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Abstract In this paper, by means of the image space analysis, we obtain optimal-
ity conditions for vector optimization of objective multifunction with multivalued
constraints based on disjunction of two suitable subsets of the image space. By the
oriented distance function a nonlinear regular separation is introduced and some opti-
mality conditions for the constrained extremum problem are obtained. It is shown that
the existence of a nonlinear separation is equivalent to a saddle point condition for the
generalized Lagrangian function.
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1 Introduction

The Image Space approach (IS) was initiated in [8] and was carried on in some
other articles; see [9, 13,14,25,26] and references therein. The (IS) approach has been
proved to be a fruitful method in many topics of optimization theory (e.g., optimal-
ity condition, existence of solution, duality, vector variational inequalities and vector
equilibrium problems); see [1-7,13,14]. Moreover, it has been shown that several the-
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oretical aspects of constrained extremum problem, such as duality, penalty methods,
regularity and Lagrangian-type optimality can be developed by (IS). In this approach,
the disjunction of two suitable disjoint sets by a linear or nonlinear separation implies
the optimality for constrained extremum problem.

Besides the direction of nonlinear/nonconvex separation in image spaces, there are
other interesting approaches to set-valued optimization based on generalized differ-
entiation and extremal principle; see the 2-volumes monograph [23] and [24].

Here, we focus our attention on some nonlinear separation functions for the constrained
extremum problem. We extend the nonlinear regular weak separation functions that
have been discussed in [11, 16] and [22,28] for multivalued optimization problems. We
also define a new nonlinear (regular) weak separation function based on the oriented
distance function A and derive some optimality conditions. In particular, the relation
between saddle points of the generalized Lagrangian functions and optimality for the
constrained extremum problem are deduced.

The paper is organized as follows: In Sect. 1, we present some basic concepts and
different types of solutions of a vector optimization problem. In Sect. 2, we recall the
main concepts concerning the image space analysis and we consider some proper-
ties of the image problem. Sect. 3 illustrates the equivalence between the existence
of a nonlinear separation function and a saddle point condition for the generalized
Lagrangian function.

Let X be a topological vector space and let Y and Z be two normed linear spaces
with normed dual spaces Y* and Z*, respectively, and F : U = Y be a multifunction
defined on a nonempty subset U of X with values in Y. The set

dom F := {x : F(x) # 0}
is called the domain of F, and the set

grF:={(x.,y):xedomF, ye F)}= |J [x}xF@)]
xedom F

is called the graph of F.Let C C Y and D C Z be pointed, closed and convex cones
with nonempty interiors. The space of continuous linear operators from Z to Y is
denoted by L(Z, Y) and

Li(Z,Y):={T e L(Z,Y): T(D)C C}.
The positive dual cone of C is defined by
CTi={pe¥":p(y)=0, VyeC},
and the set of all positive linear functionals in C7 is

Ct:={peY*:pl) >0, Vy e C\{0}}.
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Note that, if C is a convex cone in Y, then int Ct € C1 and the equality holds if
int CT # (. A partial order <¢ in Y is defined by

i<cy> & »—n€C, Vy,»mel.

For simplicity, throughout this article, we denote C:=int C and Cp := C\{0}.

Definition 1.1 Let U be a convex subset of X. A multifunction F : U = Y is said to
be C-multifunction on U, iff for all x;, xo € U and ¢t € [0, 1], we have

tF(x)+ 0 —=1)F(x2) C F(tx; + (1 —)x2) + C.

In the sequel, we suppose that F' : U = Y is a multifunction defined on a nonempty
convex subset U of X with values in Y.

Definition 1.2 Let F : U = Y and G : U = Z be two multifunctions with nonempty
values. We consider the following vector optimization problem:

minc F(x) s.t. xe€R:={xeU:Gkx)N(—=D) # 0}, @))
where R is called the feasible region of Problem (1), which we suppose nonempty.
Definition 1.3 A point x € R is called a minimum point of Problem (1) iff
dy e F(x) s.t. (F(R))N(y—Co) =9.

In this case we say that (x, y) is a minimizer for Problem (1). A point x € R is called
a weak minimum point of Problem (1) iff

35 € F(X) st (F(R)N @G —C) = 0.
In this case we say that (x, y) is a weak minimizer for Problem (1).

The following result presents a necessary and sufficient condition for a vector to be a
minimum point or a weak minimum point of Problem (1).

Lemma 1.1 [20] Let x € R and (x,y) € gr F. Then

(i) (x, ) isaminimizer of Problem (1) iff
(y—Co,—D)N(F(x),G(x)) =0 VxeU.
(1)  (x, ) isaweak minimizer of Problem (1) iff

(G —C,—D)N(F(x),G(x)) =@ Vx € U.
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2 Image space analysis
In this section, we develop the image space analysis for vector optimization with

multifunction constraints and multifunction objectives. Let x € R and p := (X, y) €
gr F'. We introduce the multifunction A5 : U = Y x Z, defined by

Ap(x) ={0—y,—2): ye Fx), ze G}, x € U,
and we associate the following setsto p € gr F'
H=CoxD , Kz=Ap).

The set K is called the image space associated with Problem (1). By Lemma 1.1,
p = (x, y) is a minimizer of Problem (1) iff

K;NH =0, )
and p = (x, y) is a weak minimizer of Problem (1) iff
K5 N Hic =0, 3)

where, H;. = C x D.

Remark 2.1 In general, the image space /Cj; is not convex, even when the two functions
F and G are C-multifunction and D-multifunction on the convex set U, respectively.
To overcome this defect, we introduce the extended image space K5 with respect to
the cone cl H as £5 = K — cl H. In fact, by imposing some convexity assumptions
on F and G, we obtain the convexity of the extended image space.

Lemma2.l [6] Let F : U = Y and G : U = Z be C-multifunction and D-
multifunction on the convex set U, respectively. Then the extended image E5 = K —
cl 'H is convex and

KﬁﬂH=®<:>51;ﬂH=@.
Corollary 2.1 Let x € R. Then p = (x, y) € gr F is a minimizer of Problem (1) iff
gﬁ NH=40. 4)

Remark 2.2 Let Hy be a subset of H, defined by Hy = Cp x {0;}. Then by a similar
argument as that of the proof of Proposition 2.1 in [12], we can deduce that (4) is
equivalent to

513 NHy = 0. (5)
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3 Nonlinear separation functions

The separation functions play an important role in the optimality conditions for con-
strained optimization. In order to prove disjunction between the two sets X5 and H,
we will show that X5 and ‘H lie in two disjoint level sets of a linear or nonlinear
separation function.

Definition 3.1 Let IT be a set of parameters and H = Cp x D.The class of all the
functions w : ¥ x Z x IT — R, such that

H Clevsp w(.,.,m), Vrell, 6)
and
(. levo o, .m) S H ™)
mell
is called the class of weak separation functions and is denoted by W(IT), in which
leveg w(.,.,m) := {(u,v) € Y x Z : w(u,v,7) > 0} denotes the level set of
w(.,., ).

Definition 3.2 The class of all the functions w : ¥ x Z x IT — R, such that
ﬂ leveg w(.,., m) =H, (8)
mwell

is called the class of regular weak separation functions and is denoted by W, (IT).

Suppose that IT = Y* x I' is the given set of parameters and the class of functions
w) Y X ZxY*xT +— Ris given by

w1, v,0,y) = (0,u) +wo(v, y),
where w fulfills the following conditions:

Vy e, Va e Ry, Ty, €T s.t. awo(v, y) = wo(v, yo) Yv € Z. 9

ﬂyerlevzo wo(.,y) =D. (10)

The above weak separation has been discussed by Giannessi in [9]. Note that the above
conditions imply that

dy el s.t. wo(.,y)=0. (11

Yv¢ D, Jy €l s.t. wp(v,y) <O0. (12)
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In the sequel, we consider the following assumptions:

inf wo(v, y) = —00, Vv ¢ D. (13)
yell

inf wo(v,y) =0, VveD. (14)
yell

One can show that (13) and (14) imply (10), see [12] and if Z = R™, then (9) implies
(13) and (14), see [9].

In the sequel, by using the oriented distance function we introduce a new nonlinear
class of functions.

Definition 3.3 Supposethat A C Y andd4(y) = inf{|la—y| : a € A}isthe distance
function from A. The function A4 : ¥ — R U {300} defined by

Ap(y) =da(y) —dy\a(y)
is called the oriented distance function.

This function was defined in [15] and some of its main properties are gathered in the
following result.

Proposition 3.1 [18,19,27] If the set A is nonempty and A & Y with nonempty
interior, then:

(1) Ay is real valued and 1-Lipschitzian function;

(i) Aq <O foreveryy € intA, Ay =0 foreveryy € 0A, and Ay > O for every
y € int(Y\A);

(iii) If A is closed, then it holds that A = {y : As(y) < 0};

(iv) If A is convex, then A4 is convex;

(v) If A is a cone, then A 4 is positively homogeneous,

(vi) If Aisaclosed convex cone, then A 4 is nonincreasing with respect to the ordering
relation induced by C on Y.

(vi) If A is a convex cone, then As(y) = supgec+ joj=1} —(0, ¥), forally € Y.

Now, by the oriented distance function A, we consider the nonlinear class of functions
w2 1Y x Z x IT1 — R defined by

w2 (u, v, ) = —Acu) + wo(v, 7).
Remark 3.1 The class of separation functions w; and w; have unified the following

known linear or nonlinear separation functions:

() w3(u,v,0,y) = (0,u)+(y,v), (0,y) € M= (CTx DNH\{(0,0)},
(i) @a(u,v,0,y) := (0, u) = Lr, (v, ), (0,y) € 1= (CT x DH\{(0,0)},
(iil) ws(u,v,60,y) :=(0,u) —ydpv), (@,y) eIl =(CTxR\(0,0)}
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(iv) we(u, v,0) = (8, u) — 8p(v), where, # € T1 = CT and §p, is the indicator
function of D,
(V) w7(u,v,y) == —=Ac) + (y,v), yell=D",
(vi) wg(u,v) :=—Acu) —3dp(v),
(vii) wo(u,v,0,T) :=(0,u) — Ac(Tv), where (0, T) e I1 = (CT x Ly (Z,Y)).

The linear weak separation w3 has been discussed by many authors. The separation
functions w3, w4, wg, w7,and wg are weak separation functions and regular weak
separation functions for some parameter sets I, see [3,17,21].

Proposition 3.2 (i) If wg fulfills both conditions (13) and (14), then w, € W, (I1),
where T1 = Ct1 x T';

(ii) If wo fulfills both conditions (13) and (14), then w, € W(IT), where T1 = D™,

(i) ws € W, (I1), where 1 = Ct x Rt;

(iv) wy9 € W, (IT), where T = C™ x L (Z,Y).

Proof (1) With minor modifications in the proof of Proposition 4.3.3. in [9], we can
deduce the proof.

(i1) Let (u, v) € H, by condition (14) and Proposition 3.1, we have wy(v, ) > 0 and
Ac(u) <0, which implies

H Clevsg wa(.,.,m), Vme DT.

We will prove the following inclusion:

ﬂﬂeD+leV>0 (., ., m) CH.
On the contrary, assume that there exists (i, 0) ¢ H, such that
w (i, 0, ) > 0, Vr e DT, (15)

We consider two cases:

Case ) Ifu ¢ Coand 0 € Z,then it € 9C or it € Y\C, by Proposition 3.1,
we deduce that Ac (i) > 0. From condition (11), there exists 7 € D™, such that
wo(0, ) = 0. So,

w (i1, 0, ) <0,

which contradicts (15).

Case (i) If i € Cg and ¥ ¢ D, then from condition (10), there exists # € DT,
such that

wr (i1, 0, ) = —Ac(it) + wo(0, 7) <0,

which again contradicts (15).
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(iii) Since wo(v, y) = —ydp(v) and wy fulfills both conditions (13) and (14), by part
(i) we obtain the result.

(iv) Since wg is linear with respect to u, so that it is a regular separation function
provided 6 € C*. Let (u,v) € H, then (#,u) > 0, for each # € CT\{0} and
Ac(Tv) <0,forall T € Ly (Z,Y). Hence we have,

‘H Clevag wo(.,.,0,T)

Now we prove the following inclusion:

C
ﬂ(@,T)eC*\{O}><L+(Z,Y)1ev>0 wy(.,.,0,T) CH.

On the contrary, assume that there exists (&, 0) ¢ H such that
wo(ii, 0,0, T) >0 VO € CT\{0} VT €L, (Z,7Y). (16)

We consider the following two cases:

Case () If ii ¢ Cpand § € Z, then there exists § € CT\{0} such that (9, &1) < 0.
IfwesetT =0€ Ly(Z,Y), then

wy(it, 0,0, T) <0,

which contradicts (16).

Case (i) If i € Coand ¥ ¢ D, then there exists € D™, such that (7, 0) < 0.
We define the operator 7, : Z — Y, by

T.(z) =n(y,z)e, VzeZ,
for some é € C. Clearly, T, € L+ (Z,Y) and
a)9(ﬁv i}’ év Tn) S 03

for sufficiently large n € N, which contradicts (16). Therefore, we have wg €
W, (I1). O

Definition 3.4 Letx € R and p = (¥, y) € gr F. Then we say that K5 and H admit
a nonlinear separation w.r.t. w;, fori = 1,2,3,4,5,6,7, 8, 9, iff there exists 7 € I1,
such that w; (4, v, ) #% 0 and

H Clevso wi(., ., T); (17)

’C[; Clev<y (., ., 7). (18)

Fori =1,3,4,5,6,9,if 7 € CT x T, then the separation is said to be regular.
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In general, the existence of a nonlinear separation does not guarantee the disjunction of
K5 and H; whereas, if the separation function w; is regular, then the strict inequality
in (18) holds and we obtain a nonlinear version of Proposition 4.1 in [6] as follows.

Proposition 3.3 Let x € Rand p = (x,y) € gr F. If K and 'H admit a regular
nonlinear separation w.r.t. w1, then p is a minimizer of Problem (1).

By asimilar argument, as that of the proof of Theorem 4.2 in [6], we obtain its nonlinear
version.

Proposition 3.4 Letx € R, p = (x,y) € gr F. Let w1 be a class of regular nonlinear
separation functions satisfying both conditions (13) and (14). If

inf  sup wi(u,v,6,y) <0,
yeDt (u,v)ek;

then p is a minimizer of Problem (1).

Remark 3.2 Similar to the case of nonlinear separation w1, the existence of a nonlinear
separation wp does not guarantee the disjunction of 5 and H; whereas, if both
conditions (17) and (18) hold for some 7 € IT, and at least one of them is strict, i.e.

wy(u,v,T) <0, Y(u,v) € Kp;
or
wr € W, (IT),
then we say that the nonlinear separation w; (u, v, 1) = —Ac(u)+wo(v, ) is regular.

The following result is directly derived from Definition 3.4 and (3).

Proposition 3.5 Let x € Rand p = (x,y) € gr F. If K; and 'H admit a nonlinear
separation w.r.t. wa, then p is a weak minimizer of Problem (1).

Remark 3.3 By a similar argument, as that of the proof of Proposition 4.1 in [17], we
deduce that the following conditions

o1, v,0,7) <0,  V(u,v)eKp;

wr(u, v, ) <0, V(u,v) € Kp;
are equivalent to

w1 (u,v,0,7) <0, Y(u,v) € ;:

wr(u, v, ) <0, Y(u,v) € Ep;

respectively.
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The next result is a nonlinear version of Theorem 4.2 in [6].

Theorem 3.1 Letx € R, p = (X, y) € gr F. Let wy be a class of nonlinear separation
functions satisfying both conditions (13) and (14). If for each z € G(x) N (—D),

inf sup wx(y—y,—z,7m) <0,
neDt (yeF(x):xeR}

then p is a minimizer of Problem (1).

Proof Suppose, on the contrary, that p is not a minimizer of Problem (1), then by (2),
K5 N'H # @. Therefore, there exists X € R, § € F(X) and Z € G(%), such that

Hence,

sup wz()_]_yv _Zan) = _AC(_)_}__;})‘FU)O(_%,T[)
{yeF(x):xeR}

Since inf,cp+ wo(—2Z, 7) = 0 and (y — y) € Co, then

inf sup  wry(y—y,—z,7m) >0,
meD* {yeF(x):xeR}

which is a contradiction. O

In order to obtain saddle point conditions for the generalized Lagrangian function
associated with Problem (1), we consider the generalized Lagrangian function
L1:U x Ct x T + R defined by

‘Cl(-xae’ V) = )<97 y> - sup CU()(_Za V)’

inf
yeF (x 2eG(x)N=D
where, F'and G, are compact valued.The generalized Lagrangian function £ (x, 0, y)
refines the ones in the literature.
For obtaining a saddle point of the generalized Lagrangian function in our context, we

need the following stronger versions of conditions (13) and (14):

inf sup wp(v, y) = —oo. (19)
yel veD,
inf sup wp(v, y) =0, (20)
Y€l veD,

where D; and D», are compact subsets of Z\ D and D, respectively and wy is contin-
uous in the first argument.

Remark 3.4 1t is obvious that if two sets D; and D», are singletons then the above
conditions are equivalent to (13) and (14). Moreover, we note that (19) and (20) hold
when wo (v, y) = (y, v).
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The following result shows that the existence of a nonlinear separation between K5
and H is equivalent to the existence of a saddle point for the generalized Lagrangian
function £ (x, 8, y). The proof is similar to the proof of Theorem 4.3 in [6]; therefore,
it is omitted.

Theorem 3.2 Let p = (x,y) € gr F, and w1 be a class of nonlinear functions
satisfying conditions (19) and (20).

() If (X, ) is a saddle point for the generalized Lagrangian function L1(x, 0, y),
ie.

L1(x,0,y) <L1(x,0,7) < Li(x,0,7), VxeU, Yy € DT,

for a fixed® € C*, then X € R and K and 'H admit a nonlinear separation.

(i1) Suppose that F(x) < {y} + C. If there exists 0, 7) € Ct x DY for which Kp
and 'H admit a nonlinear separation w.r.t. wy(u, v, 0, y), then (x, y) is a saddle
point for the generalized Lagrangian function ,i.e.

L1(X,0,y) < Li(X,0,7) < L1(x,0,7), YxeU, Yy € D*.

Remark 3.5 In Theorem 3.2, if we consider & € C*1, then we obtain a similar result
for regular nonlinear separation.

The following result is directly derived from Proposition 3.2 and part (i) of Theorem
3.2.

Corollary 3.1 Assume wo satisfies both conditions (19) and (20). If (x, y) is a saddle
point for the generalized Lagrangian function L1(x, 0, y) for some € C™, then p
is a minimizer of Problem (1).

In order to obtain saddle point conditions for the generalized Lagrangian function
associated with Problem (1) w.r.t. w>, we consider the generalized Lagrangian function
Lo : U x T' — R defined by

ACZ(XJT) = lnf AC()_) _y) - Sup (,()()(-Z,]T),
yeF(x) 2€G(x)N=D

where F and G are compact valued and p = (x, y) € gr F.

The next result shows that the existence of a regular nonlinear separation functions
w(u, v, w) between K ; and H is equivalent to the existence of a saddle point for the
generalized Lagrangian function £ (x, ).

Theorem 3.3 Let p = (x,y) € gr F, F(x) € {y} + C and wy be the class of
nonlinear functions satisfying both conditions (19) and (20).

(1) If (x, ) is a saddle point for the generalized Lagrangian function, i.e.
Lo(X, ) < Lo(X, ) < La(x, @), VxeU, Vr € DT,

then x € R and K and 'H, admit a nonlinear separation.
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(ii) Suppose that x € R, if K5 and H admit a nonlinear separation, then (X, ) is a
saddle point for the generalized Lagrangian function, i.e.

Lo(X, ) < L2(X, ) < La(x, @), VxeU, Vr € DT,

Proof (1) Suppose that (x, ) is a saddle point for the generalized Lagrangian function
Lr(x, ), then

Lo(X, ) < Lo(x,7) < Lo(x,7), VxeU, Vo € DT

Or, equivalently for each 7 € I', and for each x € U, we have

inf Ac(y—y)— sup  wo(—z,7) > 21
yeF(x) 2eG(x)N—D

inf Ac(y—y)— sup  wo(—z,7) =
YEF(X) 2eG(F)N-D

inf Ac(y—y)— sup  wo(—z, 7).

yeF () 2€G(F)N—D

First, we prove that x € R. On the contrary, suppose that x ¢ R. Then G(x) N
—D = . So, in the second inequality in (21), we have

inf sup  wo(—z,m) = —00,
7eDT 1eG(E)N-D

which contradicts the first inequality in (21). Therefore X € R.

On the other hand, since for each y € F(x), we have y € y 4 C, then
infye ) Ac(y — y) = 0. Now, from the inequality (21), we have

inf Ac(y—y)— sup wo(—z,7)>— sup wo(—z, 7).
yeF(x) 2eG(x)N—D 72eG(X)N-D

By using (20), we obtain

sup (=Ac(y—y)+ sup  wo(—z,7) <O0.
yeF(x)—D 2eG(x)N—D

Hence,
—Ac(y —y) +wo(—z,7) =0.
Which shows that K5 and H admit a nonlinear separation.
(ii) Assume that X5 and H, admit a nonlinear separation. Then foreach x € U, y €

F(x) and z € G(x), we have

—Ac(y —y) +wo(=z,7) =0,
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or equivalently

sup (=Ac(y—y)+ sup  wo(—z,7) <0,

yeF(x) zeG(x)N—D
thus
inf Ac(y —y) — sup  wo(—z,m) > 0.
YEF(x) zeG(x)N—D

In particular, for y € F(x), by using (20), we obtain

sup  wo(—z,7) =0, (22)
zeG(x)N—D
and
inf Ac(y —y) =0, 23
ye"}@) cy—y) (23)

since F(x) C {y} + C.
On the other hand by (20), we obtain

0= sup wo(—z,7)< sup wo(—z, ),
zeG(x)N—=D zeG(x)N=D

and from (22) and (23), we deduce

inf Ac(y—y)— sup wo(—z,7T) >
yer(x) zeG(x)N—=D

inf Ac(y—y)— sup  wo(—z,7) >
yerX) 2eG(F)N—D

inf Ac(y—y)— sup  wo(—z, 7).
YEF(X) 7eG(x)N—D

Or
Lo(X,7) < Lo(X,7) < Lo(x,7), Yx €U, Vo e DT,

i.e. (x, ) is a saddle point for the generalized Lagrangian function.

The following result is directly derived from Proposition 3.5 and Theorem 3.3.

Corollary 3.2 Let p = (x,y) € gr F and w; be the class of nonlinear functions
satisfying both conditions (19) and (20). Suppose that F(x) C {y} + C. If (x, ) isa
saddle point for the generalized Lagrangian function Lo(x, ), then X € R and p is
a weak minimizer of Problem (1).
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Remark 3.6 Using the class of regular separation functions w;, we can obtain an
application to penalty methods for the constrained extremum Problem (1).
Let & € C ™ be fixed. Consider the following extremum Problem:

(P)) L%, y) = @,y)+y inf dp(—z), x e R,y eR.
zeG(x)

inf
yeF(x)
A point X € R is called a minimum point of Problem ( Py ) iff

IYEFX):(0,3)+7 inf dp(=2)<(0,y)+y inf dp(—z2),¥x € R,¥y€eF(x).
2eG(¥) z2€G(x)

In this case, (X, y) is a minimizer for Problem (Py). If there exists y € R, such that
any solution of Problem (Pj), say (X, y), is a solution of Problem (1), then we say
that the function £%(x, y) is an exact penalty function of Problem (1) at x.

By a minor modification in the proof of Theorem 4.4 in [22], we can obtain the
following result for set-valued optimization problems.

Theorem 3.4 Let Z be a reflexive space, x € R, p = (x,y) e gr F, F(x) C {y}+C
and O € C*'. Then, the following statements are equivalent:

(i) clconeE; N'H, = 0.
(1) there exists y € Ry \{0}, such that

sup 9,y —y) <y inf dp(—z), Vx e U.
yeF (x) z€G(x)

(iii) there exists y € Ry \{0}, such that
w1 (u,v,0,7) <0, Y(u,v) € Kp,
where
w1 (u,v,0,y) =(0,u) +wo(v,y) = (0,u) — ydp(v).

(iv) L%(x, y) is an exact penalty function of Problem (1) at X.

Proof Assume that (i) holds, and (i7) doesn’t satisfy. Then for any n € N, there exist
x, € U, y, € F(x,) and z,, € G(x,) such that

(0,5 — yu) > ndp(—2z,).

Since Z is areflexive Banach space, the norm is a continuous convex coercive function
and D is a closed convex set, then for any n € N, there exists v, € D such that

dp(=zn) =l —zn —va || .
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1
an || —zn —vp lI< ;, Vn e N.

Thus, lim,,—, « &, (—2z;; — v,) = 0. So,

lim Oln((é, Y= Yn)s —2n —vp) = (1,0).

n—-o0
Or equivalently
clcone &5 N'H, # 9,

which contradicts (i).
Now, assume that (ii) holds and on the contrary, suppose that (i) is not fulfilled. Then
there exists (c,0) € clcone £; N 'H,. Hence, for any n € N there exist o, > 0,
X, €U, y, € F(xp), zn € G(xp,) and (u, v,) € cl H such that

lim o, (y —yy, —un) =c, lim o,(—z;, —v,) =0.
n—-o0 n—-oo

Therefore, (9, ¥ — y, — uy,) > 0, for sufficiently large n, and

lim =zl
n—>00 <97 Y —Yn— Mn>
Then
dn(—
n—>00 <9?y —Yn — un)
since,
0< — fiD(_Zn) < _” __Zn_vn I .
(0, —yn —un) (0,9 — yu — un)

So, we can deduce that for any y > 0, there exist y, € F(x,),zn € G(x,) andu, € C
such that

0,3 =y,

X | =

1 -
dp(—zy) < ;(9» (Y= yn—un)) <

for sufficiently large n € N, which contradicts (ii).
(i1) is equivalent to (iii), since (ii) is equivalent to

Jy e R0} s.r. 0,y —y) =ydp(—2), Vy e F(x), Vze Gx), VxeU,

which is equivalent to (iii) by definition of .
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(i1) is also equivalent to (iv). Indeed, (ii) is equivalent to

dy e R4 \{0} s.1. (0_, yy< inf (0,y)+y inf dp(—z2).
yEF(x) 72€G(x)

37 € RL\{0} s.1. inf (0,9)+7 inf dp(—
% +\{0} s y&}g@( y>+7/zelg® p(—2)

< inf (8, v inf dp(—z),
_yelm)< y)+yzelG(x) p(—2)

since G(x) N —D # (. Therefore, L*(x, ) < L%(x, y). i.e. (X, y) is a minimizer
for Problem (Py). On the other hand from (iii) we have

01U, v,0,7) <0, Y(u,v)ekp.

inf  sup  wi(u,v,0,y) <0,
VEY (u,0)eKp

then, p is a minimizer of Problem (1) by Proposition 3.4, and £ (x, y) is an exact
penalty function of Problem (1) at x . O
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