall assume without loss of generality that 0 < p; < pa. Foru € K, by
Lemma 6 Tu € K and T is a completely continuous operator. Now put Q| = {u €
K : |lu]| < p1}. Note that for u € 921, we have that ||u|| = p1, so that condition
(H1) holds for all u € 9€2;. So foru € K N 021, we find that

N+1

Tu|| = max Gt,s)fs+v—1,u(s+v—1
1T ull IG[V_I,HN]NHg (t,5) f ( ( )

N+1

<D GG+ fs+v—1us+v—1)

s=0

N+1
SgnmgG(s+v,s)=p1=llull.

Whence we find that ||Tu|| < ||u||, whenever u € K N 9€2;. Thus we get that the
operator T is a cone compression on K M ;. On the other hand, put Q2 = {u €
K : ||lu|] < p2}. Note that for u € 92,, we have that ||u|| = p;, so that condition
(H») holds for all u € 9€2,. Also note that {L%J + v} C [%, W] . So, for
u € K Na,, we find that

N+1
N +1 N +1
Tu (LTJ +U) = ZG({TJ +v,s)f(s+v— Lu(s+v—1))
s=0
L3(u1-N)_vJ

N +1
> P2 Z vG ({TJ +v,S) = p2.

[ —
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Whence ||Tu|| > ||u||, whenever u € K N 9€2;. Thus we get that the operator T is a
cone expansion on K N 9€2>. So, it follows from Theorem 1 that the operator T has a
fixed point. This means that (1) has a positive solution, say ug with p; < |lug|| < p2,
as claimed. O

We now establish some results that yield the existence or non existence of pos-
itive solutions under the assumption that f (¢, u) has the special form f(z,u) =
AF1(t) Fo(1).

(H3) We assume that A > 0, and that F, F> are nonnegative. Let

F F
Fo—=tim 22 g = pim 2@,
u—0 u u— 00 u

Theorem 3 Assume that condition rm (H3) holds.

Hy) If Fo = 0 and Fs, = 00, then for all A > 0 problem (1) has a positive
solution.
Hs) If Fo = oo and Fso = 0, then for all A > 0 problem (1) has a positive
solution.

Proof In order to prove that boundary value problem (1) has a positive solution, it is
sufficient to show that operator 7 : K — K defined by Eq. (10) has a fixed point. The
operator T : K — K is completely continuous. Define K, = {u € K : |lu|]| < p}
and 0K, = {u € K : |lu]l = p}, then the operator T : K, — K defined as Tu(t) :=
A Z?g(')l G(t,s)F1(s)F2(u(s)) is completely continuous. Now, Fy = 0 implies, for
€ e (A Z?g{)] G(s + v, 5)Fi(s))~L, there exists positive p; > 0 such that F> (1) <
€lu|, whenever 0 < |u| < p1. Let Q4 = {u € K : |lu|| < p1}. Foru € 92, N K,
we have

N+1
[Tu()| < re Z G(s+v,s)F1(s)|u(s)|
s=0
N+1
< pire D Gs+v,5)Fi(s) < pi,
s=0

which imply that |[Tu(t)|| < p1 = |lul|, foru € 9R2,, N K. The assumption Fo, = 00
3(N+v)
]

implies, for M > (Ay? ZSL :

=14

G(s + v, s)Fi(s))~!, there exists Ny > 0 such

that F(u) > M|u|, whenever |u| > Ng. Take po > {p1, %}, and let Q,, = {u €
K : |lull < p2}. Then for u € 9Q2,, N K, we have u(t) > y|lu|| = yp2 > Ny, for
% <t < W. Hence

3(N
L3

Tu@) =% D Gt,8)Fi(s)Fa(u(s))

s=[431
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L2
>ayM D Gls 4, ) Fi(s)|u(s)]
s= M
|20 )
=4 M D0 G+ v ) Fi)lull > lull,

s=[ v

which implies that ||Tu|| > ||u||, foru € _852/)2 N K. From Theorem 1(i), it follows
that 7 has at least one fixed point in K N (2),/$2y,). From Lemma 4, the fixed point
u € K N(y,/2,) is the positive solution of (1).

3(N+U)J

The hypothesis Fy = oo implies that, for M > (y? ZSL 4

=145

G(s+v,s)Fi(s)™",

there exists a positive p; > 0 such that F»(u) > M|u|, whenever 0 < |u| < pj. Let
Qy ={u € K :|lull <pi}. Foru e 0, N K, we have

|28
Tu@t)=x > Gt s)Fi(s) Fau(s))
s=[15T
|28
>oyM D G+ v, $)Fi(9)u(s)|
s=[2F
|20
>wPM Y Gl 4 v, ) Fi)llull > [lul],

s=[41

which implies that |[Tu[| > ||u||, foru € 32, N K.

Foo = 0 implies, for € € (ZA Zﬁ,vz'gl G(s +v,5)F] (s)) 1, there exists positive
Ngo > 0 such that F,(u) < €lul|, for |u| > Ny. Therefore, F>(u) < €|u| + A, for
u € [0, +00), where A = maxo<uy<nyF2(m) + 1. Let Q,, = {u € K : [lu]| < p2},
where p > {p1, 204 SN G(s 4 v, 5) Fi ()}, then, for u € 32, N K, we have

N+1 N+1
ITu®)| < re D G(s+ v, ) Fi(s)|u(s)| + AA D" G(s + v, 5)Fi(s)
s=0 s=0
N+1 N+1
< phe D G(s+v,9)Fi(s) + 1A D G(s +v,$)Fi(s)
s=0 s=0

P2 P2
< — _— =
=5 + 5 02,
which implies ||Tu|| < ||u||, foru € 8922 N K. It follows from Theorem 1 (ii) that
T has at least one fixed point u in K N (£2,/€2p,). From Lemma 4, the fixed point
u € K N (y,/2,,) is the positive solution of (1). O
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Theorem 4 Assume Fy = 0 or F5o = 0 and condition (H3) holds. Then there exists
Lo > 0 such that for all .. > ,y problem (1) has a positive solution.

Proof Choose p > 0 and define K, = {u € K : ||u|| < p}, 0K, ={u € K : [[u]| =
p}. Then, the operator T : K, — K is completely continuous. For fixed p; > 0, we

I_ 3(N4+v) J

-1
define Ao := ,ol(J/mpl ZS_FM] G(s+v, s)Fl(s)) and Qp, :={u € K : |lu]] <
=173

p1}, where my, :=miny, <u<p, F2(u). By (H3), my >0. Thenforu € K N9, by
the Lemma 5, we have

L3<1v4+u)J
min  Tu@®) =iy D G(s+v,.8)Fi(s)Fa(u(s))
te[#x%] N+v
s=[5+1
L3(N4+|}>J
> oymy D G(s+v.5)Fi(s) = p1 = [[ul],
=[]
which implies that
|Tul| > ||ul|, for u € K N3y, 1> A (11

Now, Fy = Oimplies, fore € (O, (A Zé\’;{)l G(s+v, s)F; (s))"),there exists positive
P2 > 0 such that F>(u) < €|u|, whenever 0 < |u| < ;. Let Q,, = {u € K : [[u]| <
0},0< o< {,01,52} .Foru € K N9, we have

N+1 N+1
Tu()] < he D G(s + v, )Fi(s)u(s)| < pare D Gls +v.9)Fi(s) < pa.
s=0 s=0
which imply that ||[Tu|] < py = |lu|], for u € K N 9Qpy. Fx = 0 implies,

for € € (0, 2x zf’;} G(s +v,8)F; (s))_l), there exists positive Ng > 0 such
that Fp(u) < €lul, for |u| > Ny. Thus, Fo(u) < €lu] + A, for u € [0, +00),
where A = maxo<,<n, F2(u) + 1. Let Q,, = {u € K : |[u|]| < p3}, where
p3 > {p1, 2AA Ziv:"(')l G(s +v,s)Fi(s)}, then, foru € K N 9Q,,, it follows that

N+1 N+1
ITu(®)| < pake D Gls +v,)Fi(s) +AA D~ G(s + v, 5)Fi(s)
s=0 s=0

p3 . P3
< 5 + 5= 03,
which imply that ||Tul| < p3 = [[ul], foru € K N 92, It follows from Theorem
5 that T has a fixed pointinu € K N Q,,/Qp; oru € K N Q) /Qp; according to
Fy = 0 or Fox = 0, respectively. Consequently, problem (1) has a positive solution
for A > Ag. O
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Theorem 5 Assume Fy = Foo = 0, and (H3) holds. Then there exists Lo > 0 such
that for all A > Ao problem (1) has two positive solutions.

Proof Let p3, ps4 > 0such that p3 < p4. By the same argument as for inequality (11),
there exists Ao > 0 such that

[ Tull > ||ull, for wueKNaQ, (i=3,4), > Ao.

Since Fy = Foo = 0, then, it follows from the proof of Theorem 4 that we can choose
0 < p1 < p3 and p2 > p4 such that ||Tul| < ||u|| foru € K N9, (i =1,2).

Hence, by Theorem 1 the operator T has two fixed points u; € K N Q o3/ $2p1 and
u e KNQ 0/ S2p4, which are the distinct positive solutions of problem (1). O

Theorem 6 Assume that condition (H3) holds. If Fo < 0o and Foo < 00, then there
exists Ao > O such that for all 0 < A < ,o problem (1) has no positive solution.

Proof Since Fy < oo and Fs < 00, then for arbitrary €1, €2 > 0 there exist 0 <
p1 < p2 such that,

F>(u) < €1|u], whenever lu| < p1, and F>(u) < e€p|u|, whenever |u| > p;.

Let

F>(u)
u

e:max{el,ez,maxi :p1§u§p2”.

Then we have
F>(u) < €lu|, whenever p1 < |u| < p2.

On contrary, assume that w(#) is a positive solution of problem (1), then, for 0 < A <
Ao, Where Lo = (o€ Zév:"(')l G(s + v, s)F1(s))" ! forsome 0 < o < 1. Then, we have

N+1
lwll = [ITw] < ke D G(s +v. ) Fi(s)l|w]
s=0
< Jw]
< llwliroe D~ Gs + v, ) Fi(s) = —.
o
s=0
That is, [|w] < @ < |lw|l, which is a contradiction. Hence, problem (1) has no
positive solution. O

Proofs of the following theorems are similar to Theorems 4-6.

Theorem 7 Assume that condition (H3) holds and Fy = 00 or Fso = 00. Then there
exists Ao > O such that for all 0 < A < ,o problem (1) has a positive solution.

Theorem 8 Assume that condition (H3z) holds and Fo = Fo = 00. Then there exists
Ao > 0 such that for all 0 < X < Ay problem (1) has two positive solutions.
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Theorem 9 Assume that condition (H3) holds and Fy > 0 or Fso > 0. Then there
exists Ao > O such that for all . > Ao problem (1) has no positive solution.

Example 1 Consider the discrete boundary value problem

1+ (t +p— 1)26(—1/2)(t+v—1)

— A t) =
v—24(0) T+ (t+v—1)2
(t4+v— D1 +sin®u +v—1)]
,tel0, N+ 1]N,,
1+ u(t+v—1) (0. N+ 1
u(—2) =0, A" {u(v+ N) =0, (12)

2ol 211 4in? 11
where v = 3 and N = 5. Let £(r, u(1)) = 1= 4 ! [11‘;‘;(;;"“, reld, ;]N%.

By computations, we have the following estimate:

£ u®) 142 V20 211 4+ sinu(0)]
R/ =
1412 1+ u?(1)
169¢~1/4 + 4
=5

1845~ 111.623.
Also, note that
1
f(t,u() = m(e*”/“ +4) ~ 0.0233455.

Now we compute the value of y as

1/2) (1/2)
()" ("

The Green’s function for boundary value problem (12) is given by

2(;(1/2)_0_3_1)(1/2))

, §<t-—3/2<6;
t—3/2<s <6.

G(t,s) = 13)

2,1/2)
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The value of n and u are computed as:

N+l -1
n= 2(2 G(s + v, s)) ~ 0.20397.

s=0
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Since
|20y | £
N+1
c= > G QTJFJ +v, s) = D" yG(9/2.5) ~ 0.30849.
«__[VEN _rl
s=[=F~—v] s=[g]

Then, u = 1/¢ =~ 3.241557911. Choose  p; = 1140. Then we have f(f,u) <
111.623 < Inpi = 3(0.20397)(1095) ~ 116.263. Now, choose p, = 0.001. Then
[, u(t)) = 0.0233455 > ppr = 0.00324156.

All conditions of the Theorem 2 are satisfied. Therefore, boundary value problem
(12) has a positive solution satisfying 0.001 < |u| < 1140.

Example 2 Consider the following discrete boundary value problem

2
(u@+v-—1) } ! € No,
74+ U +v—1))3
u(—2)=0, A’”lu(v+N) =0, (14)

—AY u@t) =re TV v - 1241 [

where | < v < 2 and N > 3 is an integer. Let v = 3/2 and N = 4.
2
Taking f(t,u(t)) = re 't2 + 1[-2 W 1 fort e [v—2v+ Nln,_,. Obvi-

3
ously f(,u(t)) = xFl(t)Fz(u(t)),I;;:e;Z Fi(t) == V12 + le™" and F(u(?)) :=
nﬁg)(l) satisfy assumption (H3). By computations m,, = miny, <y<p, F2(u) =
min0.96965u58(#(§)0)) ~ (0.23195, for p; = 8. Furthermore
|20 | -
=p1|ymy D, Gs+v,9)Fs)
=T

4 -1
, 3
= 8((0.02811234) D Vst 417G + > s)) ~ 396.186.
s=2

Moreover, Fp = 0 and F, = 0. All assumptions of the Theorem 5 are satisfied.
Consequently, the boundary value problem (14) has two positive solution.
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