Positivity (2017) 21:897-910

H \ CrossMark
DOI 10.1007/s11117-016-0441-1 POSItIVIty @ oS

Eigenstructure and iterates for uniquely ergodic
Kantorovich modifications of operators

Margareta Heilmann! - Toan Rasa®

Received: 25 April 2016 / Accepted: 17 August 2016 / Published online: 23 August 2016
© Springer International Publishing 2016

Abstract We consider Markov operators L on C[0, 1] such that for a certain ¢ €
[0, 1), [[(L)|| < cllf']l forall f € C'[0, 1]. Itis shown that L has a unique invariant
probability measure v, and then v is used in order to characterize the limit of the
iterates L™ of L. When L is a Kantorovich modification of a certain classical operator
from approximation theory, the eigenstructure of this operator is used to give a precise
description of the limit of L. This way we extend some known results; in particular,
we extend the domain of convergence of the dual functionals associated with the
classical Bernstein operator, which gives a partial answer to a problem raised in 2000
by Cooper and Waldron (JAT 105:133-165, 2000, Remark after Theorem 4.20).
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1 Introduction

The asymptotic behavior of the iterates of a linear operator L is investigated in
connection with ergodic theory, approximation theory and related fields (see, e.g.,
[1-4,6-8,10-13,17-19,21,22]).

In this paper we study the iterates of certain Markov operators acting on C[0, 1].

General criteria under which a Markov operator L is uniquely ergodic (i.e., L admits
a unique invariant probability measure v) can be found in [2,3,11,18]. In Sect. 2 we
give a short and direct proof in a special case. Then v is used in order to characterize
the limits of the iterates of L.

The results are applied in Sect. 3 to the linking operators B, ,, where By, ; is the
genuine Bernstein-Durrmeyer operator and B, ~ the classical Bernstein operator. The
invariant probability measure v, x,, for the kth order Kantorovich type modification

B,Elf;)) of By, is related to the corresponding dual functional u,, ¢, , which accompanies

the eigenstructure of B,(,If/),.

A similar approach is used in Sect. 4 in connection with the kth order Kan-
torovich type modification of the Bernstein-Durrmeyer operators with Jacobi weights.
A remarkable feature of this case is that now the eigenpolynomials are orthogonal and
independent of n; consequently, the dual functionals and the limits of the iterates are
independent of n.

In Sect. 5 we use the relation between v,k , and u,x , to extend [6, Theorem
4.20] and [12, Theorem 5.1], enlarging thus the domain of convergence of the dual
functionals. This gives a partial answer to a problem raised by Cooper and Waldron
in [6, p. 149].

We denote by C[0, 1] the space of all real-valued, continuous functions on [0, 1],
endowed with the supremum norm || - || and the usual ordering. By ep we denote the
constant function of constant value 1. P will stand for the space of all polynomial
functions defined on [0, 1] and P for the space of all polynomials of degree at most k,
k € Ny. A positive linear operator L : C[0, 1] — C[0, 1] such that Leg = ¢ will be
called a Markov operator. In what follows we use the notation a/ := ]_[;;01 (a+1), j e

N: a°:=1 for the rising factorials.

2 A uniquely ergodic operator and its iterates

The convergence of the Cesaro averages m ™ Zf”;ol L' is an important object of
study in Ergodic Theory (see e.g. [18]). In this section we consider uniquely ergodic
operators L on C[0, 1] for which the unaveraged sequence L f converges to a limit
f which is a constant function (compare with [18, Proposition 5.1.3]).

Let L : C[0,1] — C[O0, 1] be a Markov operator. Then (see, e.g., [18, p. 178])
there exists at least one invariant probability measure v for L, i.e., a probability Borel
measure v on [0, 1] such that

1 1
/0 L(f: Ddv(e) = /0 Fdv(o), f e Clo.1]. M
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Moreover, suppose that L(C 110, 1) c €10, 1] and there exists ¢ € [0, 1) such that
I <elfl, fec'o 2)

Theorem 1 L admits a unique invariant probability measure v, i.e., L is uniquely
ergodic. For each f € C[0, 1] one has

1
lim L’"(f;X)=/ J(@0)dv(1), 3
0

m—>00
uniformly on [0, 1].
Proof From (2) it follows that

L") < "IN f € €O L m = 1.

Let f e C 110, 1], x € [0, 1] and v be an invariant probability measure for L. Then

1 1
L™ (f1x) - /O L™ (f1 Ddv(n)| < /O L7 () — L7 (f: 0)] dv(o)

1
= II(L'"f)/II/0 |x —t]dv(t)

="l

Therefore,

< "I f'lleo. “

1
L"f - (/ L'"(f;t)dv(t)) €o
0

On the other hand, (1) entails

1 1
/OL’"(f;t)dV(t)=/0 Jf(@dv(1),

and from (4) we get

< "l lleo- )

1
L"f — (/o f(l‘)dv(f)) €o

This implies (3) for f € C10, 1]. Since C[0, 1] is dense in C[0, 1], and IL™] =1,
(3) holds for all f € C[0, 1]. The unicity of v follows from (3). O

Remark 1 1. The above proof is a short and direct one. More general results, exam-
ples and applications can be found in [2,11] and [3, Section 1.4], where quantitative
estimates are also given.
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2. (5) expresses a quantitative result for f € C 1[0, 1]. It was provedin [11, Corollary

3.4] that
1
Hme - (/o f(f)dV(t)) )

where for a function g the least concave majorant of the first order modulus of
continuity (g, ) is given by

< a(f.c"), feClo1], (6)

(e —x)w(g:y)+ O —8ew(g,x)

~ sup , O0<ex<1
w(g, &) = O<x<e<y<l y—=x
w(g, 1), e>1

3 Application to linking Bernstein type operators

We now apply the results of Sect. 2 to the operators B, , which constitute a non-trivial
link between the genuine Bernstein-Durrmeyer operators and the classical Bernstein
operators.

Definition 1 Let p € Ry, n € N. For a function f € C[0, 1] the operators B, , :
C[0, 1] —> P, are defined by

Bn,p(f; x) = f(O)Pn,O(X) + f(l)pn,n(x)

n—1

1
-+§:pmﬂx{4 bn.j.p () £ (dt
j=1

where
Pn,j(x) = (_)xf(l —x)"7,0<j<n xel01]
’ J

denote the Bernstein basis polynomials and

;J'p—l(l _t)(n—j)p—l
M, j,p(t) = : , ,1<j<n—1,te(0,1)
e B(jp. (n — j)p)

with Euler’s Beta function

FeOre)

, x,y > 0.
C'x+y)

1
B(x, ) :/ AN = ldr =
0
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For k € Ny the kth order Kantorovich modification B<k) C[0, 1] —> Py is given
by

Byl = Bu,
B = D¥o By 0l
=D"oBP o 0<1<k

where D¥ denotes the k-th order ordinary differential operator and

. G .
If = f, ifk =0, andlk(f,x):/ — f(t)dt,if ke N.
o (k=1

For simplicity we omit the superscript (k) in case k = 0 as indicated by the definition
above.
In [9] it is proved that

lim B, ,f = By, f uniformly on [0, 1] for any f € C[0, 1],
p—>00

where here and in the following B, « denotes the classical Bernstein operator.

Remark 2 For p = 1, p = oo we have the explicit representations for the kth order
Kantorovich modifications (see [14, (3.5)] and [20, §1.4])

n—k
I(n — 1)!
BY NHx) = (n_z)f?n+,z_2),2pn k,(x)/ Pusk—.j+k—1 () f ()1,
' n—k .
Bl = 1 = o1 2 Pk DAL (Ik (f; ﬁ)) ,
. j:O n

where the kth order forward difference for a function g and step # is given by

k
[k
A (g(0) = D (=D (l.)gu +ih).

i=0

From [16, Corollary 1] we know that

ok
B (eo; x) = _ . nk, @)
(np)k
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Forn —k >0, 0 <k + j < n the eigenvalues of B,(,]ff, are given by

k+j

®) p n!
AL = — , peR,y, 8
n,j,p (np)k+j (n —k — J)' P + ( )
1 !
2O = lim 20— . ©)

n,j,00 p—o0 MIP T gtk (n —k — I

Fork =0, p =ocosee [6, (1.3)],fork =0, p = 1[23,(1.25)], fork > 2, p = 1[15,
Theorem 9], for k = 0, p € Ry [12, (3.4)]. It is not difficult to find the eigenvalues
for an arbitrary k, using the method described, e.g., in [15, Theorem 9].

Now for 1 < k < n we define the operators V,,(,kg : C[0, 1] — Py, by

1
(k) _ (k)
Vn,p - NG Bn,p'
n,0,p

Then it is clear from the definition that Vn(,k} is a positive linear operator with

Vn(,k}(eo; x) = ep(x), (10)

having the property
feco.n=vHrecho..

In view of Theorem 1 we need the following estimate.
Lemma 1 Let f € C'[0, 1]. Then
p(n —k)
AR TR L

, 0 — 00.

,OGRJ,_,

n
Proof As B, ,(Py) C Py for k € No, k < n, we have

(BL Y =D 0Byl f
= (Dk—i_1 oB,,o Ik_;,_])f/.

Thus
(k+1)
.0,
IV = S5 IV D 7
n,0,p
n—k
STk PR
! np
<Iriy e

, p — Q.

n



Eigenstructure and iterates for uniquely ergodic Kantorovich. . . 903

From Lemma 1 we derive that Vn(ﬁz satisfies (2) with

%, 0 — 0.

pn=k)
® :[ ik P ERy,

Thus from Theorem 1 and (6) we obtain the following result.

Theorem 2 Vn( o admits a unique invariant probability measure v, , \. For each f €
C[0, 1] one has

1
Jim (V" (f1x) = /0 F@dvnp k1), (11)

uniformly on [0, 1] and, moreover,

1
H( v f —(/O f(z)dvn,p,k(n)eo

For f € C[0, 1] the operator B, , can be represented by

n
©)
Buof =D b pliniptinjp(f)

Jj=0

with the eigenvalues k o) = 0, 1, ..., n, the associated monic eigenpolynomials
qn,j,p and the dual functlonals un,j,p on C[0, 1], such that u, j ,(qnip) = &,
i,j=0,1,...,n (see [6, Theorem 2.3] and [12, Theorem 3.2]).

Thus

n
k ) (k)
B’(lg’f = Z)“n Js pqn Jjs pu"sj»p(lkf)

n—k
0)
ZA ko dn )i pttn. o i f)

n—k
(ky (k)
= Z)“n jopn.,j+k, pun,j+k,p(1kf),

ie.,
10

k Mnjo k)
v )f Z RO '(lj+k pltn,jrk,p (i f),
n ,0,p

which entails

36 "
Vs = Z( ;’k)“’) ay )i pttn k(i f)s f € CIO T m = 1. (12)

nOp
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For 1 < j <n — k we have

WO =k = (k= 1)

<1
* k Jrk—1
)‘nOp (n—i—p)...(n—}——p )
and
k
Mjioe _ (= k)= GHk=1)
NGO ni ’
n,0,00
and so (12) implies the following theorem.
Theorem 3 Let f € C[O0, 1]. Then
lim (V)™ f = Kl ko (I f)eo. (13)

m—00

Now from (11) and (13) we get

Corollary 1 The invariant probability measure vy i , is characterized by

1
/0 J@dvn p k(1) = Klup oIk ), f € C[O, 1].

Example 1 According to [6, Theorem 9.8], un 1.00(g) = g(1) — g(0), g € C[O, 1].
Consequently, (13) yields

1
lim (V)" (f;x) = / f@ydt, f e Clo,1]. (14)
m—0o0 ’ 0

Let us remark that Vn( oo coincides with the classical Kantorovich operator. For more
general versions of (14), see also [2,11] and [3, Section 1.4].

4 The special case p =1

In this section we consider the special case p = 1 with the extension to Jacobi
weighted Bernstein-Durrmeyer operators. As p = 1 is fixed in this section, we omit
the corresponding index in the notations.

We denote the Jacobi weights by w(x) = x*(1 —x)#,x€(0,1),a, p > —1.Then
the Bernstein-Durrmeyer operators with Jacobi weights (see [5, p. 27], named Vn(ilﬂ )
there) are defined by

n—1 1
B() = Jo Pn—1.jOw(r) f(0)dt
an 1]( x) fol pn_l’j([)w([)dt .
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Remark that for « = 8 = 0 we have the Bernstein-Durrmeyer operators. Define

0 _ =D T@eta+p+1
I (n—j—k)! Th+j+k+a+p)

For the followmg results concerning the eigenstructure of B( see [5, p. 28]. The
eigenvalues of B w are given by

i (—j—1D! Tn4+j+a+B+1)

and the corresponding monic eigenpolynomials are the Jacobi polynomials on [0, 1]
normalized such that the leading coefficient is 1, i.e.,

DT +a+B+1)

Qi) = o T B D)

x4 —x)Ppi [xj+°’(l —x)f+5].

For @« = B = 0 we have oékj). w A’(Ik)] 1
(1

The operators Bj, ;, can be represented in terms of their eigenvalues and eigenpoly-
nomials by

n—1 1
B f = Za,j}}’ij,whj,w/o 0 w®w() f(t)dt,
j=0

where
1 . -
_ 1 (GH+a+p+1)
;,=/ Q@ wndt = 2 : : . :
0 GH+a+1l,j+B8+1) J!
Thus we have
n—1 1
BOfF= > o) Q) h, /0 Q0w WO L1 (f; Ddt (15)
j=k—1
—k

1
on,},w<Qj+k71,w><k—”h,-+k71,w / Qjth—1.w@OwWO) i1 (f; 1dt.
0

=0

~.

We now calculate

B,e0 = Z"n 0 Q1) V1w

/ Qi 1w(t)w(t)(k o *=dr. (16)
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Due to the orthogonality properties of the Jacobi polynomials the integral on the
right-hand side vanishes for j # 0. As

1 1
/0 Ok—1.wOw®)*ldr = /0 Qk—1,w(OW(t) Qk—1,0(1)dt =

hk—l,w
we derive from (16)
k (k)
Blg,i)ueo = Un,(),w'

We now define

n—k (k) |

*) Injow k1)
VS = 2 T 0 ikt [ ik Ow O I (fi
=0 %n.0,w 0

Thus
1
Jim (V)0 = = Dl [ Qw3 nd
- 0
Integration by parts leads to
1
| 0w icrinar
0

_1)\k—1 1 _
( 1) /0 (tk+()t—1(1 _ t)k-l—ﬂ—l)(k 1) Ik—l(f; t)dt

T kot BT
1 1
= —7/ el — =1 rydr.
(k+oa+pk-1Jo
So
k—1)! 1
lim (V&Y™ (f;x) = (—Lhk,l,w/ el — k=1 r(nyds.
m— o0 > (k+a —I—ﬁ)k_l 0
For f = eg this yields
k—1)!
= (—Lhk_l’wB(k =+ o, k + ﬂ)
(k + o+ p)F-!

Thus we derive the following result.
Theorem 4 Let f € C[0, 1]. Then

k+a—l(1 _ t)k-‘rﬁ—lf(t)dt’ (17)

1 1
lim V(k)’” ;X :—/ t
N N [Ty =Ty
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uniformly on [0, 1].

Remark 3 1. For k = 1, qualitative and quantitative versions of (17) were obtained
with different methods in [2, Section 3.2] and [11, Example 4.3].

2. The preceding results can be extended to the context of spaces L” and semigroups
of operators, in the spirit of [2] and [3, Section 1.4]. This could be the subject of
a forthcoming paper.

3. Both (13) and (17) express the convergence of the iterates towards operators L
(for which Lf is constant). Since the dual functionals involved in the proofs are
linear and bounded, an inspection of the proofs shows that in both cases we have
convergence in the uniform operator norm.

4. Asignificant difference between the operators Vn(,kg, p # 1,and Vn(kzi is that for the
latter the eigenpolynomials are orthogonal and independent of n; consequently, the
dual functionals are also independent of n. This explains the difference between
the right-hand member of (13) (depending on n) and that of (17) (where n does
not appear). As (24) will show, these two right-hand members are related when
w = ep,ie.,a=p=0.

5 Convergence of dual functionals

In this section we extend former results concerning convergence properties of dual
functionals from polynomials to smooth functions.
It was proved in [12, Theorem 5.1] that

im w0 (p) = pi(p), p € P, (18)
n—oo

where (see [6, (4.16)]

R G A W A =1\ &, 1
Mk(f)—m(k)/o (l‘ (I—-1) ) fde, feC[0,1].

Letg € C*10, 17. Since k > 1, we have g € C'0, 1] and so

N o VY 22 N -1\ %=,
i =3 (o) [ (=)

! 26\ [ k=1 (k)
2(k—1)!(k)/0t I =g 1)dt,

ie.,

1
B(k, k)

1 1
R = 3 /0 10— g ®@dr, g e CHO 1L (19)
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From (18) and (19) it follows that

. 1
lim wu,x,(p) =— -
n—0oo

1
k=101 _ pyk=1,0) . )
k! Bk, k)/o (=0t p(dt, peP (20)

m
Consider the operators Py, . , : C[0, 1] —> Po, Pux,pf = limy—oo (Vn(k;) f,and

1 _
Le s CL0, 11— Po, Lif = gy (Jy 711 = 041 £ (o)) eo.
Both of them are positive linear operators of norm 1. Moreover, (13) shows that

Pokof =klunk,pIkfeo, f € C[O,1]. (21)

Let p € P. From (20) and (21) we get

lim Pukpp = lim k!un,k,p(lkp)e()
n—0oo n—oo

_ 1 ! k—1 k—1
= (B(k, k)/o (1 —1) p(t)dt) eo
= Lyp,

i.e.

lim P,y ,p=Lip, peP. (22)

n—oo

P is dense in C[0, 1] and P, ,, and Ly are bounded operators of norm 1; thus (22)
implies

lim P, ,f = Lif, feCI[0,1]. (23)
n—>00

Now (21) and (23) yield

. 1
lim w, p (I f) = — -
n—0o0o

1
k=1,1 _ k=1
0 B(k,k)/o (=) f(de, feC[0,1]. (24)

Combining this with (19) we get

Theorem 5 Let g € CX[0, 1]. Then
lim up k,p(8) = wi(8)- (25)
n— oo

Let us remark that (25) extends (18) from P to C k [0, 17; in particular, this extends [6,
Theorem 4.20] from P to C¥[0, 1]. (See also [6, Remark on p. 149]). Moreover, from
(21) we see that

1
e p @1 = 77 | Puko (%)
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i.e.

1
ltnk,p(8)] < Eng“)n, g € Cko, 1.

Also from (21), P,k , being positive:

n k.p(g) > 0forall g € C¥[0, 1], g® > 0.

As far as we know, the validity of (25) for all g € C[O, 1] is still an open problem.
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